UTMS 200622 September 8, 2006

An inverse problem for a dynamical Lamé system

with residual stress
by

Victor IsaAKov, Jenn-Nan WANG

and Masahiro YAMAMOTO

UNIVERSITY OF TOKYO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES
KOMABA, TOKYO, JAPAN




An inverse problem for a dynamical Lamé system
with residual stress

Victor Isakov*  Jenn-Nan Wang'  Masahiro Yamamoto?

Abstract

In this paper we prove a Holder and Lipschitz stability estimates of de-
termining all coefficients of a dynamical Lamé system with residual stress,
including the density, Lamé parameters, and the residual stress, by three pairs
of observations from the whole boundary or from a part of it. These estimates
imply first uniqueness results for determination of all parameters in the residual
stress systems from few boundary measurements. Our essential assumptions
are that the Lamé system possesses a suitable pseudoconvex function, residual
stress is small, and three sets of the initial data satisfy some independency
condition.

1 Introduction

We consider an elasticity system with residual stress. This system is anisotropic,
i.e. it describes elastic properties of materials different in various directions. The as-
sumption about isotropy is too restrictive in most important applications, although
it allows deeper mathematical analysis of direct and especially of inverse problems.
While theory of unique solvability of direct problems in quite general anisotropic
case is relatively well developed [3], almost nothing is known about determination of
anisotropic elastic parameters from additional boundary value data (i.e. about in-
verse problems). We handle simplest anisotropy known as Lamé system with residual
stress, which is a small perturbation of classical isotropic Lamé system by a scalar
anisotropic second order operator. Smallness of perturbation is motivated by appli-
cations to material science [13]. Assuming that speeds of propagation of shear and
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compression waves in unperturbed system satisfy some pseudoconvexity type condi-
tions (which exclude trapped elastic rays) and that three sets of initial conditions are
in certain sense independent, we obtain first uniqueness and stability results about
identification of all 9 elastic parameters of isotropic medium with residual stress
from lateral boundary observations. When observation time and observed part of
the boundary are arbitrary we explicitly describe a domain where coefficients are
guaranteed to be unique and we give a Holder stability estimate. When observation
time is sufficiently large and observation is from the whole lateral boundary we derive
Lipschitz stability estimates. These estimates indicate the possibility of numerical
solution of inverse problem with high resolution and therefore a substantial applied
potential. While our assumptions exclude zero initial data (most natural in many
applications), recent progress in generating wave fields by interior sources in geo-
physics, material sciences, and medicine, and also substantial amount of historical
seismic data from earthquakes (which are interior sources) make our assumptions
more realistic.

Let © be an open bounded domain in R?* with boundary 992 € C®. The residual
stress is modelled by a symmetric second-rank tensor R(z) = (rx(z))3,—, € C7(Q)
which is divergence free

divR=0 in € (1.1)
and satisfies the boundary condition
Rv=0 on 09, (1.2)

where divR is a vector-valued function with components given by

3
(divR); = Y Oprjp, 1<) <3,
k=1

In this paper # = (z1,29,73) € R* and v = (1, 15,v3) " is the unit outer normal
vector to 0€). Here and below, differential operators V and A without subscript are
with respect to x variables. Let Q = Q x (=T, T) and u = (u1, ug,u3) ' : Q — R3 be
the displacement vector in . We remind that ¢(u) = (Vu+ Vu')/2 is the strain
tensor. We consider the initial boundary value problem:

Apu = pdiu — pAu — (A + p)V(diva) — (VA)diva — 2¢(u)Vy — div((Vu)R) =0 in  Q,

(1.3)
u=uy, du=u on Qx {0}, (1.4)
u=g on JINx(-T,T), (1.5)



where p is density and A and g are Lamé parameters depending only on x and
satisfying inequalities

g1 <, e1<p, er<A+p on £ (1.6)

for some positive constant ;. Hereafter, we use E to represent the set of elastic
coefficients in (1.3), ie. E = (p,\,u, R). We will assume that p € C°(Q) and
A i€ C7(Q). The system (1.3) can be written as

p 0?u — divo(u) =0,

where o(u) = A(tre)l + 2ue + R+ (Vu)R is stress tensor. Note that the term divR
does not appear in (1.3) due to (1.1). Also, due to the same condition, we can see
that

3
(div((Vu)R)); = Z rix0j0ku;, 1 <1< 3.
k=1
To make sure that the problem (1.3) with (1.4), (1.5) is well-posed, it suffices to
assume that

1Bl @) < €0 (1.7)

for some (small) constant e > 0. The assumption (1.7) is also motivated by material
science applications [13]. Indeed, residual stress of interest for engineers is due to
past thermal changes in steel production which do not significantly change elastic
properties of steel. It is not hard to see that if ¢y is sufficiently small, then the
boundary value problem (1.3), (1.4), (1.5) is hyperbolic, and hence for any initial data
(ug,uy) € HY(Q) x L*(Q) and lateral Dirichlet data g € CY([-T,T]; H'(Q)), up = g
on 9 x {0}, there exists a unique solution u(-; E;ug,uy,g) € C([-T,T); H'(Q)) to
(1.3)-(1.5).

In this paper we are interested in the following inverse problem:

Let T' be an open subset of 9Q with 9I' € C!. Determine density p, Lamé
parameters A, i, and the residual stress R (total 9 functions) from Cauchy type data
(u,o(u)v) on I' x (=T, T), where u = u(-; E£;ug,uy,g), given for a finite number of
pairs of initial data (ug,u;).

We will address uniqueness and stability issues. The focus is on the stability, since
stability implies uniqueness. This work is a sequel of our recent paper [10] where we
demonstrated uniqueness of only R assuming known constant p, A, u. Our method
is based on Carleman estimates techniques initiated by Bukhgeim and Klibanov [2].
For works on Carleman estimates and related inverse problems for scalar equations,
we refer to books [1] and [11] for further details and references. The method of [2]
was modified for scalar equations in the paper of Imanuvilov and Yamamoto [5]. It
was found by Imanuvilov, Isakov, and Yamamoto [7] that this modification allows to
obtain uniqueness and stability for coefficients of systems of equations, in particular in
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[7] there is a first uniqueness result for all three elastic parameters p, A, u of isotropic
elasticity. For further results on identification of the isotropic Lame system we refer
to [6]. For Carleman estimates and uniqueness of the continuation for the residual
stress system (1.3) and for identification of source term and R with given constant
p, A\, i, we refer to [9], [10], [12]. In case of many boundary measurements and zero
initial data there only partial results on identification of residual stress [4], [14]. In
the present work we will show that we can determine all 9 parameters in(1.3)-(1.5) by
three pairs of Cauchy data. We will derive a Holder stability estimate in the convex
hull of the observation surface I" and a Lipschitz stability estimate for (p, A, u, R) in
Q when I' = 99 and observation time 7' is large.

We are now ready to state main results of the paper. Let d = inf|z| and D =
sup |z| over x € Q. We will assume that

0 <d. (1.8)

For a function ¢ € C*(Q) we introduce the following condition

1
0> <c and 60%c+ df\/c|Ve|+ 5C T Ve<c® on Q. (1.9)
Let &, m be the class of parameters defined by

Eonr = L pllcs@ + M ler@) + lllor@) + 1Bl es @) < M
Py, [ satlsfy (1.6) and ¢ = %, c = Af“ satlsfy (1.9),
R is symmetric and satisfies (1.1), (1.2), and (1.7) }.

To study the inverse problem, we need not only the well-posedness of (1.3)-(1.5)
but also some extra regularity of the solution u. To achieve the latter property,
the initial and Dirichlet data (ug,u;,g) are required to satisfy some smoothness
and compatibility conditions. More precisely, we will assume that uy € H?(Q2),u; €
H3(Q) and g € C3([-T, T); H-(9Q))NC?([-T, T]; H*(992)) and they satisfy standard
compatibility conditions of order 8 at 992 x {0}. By using energy estimates [3] and
Sobolev embedding theorems as in [7] one can show that

020wl < C (1.10)

for ja] <2 and 0 < 8 < 5. We will use three sets of initial data (ug(-;7),ui(+; 7)),
7 = 1,2,3. To guarantee uniqueness in the inverse problem, we impose some non-
degeneracy condition on the initial data. Namely, let M denote the 18 x 13 matrix

piAug (5 1) + (A + pr)V(divag (5 1)) divuag(51)I3 2e(up(51)) R(up(+;1))
piAug (5 1) + (A + p)V(divay (5 1)) divag (5 1) I3 2e(uy (1)) R(uy(+51))
p1Aug(52) + (A + pr)V(divag(+52))  divug(52)I3 2e(up(+52)) R(up(+;2))
piAug (52) + (A + pr)V(divay (52))  divag (52) 13 2e(uy(52)) R(uy(+52))
piAug(+53) + (A + pa)V(divug(+53))  divug(53)I3 2€e(ug(+;3)) R(up(+;3))
piAug(53) + (A + pa)V(divay (53))  divag (53)13 2e(uy(+53)) R(uy(+53))



where I3 is the 3 x 3 identity matrix, R(v) a 3 x 6 matrix defined by
R(V) = (O%V 28182V 28183V 822V 28283V ag)v) . (111)

We will assume that

there exists a 13 x 13 minor of M such that the absolute value of

) . . = 1.12
its determinant is greater than ¢y on §2. ( )

One can check that ug(+; 1) = (z122,0,0) ", uy(:;1) = (0,0,0) 7, ug(+;2) = (21, 72, 23) ",
u;(52) = (0,29, 23), up(+;3) = (x%,x%,x?)) and u;(+;3) = (zox3, T173, 1172) | satisfy
(1.12). Here 13 row vectors from row 2,7-18 are linearly independent on ).

We will use the following notation:

C,~ are generic constants depending only on Q,T,0,e9, M, ug(+;7),u1(+;7), j =
1,2,3, any other dependence will be indicated, || - ||(x)(Q) is the norm in the Sobolev
space H*(Q). Q(e) = Q N{e < |z]*> — 6?1 — d?} and Q(e) = QN {e < |z|? — &3},
where d; > d. Let u(;1;7) and u(;2;j) be solutions of (1.3), (1.4) with initial data
(up(;7),u1(;7)), for 5 = 1,2,3, corresponding to coefficients F; and Es, respectively.
We will consider the Dirichlet data (displacements) as measurements (observations).
We introduce the norm of the differences of the data

F=3%2 55,0107 ((25) —u(; 1))
+|0) o (u(; 25 5) —u(; 1;5))v||

5T x (~T,7))
(T x (~T.7))).

We first state the Holder type estimate of determining coefficients in €(e).

Theorem 1.1. Assume that the domain Q) satisfies (1.8), 0 satisfies

d2
0? < T (1.13)
and for some dy,
|z|? — d3 < 0 whenx € (OQ\T), and D* — 0*T° — dj < 0. (1.14)

Let the initial data (uo(;5),w1(;7)), j =1,2,3, satisfy (1.12).
Then there exist ¢y and constants C,~y € (0,1) such that for Ey, Ey € &,y with

)\1 = )\2 and MH1 = U2 ON F, (115)
one has

o1 = p2ll0)(€2(e)) + | A = Aall 0y (2(€)) + (|t — g2l 0y (2(e)) + | Ry — R2|I(o>(9((€1))16§) CF7.



Remark 1.2. Ifd; < D, then the second condition of (1.14) and (1.13) imply that

o2, @
T<T <§.

In other words, the observation time T needs not be too large. In this case, we can
determine elastic parameters in the domain Q(e). The domain (e) is discussed in
8], section 3.4.

If T" is the whole lateral boundary and T is sufficiently large, then a much stronger
(and in a certain sense best possible) Lipschitz stability estimate holds.

Theorem 1.3. Let di = d. Assume that
D?* < 2d%, (1.17)

and
D? — d? , d?
B <T < ek
Let the initial data (uo(;7),u1(;7)), j =1,2,3, satisfy (1.12) and I' = 9.

Then there exist an ey in (1.7) and C such that for Ey, Es € E, a satisfying the
conditions

(1.18)

p1 = p2, R =Ry, 0%\ =0%Ng and 0%uy = 0%z, on T' when |af <1,
(1.19)

one has

11 = p2ll) (1) + A = Aall0)(2) + [l1 — pr2ll0) () + (| B1 — Rall(0)(2) < C(F |
1.20

Let us show compatibility of conditions (1.18). From conditions (1.17) we have

D’ P
2 e

and hence we can find 72 between these two numbers.

As mentioned previously, the proofs of these theorems rely on Carleman estimates.
We briefly described needed Carleman estimates in Section 2. Using this estimate we
will prove in Section 3 the Holder stability estimate (1.16). In Section 4, we derive
the Lipschitz stability estimate for our inverse problem.



2 Carleman estimate

In this section we will describe Carleman estimates needed to solve our inverse prob-

lem. Their proofs can be found in [9] and [10]. Let ¢(x,t) = |z|* — 6*t> — d? and

o(z,t) = exp(2¢(z,t)), where 6 is chosen in (1.13). Due to condition (1.9) and

known sufficient conditions of pseudoconvexity [8], Theorem 3.4.1, we can fix (large)

n > 0 so that the phase function ¢ is strongly pseudoconvex on @ with respect to
Por—n, —L o2 A

/,(/t ’)\+2Mt

Theorem 2.1. There are constants €y and C' such that for E € €.,

Jo(TIVeu? + 7|V divul? + 7|V, eurlul? + 73 [u]? + 72[divu]? + 7°|curluf*)e*™¢
< C Jo(|Apul* + [V(Apu)[?)e’r
(2.1)

for allu € H3(Q) and
/(7’2|u|2 + |diva|? + |curlu|® + 77! |Vu|)e*™® < C/ |A pu|?e?™? (2.2)
Q Q

for allu € HZ(Q).

Carleman estimates of Theorem 2.1 is our basic tool for treating the inverse prob-
lem. The basic idea in proving Theorem 2.1 is to reduce (1.3) to an extended system
of dimension 7 for (u,divu, curlu). The resulting new system is not principally di-
agonalized. However, when the residual stress R is small, the second derivatives of
u can be bounded by first derivatives of divu and curlu. We refer to [9] and [10]
for detailed computations. For the case considered here, we only need to verify the
strong pseudoconvexity of ¢ on Q. Under conditions (1.9) and (1.13), one can check
that ¢ satisfies the required property when ¢, is small and 7 is large (see [8] or [9]).
An estimate similar to (2.2) was also derived in [7].

In order to use (2.1), it is required that the Cauchy data of the solution and the
source term vanish on the lateral boundary. To handle non-vanishing Cauchy data,
the following lemma is useful.

Lemma 2.2. For any pair of (g, 81) € H2(0Q x (=T, T)) x Hz(9Q x (=T,T)), we
can find a vector-valued function u* € H3(Q) such that

u' =gpou =g, Apu =0 on 0N x(-T,7),
and
[0"][5)(Q) < C(llgoll(3)(02 x (=T.T)) + llg1ll(3) (02 x (=T, T)))  (2:3)

for some C' > 0 provided gy in (1.7) is sufficiently small.
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Proof. By standard extensions theorems for any g» € H,
find u™ € H3(Q) so that

u = go, o0 = gl,afu** =gy, on 0N x (=T,T)

(0 x (=T, T) we can

1
2

and
0™ [l3)(Q) < C(llgell(2) (02X (=T, T))+Ig1ll(5)(02x (=T, T))+||o

Since 02 x (=T, T) is non-characteristic with respect to A g provided (1.6) holds and
go is small, the condition Agu* = 0 on 9Q x (=71, T) is equivalent to the fact that g
can be written as a linear combination (with C! coefficients) of 9?g, and tangential
derivatives of gy (up to second order) and of g; (up to first order) along 9. In
particular,

lgall(1)(092 x (~T,7)) < Cllgull3)(@2 x (~T.T) + llgoll (02 x (~T.T)).

(0 (=T, T))).

Choosing g, as this linear combination we obtain (2.3). O

To handle VA and Vy in (1.3), we need other Carleman estimates. We first derive
the estimate needed in the proof of Theorem 1.1. Let d; be given as in Theorem 1.1.
Then we can see that 9Q(s) = (T U {|z]* = &% +}) N Q.

Lemma 2.3. Let f € CY(Q) satisfy f|lr = 0. Then
7'/ | f ()22 ?@0 dy < C’/ IV f(2)]2e*™0dz, (2.4)
Q(e) Q(e)

Proof. Denote po(x) = ¢(x,0). Let g = €™ f, then e™°V f = Vg — 7V¢g. Note
that g|r = 0. We observe that Vo(x) = nrpe(z) and thus on 9(e) \ ' with the
unit outer normal v(= —x/|z|)
Ovpo(x) = Vo - v = —nlz|pe(z). (2.5)

Using integration by parts and (2.5), we have that

Ja V9 = V009"

= fﬂ(g) |V9|2 + 72 fQ(g) |V‘P09|2 — 27 fQ(E) Vg-Vog

=T fQ(s) Vo - V(g?)

= =T Joenr WPod® + 7 for Avog?

=T Joqenr Mzleo(@)g?(@)dl(x) + 7 o (30 + 1°|2[*)pog® (x)da

> C [ 9
which implies (2.4). O

The following estimate is useful in proving Theorem 1.3 (see also [7, Lemma 3.6]).

Corollary 2.4. Let f € CY(Q) and f =0 on 0Q, Then we have

T/ |f (z)]?e* ™ Vdz < C / IV f ()220,
Q@ Q



3 Holder stability for the determination of coeffi-
cients

In this section we prove the first main result of the paper, Theorem 1.1. Let us
denote u(;j) = u(;2;j) —u(;1;4) for j =1,2,3, and F = (f1, fo, -+, fo, R) T, where
fr=p1—=pa, fo=M = o, fs = — o, (fa, f5, f6) T = Vo, (fr, fs, fo) T = V 3, and

11 1,11 — 7211
12 1,12 — 72,12
RT — 13 _ 71,13 — 72,13
22 T1,220 — 7222
23 1,23 — 72,23
33 71,33 — 72,33

By subtracting equations (1.3) for u(; 1; ) from the equations for u(;2;j) we yield

Apu(;j) = A(u(;1;5))F on @, (3.1)
where
AWVF = —fi0v + (f2 + f3)V(divv) + f3Av + divv(fy, f5, f6) "
+26(v) (fr, s, fo) T+ 300 1 Tin 050k,
and

u(;j)=0u(;j) =0 on Q x {0}. (3.2)

Differentiating (3.1) in ¢ and using time-independence of the coefficients of the system,
we get

Ap,U(;j) = A(U(L;j)F on @, (3.3)
where )
0fu(; j) L)
UG j) = | du(j) | and U(GLj) = | dua(i1;))
8411(' ) (a ]-a])
By extension theorems for Sobolev spaces there exists U*(;j) € H?(Q) such that

U(;7) =UGJ), o(UGj)v =0(U(j)r on I'x(=T,T), (3.4)
and

UGl (Q) < CUUG @) (T x (=T, 1)) + lo(U)Gj)vl )T x (=T,T))) < CF
(3.5)



for all 7 = 1,2,3, due to the definitions of u(;7),U(; ), and F. We now introduce
V(;7) =U(j) —U*(;j). Then

ApV(J) = AUGL))F - ApU'(;j) on @ (3.6)

and
V(i) =0(V)Gjv=0 on I x(=T,T). (3.7)
To use the Carleman estimate (2.2), we introduce a cut-off function y € C%*(R?)

such that 0 < x <1, x =1 on Q(5) and x =0 on @\ Q(0). By the Leibniz’ formula
Ap,(XV(1) = XA V(1)) + ArV(j) = XAF — xApU"( j) + ALV(;J)

due to (3.6). Here (and below) A; denotes a first order matrix differential operator
with coefficients uniformly bounded by C(e). By the choice of x, A;V(;j) = 0 on

Q(5). Because of (3.7) and of the first condition of (1.14), the function xV(;j) €

HZ(Q), so we can apply to it the Carleman estimate (2.2) to get

| Ve <

c / (F2 + |Ag, (U () 2)e + C / AV )2 <
Q

Q\Q(5)
ol / B2 1 P22 | O()e™) (3.9)
Q

where ® = supp over Q and g, = e . To get the last inequality we used the bounds
(3.5) and (1.10).
On the other hand, from (1.3), (3.1), (3.2) we have

p207u(; j) = A(u(; 1; j))F,
p207u(; j) = A(Opu(; 15 §))F

on Qx{0}. We now want to rearrange the formulas above. Let a;; = —0; ™ u u(, 0;1; ),
by; = V(divug(; j)), cx; = Aug(;j)+Vdivug(; 5), By = divug(; ), Cr; = 2e(ug(; ),
and Ry; = R(uy(;)) (see the definition of Rin (1.11)), where k = 0,1 and j = 1,2, 3.
Using that u(;1;7) = up(;7),0u(;1;7) = ui(;4) on Q x {0} we have
fi
ann Boils Coi Ror fa o7u(,0;1) bo1  co1
anp Bulz; Cii Ry : 650(70; 1) b1 ¢
ag Bo2ls Co2 R f _ o7u(,0;2) [ | boz co2 (f2) (3.9)
aj; Bials Cio Ry Tg = P2 630(70; 2) b2 ci2 /3 ‘
a3 Boszlz Coz Res ?1 8t2u(, 0;3) boz o3
a;3 Bislz Ci3 R : d}u(,0;3) bz ci3
733
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on €. From the system (1.3) at t = 0 and from this system differentiated in ¢ and
taken at t = 0, we obtain

ay = —grAw()) - Al—ﬁV(divuk( 7)) — divug(; ) 22
—2e<uk<;j>> = 3t TLm OO (; )

SN j)—M;MV(dwuk( j) — By T (3.10)

kj P1
~Cy I = et PLemOeOm i )

ki P1
when £k =0,1 and j =1,2,3.

We now consider the matrix on the left hand side of (3.9). Using (3.10), one can
add to the first column the remaining columns multiplied by suitable factors such
that —divuy(; j)vpAl —2¢(u(; j))zp%, and —szzl 71,0m0e0muy(; j) are eliminated
from the first column of this matrix. Then we multiply the first column of the new
matrix by the minus. We end up with the matrix M defined in Section 1. Obviously,
determinants of corresponding minors of the matrix on the left side of (3.10) and of
the matrix M are the same. It follows from the condition (1.12) and bounds (1.10)
that

3
FP<C(Y ) 10/a: )] + Ll + ) on . (3.11)

j=1 p=2

Since x(-, 7)) =0,
| oo P — - / | o7l ) e )t <
Q

/2><2(|5‘f+1 GANOTaG A + Tlowel[07u 5)]%)e 2”+2/ 107 u(: 7)1 x| 9rx|e*T?
Q QQ(5)

where 8 = 2,3. The right side does not exceed

C([ TNUGHPE™ 06 [ UGHPE) <
Q QA\Q(3)

o[ rveire o | e [ o)
Q Q\Q(3)

because U(;j) = V(;j) + U*(;j). Using that x = 1 on €(5), ¢ < 1 on Q\ Q(5)
and ¢ < ® on @ from these inequalities, from ( 8), (3.5), and (1.10) we yield

/ 107u(0; §)|2e>™00 < C’(/ [F|?e*™ + C(e)e*™ + 1e*™® F?) (3.12)
Q(3) Q

for # = 2,3 and j = 1,2,3. Using that x = 1 on Q(5), from (3.11) and (3.12) we
obtain

/ |F|2 27¢(,0 < C(/
Q(3) Q(3)

=
2

|F|262T¢+T€27<I>F2+C(8)€2751 +/ (|f2|2+|f| ) 27¢(,0 )
Q

(3.13)
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where we also split @ in the right side of (3.12) into Q(5) and its complement, and
used that |F| < C and ¢ < &; on the complement.
To eliminate the first integral in the right side of (3.13) we observe that

T
/ |F|2($)62W(””t)d:1:dt §/ |F|2(1’)62T‘P($’0)(/ eQT(“’(gc’t)_“”(m’o))dt)dx.
Q(3) Q(s5)

5 -T

Due to our choice of function ¢ we have p(x,t) — p(z,0) < 0 when t # 0. Hence by
the Lebesgue Theorem the inner integral (with respect to t) converges to 0 as T goes
to infinity. By reasons of continuity of ¢, this convergence is uniform with respect to
r € Q. Choosing 7 > C we therefore can absorb the integral over Q(5) in the right
side of (3.13) by the left side and arrive at the inequality

/ |F|262ﬂp(,0) S C(T62T<I>F2 +C(€)62T€1 +/ (|f2|2 + |f3|2)627@(’0)). (314)
Q(5) Q(3)

On the other hand, to eliminate the last integral on the right side of (3.14), we use
Lemma 2.3 with the condition (1.15) to get

C
/ (fal? + 1) < & / (VP +VHPE?O.  (3.15)
Q(5) T Q(5)

Using (3.15) with large 7 and the inequality 7 < €7, we absorb the last integral in
the right side of (3.14) into the left side and obtain

/ |F|2e27—4p(,0) < C(e2T(<I>1+1)F2 + 0(6)62751).
Q(3)

Letting e, = 7 < ¢ on Q(¢) and dividing the both parts by e?"** we yield
/ |F|2 < 0(7_627(<I>+1—52)F2 + 6—27'(82—81)) < C(g)(€27-(<1>+1)p2 + 6—27-(52—&1)) (316)
Q(e)

since Te=27%2 < (C(g). To prove (1.16) it suffices to assume that ' < L. Then

C
—logF

T = 3714 > C and we can use this 7 in (3.16). Due to the choice of T,

E9—E
6—27'(62—81) _ 627—(<I>+1)F2 _ Fﬁm

and from (3.16) we obtain (1.16) with v = z752==—. The proof of Theorem 1.1 is

now complete. O

4 Lipschitz stability for the determination of co-
efficients

In this section we will prove Theorem 1.3. The key ingredient is the following Lips-
chitz stability estimate for the Cauchy problem for the system Agu =f.
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Theorem 4.1. Suppose that Q2 and T satisfy the assumptions of Theorem 1.5. Let
u € (H*(Q))? solve the Cauchy problem

{AEu:f in Q 1)

u=o,(u)=00n0Qx (=T,7T)

with £ € L*((=T,T); HY(Q)) and £ =0 on 0Q x (=T, T). Furthermore, assume that
(1.7) holds for sufficiently small .
Then there exists a constant C > 0 such that

||u||12L11(Q) + ||diVu||§{1(Q) + ||Cur1u||§{1(Q) < CHfH%?((—T,T);Hl(Q))' (4.2)

This estimate was proved in [10].
By virtue of (4.2) and an equivalence of the norms ||ul|)(€2) and of

[[divulf () (€2) + [[curlull ) (2) + [Jul|0)(£2)
in H(Q) (e.g., [3], pp.358-359), it is not hard to derive the following

Corollary 4.2. Under conditions of Theorem 4.1

lully(Q) + | Vasull0)(Q) + |0:Vul|(0(Q) < Cllf|| r2(errymriy.  (4-3)

Now we are ready to prove Theorem 1.3. We will use the notations in Section 3.
Recall that
Ap,U( L) = A(UG L;)))F

where

AUGLJ)F = —H07UGLH) + (fo+ f5)V(AivU(; 1)) 4+ fsAU( 15 )
+divU(; 15 5)(fa, f5, fo) T 4+ 26(UG L 5))(f7, fs, fo) |
+ 30 k00,0 15 ).

So, from (1.19) we have
Ap,U(GGj)=0 on 0Qx (=T,7). (4.4)

Furthermore, in view of Lemma 2.2, there exists U*(;j) € H*(Q) such that

U“(;j) =UGj), o(U(;5))v =o(U(4))v, Ag,U*(;j) =0 on 0Q x (=T,T),

(4.5)
and
UGl (Q) < CUNUG ) 502 x (=T.T)) + lo(U)G; j)vll(2) (02 x (=T,T))) < CF
(4.6)

13



due to the definition of F'. As before, we set V(;j) = U(;j) — U*(;j). Due to (4.4)
and (4.5), we get

V() =o(V)Gi)v =0, Ag,V(j) =00ondQ x (=T.,T). (4.7)
With (4.7), applying Corollary 4.2 to (3.6), (3.7) and using (4.6) gives

VG (@) + Ve VGG (Q) + 10:VV G 70)(Q) < CUIFI ) (Q)* + F?)
(4.8)

for j =1,2,3.

On the other hand, as in the proof of Theorem 1.1 we will bound the right side of
(4.8) by V. To use the Carleman estimate (2.1) we need to cut off V(;j) near t =T
and t = —T'. We first observe that from the definition

1 < o(z,0),z € 9,
and from the condition (1.18)
o(x,T) =p(x,~T) <1 when z €.
So there exists a § > % such that
l1-d<¢ on Qx(0,0), p<1—-20 on Qx(T—26T). (4.9)

We now choose a smooth cut-off function 0 < xo(t) < 1 such that yo(t) = 1 for
—T+20 <t<T—26and x(t) =0 for |[t| > T — . Using (4.7) and according to
[12], Lemma A.1, xoV(;j) € H3(Q). Using the Leibniz’ formula

Ap,(xoV (7)) = xoAUG 159))F —XoA U (5 5)+202(0ix0)0 V(5 5) +p2(97 x0) V (3 7)

and Carleman estimate (2.1), we yield
LAV GIR + VG e <
C(/Q(!FI2 +|VE] + [Ap, U () + V(AR U j)1))e* ™+
/QX{T_%<|tl<T}(IV(;j)l2 + | Vai VG + [0V V() [P)e™) <

C(/(]F[2+ ‘VFF)eQﬂp_'_62TQ>F2_'_627(1—26)/<|F|2_|_ ’VF‘Q)),
Q Q

where we let ® = supg ¢ and used (4.6), (4.8), (4.9). Since U(;j) = V(;4) + U*(;j)
from (4.6) we obtain

/XaﬁRMﬁP+ﬂvucﬁm8W§
Q

14



T
C(r3e¥*F? + / ( / 2Pt 4 272N (|F|? + |VF|?)(2))dx. (4.10)
Q J-T

Utilizing (3.2) and (1.12), similarly to deriving (3.11), we get from (3.9) that

3
FP+[VFP<C Y 107V a0) + Y (VAP + [VEA[7).  (411)

j=1 B=2,3;k=0,1 k=0,1

Therefore, by (4.11) and using Corollary 2.4 (with conditions (1.19) for Lamé coeffi-
cients), we have

(B + [VB)ereco
Q

IA

3
<O([ 3 X T+ [ Y (TR )

j=1 $=2,3:k=0,1 Q=01

T 3
oo C -
_C/ at(/QE D xlalVRuG) e s”clx)chwr;/g(y]?y%r VR[22,
0 -

J=1 p=2,3;k=0,1

Choosing 7 large we eliminate the last term and obtain

/ (IF? + [VF[2)e20 <
Q

¢ /Q X0 10,V u( DIOYV a1 + 718pllo) Vi 5)*)e*+

j=1 B=2,3;k=0,1

3
C’/ Xo|0kx APV ) Pe*.
PR TCRTD DR S e Y

j=1 B=2,3:k=0,1

Now as in the proofs of section 3 the right side is less than

O mUEIE+ U™+ [ (UG ITUGI) <

O [ UG + UG + e OB () + 1)

where we used equality U(;j) = U*(;j) + V(;j) and (4.6), (4.8). From the two
previous bounds and (4.10) we conclude that

T
/(|F|2—|— |VF|2)€274,0(,0) < 0(7_362T<I>F2+/(/ 6274,0(,t)dt_|_627—(1—26))(|F|2+ |VF|2))
Q Q J-T
(4.12)
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Due to our choice of ¢, 1 < ¢(,0),0(,t) — ¢(,0) < 0 when t # 0. Thus by the
Lebesgue Theorem as in the proofs of section 3, we have

T
20(/ e2'rg0(,t)dt+ 627'(1—5)> < 62730(,0)
-r

uniformly on €2 when 7 > C'. Hence choosing and fixing such large 7 we eliminate the
second term on the right side of (4.12). The proof of Theorem 1.3 is now complete. U

5 Conclusion

While natural in some applications, assumption about smallness of residual stress is
restrictive. In our opinion it can be relaxed by using methods of papers [7], [10], and
of this paper. More restrictive and much more difficult to remove is the condition
that the initial data are not zero. At present, even for scalar isotropic hyperbolic
equations global uniqueness of speed of propagation or of potential from few lateral
boundary measurement is an open outstanding research problem (see, for example,
[8]). Also of substantial interest is uniqueness in inverse problems for more general
anisotropic systems, for example, for dynamical elasticity system with transversal
isotropy. For such systems there are no Carleman estimates or uniqueness of the
continuation results. On the other hand, they are quite important for applications
to geophysics, material science, and medicine, and they are notorious mathematical
challenges.
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