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1 Introduction

The aim of this paper is to define the Besov-Morrey spaces and the Triebel-Lizorkin-
Morrey spaces and to present a decomposition of these function spaces. Our results
contain an answer to the conjecture proposed by Mazzucato in [6].

Let us recall briefly the definition of the Besov spaces and the Triebel-Lizorkin
spaces. Following the notation in [12], we write n(D)f = F~1(n- Ff) for n € S and
f € 8. Here and below we set

1
(2m)%

1
(27)% Jgrn

FHO) = o [ e o, 7 (o) = (©)e¢ de

for definiteness. Let 0 < p,q < co. Given a sequence of measurable functions { f; }‘;‘;0,
we define

1

q

5 Lp(lg) || = Z|fj|q DLyl (1)
=0

1
q

15 (L)l = | D 1fi + Lol
j=0

In order to deal with the sum with the parameter running through all the integers
0,1,2,..., we define Ny :={0,1,2,...}. Let ¢, 91 € S satisfy

XB2) < 90 < XB4), XB@A\B2) < @1 < XB®)\B(1): (2)

where x4 denotes the indicator function of the set A and B(r) is the ball centered at
the origin of radius r: Below we denote by B(z,r) the ball centered at = of radius r.
We set ¢;(x) = ¢1(279F%) for j > 2. Let the parameters p, g, s satisfy

O<p<oo, 0<qg<oo, seR



Then the Besov norm and the Triebel-Lizorkin norm are defined by

If = Bygll == 1127°¢;(D)f : lg(Ly)|
and

IF = Fpgll == 112705 (D) f = Ly(ly)l
respectively. Here the condition on {¢;};en, is loosened or transformed as long as it
forms the Littlewood-Paley patch. The Besov-Morrey spaces and the Triebel-Lizorkin-
Morrey spaces are function spaces whose norms are obtained by replacing the L,-norms
with the Morrey norms. Let 0 < u < p < co. The Morrey norm is given by

1

If: MEl= sup rPE (/ If(y)I“dy> ,
zeR™, r>0 B(z,r)

where B(z,r) is a ball centered at x of radius » > 0. Motivated by the Lebesgue
differential theorem, we define MS® = L* if 0 < u < oco. The Morrey spaces are
functions spaces which are larger than the L, spaces in the sense that M% D L, for
0 < u<p< oo In [8 the Morrey spaces are originally used to investigate the
smoothness of functions in terms of the regularity of their gradient.

Motivated by (1) we define

1
q q

If5 2 GgME = Y DI s MBS Il MBI = (| D If1T | - ME
j=0 §=0

for0<u<p<ooand0<q<oo.

Let 0 <u < p<o0,0<qg<ooands € R In[10] T. Lin and J. Xu defined
function spaces normed by

1f = Nogull = 1127205 (D)f = Ig(MB)IL, [1f = Epgull = 112°¢5(D)f = ME(lg)ll

for f € §'. We note that the spaces N, with 1 < u < p < 00, 1 < ¢ < oo and
s € R was defined originally by H. Kozono and M. Yamazaki in [5]. In [10] Lin and Xu
extended the range of parameters p,q,u to 0 < u < p < oo and 0 < ¢ < co. Note that
./\/quu and &, are not Banach spaces, if p, ¢ or  is less than 1. However, the attempt
has been made to extend naturally the function spaces with underlying parameters less
than 1. For example the modulation space MP? with 0 < p,q < oo was considered

recently in [4].

Before we go into the detail we fix some more notations. By “cube ” we mean a

cube whose edges are parallel to the coordinate axis and denote by O the totality of
the cubes in R™. Q(r) means a cube given by

Q(r) :={(z1,z2,...,2y) € R" : max(|z1], |x2|, ..., |zn|) <7},

while B(r) is a ball centered at the origin of radius r. Let » > 0 and z € R". We also
set

Qz,r) ={yeR" : z—yeQ(r)}.



The spaces Fy, ng,./\/;fqu and &, are called non-homogeneous, while the homoge-

neous spaces are defined as follows: Let ¢ € S be taken so that

XBAN\B(2) < ¢ < XBE)\B(1)-

For j € Z we set ¢; = #(277.). Denote by P the set of all polynomials, which form a
linear subspace of §’. For f € §'/P, the space modulo P, the definition

¢;(D)f =F (- Ff)

makes sense : The definition is independent of the choice of the representative f € S'/P.
Thus, we can define the norms by

If = Bogll = [{27°;(D)fYjez : lg(Ly)
If : Nl = [{27°65(D) fYjez = L(ME)]|
If = Bpgll == I1{27°¢5(D)f ez = L)l
If = Egull = 1{27°05(D)f}jez = Mi()].

for f € 8'/P. Here the parameters p, q, u, s are the same as the corresponding func-
tion space of non-homogeneous type. Both homogeneous function spaces and non-
homogeneous function spaces are widely applied to the partial-differential equations.
For example, Kozono and Yamazaki applied the non-homogeneous Besov-Morrey spaces
to the Navier-Stokes equation [5]. The homogeneous Besov space is applied to the wave
equation in [1]. Pseudo differential operators on the Besov-Morrey spaces and Triebel-
Lizorkin-Morrey spaces are investigated in [7, 10].

In this paper we present the decomposition of the elements in these function spaces.
In [6] Mazzucato conjectured that any element in M%, admits a decomposition into atom
functions. To describe her conjecture, we recall the definitions of molecules and atoms.

Definition 1.1 (Molecule). A CK-function m is called an (s,p)-molecule, s € R,
1 < p < o0, if it satisfies the following oscillation and decay conditions hold for some
point zg € R™ and v € Z, where M is a constant sufficiently large:

L. / x%a(z) dx = 0 for |of < L.
2. 107m(a)| < 2/6-n/rHaD (¥ (5 — zo)) Mol if || < K.

Compared with the molecules, the atom functions are more localized than the
molecules.

Definition 1.2 (Atom). A CK-function a is called an (s,p)-atom, if the following
support, smoothness and the cancellation conditions are satisfied for some cube ) € O

1. supp(a) C 3Q.

2. / x%a(z)dxr =0 for |of < L.



3. 10% : Loo|| < (Q)* 7 11if |o| < K.

In [6] she conjectured that the Morrey functions can be decomposed into atoms and
molecules.

Conjecture 1.3. [6, p292] Suppose that 1 < u < p < 0o, K € N and L € Nj.

(A) f e M admits the following decompositions.

(a) f= Z sQmq, where mg are (0, p)-molecules.
Q:dyadic

(b) f= Z sQaq, where ag are (0,p)-atoms.
Q:dyadic

The coefficients sg can be taken so that

N

1F = ME =[S [sox @2 ] - Mz (3)
Q

Here we set Xg) = \Q]_%XQ, the p-normalized indicator.
(B) Conversely if (3) is satisfied, then

Z 5QaqQ, Z sQmq € M4,

Q:dyadic Q:dyadic

where mq are (0, p)-molecules and ag are (0,p)-atoms.

This type of decomposition dates back to the work of Uchiyama for BMO in [15]. In
[2, 3] the decomposition was made for the functions in the Besov spaces and the Triebel-
Lizorkin spaces. In [6] she gave this type of decomposition of N, with 1 < u < p < oo,
1 < g < oo and s € R. She proposed Conjecture 1.3 in analogy with her result.

One of the aim of this paper is to answer her conjecture. Furthermore we will present
another nice decomposition of functions. In [14] Triebel presented a new decomposition
method called quarkonial decomposition. Compared with the results in [2, 3, 15], which
was her motivation to Conjecture 1.3, the quarkonial decomposition enjoys a good
property. While the coefficients do not depend linearly in the method in [2, 3], the
quarkonial decomposition gives us the linear dependency of the coefficients. In [6] the
function spaces M}, are covered only with 1 < u < p < co. In this present paper we
will form the decompositions for the parameters 0 < u < p < oo.

Throughout this paper we will denote by M the Hardy-Littlewood maximal oper-
ator of uncentered type, which is given by

Mf(z) = sup @ /Q )l dy

T€QEQ



1
for a measurable function f. Here and below we denote by ma(f) = A / f(z)dx,
A

the average of f € Ly, over the measurable set A. It is also convenient to introduce
its powered version. For n > 0 we define

1
MW f(z) = sup mo(|f]")"
reQEQ
for a measurable function f. It is trivial that ||Mf : Lol < c||f : Loo||- The follow-
ing maximal inequality, which is so-called the Fefferman-Stein vector-valued maximal
inequality, will be a key to our later considerations.

Theorem 1.4. [9, Theorem 2.2}, [10, Lemma 2.5] Suppose that the parameters p,q,u
satisfy
l<u<p<oo, 1<qg< o0

Then there is a constant C > 0 such that
[Mf; = MEU)I < C | f; = Mi(ly)ll (4)

for every sequence of measurable functions {fj}?‘;o.

It is convenient to transform Theorem 1.4 to the following powered version.

Corollary 1.5. Suppose that the parameters p,q,w,n satisfy
O<n<u<p<oo, n<q< 0.
Then there is a constant C' > 0 such that

M@ g M| < C 185 MG (5)

for every sequence of measurable functions {fj}?iO'

Finally we describe the organization of this paper. In Section 2 we make a brief look
at the theory of band-limited Schwartz distributions. f is said to be band-limited, if its
Fourier transform is supported on a compact set. In Section 3 we present the definition
and investigate its validness. We also collect some elementary properties that is needed
for later sections. We follow the line in [10] in Section 2 and Section 3 and supply some
proofs if necessary. In Section 4 we deal with the atomic decompositions. First we
obtain an equivalent norm and then by using this equivalent norm we obtain an atomic
decomposition. In Section 5 we form the quarkonial decomposition for the elements in
Ny and &, Although a similar proof to the Besov spaces and the Triebel-Lizorkin
spaces works for many propositions, we supply complete proofs in order to verify that
our theory works well for the Morrey spaces. Finally in Section 6 we answer Conjecture
1.3. What is needed for solving the conjecture will have been completed by the end of
this section. In Section 6 we make a brief sketch of the homogeneous spaces and then
we answer Conjecture 1.3.



2 Entire analytic functions

In this section we recall the properties of band-limited distributions. In particular
we are concerned with distributions f whose Fourier transform is contained in a com-
pact set. Here and below ¢ denotes the constants that may change from one occurrence
to another.

Definition 2.1. Given a bounded subset A C R", we define
Sy ={fe8 :supp(Ff)cC A},
where A denotes the closure of A. We also define (ME) 4 := Sy NMPE for 0 <u <p<

Q.

Observe that if A is a bounded set, then, as it will turn out below, S’; consists
of regular distributions whose Fourier transform are supported in A. Thus, (M%) 4 is
made up of the regular distributions f such that supp(Ff) C A and f € M4,

Theorem 2.2. [11, Theorem 1.3.1, Section 1.4.1] Let f € (Mﬁ)B(l). Then for all
1 > 0, there exists ¢ > 0 such that there holds

sup L=< oy g

yeR™ 1+ |y|n

for every x € R™.

From this theorem, we obtain that (M%) B(1) is embedded into L.

Corollary 2.3. (MZ)B(D 1s continuously embedded into Lo, whenever 0 < u < p < o0.
That is, there exists ¢ > 0 such that

I+ Looll < cllf = Mi (6)

for every f € (M7)pa)-

Proof. Let B be an arbitrary ball of radius 1. Take an auxiliary n so that it is slightly
less than min(1,u). Then

sup | £(x)] < ¢ inf MW f(2) <c|MPf - ME|| <c|lf - ME].
reB z€
This is the desired result. il
Later we use (6) after scaling. Let R > 0. Then

If : Looll < cRP[|f : M2]| (7)

for f € (/\/lﬁ)B( R)- Later this inequality will turn out to be useful in obtaining smooth-
ness information.



Next we turn to the multiplier theorem used frequently in this paper. Let s > 0.
Recall that H5 is a function space consisting of f € Lo with

If = Hl[ := [|(-)°Ff « Lo < oo.
Theorem 2.4. [10, Theorem 2.7] Suppose that the parameters p,q,u,o satisfy
O<u<p<oo, 0<qg<o0, 0>0

and that
h,hi,ho,... EHg, R, Ri,Ry,...> 0.

1
1. Leto > — + % with n > 0. For all f € (Mﬂ)B(R) the integral
n

WD) () = (2m)% | Fhiz —y)f(y)dy

converges for almost every x € R™ and it satisfies the estimate

/ F (e =) f@) dy < cllh(R) : HE|| - MO f(x). (8)
_n .nr p
2. Suppose o > min(u, 1) + 5 Let f € (Mu)p(ry- Then we have
[n(D)f + ME| < clln(R:) = HI|[-[If + ME]. (9)
n

3. Suppose that 0 < p < oo and o > + g Let {fj}320 C ML with

min(1, g, u)
fi € (M) B(r,) for each j € No. Then we have

Ihi(D)f; = ME)] < e (5;5 IRy H§||> Ay s MR (10)

Here the constant ¢ > 0 does not depend on R, Ry, Ra, ..., h,hy,ha,..., nor f, fi, fo, ...
appearing in (8), (9) and (10).

Outline of the proof. (8) can be obtained from Theorem 2.2 and the Plancherel theo-
rem. Once (8) is established, 2 and & are proved with (5) and (8). il

3 Besov-Morrey and Triebel-Lizorkin-Morrey spaces

In this section we define the function spaces N;qu,c‘:;qu with 0 < u < p < o0,

0 < g < oo and s € R and then investigate their properties.

Recall that we have assumed in Section 1 that ¢g,¢1 € S satisfy (2). We set
¢j(x) = ¢1(277H) for j > 2.



Definition 3.1. [10, Definition 2.3] Let 0 < u < p < 00, 0 < ¢ < 0o and s € R. Then
for f € 8" we define

If + Nogull = 127°05(D)f = lg(ME)]
If = Epqull = 1127°¢5(D)f = ME(I)II-

In order to unify the statement that follows, we denote by A3, either N, or & .
The case when p = oo is admissible only for A = A. Below we always pose this
condition on A7,

First we establish the validness of this definition.

Theorem 3.2. Let 0 <u<p<oo, 0<g< oo ands €R.

1. The definition of the function space A3, does not depend on the choice of ¢y, P1

Pqu
satisfying (2). [10, Theorem 2.8]
2. SCA;

pqu C S’ in the sense of continuous embedding.

3. A

oqu 1S complete in the following sense: Let {fi}jen, be a sequence that satisfies

i — . AP =0.
g 1t ) <0

Then there exists f € A}, such that

qu
lli)r&”f_fl : A;)quH =0.

For the sake of convenience for readers we will supply the proof of 2 and 3. We also
note that 1 can be obtained by using Theorem 2.4. The proof of S C A}, is not so
hard, since S C By

Thus, what remains to be proved is A%, C S’ and 3. We postpone their proofs.

pqu

For the proof of Theorem 3.2 it is convenient to use smoothness information. The
lift operator and the differential properties are investigated in [10, Theorem 2.15]. The
assertion 2 and & in the next theorem will be helpful when we decompose functions
into the sum of atoms.

Theorem 3.3. Let 0 € R and m € N. Then

0j 1 Ay — Asct (11)

Pqu
is a continuous mapping. Furthermore the following mappings are all isomorphisms.

1. (1=A): A, — As—20,

pqu pqu

2. (14 (A)™): A5, — As2m.

Pqu Pqu



S (L4 0"+ ..+ 0,%m) s A5, — Astm.

Proof. All assertions are proved easily by using Theorem 2.4. l

An immediate corollary of this theorem is the following.

Corollary 3.4. [10, Theorem 2.15] Let m € N. Then there exists a constant ¢ > 0
such that

pqu

S AN Al + D00 Al < ellf = AT
7=1

Proof. Both sides of inequalities are derived from Theorem 3.3. In particular the right
inequality is easy.

For convenience for readers we will give a short proof of the left inequality. By
using (11) and & in Theorem 3.3 we obtain

If = Al < el 4+ 84 A

pqu pqu

< e [ A+ o s A
Jj=1

e [ IF = Agull + D185 F = Apgul

Jj=1

IN

Thus, the proof is now complete. il

We collect one more property of these function spaces.
Lemma 3.5. Suppose that { fi.}ren, s a bounded sequence in A},,. If the limit
= Jim 5
exists in ', then f € A3, with

”f : A;S)q”u” < c sup ||fk : Af)qu”
keNy

Proof. The proof is obtained directly from the Fatou property of M%. i

Next we collect some elementary inclusions.

Proposition 3.6. Let the parameters p,q, q1, g2, u, S, € satisfy
O<u<p<oo, 0<qq,q <0, seR, e>0.

Then we have

10



1. NEFE c & and E5T¢ C N

pqiu = Cpgou PgLu Pgau
2. Abgiu C A if 1 < g
3. Epqu C Ny max(p.a)-
4- Nﬁqp = By, and &y, = Fpy.

Proof. The proofs are standard or can be obtained from the definitions. So we omit
them. il

The proof of Theorem 3.2 2and 3 We return to the point left open in Theorem
3.2 2and 3. The proof of 2 can be reduced to showing the following proposition, which
will serve to measure the regularity of the distributions.

C L in the sense of continuous embedding.

Proposition 3.7. If s > E, then A,
p

Proof. To prove this proposition, by using the embedding A% < N9 with § suffi-

Pqu Pqu
ciently small, we have only to prove ./\/;fqu C L. Since Theorem 3.2 1 is proved, we

can assume Z ¢j(-) = 1. By (7) we have
j=0

6;(D)f : Loo|| < c27[|¢;(D)f = ME].

Consequently we obtain

I1f + Looll €D N165(D)f + Looll < clIf + Nigull-

=0
This is the desired result. il

Remark 3.8. From the proof of this proposition we can even say that A}, is embed-

ded into the space of bounded and uniformly continuous functions. Since Z (D) f
§=0
J
converges to f in Ly, and Z ¢j(D)f is bounded and uniformly continuous, so is f.
§=0
To prove A, C S’, by Theorem 3.3 we may assume s is large enough. In this
case Proposition 3.7 says more: A7, is continuously embedded into Le. Finally we
shall prove 3. Assume s is larger than n/p. Then {f;}jen, converges to f € Lo by

Proposition 3.7. By Lemma 3.5 we see the convergence also takes place in A},

To conclude this section let us see the approach of Mazzucato with which to propose
Conjecture 1.3. She tried to attack Conjecture 1.3 by using the following theorem.

11



Theorem 3.9. [6, Proposition 4.1] Let 1 < u < p < co. Then 5;92u = ML, with norm
equivalence.

Outline of the proof. Her observation is that the integral operator whose kernel is
K(z,y) = (F iz — y))jen,
is a Calderén-Zygmund operator from Ly to La(l2). The kernel satisfies
1K (z,y) = bl < clz =y, (VoK (2,y) : bl + [|VyK(z,y) : L] <clo -y

As is well-known, the kernel satisfying this condition can be extended to the bounded
operator from M4 to M%(l) with 1 < u < p < oo. She proved the theorem by using
this singular integral operator. il

4 Atomic decomposition

A main goal of this section is to consider the atomic decomposition.
4.1 Local mean

Here we will obtain an equivalent norm. Take ¢ € S so that xp1) < ¢ < xp(2)-
Then we define ky = ¢ and k = A?N¢$, where N > 0 is a large integer depending on
the parameters p, g, u, s. Let kj(z) = 29"k(27z) for j € N.

This section is devoted to establishing the following norm equivalence.

Theorem 4.1. Suppose that the parameters p,q,u, s satisfy

O<u<p<oo, 0<g<oo, seR.

1. There exists a constant ¢ > 0 such that for every f € ./\/;fqu
¢TI Nogall SN2k 5 f 2 Lg(ME) < ellf = Ngll

2. Assume in addition that p < co. Then there exists a constant ¢ > 0 such that for

every f € Epg,

T Epqull SN2k f = MEU)] < cllf = Epgull.

Proof. We will prove 2 only (1 being proved similarly). We take 79 > 0 so that B(ry) C
{F¢ #0}. Let v € S be Xp(r/a) < ¥ < XB(ro/2)- We may assume ¢, ¢1, ... satisfy

do(x) = (), ¢j(x) =9(27z) —p(277Hz), jeN (12)

12



by virtue of Theorem 3.2.

Let f € £yy,- Then f can be decomposed as f = Z ¢j(D)f by virtue of (12). We

qu*
§=0
insert this relation to k; x f:
20k % f(w) =Y Pkjx ¢u(D) f(a) = Y _2"H) / k(27y)¢u(D) f (2 — y) dy
1=0 1=0 "

for j € N and
ko * fx) =) - ko(y)¢u(D) f(x —y) dy.
1=0

From this we are led to consider
20 [ K@y)6D)f (@ ) dy

for 7 € N and the formula corresponding to j = 0.

Let 7 > 1 and j # 0. Recall that & = A?N¢. Thus carrying out integration by
parts, we obtain

- k(2 y)gu(D) f(x —y)dy = 279N - AN (¢(27y)) (D) f (x — y) dy

- 24J'N/n(cz)(zjy))Af,N[sbz(D)f(ﬂf—y)] dy. (13)

We set () := |27 |*N ¢;(x) for | € Ng. Then (13) can be rephrased as

| K aD) a2 [ (im0 o ) .
By virtue of Theorem 2.2 we have
(D) f(z = y)| < c(1+ [2'y])" MPD[r(D) f)(x)

with 7 slightly less than min(1, ¢, «). From this we obtain

|27k i(D) f ()] < ¢ 29 ANFTRHAN () [Tz(D)f](:r)‘/ (6(27y)|(1+[2'y[) 7 dy. (14)

n

Finally we estimate the above integral. A straight calculation gives

L @i+ iy =2 [ e+ 2T ay < e )
Inserting (15) to (14), we obtain
|27°k; % ¢u(D) f ()| < 272D MO 257 (D) f](), (16)
provided N is large enough. Here ¢ is a constant larger than L + o

min(1l,q,u) 2

13



Next, let [ > j with [ # 0. Take a large integer M € N fixed later. We define

1
G(z) = Wﬁbl(@, [>1.

From this definition we have ¢;(D)f(z) = 274 MAM (D) f(x).

Insert this formula to k; * ¢;(D)f and carry out the integration by parts. Then we
obtain

2%k % gy(D) f(x) = 20 | k(20y)¢y(D)f(x —y) dy

R’n
_ gilnts)—aiM A K2 y)AMG(D) f(z —y) dy
= i(nsHAM)=AIM [ A2M (970 /(D) f(z — ) dy.

R’I’L

Proceeding in the same way as (14) and (15) as before we obtain

23,  Gu(D) ()] < 2070 (HY5) MOaisgy D) £)(a).

If we choose M large enough, then for [ > 1 there holds

127k ¢u(D) f ()| < c27 2 M [2¢,(D) f](x), (17)
where § > #—1—@. In order to include the case when j > [ = 0 we put (o := ¢g.
min(1,q,u) 2

Reexamine the argument we just gave to reduce (17). Then (17) is still available for
7 > 1=0: The rough estimate without using the integration by parts works.

Therefore (16) and (17) give us a key estimate:
[27°k; + @u(D) f ()] < 272U (MO [ (D) f]() + MPRG(D)f)(z))  (18)

with § > L + ® for every j,l € Ny.
min(1,q,u) 2
By using (18) we obtain

q

> 2%k f ()|
j=0

1
q

Z (Z o—26j—1) ( MO [257,(D) f](2) +M(’7)[2l$Cz(D)f](l‘))>

7=0

q o
If ¢ < 1, then we use (Z al> < Z  for any positive sequence {a;};°,, which gives
=0 =0

14



us

1
q

Q=

< (Z Z 9—23q|5—| (M(??) [leTl(D)f] (z) + M [QlSCI(D)f]($)>q)

IA

c (ZMw[QlSn(D) fl(z)?+ M@ [25¢(D )f](:r)q>q-

=0

If ¢ > 1, then we use the Holder inequality instead.
1
q

(Z (Zz—%lﬂ 1 (D )f](iv)+M(")[2lsCz(D)f]($))> )

1
q

- (Oo S o-dali (M(W[len(D)f](x)+M(")[218C1(D)f](x)>q>

§=0 1=0

1
q

< ¢ (Z M55 (D) f](x)? + MM [25¢(D) f] (I)">
=0

Thus, we obtain, whether ¢ is less than 1 or not,

(Zstqkj*f(m)q) SC(ZM(”)[leTz(D)ﬂ( )9+ MO 2o (D )f](w)q>q-<19)

j=0 1=0
Taking 7 slightly less than min(1, ¢, u) and using Theorem 2.4, we obtain
1272k % f = MEI < ellf = Epgull (20)

We shall prove the left inequality. To this end we recall {¢;};cn, satisfies (12). By
this fact, we define
P

}"k

Note that the support of the numerators are contained in the interior of the support of
the denominators. As a consequence the definition above makes sense. Then we have
¢j(D)f =j(D)kj* f for j > 0. Let K € N taken large enough. We factorize

¢;(D)f = (2T D) (D)k; * f.

Let
n

+ n <o<d
—+ - <o
min(p,q,1) 2

15



be an auxiliary constant. Using this factorization and Theorem 2.4, we obtain
127°6;(D) f = Lyl < exc 1270027 X/ D)k + f = Ly(ly)l,

where cg is given by

cr = (supval@) 5 HZ1+ ol B8] ) e (2
€
Here and below cx denotes a constant dependent on K satisfying cx < ¢2°F as in
(22). Furthermore we decompose
[2°0,(D)f = Ll
< ek [[2°90(27FTIDYk; « f  Ly(ly)l|
< ex (127K ¢ f = L)l + 112751 = g2 X I D)ks * f = Ly(l)l) -
Observe that
(L =02 "I D))kj* f =kj* (1= ¢o(27"7/D))[.
Now we use (16) with f replaced by (1 — ¢o(2~577D))f. Then we obtain
[27°6u(D) (kj (1 = ¢o(2~ 77 D) f)) ()|
< 27D MMREGD)(1 - ¢o(27F 7 D)) f](x) (23)

for o > m + g From (23) we can deduce

J=0

(Z 127°(1 — o (275 D))k = f(ﬁ)V)

Q=

=0 \i=0

< c (i (i 2720 M2l (1 — ¢o<2-K-f'D>><l<D>f1<x>> )

Q|

< ¢ (222661(1]‘)]\4(77) [2l5(1 . qbo(QKjD))Cl(D)f](l“)q)

=0 =0

in the same way as (19). The Fefferman-Stein vector-valued maximal inequality (5)
then gives

1

(Z |275(1 — ¢o(2~ %I D))k; = f") : MP

Jj=0

IN
o

(i i 2700 M2t (1 — ¢o(2KjD))Cz(D)f]q) LM

7=01=0

IA
o

(ZZM(”)QZS@%(MJ‘D))@(D)#) M3

1=0 j=0

16



Note that from the support condition the term with j > 1 — K 4 5 is zero. We divide
the last term into two parts:

(Zzz =) |2t(1 ¢o(2KjD))Cz(D)fq> M

1=0 j=0

Q=

IA
o

S 2t ‘218(1 —¢0(2*K*J’D))Q(D)f‘q . MP
7,leNp
‘j*l+K|§4

+ || X 2t g K ppams| | M.
j7l€N0
jol+K<—4

Now we invoke the fact that (1—¢o(2 %X ~7 D)) (D) f = (D) f, whenever j—k+1 < —4:

q

ZZM |2 ¢o<2Kﬂ‘D>><l<D>fq) MY

=0 j=0

INA
o

Z 9—0q(l—J) ‘2ls(1 _ ¢0(2’K7J'D))C1(D)f’q . Mzun
7,leNp
li—1+K|<4

Q=

+oe|| Y e |eamy|t| oM

7,leNp
J—l+K<—4

Furthermore Theorem 2.4 allows us to delate (1 — ¢o(2-% /D)) in the first term of the
most right side. The result is

1

[e%} q\ «g
. p
> - MP

§=0

> 21— o2 K ID)ky  f

=0

- (i - ‘2lSCl(D)f($)‘q> ? L Z 9—0q(l—j) ’2ZSCZ(D)f‘q s M
1=0 J:ieNo
j-l+K<—4
< 27K (i’%sg(mf‘q)q P My < 27N Ell
1=0

17



Inserting this formula, we obtain
127°9;(D)f = ME()I| < el|2ky x f = MBI + e 27527 05(D) f = ME(Ig)l-

Recall that
cx < c2°K with o < 6

and K > 0 is still at our disposal. Furthermore we are assuming that f € &;,,. So
we are in the position of bringing the second term of the right side to the left side by
taking K large enough. Thus, we finally obtain

127°0;(D) f = ME(I)|| < ell2k + | = ME(l)]].

This, together with (20), is the result we wish to prove. il
4.2 Atomic decomposition

Now we will deal with the atomic decomposition.

Definition 4.2. 1. Let v € Z and m € Z™. Then we define

n
m; mj;+1
Q=TT |55 )

Jj=1

2. Let 0 <p < oo, v eZand meZ" Then we define the p-normalized indicator
XS by
X = 2P0,
3. Let 0 < u < p<oo,0< g < o0. Then, given a doubly indexed complex sequence
A = {Aum}veng, mezn, we define

A pgull = (A 2 (M) = { > Aumxum} Dl (M)
meZ™ I/ENO
X epgull = AL = MUl = { > )‘VmXVm} t M)
meZ™ VENO
where

u = Z )\z/mem

mezm"

As before to unify our results, we use ayg, to denote npg, and epg,. In denoting
epqu, We tacitly exclude the case when p = oo.

Definition 4.3. Let d > 1 be a fixed number and K, L € Z with K > 0 and L > —1.

18



1. Let m € Z". We say that a € C¥ is an atom centered at Qq,,, if

(1) supp(a) C d Qom,
(2) [|0%a|leo <1 for all a € No™ with |a| < K.

2. Let v € N and m € Z". We say that a € C¥ is an atom centered at Q,,, if
(1) supp(a) C d Qum,
@) [1%l]e < 2775 o1 all 0 € N™ with | < K,

(3) / 2Pa(x) dz = 0 for all B € Ny" with 5] < L.

If L = —1, then the moment condition (3) in the definition above is vacuous automat-
ically.

First, let us see that the atom belongs to the function space A}, without obtaining

the norm estimate. This fact will be needed because we are going to apply Theorem
4.1.

Lemma 4.4. Let a € CK be a compactly supported function with K > (1+[s])+. Then
aeNS NES

pqu pqu-

Proof. To prove this lemma, we have only to prove that a € By, by virtue of Proposition
3.6. It is easy to show that, for every P € N, there exists ¢ > 0 (depending on a) with

|¢o(D)a(z)| < c{z)~F.

Now we turn our attention to ¢;(D)a(x) with j > 1. We decompose |¢

Y= > Pa9)e,

la|=K

|4K:

where P, (&) is a homogeneous polynomial of degree 3K. We set
T(E) == Pa(277€)[277¢[ 7 ¢;(6).
With this decomposition we obtain
¢j(D)a(x) = 2771%9°[r#(D)a)(z) = 277575 (D)[0"a] (x).

From this expression we see that, for every P € N, there exists a constant ¢ > 0 such
that the estimate .
|6j(D)a(z)] < c27% (z)~"

holds for every j € N and x € R™. From this estimate we obtain
2°||¢;(D)a : Lyl| < 2=, j € No.

Since s < K, this inequality gives us that a € B, |

19



Finally we define

ap;:n<m—1>,apq::n<w—1>. (24)

Lemma 4.5. Suppose that the parameters p,q,u, s satisfy
O<u<p<oo, 0<g<oo, seR.
Let K, L € Z be an integer satisfying
K > (1+[s])4+, L > min(—-1,[op, — s]).

For v € Ng and m € Z™ we are given an atom a,m, centered at Qum. Then for
A = {AvmtveNg,mezr € Apqu the series

P
lim Z ( Z /\l,ma,,m>
P=o0 v=0 \mezn

converges in S’.

Proof. For the proof of this lemma, we have only to prove

I
dim > ( > Aumam>

v=1 \mez"

converges in &', since Z Aom@om € Loo. Let ¢ € §. Then by virtue of the moment

mezn
condition we have

P P
<Z < Z /\ymaum> 7¢> = Z Z /\Vm/ aym () - dum(z) dz,
v=1 \mezn v=1mezn R

where ¢, is given by

B4(2—Vm,
bom(@) = o) — [ 3 “(;!)(:c—wmﬁ
|B]<L

By the mean value theorem we have

|G (@)| < c27"EFD | sup  [07¢(y)]
ly|=L+1
yed Qum

for € d Qum. Thus, the pointwise estimate |a,m, (z)| < 277="/P) 2 € R yields

(@Y |am(@)dvm(@)] < 2 CF) | qup Y1076 | xaan ().
Ivldiéﬂ
ye vm

20



For the sake of simplicity we write

p(¢) = sup N[ (y)-
[v|=L+1
yeR™

p is a continuous seminorm of S. Adding the above estimate over m € Z", we obtain
—v(s—24L+1 _
S Pumtrm@dm(@)] < 2 EF ) p06) 0 3 ylxagun (2).
mezZ"™ meZn"
As a consequence we obtain

5 [ Pt 0)6m (o)

mezn

< 027V<57%+L+1>p( / Z ‘)\Um‘deum )

mezZ"™

62—V<s—%+L+l)p(¢) Z 2kN/ Z ‘)\ljm‘deum )
k=0

mEZ"

IN

—v|s—24n+L+1 = —
= o3 )p(¢)22 ’fN/ > /\umem dz.
k=0 QEY) |mezn
Notice that
1
/ . Z )\l,mX(QZm(x) dx
QEY) |mezn
min(1,u) m
< / S A0 () da

mezZ"™

1
w 1
kn “
FTERD) (u)
min(1,u
< c2mm (2,m/ > Amxgy,, (#)| do
mezmn
k
S c?2 n<mm(1 w) p 5 )\Vmal/m : u
mezn

Recall that N is at our disposal. Thus, we finally obtain

Z / Dty (2)6um ()| ds < €2 V(s—%+n+L+1)p(¢)

meZ™

Z Mm@y + ME

mezZ"

Now by assumption L is sufficiently large:

S—E+H+L+1>S—E+H+UP—SZO.
p p

Thus, we are in the position of adding these inequalities over v € N:

Z / <Z Aymalzm )d)(l‘) dx < Cp(¢) ||)‘ : aquH' (25)
v=1 mezn
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This proves

P
Plgnooz ( Z )\Vmaum)

v=0 \mezZ"

exists in S’.
4.3 The norm estimate of the sum of atoms

In this section we shall take up the norm estimate of the atomic decomposition.

Theorem 4.6. Assume that the parameters p,q,u, s satisfy
O<u<p<oo, 0<g< oo, seR.
Let K, L be integers with
K > (14 [s])4+, L > max(—1,[o, — ]

for N -scale and
K> (1+[s])+, L =max(=1,[oq — s])

for E-scale. Let X = {A\vm }veNy, mezn € apgu. Suppose that we are given an atom aym
centered at Qup,.

Z Z )\Vmal/m : A;Jqu S CH)‘ : apqu”-

veENg mezZ"

Here ¢ is a constant independent of \.

Proof. First we remark that by Lemma 4.5 we may assume that the coefficients are
zero with finite exception. In this case we have that f € A}, by Lemma 4.4. Thus,
to measure its norm we are in the position of using Theorem 4.1. Let 7 > v > 0 with
7 # 0. Then

ki« aym(x) = an/ k(ij)aym(x —y)dy.

n

We first calculate the size of the support of k; * a,, :
supp(kj * avm) C B2 +dQum C cQum.

We take a homogeneous polynomial P, (€) of degree 3K with |¢[* = Z EYP, (&) as
la|l=K
before. Then k(27y) = [A*Ng](27y) = 2757 Y~ 0% ([Pa(0)¢](27y)) . As a result we
la|=K
obtain

b+ (@) =207 57 ()R [ P06 )00z~ 1) d.

la|=K 8
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Note each term of the above formula can be estimated by CQ_V(S_5>+VK2_j”. As a
consequence we obtain

‘stkj *aym(xﬂ < 62_V8+VK_jK+jSX£p)Vm (x) — 62_(j_y)(K_S)X£pQ)ym($)' (26)

Let v > j > 0. Then supp(k; * aym) C B9 + dQum C B(27"m,c277). Now we
use the moment condition of a,,,. Then if j # 0, we have

kj * Gy () zzf”/n E2y) - Y W(g/—x)ﬁ ym(z — y) dy.

|BI<L

Ifye Q(x—27Ym,d27"), then

k‘(2]y) _ Z 2]582]:3(2793) (y _ x)ﬂ < 027(1,7]-)(L+1).

[BI<L
If we insert this formula, then we obtain

1205k # aym (@)| < c27TDEFIRSEIE /DN oo 0oy (27)

forv > j > 0. If v > j =0, the same argument for j > 1 works again without carrying
out the integration by parts. In (26) and (27) we have treated the cases when j, v € Ny
and j + v > 0. However, we can easily incorporate the case when v = j = 0 to (27).
We need only reexamine the argument above and mimic it. Thus, we have

3 12 Ak # @y ()| < 27 CTDERFSENRID ST Nl o vy
mezn mezn

for j € Np.

Let 1 be a constant slightly smaller than min(1, ¢, u). For some constant ¢ > 0 we
have

3=

Z |)‘Vm|XcQ(2*Vm,2*j)(:L’) < Z |)\I/m| < Z P\ym‘n

mez” mez" ) mezr ]
z€B(27Ym,c277) z€B(27Ym,c277)

1

n n

dy)

By using the maximal operator we obtain

)\um Xc —vm,2—J S 62% / AVmX vm y
5 Ponlvea-vna) ([ |2 A

mez" mezZ"
n(v—j) K %
S C2nt(ZB,C2j)< Z )\VmXQum >
mezn
g CZn(un J),M(Ti) ( Z AVTTLXQVm) ($>
mezn
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Inserting this formula to (27) gives

Z 1295 \ymkij * Gy ()] < €27 (=) (L+1+s+n—n/n) y s (Z /\umXQ ) (z). (28)

mezn

The same but simpler argument using the maximal operator works for (26) and the
result is

D 120 Nk aym (z)] < c27¢TDE=) A 0) <Z )\,,mem> (z).  (29)
mezZmn mezmn

Since 7 is slightly smaller than min(1, ¢, u), we have L+1+s+mn—n/n, K —s > 0 by
assumption. Thus, (28) and (29) can be unified and we obtain

Z |2js}\umkj % Qym(2)] < 27 28|v— Il pr(m) (Z AVmXQVm) x), (30)
mezn mezn

where ¢ is a positive number. With (30) achieved, we have only to prove

S o 2lv=dlpy ) ( 3 Aymxg’zm> MR < clN t epgull. (31)

reNp mezZ" j€No

As before by the Holder inequality we obtain

Q=

q

S DOE S Dopwitin

J€Ng | veNy mez™
1
q
< o3y o) (z»mxgzm) (ay
7€Ng veNy mezm™

IN

1
c Z MM < Z )‘megzm> (x)? .

vENp mezZmn

This inequality and the Fefferman-Stein vector-valued maximal inequality (5) yield
(31). Thus, we have the desired result. il

4.4 Decomposition of distributions into the sum of atoms

Finally in this section we decompose distributions into the sum of atoms with
suitable norm estimates. The next lemma gives a quantitative information on the
coefficients.
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Lemma 4.7. Let kg,k1 € S supported on B(4) and B(8) \ B(1) respectively. Set
ki(x) = k1 (277 z) for j > 2. Then we have

{2’*8?) sup |mk<D>f<y>r} || < el ¢ Al
keNp, mez»

YEQKm

Proof. Note that from Theorem 2.2 we obtain

> 2(+3) < sup ”‘%(D)f(y)> X ()

mezZmn YEQrm

< 2% sup k(D) f(z —y)

= < ¢ M" [y (D) f](x),
yeRr 1+ [2ky|7

where > 0 can be taken as small as we wish, say, less than min(1,q,u). Thus, the
Fefferman-Stein vector-valued maximal inequality (5) and Theorem 2.4 prove Lemma
4.7. 1

With these preparations in mind, we turn to prove the atomic decomposition.
Theorem 4.8. Assume that the parameters p,q,u, s satisfy
O<u<p<oo, 0<g< oo, seR.
Let K, L be integers with
K> (14 [s))s, L= max(~1, [0, — s])

for N -scale and
K> (1+[s])+, L =max(—1,[oq — s])

for E-scale. Let f € A Then f can be decomposed as

[ = Z Z AvmGum,

veNg mezZn

qu”

where aym, is an atom centered at Qum and the coefficient A = {Aym treNy, mezn satisfy

[A = apgull <cllf - A;quH-

Proof of Theorem 4.8 with L = —1. Let f € A} .
functions such that
¢j(x) = ¢o(277x) — do(277 ") for j > 1, xqn) < do < XQ(3/2)-

We also take a smooth function x such that supp(x) C Q(1), Q(2) C {Fk # 0}. For j €
Ny set rj(x) = 2/"k(27x) and we define ¢; € S uniquely so that ¢; = (27) 2 Fep; - Fr;j.
Then

Assume {¢;};en, is a family of

F=S D =S yemef =Y Z/Q 3 =y * F(y) dy.
=0 =0 im

j=0 mezn
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Set A, = 2(-%) Sup |kj * f(y)| and
Jjm
0 if Ay, =0
i = ;
j ﬁ fQjm Yj(x —y)kj * f(y)dy otherwise.

Then f = Z Z Ajm@jm and ajy, is an atom centered at @, modulo multiplicative
JENg mezZ™
constants. Lemma 4.7 yields

H {)‘jm }j €Ng,meZ™ * Apqu [

_ {f(s—p) sup Iﬁj*f(y)} | < I ¢ Al
jE€Np,mezZ™

yGQjm

This is the desired estimate of the coefficients. As a consequence, any f € A}, is
decomposed into the sum of atoms, unless we require the moment condition. W

Proof of Theorem 4.8 with L > 0. Let M € N be a constant larger than K + 1. Then

I € Aj,, can be decomposed as

F=g+ ) MYg |f = Agull = llg = Apgl™l

where g € Af,ﬁM . Observe that g € CX by virtue of Theorem 3.3 and Proposition

3.6, provided M is large enough. Let ¢ € S be a compactly supported function with

Z (x —m) = 1. Suppose that supp(¢) C B(2"). We decompose
mez"

g= > ¥(-—m)g.

mezZm"

We define coefficients Ay, and functions ag,, by

Aom = sup [[0%(Y(- —m)g) : Lol
lo| <K
a . 0 if (- —m)g=0
Om == Xom Y(- —m)g  otherwise
for m € Z". If ¢y is a constant large enough, then 80m s an atom centered at Qum and
o
g = Z )\Oma()m. (32)
mezn
Next, we note that
> Dot M| <e sup [D%(y)| : M, (33)
mezn la|<K l'—yl<c
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We decompose

D%(y) = > _ ¢;(D)(D*9)(y)

Jj€Ng

and we use Theorem 2.2 to obtain a pointwise estimate ; for all z € R"

sup |D%(y)|
yeB(z,c)

<3 sw 60D WI<e 3 2% M"Wg;(D)(D*9)(a),

jeNo yEB(z,c j€Ng

where 7 is slightly less than min(1, ¢, u). Taking into account the triangle inequality

n
Do Ihl s MBI <Y Ik 2 MBI

jEN jEN

we obtain, with the help of Theorem 3.3 and (5),

As a result if M is large enough, another application of Theorem 3.3 and combination
of (33) and (34) give us

n
< e 2¢ (D)D)« M| < cllg = AT (34)

sup |[D%(y)] : MY pqU
JjeN

|- —y|<c

37 Aomxihy : ME|| < cllg - ARl < el f 2 A3

pqu
mezZ"
Next, since g € A;;UQM with s +2M > o4y, we are in the position of applying the case
when L = —1. Using the case when L = —1, we obtain
o
9= Mmbim. (35)
v=1mezZ"

Note the parameter v here runs through N, which is just a matter of scaling. Here the
coefficients A = {A\ym }uen, mezn and the function b,,, satisfy the following conditions.

LA = apgull < cllg = AR < ellf =+ Ajgull-

2. supp(bum) C dQum.

u(s+2M7%)+|a\u

3. 0%y <2 for |o| < K 4 2M.

Thus, if we set aym := (—A)Mbym and take M > L, then we see that a,,, is an atom
centered at (), with the desired cancellation condition and the expansion

f: Z Z Aymauma

veENg mezZn

the convergence taking place in A3, |
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5 Quarkonial decomposition

Finally in this paper we form the quarkonial decomposition of functions to give
some kind of answer to Conjecture 1.3. To describe the quarkonial decomposition, we
fix some notations.

Definition 5.1. Throughout this section ¢ € S is a fixed function satisfying

Z Y(x—m)=1

mezZmn

for all x € R™. Accordingly the number r > 0 is fixed so that

supp(¢) C B(2"). (36)

With ¢ specified, we define the quark.

Definition 5.2. Let € Ny, v € Ny, m € Z™ and p > r, where r is given by (36).

1. P (2) := 2Py(x).

2. (Bqu)ym(x) = 27'}(575) VP (2Y2z—m), where p and s are parameters of the function
space A}, under consideration.

3. Let the parameters p, ¢, u satisfy
O<u<p<oo, 0<q<oo.

Given a triply parameterized sequence \ = {)\gm}BGNon, veNo, mezr = {\"} gengr,
we define
I = apgull, = sup 27808 2 ay,.l.
BENG™

Here we tacitly exclude the case when p = oo if we consider epgy,.
5.1 Quarkonial decomposition for regular case

In this section we consider the quarkonial decomposition for regular case. We
assume
O<u<p<oo, 0<g<o0, s>04 (37)

for N -scale and
O<u<p<oo, 0<g<o00, §>04 (38)

for E-scale.

With this preparation in mind, we present our main theorem.
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Theorem 5.3. Suppose that the pammeters D, q,u, s satisfy (37) for N'-scale and (38)
for E-scale. Let f € §'. Then f € A oqu Uf and only if there exists a triply indexed

sequence \ = {Aﬁm}ﬂeN& veNy, mezn such that f can be expressed as

F= 2 20 2 MonlBawum

BENg™ veENy meZ™
with
A+ apgul| < oo. (39)
If this is the case, then A can be taken so that

A = apgull = [If AunH- (40)

Before we come to the proof, we observe that the “if 7 part is proved easily. In-
deed, let 0 < € < p—r. Then 2= +9181(3qu),,, is an atom centered at Q,,,, modulo
multiplicative constants. Thus, letting

= D Mu(Baw)um,

vENg mezZ™

we obtain from Theorem 4.6 that
157 Apgull < 277N+ g,
Since we have
11+ fo o Asgul™™ @ <L frs Asgu™™ @) 4 [ fo  Apgy ™0 @)

ﬁn‘j&,jb e A

squ» We obtain f € A

Squ With the norm estimate (39).

Thus, we devote ourselves to the proof of “only if” part, the possibility of the
decomposition of given f € A},

First, we prove a lemma to decompose the functions.

Lemma 5.4. Let f € 8’ with supp(Ff) C Q(3R),R > 0. Then
m —
f=3 (%) F RB—m),
mezn

where k is an auxiliary bump function with xg3) < £ < XQ(3+1/100)-

Proof. Set kg(-) = k(R™!). First we take 7 € S arbitrarily. Then the support condi-
tion on f gives us

(Ff,m)= <7’f,n% 'FGR'7'>- (41)

We consider
T(x) = Z kr(x — 27 RI)T(z — 27 RI),
lezn
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which is 27 R-periodic. Expand 7* to the Fourier series. Then we obtain

() = Y am exp <(* 'Rm)i> , (42)

mezn

where the coefficient is given by

= (27T1R)n/Q(7rR) Tew <_(:C ﬁm)i> o
_ (zﬂlmn /Q(ﬂR) (Z kr(e — 27 RIT(x — QWRZ)) exp (— (z ﬁm)i> da

lezn

_ mlR)n /R wn(a)r(r) exp (-W) da.

Taking into account the support condition of the functions, we obtain

kinr (2)kp(2)7T(x) = Kinr (2)kg(2)T*(x) = Z m n%(x) exp <(*};n)l) . (43)

100 100
mezZm

We write out (41) in full by using (42) and (43).

(Ffm) = D am <ff,n%a exp (“Bi”)z»

mezZm™

_ Z (27T1R)n<"ReXp ((* - )i> ’T>.<]-"f,/-€RexP<(* Rm)l)>

mezZ"

- <{mz e (P (7)) nnesn (<6 7) } > |

Finally observe that

<]—'f, KR - exp <(* 'Rm)i>> = (27)

Since 7 is arbitrary, we finally obtain

Ff= (27r)% Z (271’1R)”f <%> - KR exp <— (x Rm)z) .

mezZm™

©I3
~
~~
SE
~—

By taking the inverse Fourier transform to both sides, we have the desired result. il

Here and below we assume that {¢;}jen, C S is a special family of functions
satisfying

XB@) < d0 < XB@), ¢i(x) =do(277x) —go(277z), jEN.
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Corollary 5.5. Let f € §’. Then f has the following expansion.

-y < S sk(D)f (;”7) F L2k —m)) .

keNg \mezn

The lemma below enables us to control the index-shifting

{)\um}ueNo, mezn {)\Vm+l}V6N0, mezmr-
in terms of [ € Z™.

Lemma 5.6. Given | € Z™ and X\ = {A\um }veNy, mezn € apqu, we write

! = {)\um—i-l}ueNo, mezmn -

Then we have
||>\l D apqul| < e (T[N apgull

for some a,c > 0.

Proof. For the proof of this lemma, if suffices to show that, for each v

< ( + |l| aM(’?) ( Z )‘l/mXQum>

mezZ™

Z Ay H+mXQum

mezZ"

with 0 < 7 < min(1, ¢, u) by virtue of (5).

Let x € Quy,- Then

Z AvmXQum

mEZn

< oL+ [ (Z Aymmm> (),

mEZ”

n>§

‘)‘l/m+l’ < C +m)m7mB(a:c2 v(1+1])) (

which proves the lemma. il

Lemma 5.7. Under the assumption (39) in Theorem 5.3 the sum
F=22 2 2 Xn(Bawm
BENy™ vENg mEZ™

converges absolutely in the topology of S'.

Proof. We write fP := Z Z )\ 0 (Bqu)ym as before. Let 0 < € < p —r. Note
vENg mezZ"

that 2-(+ols |(ﬁqu)ym is an atom centered at (),,, modulo multiplicative constant

depending only on . Thus, from (25) we obtain

(%, 0)] < 277 lp(@) A+ apgull,- (44)
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We remark that in (25) the term corresponding to ¥ = 0 is excluded in the proof of
(25). However, it can be easily incorporated and hence (44) holds. Summing (44) gives

(s o) < cp(@)lIA + apgullp-

Thus, the series converges in S'. 1

Having set down the preliminary facts, we return to the point left open above,
namely, the “only if” part of Theorem 5.3.

Conclusion of the proof of Theorem 5.3. Let f € S be given. Then we have
m _
f=Y D=3 > auD)f (57) Fw(2a—m) (45)
keNp k€Ng mezZ™

by virtue of Corollary 5.5. We set

A = 207 (D) (5¢)

and we rewrite (45) as

f=c Z Z 2_k(5_%> A F LR (282 — m).

keNg mezZnr

Now we turn our attention to F'x(2Fz —m). We shall obtain a quantitative informa-
tion of |F~1k(x)| as |z| — oo. The repeated integration by parts yields

°F lk(y) = /n(iz)alﬁ;(z) exp(iz - y)dz

= Gy L 09 (- A0V expliz ) ds

= T L (089G RE) expliz )

As a result, for a fixed large N at our disposal, we obtain
0°F R(y)| < e (L+[aM) (L +[y[?) . (46)
To prove Theorem 5.3 we may assume that p is a large integer by replacing p with
a larger integer if necessary. By the Taylor expansion we have

Y2 Pr — 1) F k(22 — m)
3 DBF=1k(27P1 — m)(2Fx — 27P1)Bep(2F+Pa — 1)

|
BENG™ At
-~y 2 PIBI DB F=1k(27P1 — m)pB (2P — 1)
— : _
BeNp™ A
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Since Z Y(x — = 1, ¢x(D) f has the following expansion.
mezm

ox(D)f = Z > Z

meZm™ leZ™ BENg™

A DP F15(27PL — m)ypP (28T P — 1),

Note that this sum converges in L, topology and hence we can interchange the order
of the sums. In terms of the quark functions this formula can be rewritten as

D)@ =Y ¥ 3 =

leZ™ BeNg™ meZn

B, N DOF R(27PL—m)(Bqu) s pi(2).

2—rIBl
Let )\erpl N Z A DPF~1(27P1 — m). Inserting this expression gives
mezn
F=Y aD)f@) =c Y > > M, (Bawip(@).
keNp k€ENg leZ™ BENy™

Next, we investigate how large the coefficient is. Let z € Qg 20141, Where [ € Z™ and
each component of [y is an integer in [0,2”). By (46), we have

ol [Akm| 18l 5~ Akt
|’\k+p2/)l+lo‘<02 Z T+i—m|~¥ =c2 Z 1+ [m[N
mezn mezZ™

Thus, if we write A™ = {|Axm+1|}, then we obtain with ny = min(1, ¢, u)

70
A apgull,™ < c | [|27718 %Z:n ’m|N s
o
[A™ apqu” (1 4 |m])emo
< Z — A 0
m%” ST me = L T 1A= apqul™

where a > 1 is a constant from Lemma 5.6. Since N is still at our disposal, by taking
N sufficiently large we obtain

A : apqu“p <cl|A :apgull-

Thus, we have the desired result. il
5.2 Quarkonial decomposition for general case

Now we cover the case when s is arbitrary.

Definition 5.8. Let L € {—1,1,3,5,...}. Then we define

(Bau@) =2 075) ()5 4) (2% - m),

where p and s are parameters of the function space A}, under consideration.
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We state our main theorem.

Theorem 5.9. Let
O<u<p<oo, 0<g<oo, seR.

Suppose that the parameters p, o, L satisfy

p>r, 0>0, Le{-1,1,3,5,...}, 0 > max(oy,s), L > max(—1,[o, — s])
for N -scale and

p>r, 0>0, Le{-1,1,3,5,...}, 0 > max(oq,s), L > max(—1, o4 — s])

for E-scale. Set
(Bgun(x) = 2 )y (200 —m)

and
—v(s—2 L+1
(Baw(w) =27 U75) (-2)F07) @ — m)
Then f € A2 . if and only if there exists a triply indexed sequence

pqu
n= {Ugm}ﬁeNo”, veNy, mezn and \ = {)‘fm}ﬁENo", veNg, mezn

such that f can be expressed as
F= 22 20 2 wmBadem+ 3 3 Y Nn(Baw)in)
BENg™ vENy meZ™ BeNg™ veENg meZn
with
17+ apgullp + IA = apgull, < oo (47)
If this is the case, then A can be taken so that

H77 : apqu”p + H/\ apqunp - ”f pqu” (48)

Proof. First, “if” part is still obvious by Theorem 4.6. As for the “only if” part, we
use Theorem 3.3. Let M be an odd integer large enough, say, M > max(L,o — s). Let

g o= (1+(=A)"%)" lfeA;;uM“cA;;qu
g = (AT (14 (=A)) T e AsHIHL

With the help of Theorem 3.3 we have

L
f=g1+(-A)2 go with g1 € A, go € ASFLHL

We are in the position of applying the result in the previous section to g; and go.

g1 = Z Z Z ngm(ﬂqu)um

BENg™ vENg meZ™

= Y Y Y, { ys+L+1——)¢g( *_m)}.

BENp™ vENg mezZ™
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Here the coefficients satisfy

17+ apqully + 11X apgully < gz = Apil I+ llgr = AZgull) < cllf = Apgull

Since (—A Z Z Z A (Bqu)E) | we have

BENp™ vENg mezZ™

Zzznymﬁquum—l—ZZZ)\ ﬁqu

BENg™ vENg mezZm™ BENg™ veENg meZm

with the desired estimate of coefficients. il
6 Another atomic decomposition

In this section we answer Conjecture 1.3.

What we have been considering in this paper is so-called the non-homogeneous type.
To answer Conjecture 1.3 we need to deal with the homogeneous space. However, the
construction and the properties are completely analogous. Thus, we do not supply the
proofs. To begin with, we take 1) € § so that
XBA)\BE@) <V = XBE)\BO):

Then we define

Hf : pquH = [|27%¢;(D)f : Mi(l,)|] for0<u<p<oo, 0<qg<oo,s€R.

| for0<u<p<oo, 0<g<oo,s€ER

It will be understood again that MS° = L* for 0 < u < co. The function spaces N

pqu
and Spqu are subsets of §’ /P whose N5 and £ are finite respectively. The properties

pqu pqu

of function spaces and the statement, especially Theorems 3.9, 4.6 and 4.8, remain true
if we replace the range of j and v from Ny to Z. Since the homogeneous analogue of
Theorem 4.6 is valid, we have only to consider the possibility of decomposition into

atoms, especially the spaces £,

Finally in this paper we prove the following theorem, which is a formulation of
Conjecture 1.3 based on our notation.

Theorem 6.1. Suppose that 1 <u <p < oo, K € N and L € Np.

(A) f e M admits the following decompositions.

(a) f= Z Z AvmMym, where myy, are (0, p)-molecules.
vEZ meL™

(b) f= Z Z Avm@um, where each aym 15 an atom centered at Qum.
vEL mEL™
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The coefficients A\, can be taken so that

1= MBI~ Pumlx) + M (L)

mezZn

(B) Conversely if (3) is satisfied, then

Z Z AvmMum, Z Z Avmum EMZ’

VEZ mEL™ VvEZL meL™

where My, are (0,p)-molecules and a,m, are (0,p)-atoms.

Proof. We have only to consider the assertion on atoms. The construction is almost
the same as Theorem 4.6. Suppose ¢ € § is a compactly supported function such that

B(2) C {F # 0}. We set 1p; = 27"p(27.). k; € S is defined by Fk; = ;Z Indeed,
J

for f € E; we have

qu>

F=>> byl —y)rj * f(y) dy.

jEZ mez" Qjm

We construct and estimate the coefficients in the same way as the non-homogeneous
case. What remains to be done is to arrange the atoms satisfy the moment condition.
To achieve this, we have only to replace ¢ with (—A)“*14. Correspondingly we replace
' Then ajy,, given by c / [(—A)YE )i (x — y)ky *

jm

Fl(=A)1);]

f(y) dy with some constant c, inherits the moment condition from that of . Il

kj so that Fr; =
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