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A CARLEMAN INEQUALITY FOR THE STATIONARY ANISOTROPIC
MAXWELL SYSTEM

MATTHIAS M. ELLER AND MASAHIRO YAMAMOTO

ABSTRACT. A Carleman estimate for the stationary anisotropic Maxwell system is established. Its proof
adopts a technique pioneered by Calderén to an overdetermined systems with rough coefficients. As an
application, the conditional stability of the Cauchy problem is discussed.

1. INTRODUCTION AND MAIN RESULT

Let Q C R3 be an open set filled with an anisotropic electromagnetic medium and let F(t,z) and
H(t,z) be two vector-valued functions  — R3, denoting the electric field intensity and the magnetic
field intensity, respectively. Furthermore, the electric permittivity e(z) and the magnetic permeability
u(z) are 3 x 3 positive definite, symmetric matrices with C! entries. The stationary (or time-harmonic)
Maxwell equations derive from the dynamic Maxwell equations by assuming E(t,r) = E(z)e*! and
H(t,z) = H(z)e™! and consist of the following equations

iwe(z)E(x) —V x H(x
(

)
1) iwp(z)H(zx)+V x E x;

V- (u(2)H(x)) =

Here Vx denotes the curl operator and V- is the divergence operator. In our case, where the coefficients
€ and p are matrices, we say that the system is anisotropic. If the coefficients are scalars, the system is
referred to as isotropic. One of the important applications of the anisotropic Maxwell equations are the
equations of crystal optics [KK65]. Our main result is the following Carleman estimate for this system.

Theorem 1.1. Let Q be an open set in R and let o € C%(Q) such that Vi # 0 for all x € Q. Let
(E,H) € HY(Q)% with compact support in Q and assume that € and p are symmetric, positive definite
matrices with entries in C*(Q).

Then there exist positive constants Ag and C depending only on € and 1 such that

(1.2)

3
1
S [ OER P 5 [ MUEP 4 HPE < C (et - ¥ x B0
=le Q

Hle*? (iwpH +V x E)lI3,q) + 1€V - (eB) 12, () + 1V - (H)|7, 0
provided X > \g and s > so(N\). Here ¢ = e — 1.

This estimate implies the unique continuation of solutions to the homogeneous Maxwell’s system (1.1)
across every C2- surface [H83, Chapter XXVIII].

Corollary 1.2. Let (E,H) € HY(Q) be a solution to Mazwell’s system and let S = {1(x) = 1(z0)} be
a level surface of the function 1 € C%(Q) near xo € Q such that ' (xq) # 0.
If (E,H) =0 on one side of S, then (E,H) =0 in a full neighborhood of xo € Q.
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2 MATTHIAS M. ELLER AND MASAHIRO YAMAMOTO

Carleman estimates for linear partial differential operators and unique continuation for solutions to
homogeneous linear partial differential equations with non-analytic coefficients have been extensively
studied since Carleman’s work [C39]. By now the problem is rather well understood in the case of scalar
operators and equations [H83, Chapter XXVIII|, [Ta95]. However, only few results pertain to systems of
partial differential equations. The only general result for systems is Calderén’s Theorem [Ca58] where
unique continuation is proved for a first order evolutions system provided certain assumptions on the
characteristics are satisfied.

Regarding the most relevant systems of mathematical physics uniqueness theorems and Carleman
estimates for isotropic dynamic Maxwell’s equations and the isotropic elastic wave equations have been
obtained in [EINTO02] and [ITY03]. The key observation is that these systems can be reduced into weakly
coupled vector wave equations and then the theory for scalar operators mentioned above is applied. This
kind of reduction was done first by N. Weck for the stationary elastic equations [W69]. See also Dehman
and Robbiano [DR93], Imanuvilov and Yamamoto [IM04], Weck [WO01].

There are a few works on the anisotropic Maxwell equations which we like to mention. V. Vogelsang
[VO1] and T. Okaji [O02] both prove strong unique continuation in the time-harmonic case. However,
both works make structural assumptions on the coefficient matrices. Vogelsang requires that the matrices
€ and p are equal to the identity matrix at the point of interest whereas Okaji requires the coefficients
to be scalar multiples of each other at that very point.

Note that our Theorem 1.1 makes no structural assumption on the coefficient matrices; moreover the
regularity of the coefficients is assumed to be only C! whereas the reduction to a weakly coupled second
order system as in [EINT02] requires the coefficients to be C2.

The proof of Theorem 1.1 is based on the observation that the time-harmonic Maxwell system is a
weak coupling of two div-curl systems. The estimate (1.2) is a consequence of the following Carleman
estimate for the div-curl system.

Theorem 1.3. Let Q be an open set in R3 and let ¢ € C?(Q) such that Vi) # 0 for all x € Q. Assume
that w € H' ()3 has compact support in Q. and that A(x) = ajx(x) is a 3 x 3 symmetric, positive matriz
with C* entries.

Then there exist positive constants Ag and C depending only on ¢ and Q) such that

3
1 — S S S S
(13) 53 [ eaupest s [ et <010 x w0+ 10V - (A0l 0)
j=1

provided A > Ay and s > so()\). Here ¢ = eM — 1.

Indeed, the proof of Theorem 1.1 follows by adding the Carleman estimate of Theorem 1.3 applied to
the functions F and H,

3
1 3
QZ/QGW”(IC%EI2 + IajH\g)eQ“’MsAQ/QeWQEF +|H[?)e?
j=1

<C {Hewv X HH%Z(Q) + eV x E||%2(Q) + %V - (EE)H%Q(Q) + eV - (NH)”%Q(Q)

for s and A sufficiently large. The use of the triangle inequality gives (with a larger C)
3
1
L Z/ (9, E” + |0,H|2)e>? + s>\2/ AU(|E + |H|?)e?
SA = Q Q

<C [IIGW(MEE =V x H)|}, ) + le*?(iwpH + ¥V x B)|7,q) + 1V - (eB)1,0)
H|e*?V - (uH)|17, ) + €2 HI[, ) + 17 ElIZ, q)

Now the last two terms can be moved into the right hand side, provided s and A are sufficiently large.
This yields (1.2).

This paper is structured as follows. Section 2 is dedicated to the proof of Theorem 1.3. We follow
Calderén’s approach as explained in [Ni73]. There are certain obstacles to be overcome: The div-curl
system is overdetermined which makes its diagonalization more difficult. Furthermore, the estimate for
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the first-order derivatives in (1.3) requires extra attention. Moreover, we show that the Calerondn’s
approach can be adopted to operators with C' coefficients.

Section 3 contains applications of the Carleman estimate: The conditional stability of the Cauchy
problem and a boundary estimate for the Cauchy problem.

2. PROOF OF THEOREM1.3

It will suffice to prove Theorem 1.3 locally, i.e. for a function w € H'() compactly supported in a
small open neighborhood W of some point g € Q [H63, Chapter §].

The essence of Calderén’s approach is to consider the system as an evolution in direction normal to
the level surfaces of 1. Hence we will introduce new coordinates in which the level surfaces of ) become
the surfaces y3 = constant. Then we will delete one equation to obtain a 3 x 3 system which is then
diagonalized by the means of pseudo-differential operators, see equation (2.11) below. This diagonal
system allows certain integral estimates which then can be returned to the original variables.

2.1. Change of coordinates. Consider the level surface S = {z € W ; ¥(x) = ¢(x0)}. Assuming that
W is sufficiently small we introduce geodesic local coordinates in W with respect to the level surface S.
We denote these coordinates by {y1, y2, y3} and assume that {y1,y2} are orthogonal coordinates in S and
that y3 = ¥(x) — ¥(x0) is the normal coordinate. The corresponding coordinate mapping is denoted by
= ®(y) and ®'(y) > 0 for all y € ~H(W). We note that ®~1(S) = {y € @~1(W) : y3 =0} C R? and
assume that ®~1(W) is a cylinder ®~1(S) x (—h, h) for some h > 0.

The standard Euclidean metric in R? induces the Riemannian metric with metric tensor

g 0 O
Gly)="®'(y)®'(y)=| 0 g2 O
0 0 gs

in ®~1(W). For future reference we set g(y) = detG(y). The differential basis of vector fields will
be denoted by {9/dy1,0/0y2,0/0ys} or by {01,02,05} and the corresponding orthonormal basis by

{f1, f2, f3} where fi = 01/\/g1, fo = D2/\/92 and f5 = 95/,/g5. Since ¢ € C*(W) the metric tensor
G(y) € CH(W).

Given a vector field w(z) with respect to the standard Euclidean basis {e;, ea, e3} we find a represen-
tation u with respect to the new basis vectors {f1, f2, f3} by

(2.4) u(y) = "U(y)w(®(y)) where U(y) = &' (y)G~/*(y)

Every vector field in Q N W can be represented in the form u = wuy f1 + ua fo + usfs. We represent the
operators curl and div with respect to the coordinates {y1, y2,y3} [C96, p. 362].
1 0 1 0 1 9
divy = — 221 4 I e Ly
NGRIT \/EE Ays \/> 0ys3

where L1 = L1 (y) is a vector with three components and

1 1 1 1 1 1
curlu = [ —=dous — ——0303u + | —=03u1 — ——01u: + | —01us — —0su 3+ Lou
(\/9323 @32)f1 (\/97)31\/9»113)][2 (\/9712 @zl)fs 2

where Lo = Lo(y) is matrix function. The system

(2.5) P(z,D)w = (V xw,V - (Aw)) = F(x)
becomes, after the change of coordinates
(2.6) P(y, Dyu = L(y)u + F(y)
where the symbol of P is
0 —9°¢s 9%&
B.6) = 9°€s 0 —9'&
’ —9%& 96 0

3 37 o 3 ms
> i avgle; Zj:1a2]9'7§j Zj:la’?’]g]gj
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Here ¢/ = 1/,/g; for j = 1,2,3, and F and A = (a’*) are derived from the functions F and A in (2.5).
More precisely, using (2.4) we have

Ay) ="T(y) A(D(y)) T (y)
F(y) = (" (y)(F1(D(y)), F2(@(y)), F5(2(y))), F4(2(y)))

The function L(y) is a 4 x 3 matrix function and depends on L;, Lo as well as the first derivatives of
the entries of A. One verifies that the matrix A(y) is positive definite and symmetric and has C! entries
since A has these properties.

2.2. The diagonalization. We will write equation (2.6) as an evolution equation in y3 direction. For
that purpose the third curl equation can be dropped since it does not involve any derivatives in normal
direction. Moreover, leaving that equation out of p results in a square matrix. Set

92&s 0 —9'&
p(y,&) = 0 9’ —g%&
aliglg; atlgle; aige
and observe that

detp(y, &) = g°& (£a¥ ¢7¢; + g°6a7 g7¢5 + g* 610V g ¢5) = g°E39"Era g7¢; = gPE5(PEAS)

where the Einstein summation convention is used and A is the matrix with the entries a/* = a’*¢7¢* €
C1(W). The vector ¢ is the transpose of the column vector ¢ and ‘€ A¢ = ijfjﬁk.

We write the principal part of equation (2.6) - without the third curl equation - in the form p(y, e3) Dsu+
P(y, D")u where

¢ 0 0
ply.es)=| 0 ¢* 0
Q31 232 Q33

is invertible and P(y, D’) does not contain any derivatives with respect to ys.
In what follows & = (&1,&2,0). Hence we can write equation (2.5) without the third curl equation as

(2.7) Dyu+ [p(y,e3)] ' P(y,D')u=F + Lu

with obvious definitions for F' and L.
We denote the symbol of [p(y,e3)] 1 P(y, D) by —m(y,&’). Next we will find the eigenvalues and

eigenvectors of m(y,¢’) which will let us diagonalize equation (2.7). In the following all summations will
be from j or/and k =1 to 2.

det(al — m(yvf’)) det[al + [B(y’es)]_lg(y,f’)] _ det[B(y, 63)]_1det]2(y;£/,04)
= %0‘ (a7"¢;&k + 200”7 ¢, + 0¥ a?)

Hence the three eigenvalues of m(y, ') are

3j ¢ 3¢\ 2 ke
(2.8) o1 =0 and az,gz—g & :i:\/(a fﬂ) @&

Q33 Q33 233

Note that the eigenvalues ap and a3 are non-real since by the Cauchy-Schwartz inequality (a3 fj)2 <
a33a7k¢;€), since the vectors ez = (0,0,1) and £ = (&, &2,0) are not collinear. Here the assumption that
A is positive definite is critical.

Next we compute the eigenvectors of m(y,¢’). Note that m(y,&')b; = a;b; results in p(y; £, o;)b; = 0.
Using a; = 0 we have a
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which gives bi3 = 0 and b1,@*¢’¢; = 0. Thus by = {(—a%g¢7¢;,a%¢7¢;,0). For k = 2,3 we obtain
be = "(9"€1, 9?62, 9> ) since

9'6(aYg’¢; +a g’ ar) + ¢* (a7 & + aPg’ar) + g an(@¥ g7 ¢ + P g’ o)
= aia® + 20,a¥ €5 + a6 = 0
because of (2.8). In the following we will work with eigenvectors of unit length, i.e. ¢; = b;/|b;| where

|b;| denotes the Euclidian length of the vector b; and introduce the symbol ¢(y,&') = (q1,¢2,¢3). The
matrix ¢ diagonalizes the symbol m

(05} 0 0
a My, )My, ey, )= 0 az 0 | =4jy¢)
0 0 Qa3

We point out that ¢,¢~*,m,j are essentially classical symbols with C! coefficients, i.e. ¢,¢g~! € C1SY and
m,j € C'SY. Strictly speaking, in order to obtain a classical symbol the singularity at & = 0 has to be
removed by a cutoff function. Moreover, all four symbols are C'! functions in y3 as well.

Given u € H}H(®~H(W)) we set v=Q 'u € H(®~1(W)) where Q! is the operator with the symbol

q~!. Note that v(—h) = v(h) = 0 since Q! is a tangential operator, this is an operator with symbol

independent of £3. Now we make use of the operator algebra for operators with classical symbols with
C! coefficients as discussed in Proposition 4.2A [T91]. This yields

(2.9) u(y) = Q(y, D" )v+ K(y, D')u

where K is a continuous linear operator from H™(®~1(S)) — H™ 1 (®~1(9)) for —1 < m < 0 which is
also continuously differentiable in y3. Going back to equation (2.7) we have

D3(Qu+ Ku) — M(Quv+ Ku) =F + Lu
Applying the operator Q! to both sides of the this equation gives
Q 'D3Qu+Q 'DsKu—Q 'MQu—-Q 'MKu=Q 'F+Q 'Lu
Using the operator algebra for classical symbols with C* coefficients [T91, Proposition 4.2A] we obtain
D3v+ Rogv + R_1D3v + R_1D3u — Jv = RoF + Rou

where R : Lo(®~1(W)) — La(®~1(S)) and R_ : La(®71(S)) — HY(®71(S)) are continuous mappings.
Since Dsu = Mu+ F + Lu and v = Q™ 'u we obtain

(2.10) Dsv — Jv = RoF + Ryu
Now we introduce the function z = ve*® = vexp (seMyrw(m@) — 1). Then z will satisfy the equation
D3z +ishez — Jz = e*?(RoF + Rou)
or
3z — sAeMz —iJz = ie*?(RoF + Rou) =: G
where the last equation defines G. For the components of z we obtain the following equation

0321 — shez = Gy
(2.11) 0329 — S)\GAwZQ 4+ Tz +1iSz0 = Go
0323 — s)\e)‘wz;; —Tz3+1iSz3 = G3

Here T'(y,D’) is the operator with the symbol #(y,¢’) = Sas € C}4S! and S is the operator with the

symbol s(y, &) = —Ras € CLS. Both operators have real symbols. These three equations are now used
to obtain estimates.
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2.3. The integration. Given two square integrable scalar functions ¢1(y), p2(y) we introduce the Lo
norm and the scalar product on the surfaces parallel to ®~1(S) by

o1 (ys) | =/|<P1(y)|2\/g(y)dy1dyz and (1, p2)(ys) =/W1(y)mvg(y)dy1dyz

where g(y) is the determinant of the metric tensor G(y). In the original coordinate system these integrals
are surfaces integrals over the level surfaces of 1. The corresponding L, norm and scalar product in

~L(W) by

h h
lorl = [ lertm) s and (o102 = [ (orv i) am)das
Note that [i, [w(z)]*dz = ||u||?, see (2.4). Based on these Ly norms one can also introduce Sobolev

norms. These norms will be introduced by subscripts, e.g. |v(y3)|1 is the norm on the space H(®71(S)).
Using integration by parts in the y3 variable the first equation in (2.11) gives

(2.12) ||G1||2 = ||0321 — s)\e’w’lez = ||8321H2 + ((3)\)2||e>‘¢z1||2 — 23A§T€(8321,e’\w21)

1 0 1
= 10321 ||1> + (sA)?]|eM 21 || 4+ sA2(eM 21, 21) + 58/\ (;gewzh z1) > 58/\2(6sz1, 21) + || 0321 ||

provided A is sufficiently large. From the second equation we get

IGall® = [[9522 — sAe™ 2 + Tz + iS2?

2.13
( ) = ||0322 +iSzo||* + || T20 — s)\eWZQHQ + 2R(0329 + 1S 2a, —she M zy + Tzy)

Here we consider the last term and observe that
1
(2.14) —Q%SA(agzg,ewzQ) > 53)\2(6’\“’,22,22)
for A sufficiently large by (2.12) and
(2.15)

25AR (1S 2, 76)\11)2’2) =isA [(eszz, Sz9) — (Sza, e/\wzz)} =isA ((S* — 5)z,, e)"/’zg) > 7015)\(6)\11)2’2, 29)

since S is a differential operator and S* — S is an operator of order 0. Next we compute

(216) 2%(8322 + iSZQ,TZQ) = (8322,T22) + (TZQ, 632:2) + i(SZQ, TZQ) — i(TZQ, SZQ)
== (T*8322,z2) - (83T22,22) + Z((T*S - S*T)ZQ, 2’2)
= —((83T)22, ZQ) + ((T* - T)8322, ZQ) + Z((T*S — S*T)ZQ, 22)

> —Cy

h h
/ |Az2(ys)l[22(y3)|dys +/ |3szz(y3)||22(y3)ldy3]
—h —h

Here A is the (tangential) elliptic operator with the symbol (1 + [¢/|2)'/2. In order to justify these
estimates for operators with classical symbols with C! coefficients we rely once more on Propositions
4.2A and 4.2B [T91]. Combining (2.14)-(2.16) with (2.13) gives

1
(2.17)  ||Ga|> > ||0322 + iS2||? + ||T22 — she ¥ 2o + 53)\2(6’\1/’22,22)

— 018)\(6>\w22, 2’2) — CQ

h h
/ |Az2(y3)||22(y3)|dys +/ |33ZQ(y3)||22(y3)|dy3]
—h —h
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Since |9522(y3)| < |0322(ys) + 1S2z2(ys)| + [Sz2(ys3)| we have
(2.18)

h h h
C, / 1952(y3)| |2 (y3) dys < Co / 1Bs72(ys) + iS22 (y3) |2 (y3)|dys + Ca / Sz (ys)| |22 s s
h h h

h

< Col|0s22 + iS || 2] + C / Az ()] [22(vs) s
h

. 1 "
< [Ohza -+ i8Szl + O3zl + Co [ |Aza(us)lzalon)lds
—h

which modifies (2.17) into

1
(2.19) (G2l > IT22 = sAe™ 20* + S 5X* (e 22, 22)
h

1
— C1sA(eM 22, 22) — EC§||22H2 — 20, / . [A22(y3)||22(y3)|dys

Since T is uniformly elliptic in y3 we have

(2.20) 2C:|Az(ys)| < Cs[|T2(ys)| + [22(ys)[] < Cs[|Tz2(ys) — sAe™ z(ys)| + sA e z2(ys)| + |22(ys)]]

with the constant C3 independent of y3, which after integration yields

h
205 / Azl z2ldys < Cs
h

h h h
/ T2y — she 2o 20|dys + s/\/ M |20 dys + / z2|2dy31
—h —h —h
< C3 [[[T22 = sAzl|l|22]| + sA(€ 2, 22) + || 221%]

Cc? 1
< Dl + 51Tz — AN 5|2 + ColsN 22, 22) + 2]

1 .
< §||T22 — sAeM 2|2 + CasA (€M 2y, 23) + (C2/2 4 C3) || 22
Using this last formula in (2.19), we obtain
1 1
(2.21) G2|* > §SA2(6)\w22, 23) — C18M(eM 22, 20) — Cy|20]|? + §||T22 — sheM 22

where Cy = C3/4+ C2/2 + C3. The uniform ellipticity of T', i.e. formula (2.20) leads after squaring and
integrating in y3 to

IS 1 1
(222) E/h N|A22|2dy3 S 05 |:2T22 - S)\esz2||2 -|— S)\(@Aw2;2722) + 5)\22||2:|

where we choose s = s()) large enough to guarantee sAe’¥ > 1. Equation (2.11) provides the estimate

1 2 A 2 1 2 1 2
e ) = Co |3 aal0) + s+ sl Gaie)

where we again choose s sufficiently large. This estimate is then integrated with respect to y3

x
SA
Finally we combine (2.21), (2.22) and (2.23) into

(223) (eiAwang, 8322) § C6 |:S)\(€/\w2’2, 22) + i(ei/\wAZQ,AZQ) + |G2||2:|

SA

1
(2.24) S)\Q(e/\wZ% 22) + ;[(e_)\wAZQ, AZQ) + (e_)\wagzg, 8322)} S C7||G2||2

The estimate for z3 is done in the same manner as the estimate for zo. The only difference is that 7" has
to be replaced by —T'. Hence we obtain

1
(2.25) S)\Q(eAwZ;g, 2’3) + ;[(G_AwAZP,, AZ3) + (G_Awagzg, 832’3)} < C7||G3||2
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Combining now the inequalities (2.12),(2.24) and (2.25) we obtain
1

)\(eiAwAZz,AZQ) + i(ei/w/\z&/\%) < Gs||GII?

1, _
s 2 (eMz, 2) + a(e M Ozz,D52) + Y

for some positive constant Cg and sufficiently large A and s = s(\). Note that this estimate does not
contain the tangential derivatives of z;.

2.4. Return to the original variable. Now we will return to the original variable u. Using z = ve*?
we get

1
sA2(eM ey, e*u) + Y (e=*e5? 050, €59 3v)

1 1
+ a(eiAw€s¢A’U2, e Avy) + ;(eiA’/’esd’Avg, e* Avs) < Cs||G|?

By (2.9) we have

u(ys)|* < Co [Jolys)|? + [ulys)|24]
uniformly in y3. Assuming that the support of w is small (this can be accomplished by choosing W
sufficiently small) we obtain

fu(ys) 1 < ﬂ#@\u(ygn

by Poincaré’s inequality. The last two inequalities give

C
Ju(ys)F < 5 [o(ys)?

The same inequality holds for dsu and 0sv, respectively. Hence

1 1
(2.26)  sAZ(eMesPu, e5Pu) + —)\(e_)‘wemagu, e*?0su) + —)\(6_’\1/’65‘15/&112, %% Avo)
s s

1
+ —)\(e_’\wes‘bAvg, €S¢A’U3) < Clo||Ees¢H2
s

for A and s sufficiently large where we also used G = ie*?(RoF + Rou).
Next we will perform a rather detailed analysis of the terms involving vs and vs. Since v = Q™ 'u we
need to work with the components of the matrix operator @~ !. Remember that

atlgie; &gt &gt

_Jbl 2] Jb2]
dwey=| @ ‘98 &g Sy
|b1 | [b2|  [be]
0 g a2 grasg
b2 b2
A lengthy but straightforward calculation yields
[bé2g? |b11€1g" 0
aI* &k a* &l
1y €)= |ba|asa'lg7€; |bo]asa®l g7 ¢ |02
T WO TRm@tGe)  2Sm(@ e 250150
|ba|ana'l g7 € |bolaza® g?&;  |bo
20 (a*E;Ex) 2iQaa(a*E;Ex) 2g3iSan

All the entries in these two matrices are operators of order 0. Setting

bola¥gi&; |bola® g7€;
€)= (Tt B2l 26 o)
20778k T 2077

(5. €)= |ba[RaxaVg?&s |ba|Rana® g?&; by
2 2302 (a7 E6r) ' 2302(aT i)’ 20°Sar
we see that

v2(y3) = L1(y, D') - u(ys) +iLa(y, D') - u(ys) and v3(ys) = Li(y, D’) - u(ys) — iLa(y, D) - u(ys)
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where L; and Lo are the operators with the symbols I; € C'SY and I, € C'SY, respectively. Properties
of the scalar product give

(2.27) |Ava(y3)|? + [Avs(ys)|® = 2|ALy - u(ys)|® + 2|ALs - u(ys)|?

Note that the operator Li(y, D’) acts only on u; and ug. Combining ALs(y, D') with the third curl
equation (the one which was left off the analysis until now) we obtain a first order system with principal
symbol

ba|a'g’¢; |b2|a* g7¢;

1 /21/2|2. J 1 112\1/2 : J

(1+1E'7) 20776 (1+1E'7) 206
—9& 9'&

Its determinant is (1 + |¢|?)|b2|> > 0 which proves that this system is uniformly elliptic in y3. Elliptic
regularity [WRL95, Chapter 9] yields

| Ay (ys)]* + |Aua(ys)|* < Cu1 [|E(ys)|* + |AL1(y, D') - u(ys)|* + u(ys)|?]

and the operator Ly provides the estimate

[Aus(ys)[? < Cua [[ALi(y, D') - ulys)|* + [Aua (ys)[* + [Auz(ys)|?]
The last two equations add up to
[Au(ys)|* < Cra [|E(ys)|* + [AL1(y, D') - u(ys)|* + [AL2(y, D') - u(ys)|* + lul(ys) ]
and in connection with (2.27) we obtain
(2.28) [Au(ys)* < Cus [|E(ys)* + [Av2) * + [Avs|* + Ju(ys) ]

Using this formula in (2.26) after multiplication by e*? and integration in y3 yields

3
1
Y E (e e 0ju, e*?0u) + sA* (M e u, e*Pu) < Chyl|Fe?|?
s
Jj=1

and returning to the original coordinates finishes the proof.

3. CONDITIONAL STABILITY IN THE CAUCHY PROBLEM

In this section we assume (2 to be a connected domain with a C? boundary. Let E and H satisfy (1.1)
and

(3.1) E=f H=g on T,

where I' is an arbitrary relatively open subset of 0. We are interested in estimating F and H in a
neighborhood of T' by means of boundary data f and g.
We set

Qs={zeQ: ¢x)>0}, Tsy={xeQ : ¢(x)=7}

for § > 0. Let V¢(x) #£ 0 for all © € Q. Then, by Theorem 1.1, we can argue similarly to e.g., Theorem
3.2.2 in [I98] to obtain

Theorem 3.1. Assume that Qo C QNT. Then, for a solution (E,H) to (1.1) and (3.1), we have

—K

r 1
(32 Bli@y + 1H o < C (If 3 0 + 191,43 0) L+ 1Bl + 1Hl2@)

H3(T)
Here C > 0 and k € (0,1) are constants which are dependent on €, p, ¢, T', § and independent of choices
of f and g.

This is an estimate of F and H in the interior of {2 by means of boundary data on I', and does not imply
any estimates outside I'. Next we show such a boundary estimate in the Cauchy problem. Henceforth
we fix A > 0 sufficiently large.
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Theorem 3.2. We assume that €, u € {C3(Q)}°, a
(i) The hypersurface T's has a unique apex zs for each 6 >0.
(i) To \ {z0} C Q, 20 € 00, Ty is tangential to T' at 2.
(iii) There exist v >0, C1 > 0 and v € R3 such that |v| =1 and z; — z0 = C1t"v for t > 0.
We set

(3.3) M = |[Ellzs@) + [H| #30)-
Then, for any k € (0,7), there exists a constant Co = Co(k) > 0 such that

1
30 (1B 5 g + 198815 )

Here 0, denotes the outward normal derivative and we note that lim.;, C2(k) = co. The stability at
the boundary point zg is of logarithmic rate and is much worse than (3.2). The exponent x > 0 relies on
the radius of curvature of 00 at zg.

Example Let zy = (0,0,0) and for some r> 0,let QN {|z| < r} C {(z1,22,23); 23 > (xl +:L‘2) }, and

Q C {z3 > 0}. For v > 0, we set ¢(x )—:53 (22 + 23). Then V¢(z) = (—2z1, Q;UQ, )#Omﬂ
by Q C {3 > 0}. Since z; = (0,0,¢"), the assumptions in the theorem are satisfied. When the radius of
the curvature is larger, also v is larger, so that estimate (3.4) is improved.

(3-4) |E(20)| 4 [H (20)] < C2M |log

Proof. We set

2
D= Z (10281 5y + 1OLH 5 1) -

Without loss of generality, we can assume that M > 1 and 0 < D < 1.
By the Sobolev extension theorem, we have E*, H* € H3(f2) such that

(3.5) HE=0E*, FH=0H" onl
and
(3.6) HE*”HB(Q) + ||H*||H3(Q) <D.

We can take y = x5 € C*°(R?) such that 0 < xy < 1 and

1) YIS 9257
(3.7) x(z) =
0, x € Qo \ s,
and
Cs
(38) Ixlloscmsy < 2.
In fact, we choose a function ¥ € C*°(R) such that 0 < ¥ <1 and
~ 1, t>1,
t) =
X(®) {0, t<0.
Setting

o) =7 (245=2),

we see that this xs satisfies (3.7) and (3.8).
Furthermore we set u = x(E — E*) and v = x(H — H*). Then u,v € H3 () and

(Vx) x H=V x (xH") + iwex E*
(V) x E—V x (xE*) —iwuxH*
Vx:-eE -V - (exE")

Vx - pH =V - (uxH")

V X v —iwe(x)u(z
(3.9) (eu

) =
V xu+iwp(x)v(z) =
V- (eu) =
V- (pv) =
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Applying Theorem 1.1 to (3.9), we have

1
L[ awa e s [ (ol + e
S Jao Qo

< 04/ IVXP(|E® + [H|?)e**?da + 04/ (IE*] + |H*|> + |VE*|> + [VH*|*)e**?da
Qo QO
for large s > 0. By (3.7) and (3.8), we obtain

e“%—l/ (|E* + |H|? + |VE|? + |VH|?)dz
Qss

]. !
< ;/ (Jul® + [of? + [Vul? + [Vo|?)e*?da + CseCs* D?
Q35

C 455M2 ,
< 75656 + O5EC5SD2.
Therefore
0667255M25

66

C, 7s5M2
(3.10) / (|Ef> + |H|> + [VE|* + |VH|?)dz < + e D? < GST + Ce’7* D?
Q35
for any s > s1: a constant, where we noted that se=%9 < §~1 for s > 0.
Here and henceforth the constants C; are independent of s and § € (0, 1), 7. Replacing Cg by Cge®7*0,

we have (3.10) for any s > 0. Setting e **M? = e“7*D? that is, s = ﬁ log %, we have
Cg Cr7 )
||E||H1(Q35) + ||H||H1(935) S WMC7+5DC7+5 .
Taking 0;,0;0;, 1 <,j <3 in (3.9) and applying the above argument successively, we obtain

Cg . Cr 5
(311) ||E||H3(935) + ||H||H3(Q35) S WMCTHSDCTHS.

Here we note that the constants C7 and Cy are independent of § € (0,1).
By the Sobolev embedding, we have

Cy Cr 5
||EH01(§35) + ||H||C1(§36) < —57/2Mc7+5DC7+5.

Replacing 36 by 36t with ¢ € [0, 1], we have
Cs ot ot
(312) ”EHCl(ﬁwt) + ||HHCI(§36t) < 57/2t7/2M ’ Der '

Henceforth we fix 6 > 0 sufficiently small and C; denotes constants which are further independent of
0,t € (0,1) and dependent on d,7y. We set hy(t) = E(zo + C1(35t)"v) and ha(t) = H(zo + C1(35t)"v).
By assumption (ii), we see that hi(1) = E(z35) and ho(1) = H(z3s5). Therefore

0
dhq(t
(3.13) E(z) = / i )dt+E(235).
On the other hand,
dha(t) _ 2l Y5171
Tt VE(zy+ C1(35t)v) - C1y3757¢7 v,

and, for 6 € (0,1), inequality (3.13) and the Sobolev embedding yield

dhq(t _

_ _ _ _Tg)— _C70 56t
SOQHEI”lCl(Qﬁg&)||EH2’1(§35t)tﬂy 1 ScloMl Ot(’Y 29) 1MC7+5tDC7+5t.

We choose 6 such that v — %9 >0. Since0<D<1,0<d<1and M > 1, we have

1-0 poiee
MY*“OM T < M
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and we can choose C1; = C11(9) > 0 such that

ports < pOnbt g <<,
Thus
dhl (t) < Clet('y—%O)—lDCu@t
dt |~ ’
so that

1
EB(z0)| < ClgM/ t0=30-1 DOt 4 Oy Bl oy,
0

> ( _19)_1 1 _9o
< CisM t\ ™z exp | —Ci3 log B ot ) dt + Ci13M DC7+3
0

7 . 1\ 030 ;
< Cp;MF(’Y — 59)(0139)59_’Y <10g D) + 014MD Cr+6 |
Since
1 7(77%0) 5
C’15 (log D) > Der+s )
and we can estimate |H(zg)| in the same way, the proof of Theorem 3.2 is complete. O
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