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Let © = (21,...,27,) € R" and 2’ = (29, ...,7,). Let D; C R"™! be a bounded
domain and let the boundary &D; be smooth such that 9D; C {2’ € R*} 0 <
2’| < p}. For k >0 and 6 > 0, let v € C?(Dy) satisfy v(0) = 0 and

y(x') < —kl2' | +6, 2 € Dy,
(') = —r|2'|* + 0, 2’ €0D;.

We set
Qs = {(z,t); 2’ € D1, y(2') < x1 < —k|2'|* — kt* + 6},

Q:Qém{tzo}v F:{xERn;l'l:’)/(fL'/),CL'IEDl},

for 0 < 6 < ¢g, and

1 1 1 1
t) = ——x; — =|a’|? — =2 4+ —dy. 3

Then Qs = {(z,t); ' € D1, z1 > y(2'),¢(z,t) > 5=(5o — &)}. We set

=

2

1
= — /max (6 —v(z') — k|2'|?), p :(p2+max min y(z’ 2752)
NG x/GD_l( (@) — &lz']?),  po ﬂ|x/|§p (@")]%, 6%}

(4)
Then |z| < po if # € Q, and Q5 C Q x [T, T).
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2 A. AMIROV AND M. YAMAMOTO

We consider

P(x,t,0)u = p(x,t)07u— i agm(x,t)ﬁgamu#—iag(m,t)agu—kr(x,t)u = f(z,1),
t,m=1 =1
(5)
where p, apym = ame € CHQ x [-T,T)), ag,m € L>®(Q x (=T, T)), p > 0 on  x
[T, T] and szzl Ao (1,1) €& > 0 for (z,t) € Q x [T, T] and ¢ € R™. Here
we use the following notations: ¢t = xp11, Opp1 = O = 50 Oy = RETR 1<V <n,
€= (&,00,601) ER™L & = (&,..,8), V= (01,...,0n), V = (01, ..., On, Oy).
Henceforth ) ¢.m Mmeans the sum where the suffixes ¢, m vary over 1,...n if we do
not specify, and we omit the (z,t)-dependency if there is no fear of confusion. For
example, ), = Z?Zl and pd?u means p(z,t)07u(w,t).
We assume that there exists a constant 8y > 0 such that

po(z,t,€) = > {2012, 1) (Okm ) (, 1) — Aagm (Okare) Frlm

l,m,k

_2Za1kz 3k:p —2p Z |0¢a1] {fz (4 5/)} > 6ol¢'| (6)

for any (z,t) € Q x [T, T] and &' € R" satisfying

:l:t\/p(llﬁ,t ([13 t é’/ Zaljgj + Zzakjfjxk (7)

k=2 j
Here and henceforth A (z,t) = (aem(2,1)); </ <, and (-,) denotes the scalar

product in R™.

Case 1. We consider a case where ayy = 1, ag,, = 0if £ # m, and p is t-independent.

Then (6) is reduced to

28117(33)

< —0y, r €.
p(z)

This means that the wave speed increases in the xi-direction.
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Case 2. Let y(2') = 0, that is, let the subboundary I" be flat. Moreover let p = 1,
ai1 = 1l and a2 = ... = a1, = 0 and agy, 2 < ¢,m < n are t-independent.
We set p = k, D; = {2/ € R" 1 |2/| < k} and § = k% in (2) - (4). Then
Q= {r;0<z < —kl|2']?+ K3 |2/| <k} Let
Y (9106m(0,0))E6m = 00 Y 1E;° for (&,...,6) €R™L, (8)

£,m=2 =2

Then for small x > 0, condition (6) is satisfied for (z,t) € Q x [T, T] and ¢’ € R®
satisfying (7).

In fact, for small x > 0, if (z,t) € Q x [T, T, then |z| + [t| < Cix by (2) - (4),

so that
2 > (Oram (@, 1)&bm > 00 Y 16517 9)
lm=2 j=2

for (z,t) € Q x [-T,T] and (&, ...,&,) € R*L if k > 0 is sufficiently small.
Here and henceforth C; denote generic constants which are independent of x. Let

(z,t) € Q x [T, T] and & € R" satisfy (7). We note that (7) is reduced to

§1+26 ) arg€ime = £26t/p(a, 1) (A(z, )¢, €).

k,j=2

Hence |£1]? < Oy (Z?:Q 1§12 + \§1I2>, and we see that Y7, ;> > Cal¢'|? if
k > 0 is small. Therefore, since the left hand sides of (6) and (9) are same,
condition (9) yields (6) if x > 0 is sufficiently small.

We note that (8) implies that the wave speed increases inward in the x-direction

near (0,0) € I'. By a suitable rotation, we can replace (8) by

n

> (V'am(0,0),0)&&m > 00> |G° for (&,...&), € R

£,m=2 j=2
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where v € R" is an arbitrarily fixed unit vector such that ev €  with small € > 0.

We set
(@, = > {4ann (0raje) = 2a;0(Okaem) Yekm +2 ) aju(Orp) (Aép,5 M,
j=2 | ktm k
S 2y (Draum)éeém + 2(01p) (AL, E)
f,m
A ! / n A / /
v201 3 upllane (62 + L) 1 2p 3" 5 aualor (g + L)
k.0 p j=2 ¢ b
+4 (Z |[A€],]? +p<A£’,£’)> (10)
k=2

and we assume that
\p1(z,t, &) < 0,|€')? for (x,t) € Q x [-T,T] and ¢’ € R" satisfying (7).  (11)
Here [A{']; denotes the kth component of A¢" € R™. We set

Qg = _ min (A(z, )¢, ¢).
(z,t)eQX[-T,T7,|¢|=1

We state our first main first result.

Theorem 1. We assume (1), (6) with (7), (11) and

1 HPHCI(ﬁx[—T T]) : 01
— T : — 5. 12
5, > max < p” B (12)

Then there exist C = C(P,§) > 0, n =n(P,6) > 0 and sg = so(P,0) > 0 such that

/ (5|Vul? + s3|ul?) exp(2s5e™¥)dzdt < C | Pu|? exp(2se")dxdt
s Qs

for all s > sg and u € HZ(Qj).

The proof is given in Appendix and done by verifying the pseudoconvexity (e.g.,

[6], Theorem 3.2.1" (p.52) in [8]), and the weight 5 for 1 in (3) is essential in order
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to take advantage of the increasing wave speed condition (6) in the z1-direction. A
similar weight function was firstly introduced in [1] for a hyperbolic equation (see
also [3]), whose weight function is same as a Carleman estimate in §1 of Chapter IV
in [13] for a parabolic equation. As for Carleman estimates for pd? — A, see [7], [8],
[11]. We refer to [9] which proves a Carleman estimate for a hyperbolic equation
(2) with p = 1, but the used weight function prevents us from proving the unique
continuation across non-convex surface (see function (1.5) in [9]). As for related
recent papers, see [14], [17] and [19].

If the coefficients ay,, are sufficiently smooth, then Carleman estimates are con-
structed by assuming the existence of a function ¢ (x,t) whose level surfaces are
pseudoconvex with respect to operator P (see [6]). The pseudoconvexity is easily
checked in the case when the coefficients ay,,, and p are sufficiently close to constants
in the C* norm. In [14, 19], the pseudoconvexty condition is replaced with the as-
sumption of existence of some positive function d (x) whose Hessian with respect to
the Riemannian metric associated to P is uniformly positive in €. In this case, ¢ has
form op(x,t) = d(x) — ut?. In [17], it was shown that under some conditions on the
curvature of the Riemannian space, one can take d(x) to be the function s?(z,x°)
which is the square of the Riemannian distance from some fixed point z° € R™ to a
point & € 2 and it was found the connection between the Hessian of this function
and the sectional curvatures of the Riemannian space. Although the condition on
the curvature in [17] has a certain geometric sense, it is difficult to check when this
condition holds. On the other hand, our condition (6) is directly verified and in
some cases, it can be interpreted physically by means of the classical Snell law on

the refraction: the inward increase of the wave speed is one sufficient condition for
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the non-existence of closed geodesics, which implies the unique continuation across
I' as a direct consequence of Theorem 1. Moreover the essential difference of our
paper is that [17] is not applicable to the unique continuation or inverse problems
when observation data are restricted on a non-convex part of the domain. Other
difference of this paper from [14, 17, 19] is that we can treat t-dependent principal
parts.

Next we apply Theorem 1 to the unique continuation and an inverse problem.

Problem 1. Find a function u = u(x, t) satisfying (5) in Q x (=7, 7T") and Cauchy

conditions

u =g, %:h onI'x (=T,T). (13)

If all the coefficients in (5) are analytic and the surface I' is non-characteristic,
then the uniqueness of a solution to Problem 1 follows from the Holmgren theorem
(e.g., [6]). In [8, 9], the uniqueness of a solution to Problem 1 in the small for
convex [ was proved by using the technique of Carleman estimates. The uniqueness
in Problem 1 in the case where the coefficients of (5) do not depend on ¢ or are
analytic in ¢ (and €2 is not necessarily convex near I') was studied in [15, 18].

In this work, unlike in the existing works, in the case where the coefficients of
(5) are not assumed to be analytic in any of the variables (z,t) and the domain 2
may be concave near I', we discuss the uniqueness and the conditional stability for

Problem 1.

Theorem 2. Suppose (1), (6) and (12). Suppose also that uw € H*(Q x (=T, T))

satisfies the equation Pu =0 in Qx (=1,T) and u = g—:f =0onI'x(=T1,T). Then

there exists a neighbourhood V' of the surface I' and Ty € (0,T) such that u =0 on



HYPERBOLIC CARLEMAN ESTIMATE 7

(VNQ) x (-T1,T1).

The examples for the non-uniqueness in Cauchy problems in [9, 12] show that

condition (6) is essential for Theorem 2.

Theorem 3. Suppose (1), (6) and (12). Moreover assume that v € H?(2 x
(=T,T)) satisfies (13) and the equation Pu = f in Q x (=T, T). Then there exist
a neighbourhood V' of the surface T, a number Ty € (0,T), and constants C > 0,

6 € (0,1) such that

lull e ((vaeyx -1y < CEY (B + lull (o )

where

E=|fllr2@x-11) + HQHH%(FX(_T’T» + gl 2 (-7 7;02(m))

+Pll g2~ 7502 () + ”h”m(—T,T;H%(P))'

Now consider the following inverse problem.

Problem 2. Suppose that the coefficients of P do not depend on t. Let u satisfy
(5), (13) and

u(z,0) = a(x), x€l (14)

Then determine a pair of functions (u,r).

Inverse problems similar to Problem 2 were firstly studied in [5] by a method
of Carleman estimates. After [5], there have appeared many works where similar
methods were used [1, 2, 4, 7-11, 20]. See also [16]. In all of these works, except in
[1, 2], inverse problems for hyperbolic equations were studied under the assumption

that Q is convex near I'.
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Theorem 4. Suppose (1), (6) and (12). Let u; € H*(Q x (=T,T)), j = 1,2,

satisfy (14) and
82u3 Zagm x)0p O U5 -I—Zag x)Opuj + rj(x)u; =0
in Qx (=T,T). Let
Oy € H*(Q x (=T,T)) N L=(Q x (=T,T)),

and ||0su;l| oo (ox (—1,1)) > sl m2ox—11)) > 108wl m2@x (1,1, 75l Lo () < M,
j =1,2. Suppose also that |a(x)| > 0 on Q. Then there exist a neighbourhood V of
the surface ', and constants C > 0 and 0 € (0,1), which depend on My, p, apm, as

such that

1
71 = 72|22 (vha) < C{Z(Haf(m w2yt _rmyiamy T 10F (ur — w2) | 2,722 (r)

k=0
+||oF -éi(ul — ug) oF 0 —(uy — ug)
A v

Theorems 2 and 3 are proved by the method of Carleman estimates, and Theorem
4 is proved by the method in [5] with a modification by [7]. Although our Carleman

0
LWGJHWH%@D}'

H2((=T,T);L*(T")) ‘

estimate requires the compact supports for u, we note that €2 can be concave near
I' and on the rest of 02, functions under consideration need not to vanish thanks
to a usual cutoff function.

Similar results formulated above were obtained in [3] for simpler hyperbolic equa-

tion.

Appendix. Proof of Theorem 1.

Let

p(z,t,€) = Zaem (2, 0)&e&m — P, 1)E0 44
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for é = (517 ey £n+1) € R+

First we will verify
(AV'4, V') — p|oyp|? > 0, (z,t) € Q x [-T,T). (A1)
In fact,

(AV'y, V') = plog* > a0l V'6I* = lIpll e o T

1\° 1)
> <(%> + ’$/|2) - Hp||0(§x[—T,T])T2 = Qg (ﬂ) - ”pHC@X[—T,T])T2 >0

by (12).
Now, for the proof of the theorem, it is sufficient to verify the positivity of
J(x,t,€) for (x,t,&) € Q x [T, T] x (R**1\ {0}) satisfying (A2) and (A3) (e.g.,

Theorem 3.2.17 (p.52) in Isakov [8]):

(as OP\ OP o2 P jas OP OP
Tt _j,kz—l{(a’“a_@) o8 (akp>a£j8£k} v+ 2 OO o
EJl + JQ.
Pén10it) =Y arj ()& (A2)
7,k

We calculate J; and J,. First we have

0P = (Onaom)&ebm — (Orp)&y,  1<k<n
l.m

6n+1P = BtP = Z(ataﬁm)@gm - (8,5}?)57214_1,

4,m

oP .
agJ—QZajgfg, 8k<a€>:22(8kaj£)£éa 1<j<n, 1<k<n+1,
y4
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OP oP
— o opey. D = 2Op)nrr,  l<k<n+l,
T PEnt1 e <3§n+1) (Okp)én+1
0%pP
2a g, 1 <4,k <n,
0&; 0, o J
0%P 0%P
_2  _0, 1<j<n 2.
aéj af’n-&- 1 a£n—i-1

Then we have
OP\ OP 9% P
hm2 (05 ) 75 - Pz g, o
OP \ 9P 9% P
"2 (Praer,) 56, ~ 0P g5, e

oP\ oP o0*P
"2 (o158 ) ey ~ O Py 0

oP oP 0%pP
{ + (a£n+1)a£n+1 (Ona )a£n+1} 1Y

=J11 + Jig + Jis + Jia.

First we obtain

Jin = Z {4Zakm Okje)&0Em — 2 Zajk Okaem)Ee&m + 20k (Okp)ER 41 } ;v

7.k {m

[ > {4apm (Oka1e) — 215 (Onaem)} Eebm + 2 Z a1k 51-:?)5%1} —

2K
k.4,m

- Z { Z {4akm (Okaje) — 2a;k(Okaom) } §e&m + 2 Z ajk<8kp)€fr2z+1:| Ty,
K

71=2 [k,lm

Ji2 =Y —2(0kp)éni1 (2 > akf&) (—t) =4t > (Okp)anebebn1,
¢ [

k

Jiz3 = Z (22 ataﬂ ) 2p§n+1) ﬂﬁ = _4pz atajé Eéén—i—lajw

7,0

:;l_p Z(atau)fefn-u + 4p Z Z Orajo)Erbnin1 T

=2 7
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and
Jia = {Qp Z(ataém)féfm — 2p(9sp) 721+1 + 4p(8tp)§,21+1} (=)
£,m

Hence

Ji = [ Z {2a15(Okaem) — 4agm(Okare) }Eekm — 2 Z a1k(0kp)n 1
k,4,m k
1

+4p ;(@CLM)&@LH] o

n
+2
i=2 | k,t,m k

> {201 (Onaem) — Ak (Oraje) Yrkm — Y 2ajk(3kp)§§+1] Tj

+4tZ Okp)akebeni +4pz > (Orajo)éebnira; —t {2pz Orem)Eeém + 2p(atp>5n+l}

j=2 ¢

Moreover we obtain

sy oP oP R opP
Jo=> (0;0k) 55— = (0 w( )
: jk=1 o 0¢; 06 k=2 B

2
=— 42 (Z akjij) —4p?E ) = —42 [AETk]? — 4p*Ea 1
k=2 J k=2

By (A3) we have

» _ (A¢.¢)
n+1 D
and
A€ €
2|£€€n+1| < 5?‘1‘53_1_1 :€§+ ( €p§>
Consequently

1
J 2 Mo(ﬂf,t,é‘/)% - Ml(xvtaél)'

Recall that 1o and pq are defined by (6) and (10).

By (6), (11) and (12), we have

J > (90i - 91) |SI|2 > 0.
2K
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Finally we note that (A2) is equivalent to (7). Thus the proof of Theorem 1 is

complete.

12.
13.

14.

15.
16.

17.
18.
19.
20.
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