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Abstract

In this paper under some growth condition we investigate the connection be-
tween RBMO and the Morrey spaces. We do not assume the doubling condition
which has been a key property of harmonic analysis. We also obtain another type
of equivalent norms.
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1 Introduction

In this paper we discuss equivalent norms for the (vector-valued) Morrey spaces
with non-doubling measures. We consider the connection between the Morrey spaces
and the Campanato spaces with underlying measure g non-doubling. The Morrey
spaces appeared in [4] originally in connection with the partial differential equations
and the Campanato spaces in [1] and [2]. We refer to [5] for the result of Morrey spaces
coming with the doubling measures. Before we state our main theorem, let us make
a brief view of the terminology of measures on R%. We say that a (positive) Radon
measure  on R satisfies the growth condition if

w(Q(x, 1)) < Cyl™ for all x € supp (u) and [ > 0, (1)
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where Cy and n € (0, d] are some fixed numbers, and p is said to satisfy the doubling
condition if, for some constant C' > 0,

w(Q(z,20)) < C u(Q(x,1)) for all z € R% and I > 0.

A measure i which satisfies the growth condition is called growth measure while a
measure p with the doubling condition is said to be the doubling measure.

By a “cube” Q C R?% we mean a closed cube having sides parallel to the axes. Its
center will be denoted by zg and its side length by 4(Q). By Q(z,1) we will also denote
the cube centered at z of sidelength . For p > 0, p@Q means a cube concentric to @
with its sidelength p£(Q). Let Q(u) denote the set of all cubes Q@ C R with positive
p-measures. If y is finite, we include R? in Q(u) as well. In [6], the authors defined
the Morrey spaces M#(k, u) for non-doubling measures normed by

I MGkl i= s ik Q) o/ quu) 1<q<p<ook>1  (2)
c

The fundamental property of this norm is

If - Myl <15 Myl < o (B22) 1 gl @

for 1 < k1 < ka < oo. With this relation in mind, we will denote M¥(u) = Mb(2, ).
The aim of this paper is to find some norms equivalent to this Morrey norm.

2 Equivalent norm of doubling type

In this section we investigate an equivalent norm related to the doubling cubes.
Although we now envisage the non-homogeneous setting, we are still able to place
ourselves in the setting of the doubling cubes. In [9], Tolsa defined the notion of
doubling cubes. Let k,3 > 1. We say that Q € Q(u) is a (k, 3)-doubling cube, if
w(kQ) < Bu(Q). It is well-known that, if 3 > k%, then for u-almost all 2 € R% and for
all Q € Q(p) centered at , we can find a (k, 3)-doubling cube R from k~1Q,k2Q, .. ..
In what follows we denote by Q(u;k,3) the set of all (k, 3)-doubling cubes in Q(u).
We fix k, 8 > 1 so that they satisfy 3 > k% Let 1 < ¢ < p < oo. For f € Llloc(,u) define

'tH»—‘

If: MG()lla == sup

_1
q(/ | f ()T du(y )
QGQ(u;kﬂ

Now we present the main theorem in this section.

THEOREM 1 Let p be a Radon measure which does not necessarily satisfy the growth
d
condition nor the doubling condition and let 1 < g <p < oo. If B > kﬁ, then

CHIf = MEla < I = MW < CIIf = Mb(w)lla, f € My(p)

for some constant C > 0.



Before we come to the proof of Theorem 1, two clarifying remarks may be in order.

REMARK 2 If p = g, this theorem fails in general. However, if we assume the growth
condition or the doubling condition, the theorem is still available for p = ¢. In fact,
under the growth condition or the doubling condition for any cube @ € Q(u) we can
find a large integer j > 1 such that 27Q € Q(u; k, 3).

REMARK 3 This theorem readily extends to the vector-valued version. Let 1 < ¢ <
p < oo and r € (1,00). We define the vector-valued Morrey spaces ME(I", 1) by the
set of sequences of p-measurable functions { f;};en for which

11 .
15 = M)l = s Q) ([ 1 lquu> <o ()
QeQ(p)
The theorem can be extended to the vector valued version. Let

1

, 11 - q

16 My la= s (@ ([ 155 CIdu)
QEQ(u;kﬁ

Then C 1| f; : MEA", w)lla < (Ify + MEA", Wl < Clf; = MEI", p)]la- The same
proof as the scalar-valued spaces works for the vector-valued spaces, so in the actual
proof we concentrate on the scalar-valued cases.

Proof. Given k > 1, we shall prove
CTHIf = MEWlla < IIf = MEG )l NI = MEG) < OIS = ME()]la

for large B > 0. The left inequality is obvious, so let us prove the right inequality. We
have only to show that, for every cube Q € Q(u),

'U\*—‘

) (/ ()] du(y) )‘11§0Hf:Mé’<ﬂ>’d-

Let x € @ N supp (1) and Q(z) be the largest doubling cube centered at x and
having sidelength k=7¢(Q) for some j € N. Existence of Q(x) can be ensured for
p-almost all z € R%. Set

Qo(j) = {Q(x) : UQ(x)) = k77LQ)}, j € N.

By Besicovitch’s covering lemma we can take Q(j) C Qp(j) so that Z XR < 4dX2Q
ReQ(j)
and that = € U R for p-almost all x € Q with £(Q(x)) = k774(Q). Volume
ReQ(j)
argument gives us that #(Q(j)) < 8¢ k7%, Since

(] 1w anty ) 33 (/|f )1* duly )

Jj=1ReQ(j



and u(R) < 877 u(2Q) for all R € Q(j), we have

w244 ([ 15w i)’

< ooﬂj(%_5> u(R)7 3 ([ 1F()| du(y) ;
; Rezg(j) </R )
< S8t @G| Mol

j=1

_ igd exp {j (dlogk:Jr (; - ) logﬁ>} If = MBIl < ClIf = MP()]las

d
where the constant C' is finite, provided 3 > = |
3 Equivalent norms of Campanato type

Throughout the rest of this paper we assume that p satisfy the growth condition
(1). We do not assume that p is doubling. Before we formulate our theorems, let us
recall the definition of the RBMO spaces due to Tolsa [9]. Given two cubes @ C R
with @ € Q(), we denote

_ (19" p(Q(zq, 1)) dl _
5Qp) = [ TEEIERT, Ko =1+0Q.R),

where QQr denotes the smallest cube concentric to () containing R. Here and below
we abbreviate the (2,2%+1)-doubling cube to the doubling cube and Q(u;2,2¢%!) by

writing Q(u,2). Given Q € Q(u), we set Q* as the smallest doubling cube R of the
form R = 2/Q with j =0,1,....2

Tolsa defined a new BMO for the growth measures, which is suitable for the
Calderén-Zygmund theory. We say that f € L} (u) is an element of RBMO if it
satisfies

mq(f) —mgr(f
7= o ey / £@) —mo-(Dlduta) + sup @) =mathl
QeQ(n) M 5Q QCR Q.R
Q,ReQ(1,2)
where mq(f / f(y)du(y). Further details may be found in [9, Section 2].

The followmg lemma 1s due to Tolsa.

LEMMA 4 [9, Corollary 3.5] Let f e RBMO.

2 By the growth condition (1) there are a lot of big doubling cubes. Precisely speaking, given a cube
Q € 9Q(n), we can find j € N with 2°Q € Q(i, 2) (see [9]).



1. There exist positive constants C and C' independent of f so that, for every A > 0
and every cube Q € Q(),

plo €@+ 1)~ mo- (P > N < Cu (5@) exp (- ,@"ﬁ ).

2. Let 1 < q < co. Then there exists a constant C' independent of f, so that, for
every cube Q € Q(p),

q

1 q
(M(;Q)/Q]f(x)—mQ*(f)] du(ac)) < CllFlls

Elementary property of 6(-,-)  Below we list elementary properties of (-, -) used
in this paper.

LEMMA 5 Let and Q € Q(u). Then the following properties hold :

(1) For p > 1, we have §(Q, pQ) < Cy log p.
(2) 6(Q,Q") < Co2"*! log2.
(3) Let kg € N and o > 0. Assume, for some 0 > 0, a < pu(Q) < u(2¥Q) < o

Then 6(Q, 2K Q) < 2" log2 -0 Cy ¢y, where ¢y, = Z 2k,
k=0

(4) Given the cubes P C QQ C R with P € Q(u), then
where C' is a constant depending only on Cy,n,d.

(5) Let Q,R € Q(u). Suppose that, for some constant ¢; > 1, Q C R and {(R) <
1 4(Q). Then there exists a doubling cube S € Q(u,2) such that Q*, R* C S and
5(Q*,9),6(R*,S) < C, where C is a constant depending only on c1,Co, n,d.

Proof. In [8], we have proved (1)—(4). For reader’s convenience the full proof is
given here. (1) is obvious. To prove (2) we set Q* = 250Q,. We may assume that
ko > 1. The dyadic argument yields that

o [0 w(Q(2, 1) dl _ 0 u(2kQ)

Note that 2971 1(2871Q) < u(2*Q) for k = 1,2, ..., ko, since 25-1Q is not doubling,
which yields, together with the fact that d > n,

ko kO
5(Q,2Q) < 2™ log 2 M > o(@rdhkmk < g 2nt Jog 2.
((2kQ)" =



We prove (3). It follows by the dyadic argument and the assumption that

p(2 5
Q) g log2. 22 > 27 < 2" log2- 0 Co e

l 2%2) Q" =

5(Q,2"Q) < 2™ log2 Z

Now we prove (4). It suffices to prove that
A:=16(Fg, R) - 6(Q, R)[ < C. ()
We decompose A as
/“PR) pQzp, 1)) dl /“QR) mQ(zq, 1)) dl‘
U(Pg) " ) " l

UPe) 1(Q(2q,1)) dl min{¢(Pr),(Qr)} dl
AL AN ZASE AN ) — ) ——
/Z(Q) In I i) (1(Q(zp, ) = Q2. 1)) 7

max{¢(Pr),¢(Qr)} l l dl
min{¢(Pr)((Qr)) l l !

A:

By (1) the integrals Ay and As are easily estimated above by some constant C. So we
estimate As. Bound As from above by

o0 dl 0 dl
Ag/ z,lAz,l—:/ / o AOee (1) dily) —
) w(Q(zp, )AQ(2q, 1)) = Jyngy Jrs XQ(zp ) AQ(20,1) (¥) dpt(y) T
A simple geometric observation tells us that Xq(.p ))AQ(z0. n(y) =0 if
I ¢ [min{ly — 2poo; [y — 2@loc}, max{|y — zp[co, [¥ — 2Qlo0}]
where |y|oo := max{|y1],...,|ya|}. This observation and Fubini’s theorem yield
1 1
Ay < C / 0 = | du(y)
RAP | [Y — 2P| ly — 2q|o
ZP — 2Q|co 00
< C |—Q’n+1du(y)§0‘7m<c

ly—2plec>0(Pg)/2 1Y — 2Ploo ((Py)

This proves (5).

Finally we establish (4). Let Q* = 2/Q. Then we claim (R, 2'R) < C. Indeed, by
virtue of the fact that Q C R we see that if [ > ¢(R) then Q(zr,l) C Q(z4,2l). As a
consequence we obtain

, 29¢(R)
s(R2R) = [ uQGrY) dl
£(R) n l
o [ HQAN X [ Q) A
- Jum) n ) n T <

If we put S := (27T!R)*, then §(R*,S) < C. (1) and (4) finally give us

5(Q%,8) <6(Q*, 2R+ 62T R, S)+C<C. 1



Scalar-valued Campanato space  Having cleared up the definition of RBMO, we
will find a relationship between RBMO and the Morrey spaces. With the definition of
RBMO in mind, we shall define the Campanato spaces.

Let f € L} (). We set the norm of the Campanato spaces Ch(k, 1) by

1
1_1 q
If cpmll = s p(kQ)} ([ 15@ = ma- (1 duta)
I
+am u(@)mel g?(f)’,lsqu@o,kﬂ.
C b
Q,REQ(1,2)

Let k1,kg > 1. Then CP(k1,p) and CP(kq, j1) coincide as a set and their norms are
mutually equivalent. Speaking more precisely, we have the norm equivalence

1 CElRk, )l ~ N1 = CG Rz, - (6)

To prove (6) we may assume that ks = 2k; — 1 because of the monotonicity of || - :
CB(k, p)|| with respect to k. Then all we have to prove is

'U\*—‘
m»—

Q) ([ 11(w) = mae (s (D))’ < IS+ Clhn ol

for fixed cube Q € Q(u). Divide equally @ into 2¢ cubes and collect those in Q(u). Let
us name them Q1,Qs,...,Qn, N < 2¢. The triangle inequality reduces the matter to
showing

p(a Q)37 ([ 17@) = mo- (Dl du(x)) " < CIIF < ol L LS N,

Note that koQ; C k1Q. We apply Lemma 5 (5) to obtain an auxiliary doubling cube
R which contains (Q;)*, Q" and satisfies K(q,)+ r, K@+ ,r < C. Thus, we obtain

1

(e Q*(f)|qdﬂ(33)>q

< phQ)F (/ £(2) = m(g- () du(2))

+ Q)P Imgy-(f) = mr(f)] + Q)7 Ima(f) —ma-(f)]
< Cf : CBky, ).

'ﬁ\*—‘
mH

p(k1Q)

QI

As a result (6) is proved.

Since CP(k1, ) and CP(kz, ) are isomorphic to each other as Banach spaces, no
confusion can occur if we denote C(u) = CF(2, ).

Note that C°(u) = RBMO, if 1 < ¢ < oo. This is an immediate consequence of
Lemma 4. Thus we can say that RBMO is a limit function space of C(11) as p — oo
with ¢ € [1, 00) fixed.



Next, we observe Q(u,2) can be seen as a net whose order is induced by natural
inclusion. With the aid of the following proposition, we shall cope with the ambiguity
of constant functions in the semi-norm of the Campanato spaces.

PROPOSITION 6 Let 1 < g < p < oo. Then the limit M(f) := o lér(n )mQ(f) exists

for every f € CI(u). That is, given € > 0, we can find a doubling cube Q € Q(u,2)
such that

Img(f) —mq(f)| <e

for all R € Q(u,2) engulfing Q. In particular there exists an increasing sequence of
concentric doubling cubes Io C Iy C ... C I C ... such that

{m1, (f)}ren, is Cauchy and Ulk =R% (7)
k

We remark that the condition like (7) appears in [3]. We are mainly interested in
the function f € CL(u) such that M(f) = 0.

Before we come to the proof of Proposition 6, we note that

IS Pl < CHLf = Rl (8)

Indeed, we have
19
w(30) / 1£(2)] = ma- (1£1)] dia(e)

g

(30
<2Q> " *) /Qi”tQ* f @) = [f )] duly) dp(z)
(3

) // D) duly) duo)

,_1 1
n(50)" / @) = ma- (1) dua) + w(@)F " [ mo- () = )] duty)
< Clr el

= pu z)| = [f(y) du(y)| du(z)

|
=

< u

IN

In the same way we can prove

sup ,U/(Q);|mQ(|f’;{_ mR(|f|)| SCHf . Cf(ﬂ)”
QCR Q,R
Q,ReQ(p,2)

As a consequence (8) is justified.

We now turn to the proof of Proposition 6. By the monotonicity of C/(u) with
respect to ¢, we may assume q = 1.



Case 1 p is infinite. Take a sequence of concentric doubling cubes {Q;}jen such
that for all j € N

w(@1) > 1, w(Qj41) > 2u(Qj),  9(Q4,Qj+1) < C
for some C' > 0 depending only on Cj. Then by the definition of C¥(u) it holds that

Ima, (f) = ma,, (I < C25 | CP()], j € N

Thus we establish at least that the existence of M(f) := lim mq,(f) is proved. Let
j—00

Q € Q(u)(p,2) which contains @); and does not contain Q1. Set Q' = (QjQ)*. Then
by using Lemma 5 it is easy to see that §(Q, Q") < C for some absolute constant C' > 0.
Then we have

me:(f) = ma(f)], Imor(f) — ma, (F) < C275||f = C(w)]|
which implies _
mo(f) — M(f)| < C275||f : C(w)].

Thus we finally establish M = lim m .
y (f) oo Q(f)

Case 2 p is finite. In this case, we have only to prove
CLAIM 7 If u is finite and || f : CY ()| < oo, then f € L*(p).

In proving Claim 7, (8) allows us to assume f is positive.

We take an increasing sequence of concentric doubling cubes {Q;}jen such that
0(Q1,Qk) < C for all k € N. Then we have

ma, (f) < ma, () + (@) 7L+ O : CE(w)]|.

Passage to the limit then gives
[ i < (B (may (F)+ (@) 3 (1+ OIS = €50

This establishes f € L(u). B

The main theorem in this section is the following.

THEOREM 8 Let 1 < ¢ <p <oco. Assume that f € CL(u1) satisfies

M) = lim  mo(f) =0.

Then
CTHf =l < If = MBI <CIf = Co(w)

for some constant C > 0.



The left inequality is obvious. To prove the right inequality we need a lemma.

LEMMA 9 Under the assumption of Theorem 8, given R € Q(u,2), there exists a se-
quence of increasing doubling cubes {Rk}le such that

1. Ry is concentric and R1 = R.

. If u is finite, then so is K and R = R%.

. For large Ko € N, there exists Ry, so that Ry, C Ik, C Rjyy+1-
Cu(Ry) > 2 1u(R), k< K.

. 0(Rpy Ri1) < C, k< K.

[ T NS

Proof. Take R; € Q(u,2) so that it is contained in Iy. Suppose we have defined
Ry. If u(RY) < 2Fu(R), then we set Rpy; = R? and we stop. Suppose otherwise. We
define Ry as the smallest doubling cube of the form 2! R, with [ > 3 whose p-measure
exceeds 2¥u(R). By virtue of Lemma 5 (3) it is easy to verify that { Ry }X | obtained
in this way satisfies the property of the lemma. W

Let us return to the proof of Theorem 8. Let R € Q(u). We shall estimate

p(R) 7 ([ 1@t dutz) )

The triangle inequality enables us to majorize the above integral by

Q=

1 1
q

1
3 \r a q 1
p(5R)" ([ 17 = a2 ) "+ (B e (1)
Consequently we can reduce the matters to the estimate of u(R*)% |me-(f)|.

1
Now we invoke Lemma 9 for Ky taken so that u(R)? [my. (f)| < [[f = CH(u)].
Using the sequence { Ry} |, we obtain

M(R*)% ‘mRk (f) - mRk+1(f)‘
% ‘mRk (f) — MRy (f)‘
1+ 0(Ry, Ryy1)

_k _k .
< C2 7» u(Ry) < C2w|fy s CRl, )l (9)

k,
We also have M(R*)% imp,, (f)—mi ()| <C 27y [lf : CH(p)||, since by the properties
3 and 4 of Lemma 9 we see that 6(Ry,, Riy+1),0(Ik,, Rry+1) are majorized by some
constants dependent only on Cj.

The triangle inequality gives us
1
u(R)7 [mp-(f)]

S ma (1) = ma o (D] u(B)? (Imag, (F) = mig (5] + [mg (D))

IA

=8

=
bS]

IA
Q
N

hE

2—§> I Cou)l + w(R g, (D] < CIF - C2ul. (10)

10



The proof of Theorem 8 is therefore complete. il

Vector-valued extension  Finally we consider the vector-valued extensions of The-
orem 8. Let [[a; : I"|| denote the ["-norm of a = {a;};en. If possible confusion can
occur, then we write ||{a;}jen : {"|. For f € L}, .(1), we define the sharp maximal
operator due to Tolsa by

m —m
Mﬁf(x) ‘= sup / |f(y) — mo=(f)|du(y) +  sup | Q(fl)( R(f)‘
z€QEQ(p 2€QCR O.R
Q,ReQ(1,2)

Lemma 4 can be extended to the following vector-valued version.

LEMMA 10 [8, Corollary 13] Let f; e RBMO for j =1,2,.... For any cube Qo € Q(u)
and q,r € (1,00), there exists a constant C' independent of f; such that

(M L, 156) = mig- () mrqdmw)) <C sw

Mfi(x) : 17|
%QO zcRd !

(11)

We now define the vector-valued Campanato spaces. Let 1 < ¢ < p < oo and
r € (1,00). We say that {f;}jen belongs to the vector-valued Campanato spaces
CP(I", p) if each f; is p-measurable and

’U\’—'
»Q\)—l

I 2 Gl = s 2@ ([ 15i@) —mar (1) < U1 duto))”

1 l|lm —-m A

b s u(@blmall) = malf) v

QCR Q,R
Q,REQ(1,2)

< 00. (12)

If we consider the vector-valued spaces, the norm equivalence of the Campanato
type still holds.

THEOREM 11 Let1 < q < p < oo and let {f;}jen be a sequence in CJ(u). Assume that
there exists an increasing sequence of concentric doubling cubes In C Iy C ... C I C ...
such that

lim my, (f;) =0 for all j and UIk’ =R% (13)

k—o00 A

Then there exists a constant C' > 0 independent of {f;}jen such that

CTHIf = R wll < 1Ify = MR, W < C 5 = CRAT, )l

Using Lemma 10, we can say more about Cgo(lr, 1), which gives us a partial clue
to the definition of the vector-valued RBMO spaces. Speaking precisely, we obtain the
following proposition.

11



1
loc

PROPOSITION 12 Let {f;}jen be a sequence of L;,.(1) functions. Then

Imq(f;) —mg(f;) : I"||

sup <c sup |Mify(a) : 0. (14)
QCR Kq.r z€Rd
Q,ReQ(1,2)
In particular, we have
Iy - )l < e sup [MEf(a) - I (15)

zcR4

fi) —mg(f)|
Ko r

Proof. Fix Q C R such that @Q € Q(u). Then Ima(
all z € . By taking the ["-norm of both sides we obtain

lmq(f5) —mr(f;) = U
KQ7R

< cM*f;(z) for

< esup M) Ul < sup M) : )L
zeQ zeR4

Now since @ and R are taken arbitrarily, (14) is proved. (15) can be obtained with the
help of (11) and (14). i
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