UTMS 2005-6 February 17, 2005

Hypoelliptic stochastic differential equations

in infinite dimensions
by

Naoki HEvA

R

UNIVERSITY OF TOKYO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES
KOMABA, TOKYO, JAPAN




Hypoelliptic stochastic differential equations
in infinite dimensions

Naoki HEYA

Abstract

In [1], the author showed the absolute continuity of a measure induced by infinite
dimensional stochastic differential equations of the type dX; = dW; + A(Xy)dW; +
b(X¢)dt under the condition that the modified Malliavin covariance is non-degenerate.
We give a sufficient condition for the non-degeneracy of the modified Malliavin co-
variance.

1 Introduction

Let (B, H, u) be an abstract Wiener space. We consider the following type of (infinite
dimensional) stochastic differential equations on (B, H, u):

dX; = dW; + A(X)dW, + b(X;)dt, 0<t<T (1.1)

with Xg = 0, where W; is a B-valued Wiener process and A: B — HQR H,b: B — H
are measurable maps. In the previous work [1], we showed that the distribution of Xy is

absolute continuous with respect to p7 (the distribution of z € B +— +/Tx € B under )
if

E[|(uH + ()M | < 00, for all p € (1,00) and t € (0,7, (1.2)

where o (t) is the modified Malliavin covariance defined in Section 3 of [1] and | - |f,(q.,m)
is the operator norm on H. We also showed that (1.2) holds in the uniformly elliptic
case in Section 6 of [1]. The main purpose in the present paper is to give more general
sufficient condition for (1.2).

We briefly provide the notation used in the present paper. The reader refers to [1]
for details.

Let W = {w € C([0,T] — B);wo = 0}, H = {h € W; [| |h(t)[3dt < oo} and P
be a standard Wiener measure on W. The triple (W, H, P) is also an abstract Wiener
space. Let F; = o{ws; 0 < s < t}. The modified Malliavin covariance o(t) € H @ H is
defined by

(¢ + o()h.g)ir = (D(Xe b, D(Xeghnr) o hog € H,

where D is the H-derivative.



Let E and F be separable Hilbert spaces. L]("’Q)(E; F) denotes the Hilbert space
consisting of Hilbert-Schmidt multi-linear operators from F X --- x E to F. We denote
—_—

k
L%Q)(E; F) simply by L(9)(E; F) and often identify L (E; F') with E® F. LO(H®E),
p € (1,00) denotes the collection of (F;)-adapted H ® E-valued processes ® such that

B{ [ otapar}”] < o

For ® € LH(H ® E), we can define the stochastic integral fg ®,dW, with respect to the
B-valued Wiener process W; as an element of LP(W; E). In the case where E = R, we
often denote fg O.dWy by fg(@s,dW5>H. LY(E), p € (1,00) denotes the collection of
(Fi)-adapted E-valued processes ¢ such that

T
| Bl rat < .
0

Given a separable Hilbert space E, we say that a map f : B — FE is continuously
H-Fréchet differentiable if there exists a continuous map f) : B — L9)(H; E) such that

i @A) — flz) D (2)h|g 0
A1 —0 |h|a

for each x € B. We can define inductively n-times continuously H-Fréchet differentiabil-
ity and n-times H-Fréchet derivative f( by £ = (f)(=1) n =23 ... We denote
by CHy°(E) the collection of infinitely many times continuously H-Fréchet differentiable
function f: B — E such that sup,cp |f(")(:L‘)IL?2>(H;E) < oo forallneZ,.

Let us restate the main theorem in [1]:

Theorem 1.1. Assume that A € CH*(H ® H), b € CH;°(H) and (1.2) holds. Then
the distribution of X is absolutely continuous with respect to ur. Moreover, its Radon-
Nikodym density pr(x) with respect to ur satisfies

/B pr () (l0g pr(x) V 1) pp(di) < o0 (1.3)

for any o € [0,1/2).

Let E be a separable Hilbert space. We say that a bounded bilinear operator T :
HxH— FEisin T(E) if

IT|7 () =sup Y _ |T(es, fi)|& < o0,
i=1

where the supremum is taken over all complete orthonormal systems {e;} and {f;} in
H. Tt is easy to see that 7 (F) forms a Banach space with the norm | - |7(g). For F €



L’(g)(H, E), k > 2, define amap Fg : HxH — L’(“Q_)2(H; E) by Fg(h,g) = Flh,g, -+, -].
We denote by THp°(E) the collection of f € CH;°(E) such that, for every z € B and
k=2,3,..., themap fy(v) : H x H — Lk (H; B) is in T(Lk*(H; E)) and

(k)
sup Ve (lrte ey < >

For U,V € CHy°(H), the Lie bracket [U,V]| € CHy°(H) is defined by
UV](@) = VW (@)U @) - UV @)V (@), @eB.
Fix a complete orthonormal system {e;} in H. Let V;(x) = e¢; + A(z)e;. For j € N, define
i ={Vi, Vip - Vi, Vil - s, oy = 1,2,

and ij = g:l 27,
Throughout this paper, we assume the following conditions.

(C1) Ae TH®(H ® H) and b € CH®(H).

(C2) There exists N € N such that the closure of the linear subspace of H spanned by
{V(0); V € ¥} coincides to H.

Our main theorem is following:

Theorem 1.2. Under the conditions (C1) and (C2),
E[|(tIg + a(t))_l\i(H;H)] < o0

holds for all p € (1,00) and t € (0,T]. In particular, the distribution of X is absolutely
continuous with respect to pup and (1.3) holds.

2 Preliminary results
Let
G(t) = (Ig + J)(tIg + o(t)) Iy + JF) — tly,
where J; € H® H is determined by
Jih = — /O (U + J)AD (X,) ]ty /0 (T + Jb (X)W

[e.e]

+ /Ot (Z(IH + J) AW (X,) [A(l)(Xs)[h]Hei]Hez‘) ds, he€H.

i=1

Then E[|jt|’;1®H] < oo for all p € (1,00) and

tIy +6(t) = /Ot(IH +J) g + AX ) Uy + AX) Iy + Jsds (2.1)

(cf. Section 3 in [1]). The following is well known (cf. Kusuoka-Stroock [3]).



Lemma 2.1. Let E be a separable Hilbert space. Let ® € LE(H®E) and I; = fg O dWs.

If K= sup sup |®¢(w)|pegr < oo, then
0<t<oo weW

8] e
E {— I 2} < - -
[exp 257 S, sl } S Aoz

for every o € (0,1) and t € (0,00). In particular, there exist constants C,C" > 0 such
that

P( sup |Is|g > 7“) < Ce O/t
0<s<t

foranyt >0 andr >0
The following is easily derived from Lemma 2.1 (cf. Section 6 in [1]).

Lemma 2.2. There exist constants C,C" > 0 such that

P( sup |Xs|p > 7‘) + P( sup |Ji|won > 7’) < Ce O/
0<s<t 0<s<t

for anyt >0 and r € (0,1).
The following is also well known (see Section 6 in Shigekawa [5] for the proof).

Lemma 2.3. Let M; be an R-valued local martingale with My = 0 and (M); be its
quadratic variation. Then

P| sup |M,| > 6, (M), <] <272
0<s<t

for anyt >0
Using the idea in Norris [4], we have the following.

Lemma 2.4. Let Y (t) be an R-valued semimartingale expressed as

Y(t)=y+ /0 ((5), AW + /O a(s)ds

for some ¢ € LE(H) and a € LY(R), p € (1,00). Then, for every o, 3> 0, there exists
a constant C = C(a, ) > 0 such that

P[/EY(t)th < aellm, / () [2dt > B, sup ([9(t)|m V |alt)]) < e—"] < CeV/%
0 0 0<t<e

for any e >0 andn € N.



Proof. Let

2
o= = (10 )

It suffices to show the claim for € € (0,¢¢). Using It6 formula, we have

[ topas

V(22— 2 / "Y(s)av(s)
0 (2.2)

V()2 -y -2 /0 'Y (s)a(s)ds — 2 /O Y (8)6(s), AW m
< vy +2 /Ot|Y(3)|2ds}1/2{/0t|a(s)\2ds}l/2+2‘/0t(Y(s)w(s),dWs>H

If sup
0<t<e

e~ ", then we have, by (2.2),

([ v as)ar
/OEY(t)th + 253/2—"{ /0 |Y(t)|2dt}l/2 + 2 sup

0<t<e
e + 2\/aen /2 4 9, ottt
(o + 4y/a)em Tt

Hence, letting v = (a + 4y/@)/2e3"+1/2 we have

/0 (Y () (s), dWs) | < Vae™, /0 Y (62t < ae"™ and sup ((0)]nV]a(®)]) <

0<t<e

IN

/0 (Y (s)(s), dWa) o

<
<

[ o= [ s [ o

e—
0

37_1/; (/Ot|¢(s)|§1ds)dt+/; [(t) | dt

<y Ha + 4y/a)et T f e
= 2(a + 4y/a) 2"/ < gen.

Hence, by Lemma 2.2, we have

P| / Y (0)2dt < act™, / )Pt > e, sup (0] V fa(d)]) < &)
0 0 0<t<e

IN

/Ot<Y(8)¢(S),dWS>H‘ > \/55471]

&
P[/ [V ()3 (t)[}dt < ae”™, sup
0 0<t<e

< 26—1/26n



< 9e /2%,

Lemma 2.5. (1) For any V € CHy°(H),

supZ\VZ,V ]H<oo

zeB ]
(2) IfU,V € TH®(H), then [U, V] € TH;°(H). In particular, ;2,3 C TH(H).
Proof. (1) By definition, we have
Vi, V(@) = VI (@) [e] + VO @) [A()ei] — AN (@)[V (2)]es.

Note that Y2, \V(I)(fﬁ)[ei”%[ < ‘V(l)(fc)&(Q)(H;H)’

ZW @elllr < [VO@E,, g A@) i
and
Z 1AW x)eild < |V(x )|H|A(1)(x)’%(2)(H;H®H)'

These imply our assertion.

(2) Let F(z) = UD(2)[V(z)], U,V € TH(H). Tt suffices to show that F ¢
TH(H). Let {e;} and {f;} be complete orthonormal systems in H. By Leibniz’ rule,
we have

B @)les, £

L§2)2(H H)

Ek: (k 2>‘Uk e 11 Lkt l(H-H)‘ (1)(1,)‘ (H;H)
1=0 v o

k
+; (1;:12> U @less ] R il e Liz) (i)
+lz: (?:f) U[(QIT D, -] L’&)l(HH)‘V[g])( z)le;, -] £ )
+ :2 <];:22> @ Ly, (H; H)‘ [él])(x)[ei’fz] L) (H:H)

for k=2,3,.... Hence




k
k =2\ (k-1+1) o
= v
B ; < l > ‘U[Q] (LU) ‘T(L&)ll(H;H))‘ (x)‘Ll@)(H;H)
LN
2 B (k—1+1) W)
* ; <l — 1) ‘U () Ll(c2)l+l(H;H)‘V (x) L, ()
k
k—2
(k—1+1) 0)
" l; <l - 2> ‘U ) L?J“(H;H)‘V[zl (x)‘mE;f(H;m)'
This implies our assertion. 0

3 Proof of Theorem
Let S ={h € H;|h|lg = 1}, Hy = {h € H;(Ig + A(0)*)h = 0} and Sy = S N Hy. For
m,j € N, let

ET:{[‘/ZU[‘/Z "'[‘/ijfla‘/;j]f"]];i17i27"' 71] - 1727"' 7m}

and i);" = g:l Y. Define

I'th) = [ ) (I + J)V(X,),h)yds, heH.
O yesm
Note that
I"(t;h) = /Ot D I+ JO)Vi(Xs), Y hds < (T + 6(8)h, by
i=1

for any m € N.
Lemma 3.1. Let
m = inf{t >0 ;|J|gen > 1}.
Form,j € N and a > 0, there exists a constant C = C(a,m,j) > 0 such that

sup P|\my > ¢, Ii4(5;h) > ae”, I'(e;h) < asnn] < Ce /%
hes

for any e >0 andn € N.
Proof. Let h € S. For U € |J;Z, X, define

Yo (t) = (I + J)U(Xy), h) .
Using It6 formula, we have

t
0

Yolt) = (001 + [ (ouls).aya+ [ au(s)ds,

7



where

o0

Yu(s) = (I +J9)[Vi, Ul(Xs), h) e

=1
and
ay(s) = (g + J)[b,UN(Xs), h)
+% S (Ta + JHUPD(X)[es, (T + AXo) (Tn + A(Xo) e, by
i=1

[e.e]

+ 3 + TV (XU, Vi (X)), b g
=1

By Lemma 2.5, there is a constant K = K(m,j) > 0 such that

sup ([Yu(t)|a Vlav(t)]) < K
0<t<m

for all U € ZN];” We may assume € < 1 A K~!. Since I;-’}H(e; h) < foe ZUEE? WU(S)G{CZS?
we have
{I7%1(e5h) > ac™, I'(e;h) < ae''™}
€ €
[y (s)|3ds > o€, / Yy (t)2dt < aa”"} (3.1)
0 0
where o = a/ﬁ(i;”) Here #(A) denotes the cardinal of a set A. But by Lemma 3.1, we
have

(9 13
Pln e, / o (s)Byds > ofe™, / Yot dt < ']
0 0
&€ €
< P [ lwohds> =, [ vp@pa<as,
0 0
sup (Jvou (8) 1 V |a())) < ="
0<t<e
< C(a,m,j)e‘l/%.
Combining this with (3.1), we have our assertion. O

Lemma 3.2. There exists M € N such that

. 2
min > (V(0), h)5 > 0.
ves¥



Proof. Let Uy, = {h € H;ZVei’N”<V(O)7h>%{ > 0}, m € N. Note that for each m € N
the map h +— ZVGEK} (V(0),h)% is continuous. Then each U,, is a open set and Sy C

Uy _; Un by virtue of (C2). Since Sy is compact, we can find M such that Sy C Up.
l(jamely, Zvei%<v(0)7h>%{ > 0 for all h € Sp. Hence minyeg, ZVei%(V(O),hﬁ{ E

Throughout the sequel, we fix M € N such as in Lemma 3.2. Let

ay = - min (V(0),h)% > 0.

We can find 7 € (0, 1] such that

Yo Ur+ V() = VO <an

vesM
for any x € B and J € H® H with |z|p < n and |J|gey < n. Define
T =inf{t € [0,T] ; |X;| >nor |J| >n}.
Lemma 3.3. There exist constants C,C’ > 0 such that

sup P[If\/[(a; h) < aNsllN_l] < e /e
heSo

for any € > 0.
Proof. Let h € Sy. If 7 > ¢, then

Wen) = /0 ST+ V(). byt

vesM
1 e ~
> 52 X VOG- [ X 0+ V) - VO
veslt Vet
>  QpneE.
Hence we see that
{r>e} c {IM(g;h) > ane}. (3.2)

Let

N—j—1

N-1
Wi(e;h) = U {T > ¢, I]]-\j[rl(e;h) > ayell , IJM(a; h) < aNEHN_]}.
j=1

Then, by Lemma 3.1 we see that there exists a constant C' > 0 such that

sup PW(e; h)) < Ce /2%, (3.3)
heSo



If w ¢ W(eg;h) and I (g;h) < ane™ ™" then IJ]M(E;h) < aye for j = 1,2,... ,N.
Therefore we see that

{(IM(e,h) < ane™ YN W(esh) © {IM(c,h) < ane}.
Hence, by (3.2), we have
P(IM(e,h) < ane'™™ ) < P(r <)+ P(W(e;h)).
So we have our assertion by (3.3) and Lemma 2.3. O

aN
16(1 + V2)(1 + Ax)?

Se)={hesS; |(Iy — Po)hlg < cxe't” '~1}

Let ¢y = , where Ay = sup,ep |A(z)|Hem. Define

where P, is the orthogonal projection from H onto Hj.
Proposition 3.4. There exist constants C1,Co > 0 such that
1 ,
P( inf IM(g;h) < Zayel!” 1) < Cre @ exp (—Cy/e)
heS(e) 2
for any € > 0.

Proof. Let ng = dimHy. Since Sy is contained in an ng-dimensional hypercube with
side-length 2, for every § > 0 there exist hq, ho,... ,hq € Sy such that

d
So C | B(hy;9)
k=1

and d < (4,/ng)™ 6 " where B(hy;d0) = {h € H;|h — hi|g < 0}. Applying this fact for

§ = cne™ 1 we can find hy, ho, ... ,hqg € So such that
d
S(e)c | B(hk; 1+ \/i)chllN‘l—l) (3.4)
k=1

and d < Ce~%, where C = (4/n9)™cy and €’ = (11V~1 — 1)ng. On the other hand, if
T > €, then

11 (:0) — 11 (&3 9)]
e M
— ‘/O Z{((IJFJS)%(XS),M% - ((I+JS)W(X8),Q>%}dS‘
i=1
</g{§:<(l+j)v(X) bt o) }1/2{§:<(1+j)V(X) h—g)3 }I/st
_0 s/Ve s)s 9)g s)Vi s)s 9) (35)

€
< /
0

(I + AN+ ) (h+ 9)|| (T + AT + T2 (h = g)]ds
< (1+ A)* (L +0)?h+ glm|h — glme

< 8(1+ Ax)?|h — glue

10



for h,g € S. By (3.4) and (3.5), for every h € S(¢), there exists hy € {hi,hs,...

such that if 7 > ¢, then

11N71

1
[ (e5h) — 1Y (5 )| < ONE
Therefore, we have

P( inf IM(e:h) < Lyt
(heg(a) i (eh) 2 N )

1 _
< P(r<e) +P(7’ >e, inf IM(e;h) < Zaye” 1)
heS(e) 2
d N—-1
< P(r<e) —l—ZP(T >e, IM(e;hy) < ane!t )
k=1

< P(r<e)+Ce sup P(If\/[(s; h) < aNsllN_l).
h€eSy

So we have our assertion by Lemma 2.3 and Lemma 3.3.

Proposition 3.5. For each t € (0,T], there exist constants Cs,Cy > 0 such that

P( inf ((tIg + &(t)h, h)y < 54'1““—1) < Cyexp(—Cy/e)
heS\S(e)

for any € > 0.

7hd}

Proof. Let a = 2-11V~1, Since A(0) is a compact operator, we can find a constant Ao > 0
such that |(Ig + A(0)*)h|g > Xo|h|g holds for all h € Hy. Then, for all h € S\S(¢e), we

have

|(Ig + A0)")h|lg = [(Ig + A0)*)(In — Po)hlu
> Mo|(Ig — Po)hlu

> )\ocNE(a_z)/z.

Moreover, using Ito formula, we have
¢
A(Xy) — A(0) = I, —I—/ a(s)ds
0

where I; = fo ) + A(Xs)]dWy and

a(s) = AW (X, Z AP(X)es, Ty + AX) T + A(X) )eq).

Since A € THp°(H @ H), there exists a constant K > 0 such that supy<;<r |a(t)|nen <

K. Let
3)\OcN

=t A 20N
=0 A(K2 + 3)

11



We may assume that 0 < € < gg. Then ¢* <t and
2
“ M2 §K253a > 2¢%071, (3.8)

By (3.6), (3.7) and (3.8), we have

inf (¢l + ()b, h)u
heS\S(e)

@

> inf / (L + ACX)) (T + J*Vhl%ds
heS\S(e) Jo

1 = * e ~ 2
> 5/0 |(Ir + A(0)*)h|3dt —/0 {|A(o) — A(X)|ror + (1 + Aoo)|JS|H®H} ds
1 e e .
> §A§c§vg2a_2_2/ K252ds—2/ {|IS|H®H+(1+AOO)|JS|H®H}2dS
0 0

> 2e?71 -2 sup {|Is|non + (1 + AOO)|J~S|H®H}25Q’
0<s<e™

where Ao, = sup,cp |A(x)|gen. Hence, by Lemma 2.1 and Lemma 2.2,

P( inf  ((tIy + 6(t)h, h) g < 52&—1)
hes\S(e)

< P(\/§ sup {|Lslmon + (1+ Ax)|Js|mom} > 5(0‘_1)/2)
0<s<e

< CgeCale
for some constants C3, Cy > 0. O

Now, let us prove Theorem 1.2.
Since E[|Ji|}q ] < oo for all p € (1,00), it suffices to show the claim for &(t) instead

of o(t). By Proposition 3.4 and Proposition 3.5, if ¢ < ¢ and g3V < %a]\/, then

. ~ 4.11N-1-1
P(égg«ﬂH 5 h )y < € )
< p( inf ((t1g + & (t)h, h)n <54'11N*1—1)
heS(e)

+P< inf  ((tIy +6(1)h, h) i < 54'11”1—1)
heS\S(e)

1 _
< P( inf IM(e;h) < Zane™ 1)
heS(e) 2

+P( inf  ((tLy + 6 (t)h, hYg < 54'11N‘1—1)
hes\S(e)

< OE_CG_CI/E

12



for some constants C,C’ > 0. Hence, for given p € (1,00), there exists ny € N such that
if n > ng, then

P( inf (¢ +6(t)h, h) i < z—n) < 97+,
c
Hence we have

B[t + 6(0) " i)

<1+ Y Bll(tn +6(0) 7,270 < inf (t + 3()h, ) <27 ]

n=0

<1+ iQ(n+1)pP<

inf (tIi + 5(t)h, h)ar < 2—")
=0 hes
no—1 fe'e)
<1+ Z o(n+1)p Z 9(n+1)pg—n(p+1)
n=0 n=ng
no—1 fe’e)
=14 ) 20l N ormn < oo,
n=0 n=no

This completes the proof of Theorem 1.2.
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