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ABSTRACT. We consider an inverse problem of determining spatially varying density
and two Lamé coefficients in a non-stationary isotropic elastic equation by a single
measuerment of data on the whole lateral boundary. We prove the Lipschitz stability
provided that initial data are suitablty chosen. The proof is based on a Carleman
estimate which can be obtained by the decomposition of the Lamé system into the
rotation and the divergence components.

§1. Introduction and the main result.

We consider the three dimensional isotropic non-stationary Lamé system:

p(2)0fu(w, t) — (L uu)(z,t) = £(x, 1),

(r,t) eQ =Qx (-T,7T), (1.1)
where

(L pv) (@) = p(@)Av(z) + (u(z) + A(z))Vdiv v (z)

+(divv(z))VA(@) + (Vv + (V) Vpu(z), z e (1.2)

(e.g., Gurtin [12]). Throughout this paper, @ C R? is a bounded domain whose

boundary 95 is of class C3, t and o = (1, 72, x3) denote the time variable and the
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2 M. BELLASSOUED AND M. YAMAMOTO
spatial variable respectively, and u = (uy, us,u3)? where -7 denotes the transpose
of matrices,

o¢ 9¢

;6 = oz, J=123, 0= o

For a = (aq, a2, a3) € {NU{0}}3, we set 02 = 07105205 and |a| = a1 + as + ag,
and 0y, is similarly defined. We set Vv = (0pvj)1<jr<3; Veuiv = (VVv,0v)
for a vector function v = (v1,v2,v3)?. Moreover the coefficients p, A, p under

consideration, satisfy
ps A€ C*Q), p(z) >0, u(z) >0, A\z)+p(x) >0 forxe. (1.3)
Let u = u(\, u, p; p,q)(x,t) be sufficiently smooth and satisfy
p(x)(0%u)(z,t) = (Lxpu)(z,t), (x,t) €@, (1.4)

u(z,0) =p(z), (Ou)(x,0)=q(x), =€ (1.5)
We consider

Inverse problem with finite measurements. Let w C Q be a suitable subdo-
main and let p;,q;, 1 < j < N, be appropriately given. Then determine \(z),
(), p(x), € Q, by

u()‘huap; pjaqj)|w><(—T,T)' (16)

As for the inverse problem of determining some (or all) of A\, ;1 and p with finite
measurements, we can first refer to:
Isakov [26] where the author proved the uniqueness in determining a single coeffi-
cient p(x), using four measurements (i.e., N' = 4).
Ikehata, Nakamura and Yamamoto [14] which reduced the number A of measure-

ments to three for determining p.
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Imanuvilov, Isakov and Yamamoto [16] which proved conditional stability and the
uniqueness in the determination of the three functions A(z), u(z), p(z), z € Q, with

two measurements (i.e., N’ = 2). See also Isakov [30].

Imanuvilov and Yamamoto [23] - [25] which reduced N' =2 to ' =1 (i.e., a single
measurement) in determining all of A, p, p by a single measurement |y, (7,7,
and established conditional stability of Hélder type by means of an H ~!-Carleman

estimate. See also [21].

As for similar inverse problems for the Lamé system with residual stress, see

Isakov, Wang and Yamamoto [31], Lin and Wang [44].

Our method is based on the tool of Carleman estimates, which was originally
introduced in the field of coefficient inverse problems by Bukhgeim and Klibanov [8]
simultaneously and independently on each other for the proofs of global uniqueness
and stability theorems for these problems. Also see Klibanov [36]. In particular,
for the Lamé system, we use a modification of the method in [8] by Imanuvilov
and Yamamoto [23]. In [23], only a Holder stability estimate is proved, but by the
ideas in Klibanov and Timonov [40], Klibanov and Yamamoto [41], we can prove
the Lipschitz stability for our inverse problem with /' = 1. For a related technique,
see Chapter 3.5 in Klibanov and Timonov [39]. In [16] and [23], an H ~!-Carleman
estimate is a key but requires more technical details. Here we will use a Carleman
estimate for the Lamé system which is derived from a usual L?-Carleman estimate

for a scalar hyperbolic equation.

Thus the advantages of this paper are:

(1) the Lipschitz stability in our inverse problem with A/ = 1.

(2) use of a conventional Carleman estimate.
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On the other hand, for (2) we have to choose a neighbourhood w of 92, although
it is sufficient that w is a neighbourhood of a sufficiently large subboundary ([23]
- [25]). Then, u(,u,p;p,q)(-,t), t € (=T,T), is given in a neighbourhood of
012, so that we do not directly assign boundary values but the observation data in
w X (=T, T) include information of boundary values.

For the statement of the main result, we introduce notations and an admissible

set of unknown coefficients A\, u, p. Set

d = (sup |z — 20|* — inf |x—x0|2)%, (1.7)
er JJEQ

where xo &  is arbitrarily fixed. Let My > 0, 0 < 6y < 1 and 6; > 0 be arbitrarily

fixed and let us introduce the conditions on a scalar function :
ﬂ($)291>07 x€§7

(VB(z) - (z — x0)) - . (1.8)
20(x) <1—6y, z€Q\w.

For fixed functions a(®, ag-f), agg, b, bj, 1 <£<2,1<7 k<3 on 0N, we set

H6||C3(5) S MO;

W= WM0,90,91 = {()‘7 MP) < {03(5)}3’ A= a(1)7 aj)‘ = a§1)7 6jak>‘ = a;i%

A+2
p=a?, ojp = ag-z), 00k = agzk) on 0, + M, K satisfy (1.8)}.
PP (1.9)
We choose 8 > 0 such that
Moyd
0 VO < 0001, 6y inf |z — x> — 6 — 202 > 0. 1.10
+ N 0t 1;1&19@ o| ilelg\ﬁ To| (1.10)

Here we note that since zg € Q, such 6 > 0 exists.

Let E5 the 3 x 3 identity matrix. We note that (L ,p)(z) is a 3-column vector
for 3-column vector p. Moreover by {a}; we denote the matrix (or vector) obtained
from a after deleting the j-th row and det; A means det {A},; for a square matrix
A. Let (A, u, p) be an arbitrary element of W.

Now we are ready to state
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Theorem. Let w C Q be a subdomain such that Ow D Q. For p = (p1,pa2,p3)T

and q = (q1, q2,q3)T, we assume that there exist j1, jo € {1,2,3,4,5,6} such that

((Laup)(@) (divp(@)Es (Vp(x) + (Vp()T)( — z0)
det; ((LA,,qux) (diva(z))Es <Vq<x>+<Vq<x>>T><x—xo>)#0’

vz € Q, (1.11)

((Laup)(@) Vp(@) + (V)T (divp)(z — o) -
dety, ((Lx,uqxw) Va(z) + (Va(z))” (diUQ)($—$0)>7AO’v €, (112
and that
1
T>—d (1.13)

Then, for any My > 0, there exists a constant C; = C1(W, M1,w, Q, T, A\, pu, p) >0

such that

IA = Maz@) + 12— pmllzz@ + 1o — plla @)

<Ch (HU(A, 1, 0, ) — u(\, 7L, 5 P, @) | 115 s 2 ()
+lla(\, i, p5 P, @) — (A, i, p; P, q)||H4(_T’T;Hg(w))> , (1.14)

provided that (X, i, p) €W and

HU-()\,,U,p; paQ)HW?v‘X’(Q)? ||U(X, ﬁa ﬁ;p7q)||W7’°°(Q) < M. (115)

Inequality (1.14) gives the Lipschitz stability by a single measurement in a neigh-
bourhood of the whole boundary, and after artificial choice (1.11) and (1.12) of ini-
tial values, a single measurement yields such stability. Moreover conditions (1.11)
and (1.12) depend on a fixed (A, p, p), so that in our conclusion (1.14), we can not
change both (X, i, p), (A, i, p) € W.

As the following example shows, we can take such p and q.
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Example of p, q satisfying (1.11) and (1.12). For simplicity, we assume that
A, i are positive constants. Noting that the fifth columns of the matrices in (1.11)

and (1.12) have z—x as factors, we will take quadratic functions in z. For example,

we take
0 3
p(z)= | ziz2 |, qz)=10
0 3

Then, by choosing j; = 6 and js = 5, we can satisfy (1.11) and (1.12).

We conclude this section with the references to other publications concerning

inverse problems by Carleman estimates after the originating paper Bukhgeim and

Klibanov [8].

(1) Baudouin and Puel [2], Bukhgeim [6] for an inverse problem of determining
potentials in Schrodinger equations,

(2) Imanuvilov and Yamamoto [17], [20], Isakov [27], [28], Klibanov [37] for the
corresponding inverse problems for parabolic equations,

(3) Amirov and Yamamoto [1], Bellassoued [3], [4], Bellassoued and Yamamoto
[5], Bukhgeim, Cheng, Isakov and Yamamoto [7], Imanuvilov and Yamamoto
[18], [19], [22] (especially for conditional stability), Isakov [27] - [29], Isakov
and Yamamoto [32], Khaidarov [34], [35], Klibanov [36], [37], Klibanov and
Timonov [39], [40], Klibanov and Yamamoto [41], Puel and Yamamoto [45],
[46], Yamamoto [48] for inverse problems of determining potentials, damp-
ing coefficients or the principal terms in scalar hyperbolic equations.

(4) Li [42], Li and Yamamoto [43] for Maxwell’s equations.

(5) Yuan and Yamamoto [49] for plate equations.

§2. Proof of Theorem.
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We set

@b(l’,t) = ‘ZL’ - 1'0‘2 - 9t27 Qp(wi = eﬂb(m’t)v (l’,t) € Q

and

Qo =wx (=T,T).

First, in terms of (1.9) and (1.10), we can deduce the following lemma in the same
way as in [23]. Henceforth C, C; denote constants which are independent of s but

dependent on Q,w,T and the choice of fixed A, u, p.

Lemma 2.1. Let (A\,u,p) € W and let (1.10) and (1.13) hold. There exists
7 > 0 such that for any T > T, we can choose sg = so(T) > 0 and C; =

C1(s0,70,Q,w,T) > 0 such that

/ (s'yP + Va4 3 Joyl?
Q | =2

+8%| Vi (roty)|? + stlroty|* + 8|V, (divy)|* + s*|divy|?)e**?dxdt
<4 / (s|divf|? + s|rotf|? + s|f|?)e**Pdxdt + CGCS||y||%11(_T7T;H2(w)), s> S
Q (2.1)
for any y € H3(Q) such that

pOty — L,y =f,  9ly(£T)=0, j=0,1.

The constants in (2.1) can be taken uniformly as long as (\, u, p) € W.

Proof. Let us set v = divy and w = roty. Then we have (e.g., Eller, Isakov,

Nakamura and Tataru [11], Imanuvilov and Yamamoto [23]):
pOiy — pAy + Qi(y,v) =f inQ,

pO2v — (A +2u)Av + Qa(y, v, w) = divf in Q
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and

pOiw — uAw + Qs(y,v,w) =rotf in Q,

1 o 1 1% (6%
where Q1(y,v) = E|a| 1@ al )( )03 Y+Z|a|g1 b(a )<$)8mva Qi(y,v,w) = E|a| 1 (J)( )05 y+
> lal=1 bg)(x)8§v+z|a|:1 caj)(:v)(? w, j =2,3and al, bm 9 e L>(Q). There-
fore we apply a Carleman estimate by Imanuvilov [15] to the system, so that

/ {s*(lroty [ + [divy[* + [y[*) + s(|Ve(rot y)* + |V (divy)[* +[Va,ey[*) ye**? dudt
Q

gc/ (|div£]? + [rot £|* + |£|*)e**?dzdt + Ce“* ||y g1 (—7 1. 11 (o) (2.2)
Q
and

[y + 21Ty e edes
Q

SC’/ (s|div | + s|rot £|* + s|f|?)e**?dxdt + C’eCSHyH%l(_T’T;Hl(w)).
Q (2.3)

Next for all large s > 0, we have
A(ye™?) = V(div (ye*?)) — rot (rot (ye*?))
23: V(9;€*)}y; + (0;€°?)Vy;} + s(Vp)e*fdivy + e*#V(divy)
(J_ V)(Ve?) = ((Ve?) - V)y
+(Ve*#)divy — ydiv (Ve*?) — (Ve®?) x roty — e*#rot (roty)
=e**V(divy) + O(s*) K1 (y)e*? + O(s) K2(Vy)e®? — (rot (roty))e™?,
where K1, K5 are linear operators. Therefore
[A(ye*?)| < Ce*?{s*|y| + s|Vy| + |V(divy)| + [V (rot y)[},
so that

/ Ay (2, t)e™? @) Pda
Q

SC/ (s'y[* + *[Vy[* + [V(divy)[* + [V (vot y)|*)e**“dx (2.4)
Q
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for any t € [T, T]. The elliptic regularity and (2.4) yield

3 / 10 (y (2, 1)@ D) 2da
Q

|a|=2

sp\|2 sp|2 sp |2
<C [ (AEe)P + lye?P)do + Clye | g

SC/ (s*yl* + ?|Vy[* + [V (divy)[* + [V (ot y)[*)e**?dw + Cllye™ || 2 ) -
Q

Therefore

3
Z / |(6§‘y)(:1:,t)es“p(x’t)|2dxdt—CSQZ/ \ij|2623¢d:ﬂdt—034/ ly|2e?*¢dxdt
jaj=2"9 i=17@ Q

<c / (s*lyl? + 2|V P + [V(divy)P + |V (rot y)[?) > dadt
Q

+Cecs||Y||2L2(—T,T;H2(w))' (2.5)

Thus, in terms of (2.2), (2.3) and (2.5), we have

/ (sy 2+ 2 Vary P+ 3 00y
Q

|| =2

+8%|V .t (rot y)|? + st|rot y|* + 52|V, ¢ (divy)|* + s*|divy|?)e**?dzdt

gc/ (s1div £[2 + sfrot 2 + s[£]?)e2%dadt + Ce |2 .12
Q

Thus the proof of Lemma 2.1 is complete.
As for Carleman estimates, see also Hérmander [13], Triggiani and Yao [47].

Next we consider a first order partial differential operator
(Pog)(x) = B(z) - Vg(z) + Bo(z)g(x),  z €, (2.6)

where B = (b, by, bs) € {W2>(Q)}3 and By € W2°°(Q). Then

Lemma 2.2. We assume

|(B(x) - (x — x0))| >0, r € Q. (2.7)
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Then there exists a constant 7o > 0 such that for all T > 19, there exist so = so(T) >

0 and Cy = Cy(s0, 70,2, w) > 0 such that

82/ Z 109g(x)|? | 20y < 02/ Z 102 (Pog) ()| | e2¢@0dg
Q Q

la|<2 la|<2

(2.8)

for all s > sy and g € CZ(9).

Proof of Lemma 2.2. We set F = Pyg and ¢o(x) = ¢(z,t). By integration by

parts, we can prove

52/ lg|2e*50 dx SC'Q/ |F|?e?s¢0dy (2.9)
Q Q

(e.g., [23]). Since Py(0,9) = 0;F — (0;Fy)g and 0jg|sq = 0, we apply (2.9) to 0;g,

so that
82/ |ajg‘2625<p0d113
Q
¢ / (gl + [Vg|*)e**#°da + 02/ |0, F |20 da
% Q
SCQ/(‘F‘2_|_ ‘8]-F‘2)625<p0d$+02/ \Vg|2625‘90dx.
@ Q
Therefore

s2 / |Vg\2625‘p0 dx
Q

<C, /Q(\F\2 + |[VE[})e2%0dg 4 O /Q |Vg|?e?*%° da.
Taking so > 0 sufficiently large, we have

5 /Q (Vg|?e**?0dr < Cy /Q(\F\Q + |VF})e?*¢0dz. (2.10)
Next we have

Py(Ok0rg) = OO0 F
3
—> "{(0kb;)(9ed;g) + (0ebs)(059) + K (g, Vg),

J=1
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where K is a linear operator of g and Vg. Noting that 0x0,g = 0 on 02, we apply
(2.9) to 9r0rg, and, similarly to (2.10), we can complete the proof of Lemma 2.2.

Finally we show an observability inequality, which may be an independent interest.

Lemma 2.3. Let (\,u,p) € W and let us assume (1.13). Let u € H3(Q) satisfy

(pO2 — Ly, )u=f. Then there exists a constant C5 > 0 such that

/( Z |0%u(x, t)|* + \8tu(x,t)|2)dx+/ \Voyu(zx,t)|*dxdt
Q Q

la|<2
<Cs /Q (1divt[+ [rot €2 + |£[*)dwdt + Co ([l rroareceny + 02, g )

forallt € [-T,T].

Starting from works of Klibanov and Malinsky [38] and Kazemi and Klibanov
[33], this kind of of inequality is usually proved by Carleman estimate. See e.g.,
Cheng, Isakov, Yamamoto and Zou [9], and we will prove it in Appendix for com-
pleteness.

Now we proceed to

Proof of Theorem. The proof is similar to Imanuvilov and Yamamoto [23].

Henceforth, for simplicity, we set

u=u(\,puppa), v=ulipp,aq) (2.11)
and
y=u-v, f=p—p, g=A—\ h=p—[. (2.12)
Then
poly = Lxﬁy +Gu inQ (2.13)
and

y(z,0) = Opy(x,0) =0, x € Q. (2.14)
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Here we set

Gu(z,t) = —f(x)0?u(z,t) + (g + h)(z)V(divu)(z,t) + h(z)Au(z, t)

+(divu)(z, t)Vg(z) + (Vu(z, t) + (Vu(z, 1)) Vh(z). (2.15)

By (1.13), we have the inequality T2 > d?. Therefore, by the definition of d

and the definition of the function ¢, we have
p(@,0) > di, 9@, T) =@, -T)<d, 2€Q

with d; = exp(7inf,ecq |z —x0]?). Thus, for given ¢ > 0, we can choose a sufficiently

small § = d(g) > 0 such that
o(x,t) > dy — &, (2,t) € Q x [=6, 0] (2.16)

and

o(x,t) <dy —2, z€Q,te[-T,-T+25U[T—25T). (2.17)

In order to apply Lemma 2.1, it is necessary to introduce a cut-off function y

satisfying 0 < x < 1, x € C*°(R) and

‘= { 0 on [-T,-T+]U[T —6,T], (2.18)

1 on [T +26T — 2.

In the sequel, C; > 0 denote generic constants depending on sy, 7, My, My, 0y, 01,
Q, T, xg, w, x and p, q, &, J, but independent of s > sq.

Setting z; = x0?%y, z2 = x07y and z3 = x0}y, we have
(

pOPzy = L5 272 + xXG(930) + 2p(0px) 0y + p(02%)02y, (2.19)

po; 73 = Ly 523 + XG (9 u) +2p(8:x) 07y + p(97x)dty  in Q.
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We set

= Iyl rmmzen T I i)

Noting that u € W">(Q), in view of (2.18) and Lemma 2.1, we can Carleman

estimate (2.1) to (2.19), so that

4
Z/Q<S4\8§Y\2x2+82\Vai:s'|2x2+ > |5§0£Y|2x2)62”dwdt
j=2

lo|=2

4
<Cs [ S 0CIVIGE )P + 3|60 ) dade
Q j=2

5
+08/ (10exI* + 197 x1) {Z [div (8]y)|? + [rot (8] y)|* + 1]y )} e**dxdt
Q =

L CeCoD. (2.20)

Here we used div (p(8;x)d]y) = V(p0yx)-0)y+p(dyx)div (8y) and rot (p(8;x)dly) =
V(p0ix) x 0y + p(Oix)rot (9]y) for j =2,3,4,5.

Moreover by (1.15) we see that

V(G(8]u))] SC{IVf\HfH Y 19gg(@)+ Y \@ﬁh(x)l} in Q,

laf<2 o] <2
G(0]w)| < C(f|+ Vgl +|Vh+ gl +[n]) nQ (2.21)

and
10|, |07x| # 0 only for t € (T — 26, T — ) U (=T + 6, =T + 26). (2.22)

On the other hand, (2.13) implies

pO;(0ly) = Lz ;0ly + G(8]u) inQ, j=0,1,2,3,4.
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Therefore Lemma 2.3 and (2.21) yield

5 4
/ {Z(Vﬁt’“y2+ OFyH) +> > 856;;y2} dadt
Q | k=2

i=2 |a|=2

NE

<Y (IO W32q) + IVGO]W) 32 ) +CD

J

c/ (Z 09g(x)]> + ) 105h(z)]* + | f(x )2+Vf(x)2) dxdt + CD
Q

Il
=

|| <2 || <2

<C(IflIF ) + 9l =) + [1Rl52(0)) + CD. (2.23)

Hence inequalities (2.20), (2.21), (2.22) and (2.23) yield

4
Z/ (84\3ZY\2X2+82|V553’\2X2+ > \3§3§YI2><2) e**? dxdt
j=2"¢

lo|=2

<Cs [ |IfF+IVI@P+ 3 1029l + Y 05h(o)? | v dade
Q la|<2 la<2

+Cse® N[ 113 ) + 912 + 17l Fr2 (@) + Ce“D

=CsE + C'3(||f||fq1(9) + ||g||%12(9) + ||h’@12(sz))€28(d1_26) +Ce“*D. 2.24)
2.24

On the other hand, for |a| = 2, we use (2.23) and
[ @z0zy) @ o) eeet O s
Q
09
- [ 5 ([ 1@y nwressac) d
/ / 2((B30y) - (920°y) )X 2e2 % dudt
0
125 / / 10200y 2 (Brp) 2P dandt + / / 10200y [2(8,(x2)) 2P dudlt
-TJQ -TJQ
<C [ s (aonyl? + Rosyeses
Q
+Ce* 2| F13 ) + 90z + I1Rll32 ) + CDe

Therefore (2.24) yields

Z / |(020%y ) (x O)|2e2s“p(x’0)dx

lor|=2

<O (1f 7 (@) + 1903 () + 1Pl32(0))e® @ 72 + Cs?E + Ce™D
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for all large s > 0. Similarly we can estimate °, _, Jo 1(0202y)(x, 0)|2e25¢(=:0) dg:
to obtain

3
> 5 [ 1osoiy(e. 0P
Q

=2 |a|=2
§082625(d1_2€)(||f||§11(9) + 191320 + 1P 0y) + Cs*E + Ce®*D

(2.25)
for all large s > 0.

Now we will consider first order partial differential equations satisfied by h, g

and f. That is, by (2.13), (2.14) and (1.15), we have
pOZy(x,0) = Gu(z,0), pdly(x,0) = Gou(z,0). (2.26)

For simplicity, we set

( _lLA,up
a= ’1’ ,
_;L/\,uq

div p 0 0
0 div p 0
| o | o | aivp
bl - leq ) b2 — 0 ’ b3 - 0 ’
0 divg 0 (2.27)
0 0 divg

(d1,d2,d3) = (gzi gggizj) ,

G _ (POiy(x,0) = (g9 + h)V(divp) —hApY
\ po7y(x,0) — (g + h)V(divq) — hAq

S

Then we can rewrite (2.26) as

af +b101g + bsdsg + b3d3g = G — d101h — da02h — d303h.

Therefore for j; € {1,2,3,4,5,6}, we have

{a};, f +{b1};,019 + {b2};,029 + {b3};,03g

:{G}j1 — {dl}jlﬁlh — {dg}jlagh — {dg}jlagh on ﬁ (228)



16 M. BELLASSOUED AND M. YAMAMOTO
Equality (2.28) is a system of five linear equations with respect to four unknowns
f, 019, 029, 039, and so for the existence of solutions, we need the consistency of

the coeflicients, that is,
det;, (a,b1,bs, b3, G —d101h — d202h —d303h) =0 on Q,

that is,

3
) " detj, (a, by, by, bs,dy)0xh = detj, (a, b1, by, b3, G) onQ (2.29)
k=1

by the linearity of the determinant. Here by (1.15) we note that p,q € W?>°°(Q)

and

3

S jpsc@) <o S 1020y (x,0)

jal<2 i=2 Jal<2
+C Y 1059(@)| +C Y [05h(x)].
<2 o<

In terms of condition (1.11) and h = u — 1 € CZ(Q2), considering (2.29) as a first

order partial differential operator in h, we can apply Lemma 2.2 to obtain

3
82/ Z |axah|2625<,0($,0)dx < C/ Z Z ‘8§agy<x,0)|2625ap(m,0)d$
Q4

2 4)<2 J=2 |a|<2

+C/ Z 05 9(x)]? + Z 0% h(x)|? e25¢(2,0) ..
Q

|| <2 || <2

<O (i @) + iz + 1Al @) + C5°€ + Ce™D

+C / > 1ogg@)P+ > [08h(x)? | e da (2.30)
Q

|| <2 || <2

for all large s > 0. Here we used (2.25). Similarly to (2.30), in terms of (1.12), we
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can argue for g. Hence with (2.30), we have

/ (Z 02g(=)>+ ) 8gh(x)2) e?*#(@0) dy

|| <2 || <2

<O N 2(|| 13 @) + 19l Fr(0) + 177 (0)

+C/ (f )P+ [V f(2)]* + Z 10%g(z)|* + Z |0 h( )eQS‘dedt—kC'ecsD

la|<2 || <2

(Z 02g(2)”+ agh(a;)2) e25#(@0) gy

|| <2 || <2

for all large s > 0. Here we recall the definition of £ in (2.24). Taking s > 0

sufficiently large, we can absorb the last term into the left hand side:

/ (Z 02g())* + ) 8gh(x)2) 25?0 dy

|| <2 || <2

<Ce® N 2)(|| 13 @) + 19l Fr0) + 177 (0)

C/ (f( W+ V@ + > 102g(@))* + agh(x)2) % dadt + CeC*D.
Q

la|<2 || <2 (2.31)

Finally, by (2.28), we have
af = —-b101g — bo0sg — b3039 + G — d10:h — da02h — d30sh in Q.
Moreover, by (1.11) or (1.12), we see that |a(x)| > 0 for z € {, so that
f(2) = K1G + K2(Vg,Vh) in©,

where va, f(vg are linear operators with W1 *-coefficients. Thus

Vi) <C (VG I+ D 102g(@) + Y 3%(%))

|| <2 || <2
3
<C 4 Y (IV@ly)(@,0) +10]y(,00) + > |05g(x)|+ > |05h(@)] ¢,
j=2 la|<2 || <2

and

<c{ZaJ (z,0)[+ > 10g@)|+ Y 8§h(x)}

|| <2 || <2
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for z € ). Hence

/Q (VF(@) + |f(2) )¢ @0 e

3
SC/ Z Z |050]y (2,0)]* + Z 10%g(z)|* + Z % h()|? b 2590 gy
Q

j=2al<1 |a|<2 |a|<2 (2.32)

On the other hand, for j = 2,3, we have by (2.23) and (2.24),

/ V(8 (, 0) 220 e
Q
0 o ]
:/TE/QX2|V(8£;Y)‘2€2Wd$dt
<c /Q (59 (0y) 2 + V(00 ) [x2) e P dudt
FO ) (| £ 2 0 + 1o ra ) + 10120 ) + Ce*D

<Ce 2| fllips ) + I9llrc@) + I1llizz (@) + Ce*D + CE

(2.33)
and
) 0 5 ‘
[ opeeeoa= [ & [ 2iepypeca
L -T Q
<O [ (lofy i + 107y PR dea
Q

+C€25(d1_2€)(||f||%[1(9) + ||g||%12(m + ||h”%{2(9)) + CGCSD

SC@2S(d1_2E)(||f||%{1(Q) + ||g||§{2(g) + ||h’|§{2(m) + CeC5D 4+ CE ( |
2.34

for all large s > 0.

Substituting (2.31), (2.33) and (2.34) into (2.32), we obtain

/Q (VF@)P + | (@)]2) 290 de

<O 2 (| fl3p 0y + 19lFr2(@) + [All32(0)) + CE + CeD.
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Here with (2.31), we have

[ 3 10m0l 32 j@eh VA7 41 | o0

lal<2 lal<2

§C€25(d1_25)(’|f“§{1(9) + 90132y + Il () + Ce“*D

+C/ > 1089l + Y 10ShP + (V1P + [ f7 ] €**Pdadt.
Q

lal<2 jal<2

Since

/ S 10092+ 37 (00 + (VP + |2 | eedudt
Q

o] <2 || <2

T
= / ST 1089l + ST SRR+ VAP 4 |2 | el ( / eQSW(Lt)_W(LODdt) dz
Q =T

o] <2 || <2

—o(1) / S 1002+ 3 0h2 + [V + |2 | @0y,

|| <2 la| <2

as § — 0o by the Lebesgue theorem and ¢(x,t) < ¢(x,0) for t # 0, we can absorb

the last term at the right hand side into the left hand side, and

/ Z \3§9|2 + Z \6;%\2 + |Vf\2 + |f|2 o250(2.,0) 10

| <2 || <2

<O 2| f13p ) + 19l Fr2 (@) + Bl ) + Ce”*D

for all large s > 0. By ¢(x,0) > dy, we divide the both sides by e2*%, we have

/ S j0cgl2+ 3 (0%hE + [V + £ | da
Q

| <2 || <2

<Ce (I f i@ + lallFr @ + Rl @) + Ce“*D

for all large s > 0. Choosing s > 0 sufficiently large, we can absorb the first term

at the right hand side into the left hand side, so that we have conclusion (1.14).

Appendix. Proof of Lemma 2.3.

Let us set v = divu and w = rot u. Then, as in the proof of Lemma 2.1, we have

poiu — pAu+ Qi (u,v) =f in Q, (1)
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pO2v — (A +2u)Av + Q2(u, v, w) = divf in Q (2)

and

pOiw — pAw + Qs(u, v, w) = rotf in Q, (3)

where Q1(u,v) = 34— ab” (@) 0+ Y <y b6 (2)950, Qs v, w) = 374y 0l (2)95ut
> lal=1 bg)(x)ﬁﬁv + 2 jal=1 c(aj)(x)agw, j=2,3 and a&j), b&j), ) e L>(Q).

Let ¢t > 0. We set
Bi(t) = / (Vo rt(@, )2+ [V 0(, )2 + [V w (i, £)[2) .
Q

Taking the scalar products of (1) and (3) with d;u and 9w respectively and mul-

tiplying (2) with dyv, we integrate by parts to have

t
Ei(t) < CE (0) 4+ C (/O E1(§)d€ + |I£l72q) + Idiv£[|72(q) + [[rot f||i2<Q>)
+C(Hatu“%2(8§2><(—T,T)) + HauuHiz(an(—T,T)) + HatU||2L2(aQ><(—T,T)) + ||auU||2Lz(an(—T,T))

+||atWH%2(6§2><(—T,T)) + ||5uW||2L2(an(—T,T)))-

Applying the trace theorem, we have
t
Eqi(t) < CE(0)+ CF + C/ E1(8)dg, 0<t<T.
0

Here we set

2

LaerTE )T |div £]172 0y + ot £l 72 o)+ 1E 1172 ()

F = ||u||%fl(—T,T;H2(w))+HuH

The Gronwall inequality implies E;(t) < C(F + E1(0)), 0 < t < T. Similarly we
can prove C71E(0) < E1(t) + CF,0 <t <T. For —T <t < 0, we can simiarly

argue to obtain

Ei(t1) < CEy(ty) + CF,  —T <ty,t, <T. (4)
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Next we will include [Ju(-,t) ||2L2(Q) into E1(t). By the Sobolev extension theorem
and the trace theorem, we can find u*(-,¢) € H'(Q) such that u*(-,¢t) = u(,t)

on J¢) and Hu*(at)HHl(Q) < 0Hu<7t)| < CHu('at)HHl(w) for =T <t <T.

|3 (89)

Then (u —u*)(+,t) € H}(Q)) and the Poincaré inequality yield
[(u=u”) (-, t)]|2(0) < CIH(Vu=Vu®)(-, )|l L2 < CIVul, )Lz +Cllul, 0) m@)-
Moreover the Sobolev embedding theorem implies

HU-('?t)H%{l(w) < CHuH%Il(—T,T;Hl(w)) <CF.

That is,

(s ) 3egq) < CIVu(, ey + CF, ~T <t<T.
Therefore
Ei(t) < E(t) = /Q(|u(:v, )% + |V u(z, )% + |V edivu(z, )% + |V 4 irot u(z,t)*)dax
<CE|(t) +CF, -T<t<T,
so that (4) implies
E(t) < CE(t:) + CF,  —T<t,t2<T. (5)

Let x € C°(R) satisfy 0 < y < 1 and (2.18). We set v = yu. Then &/ v (-, +T) =

0,7=0,1and
pO7v — Ly v = xf — p(2(9:x)dru + (0 x)n).
We can apply (2.1) to v:

/ (|V]? + |Ve s V]? + |Vardivv|? + |V, rot v|*)e?5P dadt
Q

1
<Ce®*F + c/ (10ex1> +107x1%) > _(10{uf* + |div o] ul* + |rot &/ u|*)e***dudt.
Q 0

1=
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Taking § > 0 small and shrinking the domain @ into £ x (—4,6) at the left hand

side and using (2.16) and (2.18), we have
5
e2s(dh=e) ul® + |Vyeul® + |V, divul® + |V, ot ul?)dzdt
x,t x,t x,t
)
<Ce%F + CeQS(dl_Qs)/ Z(\@gu\Q + |div &/ ul? + |rot 8/ u|?)dzdt.
Q =0
Therefore by (5), we have
20e25 =€) (B(0) — OF) < Ce®*F 4 2TCe** M1 =2)(E(0) + F),

that is,

E(0)(26 — 2CTe%5¢) < Ce“*F + CF.
Taking s > 0 sufficiently large, we obtain E(0) < CF. By (5), we have
E(t)<CF, -T<t<T. (6)

By the Sobolev extension theorem, we can find u*(-, t) € H*(Q2) such that [[u*(-, )| g2() <
Cllu(-,t)||g2w) and u*(-,t) = u(-,t) on 9. Set v. = u — u*. Then Av =
Au — Au* = V(divu) — rot (rotu) — Au* and v|sq = 0. Hence the a priori

estimate for the boundary value problem for A implies
V(O 2 < C([Vdivu(-, )| L2() + [[rot (rot ) (-, ¢) || L2(q) + [AW*(+, 8)[|L2(@))-
Since u = v 4+ u*, we have

u, t)[| 20 < C([|Vdivu(-, t)| 2q) + [[rot (rot ) (-, 1) || L2(0) + [0 (-, 1) [ 52())

<C([Vdivu(, )|z () + [[rot (ot w) (-, £)[|L2() + [l D) ]| 2 (w))-
Since |[u(:, )| g2(w) < Cllullg1 (7,782 (0)), We have

(-, )72 < CUIVdivul, )lZ2q) + [lrot (xot w) (-, )| Z2(q) + F),
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with which (6) yields
/ > 1ogu(a, t)* + |0pa(z, t)]* + |0ydiv u(z, t)]* + [drot u(z, t)|* | dz < CF.
2 \lal<2
(7)
Finally we will estimate V(0;u) at the right hand side of the conclusion. By the

Sobolev extension theorem and the trace theorem, for —T < t < T we can find

uj such that uj(-,t) = dyu(-,t) on 9Q and |[ui(-,t)| g (o) < C||8tu(-,t)||H%(8Q) <

Clloqu(-, t)|| g1 (wy- Applying Theorem 6.1 (pp.358-359) in Duvaut and Lions [10],
we have
[0pu(:,t) — (- B)]lar ) < Cllow(-,t) —ui(, 1)l 2)
+C|div (Opu(-, ) = ui(- 1) 22(0) + Cllrot (Opu(-, 1) — ui(- 1)) L2(e),

that is,

/ 10,Vu(z, ) 2da
Q

§C’/ (|0pu(z, t)|* + |Owdivu(z, t)|* + [Orot u(z, t)|*)dx + C’H@tu(-,t)Hifl(w).
Q
Hence by (7), we obtain
/ |0:Vu|*dxdt
Q

§C’/ (|0pu(z, t)|* + |Owdivu(z, t)|? + |Orot u(z, t)|*)dzdt + CF < CF.
@ (8)

Inequality (7) and (8) completes the proof of Lemma 2.3.
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