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Abstract. We consider Maxwell’s equations for an isomagnetic anisotropic, non-stationary and

inhomogeneous medium in two dimensions. We discuss an inverse problem of determining the permittivity

tensor


 ε1 ε2

ε2 ε3


 and the permeability µ in the constitutive relations from a finite number of lateral

boundary measurements. Applying a Carleman estimate, we prove an estimate of the Lipschitz type for

stability, provided that ε1, ε2, ε3, µ satisfy some a priori conditions.

1 Introduction

We consider Maxwell’s equations for an isomagnetic anisotropic, non-stationary and inhomoge-

neous medium (e.g., [16, 17]) in two dimensions:




∂tD1(x, t)− ∂2H3(x, t) = 0, (x, t) ∈ G ≡ Ω× (0, T ),

∂tD2(x, t) + ∂1H3(x, t) = 0, (x, t) ∈ G,

∂tB3(x, t) + ∂1E2(x, t)− ∂2E1(x, t) = 0, (x, t) ∈ G,

∂1D1(x, t) + ∂2D2(x, t) = 0, (x, t) ∈ G,

D1(x, 0) = d1(x), D2(x, 0) = d2(x), B3(x, 0) = b(x), x ∈ Ω,

ν1(x)E2(x, t)− ν2(x)E1(x, t) = 0, (x, t) ∈ Σ ≡ ∂Ω× (0, T ),

(1.1)
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with the constitutive relations





 D1(x, t)

D2(x, t)


 =


 ε1(x) ε2(x)

ε2(x) ε3(x)





 E1(x, t)

E2(x, t)


 , (x, t) ∈ G,

B3(x, t) = µ(x)H3(x, t), (x, t) ∈ G,

(1.2)

where x = (x1, x2) ∈ R2, Ω is a bounded domain in R2 with the C2-boundary ∂Ω, ∂k = ∂
∂xk

for

k = 1, 2, ∂t = ∂
∂t , and (ν1(x), ν2(x)) denotes the outward unit normal vector to ∂Ω at x. Here

 ε1 ε2

ε2 ε3


 is the permittivity tensor and µ is the permeability. The boundary condition of E

means that Ω is bounded by a superconductive material. For mathematical treatments, see also

[3]. Throughout this paper, we assume that εj(·)(j = 1, 2, 3), µ(·)∈ C2(Ω) satisfy

ε1(x), ε3(x), ε1(x)ε3(x)− ε2
2(x), µ(x) > 0, x ∈ Ω.

These conditions guarantee the hyperbolicity of (1.1), that is, the well-posedness of the boundary-

value/initial-value problem follows.

We assume that the initial data d1, d2, b in (1.1) are sufficiently smooth and satisfy sufficient

compatibility conditions. Throughout this paper, we set

ε = (ε1, ε2, ε3), Φ = (d1, d2, b), x3 = t,

∂3 = ∂t, ∇x = (∂1, ∂2) , ∇x,t = (∂1, ∂2, ∂t) .

By Dk(ε, µ; Φ)(x, t), Ek(ε, µ; Φ)(x, t), B3(ε, µ; Φ)(x, t) and H3(ε, µ; Φ)(x, t), we denote the suffi-

ciently smooth solution to (1.1) and (1.2).

In this paper, we consider an inverse problem of determining (ε1(x), ε2(x), ε3(x), µ(x)) for

x ∈ Ω from the observation data

Dk(ε, µ; Φ)(x, t), B3(ε, µ; Φ)(x, t), (x, t) ∈ ∂Ω× (0, T ), k = 1, 2.

For inverse problems for Maxwell’s equations, we can refer to Romanov [18, 19], Romanov and

Kabanikhin [20], Sun and Uhlmann [21], Yamamoto [22, 23]. However, to our knowledge, there

are few results on inverse problems of determining the coefficients in the constitutive relations

for Maxwell’s equations in an anisotropic medium with a finite number of measurements. This

is the motivation of our consideration. In this paper, we will establish the uniqueness and the

2



Lipschitz stability for our inverse problem with a finite number of measurements provided that

unknown coefficients satisfy some a priori conditions.

To state our main results, we define some notation. Denote

λ =
√

inf
x∈Ω

|x− x0|2 > 0, Λ =
√

sup
x∈Ω

|x− x0|2 − λ2 > 0 (1.3)

with some fixed x0 =
(
x0

1, x
0
2

) ∈ R2 \ Ω.

The following sets are concerned with unknown coefficients (ε1k, ε2k, ε3k, µk) (k = 1, 2):

V = VM0,M1,δ,θ0,θ1

= {(a1, a2, a3) ∈ (C2(Ω))3 : ‖a1‖C2(Ω), ‖a3‖C2(Ω) < M1, ‖a2‖C2(Ω) < δ,

‖∇xa1‖C(Ω), ‖∇xa3‖C(Ω) < M0, a1(x), a3(x) > θ1, x ∈ Ω,

min
{

a1(x)
[
2 +

[
∂1

(
ln a1(x)

a3(x)

)]
· (x1 − x0

1)
]
, a3(x)

[
2−

[
∂2

(
ln a1(x)

a3(x)

)]
· (x2 − x0

2)
]}

−a1(x) [∂1 (ln a3(x))] · (x1 − x0
1)− a3(x) [∂2 (ln a1(x))] · (x2 − x0

2) > θ0, x ∈ Ω},

(1.4)

and

U = UM0,M1,δ,θ0,θ1,γ0,µ0

= {(ε1, ε2, ε3, µ) ∈ (
C2

(
Ω

))4 : ε2

ε1ε3−ε2
2

= γ0, µ = µ0 on ∂Ω;

‖ε1‖C2(Ω), ‖ε3‖C2(Ω), ‖µ‖C2(Ω) < M1;

ε1(x), ε3(x), ε1(x)ε3(x)− ε2
2(x), µ(x) > θ1, x ∈ Ω;

(
ε1

µ(ε1ε3−ε2
2)

, ε2

µ(ε1ε3−ε2
2)

, ε3

µ(ε1ε3−ε2
2)

)
∈ VM0,M1,δ,θ0,θ1 ;

‖Dk(ε, µ; Ψ(j))‖W 3,∞(G) , ‖B3(ε, µ; Ψ(j))‖W 3,∞(G) < M1 for k = 1, 2, j = 1, . . . , 5}

(1.5)

where M0 ≥ 0, M1 θ0, θ1 > 0, 0 ≤ δ < min {θ1, θ0/M3} and smooth functions γ0, µ0 on ∂Ω are

suitably given. Here

M3 = M3(M0,M1, θ1,Λ, λ) =
2
√

Λ2 + λ2

θ1

(
2

√
M1θ1

Λ2 + λ2
+ M0

√
M1

θ1
+ 3M0 + 2θ1

)
. (1.6)

The set U is an admissible set where unknown coefficients are considered, and we extra require

the last inequality in (1.4) as well as the positivity. If ‖∇εj‖C(Ω) (j = 1, 3), ‖ε2‖C2(Ω), and

‖∇µ‖C(Ω) are sufficiently small and ε1, ε3, ε1ε3 − ε2
2, µ> 0 on Ω, then

(
ε1

µ(ε1ε3 − ε2
2)

,
ε2

µ(ε1ε3 − ε2
2)

,
ε3

µ(ε1ε3 − ε2
2)

)
∈ VM0,M1,δ,θ0,θ1 .
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Therefore the set U is restrictive but can contain sufficiently many elements.

Furthermore we can take a constant β satisfying

0 < β < min





4λ2(θ1 − δ)(
Λ +

√
Λ2 + 4λ

√
θ1 − δ

)2 ,
4(θ0 −M3δ)2θ2

1(
5M0Λ

√
M1 +

√
25M2

0 Λ2M1 + 16(θ0 −M3δ)θ2
1

)2





. (1.7)

To guarantee the uniqueness and the stability of the inverse problem, we will use five sets of

the initial data: Ψ(j) = (d1(j), d2(j), b(j)), j = 1, . . . , 5, and we state our main result.

Theorem 1.1 (Stability). We assume that dk(j), b(j)∈ C2(Ω) (k = 1, 2, j = 1, . . . , 5) satisfy

dk(1)(x) = b(m)(x) = 0, x ∈ Ω, k = 1, 2, m = 2, . . . , 5, (1.8)

[∂1d1(m)](x) + [∂2d2(m)](x) = 0, x ∈ Ω, m = 2, . . . , 5, (1.9)

|b(1)(x)| ≥ θ2 > 0, x ∈ Ω, (1.10)

|det(Dk(x))| ≥ θ2 > 0, x ∈ Ω, k = 1, 2, (1.11)

with a constant θ2 > 0. Here we set

D1(x) =




[∂1d2(2)](x) −[∂2d1(2)](x) d2(2)(x) −d1(2)(x)

[∂1d2(3)](x) −[∂2d1(3)](x) d2(3)(x) −d1(3)(x)

[∂1d2(4)](x) −[∂2d1(4)](x) d2(4)(x) −d1(4)(x)

[∂1d2(5)](x) −[∂2d1(5)](x) d2(5)(x) −d1(5)(x)




, x ∈ Ω,

D2(x) =




D1(x)

0 2[∂1d1(2)](x) 0 0
...

...
...

...

0 2[∂1d1(5)](x) 0 0

2[∂1d1(2)](x) 0 0 0
...

...
...

...

2[∂1d1(5)](x) 0 0 0

D1(x)




, x ∈ Ω.

Let the observation time T > 0 satisfy

T >
Λ√
β

(1.12)
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where β satisfies (1.7). Then there exists a constant C > 0 such that

3∑

l=1

‖εl1 − εl2‖L2(Ω) + ‖µ1 − µ2‖L2(Ω)

≤ C
5∑

j=1

{
3∑

l=1

[
2∑

k=1

‖∂l∂t [Dk (ε1, µ1; Ψ(j))−Dk (ε2, µ2; Ψ(j))]‖L2(∂Ω×(0,T ))

+ ‖∂l∂t [B3 (ε1, µ1; Ψ(j))−B3 (ε2, µ2; Ψ(j))]‖L2(∂Ω×(0,T ))

]

+
2∑

k=1

‖∂t [Dk (ε1, µ1; Ψ(j))−Dk (ε2, µ2; Ψ(j))]‖L2(∂Ω×(0,T ))

+ ‖∂t [B3 (ε1, µ1; Ψ(j))−B3 (ε2, µ2; Ψ(j))]‖L2(∂Ω×(0,T ))

}

(1.13)

for all (ε1, µ1)=(ε11, ε21, ε31, µ1), (ε2, µ2) =(ε12, ε22, ε32, µ2)∈ U .

Here the constant C > 0 is independent of (ε1, µ1), (ε2, µ2) ∈ U . For the Lipschitz stability in

the inverse problem, we have to choose particular initial inputs dk(j), b(j), k = 1, 2, j = 1, . . . , 5

satisfying (1.8)–(1.11).

Similar kinds of positivity conditions are needed for inverse problems for a scalar hyperbolic

equation (e.g., [7]) and it is extremely difficult to relax those conditions drastically. Moreover

we need to change initial values five times and it may be possible to reduce the number, but

here we do not further exploit. We can choose dk(m) (k = 1, 2, m = 2, . . . , 5) satisfying (1.9)

and (1.11) as the following example shows.

Example. We assume that

0 /∈ Ω and Ω ∩ {
(x1, x2) ; x2

1 = x2
2

}
= ∅. (1.14)

We choose



d1(2)(x)

d1(3)(x)

d1(4)(x)

d1(5)(x)




=




x1

x2

x2
1

2x1x2




,




d2(2)(x)

d2(3)(x)

d2(4)(x)

d2(5)(x)




= −




x2

x1

2x1x2

x2
2




.

Then (1.9) is satisfied and

|det (D1(x))| = ∣∣2x1x2

(
x2

1 − x2
2

)∣∣ , |det (D2(x))| = 12x2
1x

2
2

(
x4

1 + x2
1x

2
2 + x4

2

)
,

so that (1.14) implies (1.11).
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In Section 2, we will show Carleman estimates as preliminaries for a hyperbolic equation and

a first-order differential equation. We will prove Theorem 1.1 in Section 3.

Our proof is based on the methodology of Bukhgeim and Klibanov [2] or Klibanov [13].

Their methodology is by means of a Carleman estimate and there are succeeding publications

[1], [4]–[12], [14], [15], [24] for example (see also the references therein). In this paper, we mainly

use the argument of [7] which modifies [2] and further apply the ideas in Chapter 3.5 in Klibanov

and Timonov [14] and Klibanov and Yamamoto [15] to prove the Lipschitz stability as well as

the uniqueness.

2 Carleman Estimate for A Hyperbolic Equation

For β, λ and x0∈ R2 \ Ω, we define the functions ψ = ψ(x, t) and ϕ = ϕ(x, t) by

ψ(x, t) = |x− x0|2 − βt2 − λ2, ϕ(x, t) = e%ψ(x,t) (2.1)

with some large parameter % > 0. We set Q = Ω × (−T, T ) for T > 0. Moreover we set, for

(x, t) ∈ Q,

(Pv) (x, t) =
(
∂2

t v
)
(x, t)− [

a1(x)
(
∂2
1v

)
(x, t) + 2a2(x) (∂1∂2v) (x, t) + a3(x)

(
∂2
2v

)
(x, t)

]
. (2.2)

We show a Carleman estimate for a general second-order hyperbolic equation in two dimen-

sions which is derived from Theorem 2.1 in [10] (or Theorem 3.2.1 in [9]).

Proposition 2.1. We assume that (a1, a2, a3)∈ V. Let β satisfy (1.7) and let ϕ(x, t), P

be given by (2.1), (2.2), respectively. Then there exists a constant 0 < ϑ < 1 such that for

T ∈
(
0, Λ√

β
+ ϑ

)
, for some % > 0, there exists a constant K1 = K1(ϑ,%, M0,M1, δ, θ0, θ1, β, Ω,

T , x0)> 0 such that
∫

Q

(
s|∇x,ty|2 + s3y2

)
e2sϕdxdt

≤ K1

(∫

Q
|Py|2e2sϕdxdt +

∫

∂Q

(
s|∇x,ty|2 + s3y2

)
e2sϕdσ

) (2.3)

for all s > K1 , provided that y ∈ H1(Q), Py ∈ L2(Q).

For the proof of Proposition 2.1, in terms of Theorem 2.1 in [10], it is sufficient to verify

that the weight function ϕ given by (2.1) satisfies some conditions called the pseudoconvexity
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for (a1, a2, a3) ∈ V. For completeness, we will give the verification of these conditions in the

appendix.

Proposition 2.2. Let ϕ(x, t) be given by (2.1). Then there exists K2 > 0 such that for

s > K2 we have ∫

Ω
s|w|2e2sϕ(x,0)dx ≤ K2

∫

Ω
|∇w|2 e2sϕ(x,0)dx

for all w ∈ C1
0

(
Ω

)
.

For the proof of Proposition 2.2, we refer to Lemma 3.6 in [4].

3 Proof of Theorem 1.1

We note that 0 < ϑ < 1 and % > 0 are given in Proposition 2.1, β > 0 and ϕ are given by (1.7)

and (2.1) respectively, and (εk, µk) ∈ U (k = 1, 2). For any ϑ0 ∈ (0, ϑ), we set

T =
Λ√
β

+ ϑ0. (3.1)

Then T ∈ (0, Λ√
β

+ ϑ) and under the assumption of Proposition 2.1, Carleman estimate (2.3)

holds on Q ≡ Ω× (−T, T ).

In order to prove Theorem1.1, it suffices to prove Theorem 1.1 for T which is given by (3.1).

We extend the functions Dk(εl, µl; Ψ(j)), Ek(εl, µl; Ψ(j)), B3(εl, µl; Ψ(j)) and H3(εl, µl; Ψ(j))

(k, l= 1, 2 and j= 1, . . . , 5) from G = Ω× (0, T ) by the following formulae:

Dk(εl, µl; Ψ(m))(x, t) = Dk(εl, µl; Ψ(m))(x,−t), Ek(εl, µl; Ψ(m))(x, t) = Ek(εl, µl; Ψ(m))(x,−t),

B3(εl, µl; Ψ(m))(x, t) = −B3(εl, µl; Ψ(m))(x,−t), H3(εl, µl; Ψ(m))(x, t) = −H3(εl, µl; Ψ(m))(x,−t),

Dk(εl, µl; Ψ(1))(x, t) = −Dk(εl, µl; Ψ(1))(x,−t), Ek(εl, µl; Ψ(1))(x, t) = −Ek(εl, µl; Ψ(1))(x,−t),

B3(εl, µl; Ψ(1))(x, t) = B3(εl, µl; Ψ(1))(x,−t), H3(εl, µl; Ψ(1))(x, t) = H3(εl, µl; Ψ(1))(x,−t)

for all (x, t) ∈ Ω× (−T, 0), k, l = 1, 2, and m= 2, . . . , 5. For simplicity, we denote the extended

functions by the same notation. By (1.8), we have Dk(εl, µl; Ψ(1))(·, 0) = B3(εl, µl; Ψ(m))(·, 0)=

0 in Ω for k, l = 1, 2 and m = 2, . . . , 5. Therefore, for k, l = 1, 2, m = 2, . . . , 5, and j = 1, . . . , 5,
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by (1.1), (1.2), and Dk(εl, µl; Ψ(j)), B3(εl, µl; Ψ(j))∈ W 3,∞(G), we can verify that

H3(εl, µl; Ψ(m))(·, 0) = (∂tDk(εl, µl; Ψ(m))) (·, 0) = (∂tEk(εl, µl; Ψ(m))) (·, 0)

=
(
∂2

t B3(εl, µl; Ψ(m))
)
(·, 0) =

(
∂2

t H3(εl, µl; Ψ(m))
)
(·, 0) = Ek(εl, µl; Ψ(1))(·, 0)

= (∂tB3(εl, µl; Ψ(1))) (·, 0) = (∂tH3(εl, µl; Ψ(1))) (·, 0) =
(
∂2

t Dk(εl, µl; Ψ(1))
)
(·, 0)

=
(
∂2

t Ek(εl, µl; Ψ(1))
)
(·, 0) = 0 in Ω.

Therefore, Dk(εl, µl; Ψ(j)), B3(εl, µl; Ψ(j))∈ W 3,∞(Q), and in both (1.1) and (1.2), G and Σ can

be replaced with Q and ∂Ω× (−T, T ), respectively.

For all (x, t) ∈ Q, k = 1, 2, j = 1, . . . , 5 and m, l = 1, 2, 3, we set

yk(x, t; j) = [∂tDk(ε1, µ1; Ψ(j))] (x, t)− [∂tDk(ε2, µ2; Ψ(j))] (x, t),

y3(x, t; j) = [∂tB3(ε1, µ1; Ψ(j))] (x, t)− [∂tB3(ε2, µ2; Ψ(j))] (x, t),

Rk(x, t; j) = [∂tDk(ε2, µ2; Ψ(j))] (x, t), R3(x, t; j) = [∂tB3(ε2, µ2; Ψ(j))] (x, t),

zml(x, t; j) = ∂myl(x, t; j), Y (x, t; j) = (y1, y2, y3) (x, t; j), |Y (x, t; j)|2 =
3∑

l=1

|yl(x, t; j)|2,

Z(x, t; j) = (zml(x, t; j))1≤m,l≤3 , |Z(x, t; j)|2 =
3∑

m,l=1

|zml(x, t; j)|2,

γlk(x) =
εlk(x)

ε1k(x)ε3k(x)− ε2
2k(x)

, fl(x) = γl2(x)− γl1(x),

f4(x) =
1

µ2(x)
− 1

µ1(x)
, f5(x) = ∂1f1(x) + ∂2f2(x), f6(x) = ∂1f2(x) + ∂2f3(x).

Moreover we set (F1, F2, F3, F4)(x) =∂1(f1, f3, f5, f6)(x), (F5, F6, F7, F8)(x) =∂2(f1, f3, f5,

f6)(x), and

F(x) =
2∑

k,l=1

|(∂k∂lf4) (x)|2 +
∑

1≤k≤2
1≤l≤6

|∂kfl(x)|2 +
6∑

l=1

|fl(x)|2 (3.2)

for x ∈ Ω. Then we have, for j = 1, . . . , 5 and m, l = 1, 2, 3, yl(·; j), Rl(·; j) ∈ W 2,∞(Q),

zml(·; j) ∈ W 1,∞(Q),

∂ty1(·; j)− ∂2

[
1
µ1

y3(·; j)
]

= −∂2 [f4R3(·; j)] in Q, (3.3)

∂ty2(·; j) + ∂1

[
1
µ1

y3(·; j)
]

= ∂1 [f4R3(·; j)] in Q, (3.4)
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∂ty3(·; j) + ∂1 [−γ21y1(·; j) + γ11y2(·; j)]− ∂2 [γ31y1(·; j)− γ21y2(·; j)]
= [∂1R2(·; j)] f1 − 2 [∂1R1(·; j)] f2 − [∂2R1(·; j)] f3 + R2(·; j)f5 −R1(·; j)f6 in Q,

(3.5)

(∂1y1) (·; j) + (∂2y2) (·; j) = 0 in Q, (3.6)

y1(·, 0; j) = −∂2 [f4b(j)] , y2(·, 0; j) = ∂1 [f4b(j)] in Ω, (3.7)

y3(·, 0; j) = [∂1d2(j)] f1 − 2 [∂1d1(j)] f2 − [∂2d1(j)] f3 + [d2(j)]f5 − [d1(j)]f6 in Ω. (3.8)

In fact, by (1.2), we have

H3(ε1, µ1; Ψ(j))−H3(ε2, µ2; Ψ(j)) = 1
µ1

B3(ε1, µ1; Ψ(j))− 1
µ2

B3(ε2, µ2; Ψ(j))

= 1
µ1

[B3(ε1, µ1; Ψ(j))−B3(ε2, µ2; Ψ(j))]− f4B3(ε2, µ2; Ψ(j)) in Q.
(3.9)

Using (1.2) and noting

 ε1k ε2k

ε2k ε3k





 γ3k −γ2k

−γ2k γ1k


 =


 1 0

0 1


 on Ω, k = 1, 2,

we have,

 E1(ε1, µ1; Ψ(j))− E1(ε2, µ2; Ψ(j))

E2(ε1, µ1; Ψ(j))− E2(ε2, µ2; Ψ(j))




=


 γ31 −γ21

−γ21 γ11





 D1(ε1, µ1; Ψ(j))

D2(ε1, µ1; Ψ(j))


−


 γ32 −γ22

−γ22 γ12





 D1(ε2, µ2; Ψ(j))

D2(ε2, µ2; Ψ(j))




=


 γ31 −γ21

−γ21 γ11





 D1(ε1, µ1; Ψ(j))−D1(ε2, µ2; Ψ(j))

D2(ε1, µ1; Ψ(j))−D2(ε2, µ2; Ψ(j))




−

 f3 −f2

−f2 f1





 D1(ε2, µ2; Ψ(j))

D2(ε2, µ2; Ψ(j))


 in Q.

(3.10)

Differentiating (3.9) and (3.10) with respect to t and noting t-independence of µ1, γl1, fl (l = 1,

2, 3), f4, we have

[∂tH3(ε1, µ1; Ψ(j))] (·)− [∂tH3(ε2, µ2; Ψ(j))] (·) =
1
µ1

y3(·; j)− f4R3(·; j), (3.11)


 [∂tE1(ε1, µ1; Ψ(j))] (·)− [∂tE1(ε2, µ2; Ψ(j))] (·)

[∂tE2(ε1, µ1; Ψ(j))] (·)− [∂tE2(ε2, µ2; Ψ(j))] (·)




=


 γ31 −γ21

−γ21 γ11





 y1(·; j)

y2(·; j)


−


 f3 −f2

−f2 f1





 R1(·; j)

R2(·; j)


 in Q.

(3.12)
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By (1.1), we have

y1(·; j) = {∂2 [H3(ε1, µ1; Ψ(j))−H3(ε2, µ2; Ψ(j))]} (·), (3.13)

y2(·; j) = −{∂1 [H3(ε1, µ1; Ψ(j))−H3(ε2, µ2; Ψ(j))]} (·), (3.14)

y3(·; j) = −{∂1 [E2(ε1, µ1; Ψ(j))−E2(ε2, µ2; Ψ(j))]} (·)
+ {∂2 [E1(ε1, µ1; Ψ(j))− E1(ε2, µ2; Ψ(j))]} (·) in Q.

(3.15)

Differentiating (3.13) and (3.14) with respect to t and using (3.11), we can obtain (3.3) and

(3.4). Differentiating (3.15) with respect to t and using (3.12), we have

∂ty3(·; j) + ∂1 [−γ21y1(·; j) + γ11y2(·; j)]− ∂2 [γ31y1(·; j)− γ21y2(·; j)]
= −∂1 [f2R1(·; j)− f1R2(·; j)] + ∂2 [−f3R1(·; j) + f2R2(·; j)]
= [∂1R2(·; j)] f1 + [∂2R2(·; j)− ∂1R1(·; j)] f2 − [∂2R1(·; j)] f3

− (∂1f2 + ∂2f3) R1(·; j) + (∂1f1 + ∂2f2) R2(·; j) in Q.

Therefore, using ∂1R1(·; j)+∂2R2(·; j) = 0 in Q and noting the definitions of f5 and f6, we have

(3.5). By (1.1), we have (3.6). Moreover, by (1.1), (3.9), (3.13) and (3.14), we can obtain (3.7).

By (1.1), (3.10) and (3.15), we have

y3(·, 0; j) = −∂1 [f2d1(j)− f1d2(j)] + ∂2 [−f3d1(j) + f2d2(j)]

= [∂1 (d2(j))] f1 + [∂2d2(j)− ∂1d1(j)] f2 − [∂2 (d1(j))] f3

− (∂1f2 + ∂2f3) d1(j) + (∂1f1 + ∂2f2) d2(j) in Ω.

Therefore, using (1.8) and (1.9) and noting the definitions of f5 and f6, we have (3.8).

Furthermore, for j = 1, . . . , 5, by the extensions of Dk(εl, µl; Ψ(j)), B3(εl, µl; Ψ(j)) (k, l =

1, 2), and the definitions of Y (·; j), Z(·; j), we see that

|Y (·, t; j)| = |Y (·,−t; j)| , |Z(·, t; j)| = |Z(·,−t; j)| , t > 0. (3.16)

Differentiating (3.3) with respect to t, we have

∂2
t y1(·; j)− ∂2

[
1
µ1

(∂ty3(·; j))
]

= −∂2 [f4 (∂tR3(·; j))] in Q (3.17)
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for j = 1, . . . , 5. We can replace ∂ty3(·; j) in the second term of (3.17) by using (3.5) and obtain

that

∂2
t y1(·; j)− γ21

µ1
∂1∂2y1(·; j) + γ11

µ1
∂1∂2y2(·; j)− γ31

µ1
∂2

2y1(·; j) + γ21

µ1
∂2

2y2(·; j)
= A1 (·; j; Z(·; j), Y (·; j)) + ∂2

{
1
µ1

[(∂1R2(·; j)) f1 − 2 (∂1R1(·; j)) f2

− (∂2R1(·; j)) f3 + R2(·; j)f5 −R1(·; j)f6]} − ∂2 {f4 [∂tR3(·; j)]} in Q

(3.18)

for j = 1, . . . , 5. Here and henceforth, Ak(·; j; Z(·; j), Y (·; j)) (k = 1, 2, . . . ) denote linear func-

tions of elements of Z(·; j) and Y (·; j) with C
(
Ω

)
-coefficients. Furthermore, we can replace

∂2y2(·; j) in the left-hand side of (3.18) with −∂1y1(·; j) by using (3.6) and arrive at

∂2
t y1(·; j)−

[
γ11

µ1
∂2

1y1(·; j) + 2γ21

µ1
∂1∂2y1(·; j) + γ31

µ1
∂2

2y1(·; j)
]

= A1 (·; j; Z(·; j), Y (·; j)) + ∂2

{
1
µ1

[(∂1R2(·; j)) f1 − 2 (∂1R1(·; j)) f2

− (∂2R1(·; j)) f3 + R2(·; j)f5 −R1(·; j)f6]} − ∂2 {f4 [∂tR3(·; j)]} in Q

for j = 1, . . . , 5. By the same argument, we can obtain that

∂2
t y2(·; j)−

[
γ11

µ1
∂2

1y2(·; j) + 2γ21

µ1
∂1∂2y2(·; j) + γ31

µ1
∂2

2y2(·; j)
]

= A2 (·; j;Z(·; j), Y (·; j))− ∂1

{
1
µ1

[(∂1R2(·; j)) f1 − 2 (∂1R1(·; j)) f2

− (∂2R1(·; j)) f3 + R2(·; j)f5 −R1(·; j)f6]}+ ∂1 {f4 [∂tR3(·; j)]} in Q,

∂2
t y3(·; j)−

[
γ11

µ1
∂2

1y3(·; j) + 2γ21

µ1
∂1∂2y3(·; j) + γ31

µ1
∂2

2y3(·; j)
]

= A3 (·; j; Z(·; j), Y (·; j))− ∂1 {γ21 [∂2 (f4R3(·; j))] + γ11 [∂1 (f4R3(·; j))]}
−∂2 {γ31 [∂2 (f4R3(·; j))] + γ21 [∂1 (f4R3(·; j))]}+ [∂1∂tR2(·; j)] f1 − 2 [∂1∂tR1(·; j)] f2

− [∂2∂tR1(·; j)] f3 + [∂tR2(·; j)] f5 − [∂tR1(·; j)] f6 in Q

for j = 1, . . . , 5. Therefore, by (ε1, µ1) ∈ U , we have
(

γ11

µ1
, γ21

µ1
, γ31

µ1

)
∈ V and can apply Proposi-

tion 2.1 to yl(·; j) (l = 1, 2, 3), so that by ‖Rl(·; j)‖W 2,∞(Q) ≤ M1 (l = 1, 2, 3),
∫

Q

(
s |Z(x, t; j)|2 + s3 |Y (x, t; j)|2

)
e2sϕ(x,t)dxdt

≤ C1

{∫

Q
F(x)e2sϕ(x,t)dxdt+

∫

Ω

(
s |Z(x, T ; j)|2 + s3 |Y (x, T ; j)|2

)
e2sϕ(x,T )dx

+s3e2sΦΘ +
∫

Ω

(
s |Z(x,−T ; j)|2 + s3 |Y (x,−T ; j)|2

)
e2sϕ(x,−T )dx

}
(3.19)

for all sufficiently large s > 0 and j = 1, . . . , 5 where Φ ≡ e%Λ2 ≥ 1 and

Θ ≡
5∑

j=1

∫ T

−T

∫

∂Ω

(
|Z(x, t; j)|2 + |Y (x, t; j)|2

)
dσdt. (3.20)
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Here and henceforth, Ck (k = 1, 2, . . . ), C?, C?? denote positive constants which are dependent

on Ω, T , x0, Ψ(1), Ψ(2), Ψ(3), Ψ(4), Ψ(5), M0, M1, δ, θ0, θ1, θ2, γ0, µ0, %, β, but independent

of s and η. By (3.16), we can eliminate the last term in (3.19).

Noting the definition of (zml(·; j))1≤m,l≤3 and differentiating (3.3)-(3.5) with respect to xm,

we can obtain that

∂tzm1(·; j)− ∂2

[
1
µ1

zm3(·; j)
]

= A3m+1 (·; j; Z(·; j), Y (·; j))− ∂2∂m [f4R3(·; j)] in Q, (3.21)

∂tzm2(·; j) + ∂1

[
1
µ1

zm3(·; j)
]

= A3m+2 (·; j; Z(·; j), Y (·; j)) + ∂1∂m [f4R3(·; j)] in Q, (3.22)

∂tzm3(·; j) + ∂1 [−γ21zm1(·; j) + γ11zm2(·; j)]− ∂2 [γ31zm1(·; j)− γ21zm2(·; j)]
= A3m+3 (·; j; Z(·; j), Y (·; j)) + ∂m {[∂1R2(·; j)] f1 − 2 [∂1R1(·; j)] f2

− [∂2R1(·; j)] f3 + R2(·; j)f5 −R1(·; j)f6} in Q

(3.23)

for m = 1, 2, 3 and j = 1, . . . , 5. For any −T ≤ t1 < t2 ≤ T , s ≥ 0 and η > 0, multiplying (3.21),

(3.22) and (3.23) by [γ31zm1(·; j) −γ21zm2(·; j)] e2sϕ−ηt, [−γ21zm1(·; j) +γ11zm2(·; j)] e2sϕ−ηt,

and zm3(·;j)
µ1

e2sϕ−ηt respectively, adding them and integrating over Ω × (t1, t2), we can obtain

that
∫ t2

t1

∫

Ω

{
1
2
∂tZm(x, t; j)− ∂2

[
zm3(x, t; j)

µ1(x)
(γ31(x)zm1(x, t; j)− γ21(x)zm2(x, t; j))

]

+∂1

[
zm3(x, t; j)

µ1(x)
(−γ21(x)zm1(x, t; j) + γ11(x)zm2(x, t; j))

]}
e2sϕ(x,t)−ηtdxdt

=
∫ t2

t1

∫

Ω

{
3∑

l=1

A9+3m+l (x, t; j; Z(·; j), Y (·; j)) zml(x, t; j)

− [∂2∂m (f4(x)R3(x, t; j))] [γ31(x)zm1(x, t; j)− γ21(x)zm2(x, t; j)]

+ [∂1∂m (f4(x)R3(x, t; j))] [−γ21(x)zm1(x, t; j) + γ11(x)zm2(x, t; j)]

+ {∂m [(∂1R2(x, t; j)) f1(x)− 2 (∂1R1(x, t; j)) f2(x)− (∂2R1(x, t; j)) f3(x)

+R2(x, t; j)f5(x)−R1(x, t; j)f6(x)]} zm3(x, t; j)
µ1(x)

}
e2sϕ(x,t)−ηtdxdt

(3.24)

where Zm(·; j) ≡ γ31z
2
m1(·; j) − 2γ21zm1(·; j)zm2(·; j) + γ11z

2
m2(·; j) + z2

m3(·;j)
µ1

, m = 1, 2, 3, and

j = 1, . . . , 5. We denote the left- and the right-hand sides of (3.24) by I1jm and I2jm respectively.
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Integrating by parts, we can obtain that

I1jm =
1
2

∫

Ω
Zm(x, t2; j)e2sϕ(x,t2)−ηt2dx− 1

2

∫

Ω
Zm(x, t1; j)e2sϕ(x,t1)−ηt1dx

+
∫ t2

t1

∫

∂Ω

{
zm3(x, t; j)

µ1(x)
[−γ21(x)zm1(x, t; j) + γ11(x)zm2(x, t; j)] ν1(x)

−zm3(x, t; j)
µ1(x)

[γ31(x)zm1(x, t; j)− γ21(x)zm2(x, t; j)] ν2(x)
}

e2sϕ(x,t)−ηtdσdt

−1
2

∫ t2

t1

∫

Ω
Zm(x, t; j) [2s (∂tϕ(x, t))− η] e2sϕ(x,t)−ηtdxdt

−2s

∫ t2

t1

∫

Ω

{
zm3(x, t; j)

µ1(x)
[−γ21(x)zm1(x, t; j) + γ11(x)zm2(x, t; j)] [∂1ϕ(x, t)]

−zm3(x, t; j)
µ1(x)

[γ31(x)zm1(x, t; j)− γ21(x)zm2(x, t; j)] [∂2ϕ(x, t)]
}

e2sϕ(x,t)−ηtdxdt

for m = 1, 2, 3, j = 1, . . . , 5, η > 0, and s ≥ 0. Therefore, by the definition of ϕ, the inequality:

2|ab| ≤ a2 + b2 and (ε1, µ1) ∈ U , we have

I1jm ≥ 1
2

∫

Ω
Zm(x, t2; j)e2sϕ(x,t2)−ηt2dx− 1

2

∫

Ω
Zm(x, t1; j)e2sϕ(x,t1)−ηt1dx

+
η

2

∫ t2

t1

∫

Ω
Zm(x, t; j)e2sϕ(x,t)−ηtdxdt− C2

∫ t2

t1

∫

∂Ω
e2sϕ(x,t)−ηt

3∑

l=1

|zml(x, t; j)|2 dσdt

−C3s

∫ t2

t1

∫

Ω
e2sϕ(x,t)−ηt

3∑

l=1

|zml(x, t; j)|2 dxdt

(3.25)

for m = 1, 2, 3, j = 1, . . . , 5, η > 0, and s ≥ 0. Furthermore, by (3.2), the definition of Zm(·; j),
the inequality: 2|ab| ≤ a2 + b2, (ε1, µ1) ∈ U , and ‖Rl(·; j)‖W 2,∞(Q) < M1 (l = 1, 2, 3), we can

obtain

I2jm ≤ C?

∫ t2

t1

∫

Ω

(
|Z(x, t; j)|2 + |Y (x, t; j)|2

)
e2sϕ(x,t)−ηtdxdt

+C4

∫ t2

t1

∫

Ω
F(x)e2sϕ(x,t)−ηtdxdt

(3.26)

for m = 1, 2, 3, j = 1, . . . , 5, η > 0, and s ≥ 0. By (ε1, µ1) ∈ U , we have µ1(x), γ11(x)/µ1(x),

γ31(x)/µ1(x) > θ1 for x ∈ Ω, ‖µ1‖C2(Ω) < M1, and ‖γ21

µ1
‖C2(Ω) < δ. Therefore, by the inequality:

2|ab| ≤ a2 + b2, δ < θ1 and the definition of Zm(·; j), we have

1
2
Zm(x, t; j) ≥ µ1(x)

2
{
θ1z

2
m1 − δ

(
z2
m1 + z2

m2

)
+ θ1z

2
m2

}
(x, t; j) +

1
2µ1(x)

z2
m3(x, t; j)

≥ θ1

2
(θ1 − δ)

(
z2
m1 + z2

m2

)
(x, t; j) +

1
2M1

z2
m3(x, t; j) ≥ h

3∑

l=1

z2
ml(x, t; j)

(3.27)
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where (x, t) ∈ Q, j = 1, . . . , 5, m = 1, 2, 3, and h = min {θ1(θ1 − δ), 1/M1} /2 > 0. Summing

(3.24) over m = 1, 2, 3 and using (3.25), (3.26), and (3.27), we can obtain that

h

∫

Ω
|Z(x, t2; j)|2 e2sϕ(x,t2)−ηt2dx + ηh

∫ t2

t1

∫

Ω
|Z(x, t; j)|2 e2sϕ(x,t)−ηtdxdt

≤ C5

{∫

Ω
|Z(x, t1; j)|2 e2sϕ(x,t1)−ηt1dx +

∫ t2

t1

∫

∂Ω
|Z(x, t; j)|2 e2sϕ(x,t)−ηtdσdt

+s

∫ t2

t1

∫

Ω
|Z(x, t; j)|2 e2sϕ(x,t)−ηtdxdt +

∫ t2

t1

∫

Ω
F(x)e2sϕ(x,t)−ηtdxdt

}

+3C?

∫ t2

t1

∫

Ω

(
|Z(x, t; j)|2 + |Y (x, t; j)|2

)
e2sϕ(x,t)−ηtdxdt

(3.28)

for j = 1, . . . , 5, η > 0, and s ≥ 0. Moreover, using (3.3)-(3.5) and repeating the procedure of

deriving (3.28) from (3.21)-(3.23), we can obtain

h

∫

Ω
|Y (x, t2; j)|2 e2sϕ(x,t2)−ηt2dx + ηh

∫ t2

t1

∫

Ω
|Y (x, t; j)|2 e2sϕ(x,t)−ηtdxdt

≤ C6

{∫

Ω
|Y (x, t1; j)|2 e2sϕ(x,t1)−ηt1dx +

∫ t2

t1

∫

∂Ω
|Y (x, t; j)|2 e2sϕ(x,t)−ηtdσdt

+s

∫ t2

t1

∫

Ω
|Y (x, t; j)|2 e2sϕ(x,t)−ηtdxdt +

∫ t2

t1

∫

Ω
F(x)e2sϕ(x,t)−ηtdxdt

}

+C??

∫ t2

t1

∫

Ω
|Y (x, t; j)|2 e2sϕ(x,t)−ηtdxdt

(3.29)

for j = 1, . . . , 5, η > 0 and s ≥ 0. Adding (3.28) and (3.29), taking η > (3C? + C??) /h, and

noting −T ≤ t1 < t2 ≤ T and (3.20), we can obtain that
∫

Ω

(
|Z(x, t2; j)|2 + |Y (x, t2; j)|2

)
e2sϕ(x,t2)dx

≤ C7

{∫

Ω

(
|Z(x, t1; j)|2 + |Y (x, t1; j)|2

)
e2sϕ(x,t1)dx + e2sΦΘ

+
∫

Q
F(x)e2sϕ(x,t)dxdt + s

∫

Q

(
|Z(x, t; j)|2 + |Y (x, t; j)|2

)
e2sϕ(x,t)dxdt

}
(3.30)

for j = 1, . . . , 5 and s ≥ 0.

Taking t2 = 0, t1 = −T , and s > 0 sufficiently large in (3.30), we can appply (3.19) to
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replace the last term in (3.30) and arrive at
∫

Ω

(
|Z(x, 0; j)|2 + |Y (x, 0; j)|2

)
e2sϕ(x,0)dx

≤ C8

{∫

Ω

(
|Z(x,−T ; j)|2 + |Y (x,−T ; j)|2

)
e2sϕ(x,−T )dx + s3e2sΦΘ

+
∫

Q
F(x)e2sϕ(x,t)dxdt +

∫

Ω

(
s |Z(x, T ; j)|2 + s3 |Y (x, T ; j)|2

)
e2sϕ(x,T )dx

}

≤ C9

{
s3e2sΥ

∫

Ω

(
|Z(x, T ; j)|2 + |Y (x, T ; j)|2

)
dx + s3e2sΦΘ

+
∫

Q
F(x)e2sϕ(x,t)dxdt

}

(3.31)

for all sufficiently large s > 0 and j = 1, . . . , 5. For the second inequality in (3.31), we have used

(3.16) and ϕ(x, T ) = ϕ(x,−T ) = e%(|x−x0|2−βT 2−λ2) ≤ Υ ≡ e%(Λ2−βT 2). By (1.12), we see that

0 < Υ < 1. (3.32)

Furthermore, taking t2 = T , t1 = 0 and s = 0 in (3.30), we see that
∫

Ω

(
|Z(x, T ; j)|2 + |Y (x, T ; j)|2

)
dx

≤ C10

{∫

Ω

(
|Z(x, 0; j)|2 + |Y (x, 0; j)|2

)
dx + Θ +

∫

Q
F(x)dxdt

} (3.33)

for j = 1, . . . , 5. Substituting (3.33) into (3.31), we obtain
∫

Ω

(
|Z(x, 0; j)|2 + |Y (x, 0; j)|2

)
e2sϕ(x,0)dx ≤ C11

{
s3e2sΦΘ

+
∫

Q
F(x)

(
e2sϕ(x,t) + s3e2sΥ

)
dxdt +

∫

Ω
s3e2sΥ

(
|Z(x, 0; j)|2 + |Y (x, 0; j)|2

)
dx

} (3.34)

for all sufficiently large s > 0 and j = 1, . . . , 5. Here we have used Υ ≤ Φ. By

ϕ(x, 0) = e%(|x−x0|2−λ2) ≥ 1, x ∈ Ω (3.35)

and (3.32), we have

0 ≤ s3e2sΥ ≤ s3e2s(Υ−1)e2sϕ(x,0) for x ∈ Ω and lim
s→∞ s3e2s(Υ−1) = 0. (3.36)

Therefore, we can eliminate the last term in (3.34). Then, summing (3.34) over j = 1, . . . , 5 ,

we can obtain that
5∑

j=1

∫

Ω

(
|Z(x, 0; j)|2 + |Y (x, 0; j)|2

)
e2sϕ(x,0)dx

≤ C12

{
s3e2sΦΘ +

∫

Q
F(x)

(
e2sϕ(x,t) + s3e2sΥ

)
dxdt

} (3.37)
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for all sufficiently large s > 0.

One the other hand, by (1.10), (3.7), and the definitions of Z(·; j), Y (·; j), we have

2∑

k=1

|∂kf4|2 ≤ C13

(
|Y (·, 0; 1)|2 + |f4|2

)
in Ω, (3.38)

2∑

k,l=1

|∂l∂kf4|2 ≤ C14

(
|Z(·, 0; 1)|2 +

2∑

k=1

|∂kf4|2 + |f4|2
)

in Ω. (3.39)

Furthermore, by (3.8) and the definitions of Z(·; j), Y (·; j) and D1, we see that

D1




f1

f3

f5

f6




=




y3(·, 0; 2)

y3(·, 0; 3)

y3(·, 0; 4)

y3(·, 0; 5)




+ 2




[∂1d1(2)] f2

[∂1d1(3)] f2

[∂1d1(4)] f2

[∂1d1(5)] f2




in Ω, (3.40)

D1




∂kf1

∂kf3

∂kf5

∂kf6




=




zk3(·, 0; 2)

zk3(·, 0; 3)

zk3(·, 0; 4)

zk3(·, 0; 5)




+ 2




∂k {[∂1d1(2)] f2}
∂k {[∂1d1(3)] f2}
∂k {[∂1d1(4)] f2}
∂k {[∂1d1(5)] f2}



− (∂kD1)




f1

f3

f5

f6




in Ω (3.41)

where k = 1, 2. Noting the definitions of F1, F2, . . . , F8, f5, f6, we have

∂1f2 = f6 − F6, ∂2f2 = f5 − F1, in Ω. (3.42)

Noting the definition of D2 and using (3.41) and (3.42), we can obtain that

D2




F1

F2

...

F8




=




z13(·, 0; 2)
...

z13(·, 0; 5)

z23(·, 0; 2)
...

z23(·, 0; 5)




+2




[∂1d1(2)] f6

...

[∂1d1(5)] f6

[∂1d1(2)] f5

...

[∂1d1(5)] f5




+2f2




∂2
1d1(2)

...

∂2
1d1(5)

∂1∂2d1(2)
...

∂1∂2d1(5)




−

 ∂1D1

∂2D1







f1

f3

f5

f6




(3.43)

in Ω. Therefore, by (1.11), (3.40) and (3.43), we have

6∑

l=1

|fl|2 ≤ C15




5∑

j=2

|Y (·, 0; j)|2 + |f2|2 + |f4|2

 in Ω, (3.44)

16



8∑

l=1

|Fl|2 ≤ C16




5∑

j=2

|Z(·, 0; j)|2 +
6∑

l=1

|fl|2

 in Ω. (3.45)

Furthermore, by (3.42), we have

2∑

k=1

|∂kf2|2 ≤ C17

(|F1|2 + |F6|2 + |f5|2 + |f6|2
)

in Ω. (3.46)

Then it follows from (3.2), (3.38), (3.39), (3.44), (3.45) and (3.46) that

F ≤ C18





5∑

j=1

(
|Z(·, 0; j)|2 + |Y (·, 0; j)|2

)
+ |f2|2 + |f4|2



 in Ω. (3.47)

Consequently (3.37) and (3.47) imply
∫

Ω
F(x)e2sϕ(x,0)dx ≤ C19

{∫

Ω

(|f2(x)|2 + |f4(x)|2) e2sϕ(x,0)dx

+s3e2sΦΘ +
∫

Q
F(x)

(
e2sϕ(x,t) + s3e2sΥ

)
dxdt

} (3.48)

for all sufficiently large s > 0.

Noting (ε1, µ1) , (ε2, µ2) ∈ U and the definitions of f2, f4, we can apply Proposition 2.2, so

that
∫

Ω

(|f2(x)|2 + |f4(x)|2) e2sϕ(x,0)dx ≤ C20

s

∫

Ω

(
2∑

k=1

(|∂kf2(x)|2 + |∂kf4(x)|2)
)

e2sϕ(x,0)dx (3.49)

for all sufficiently large s > 0. By (3.2), (3.48) and (3.49), we can obtain
∫

Ω
F(x)e2sϕ(x,0)dx ≤ C21

{
s3e2sΦΘ +

∫

Q
F(x)

(
e2sϕ(x,t) + s3e2sΥ

)
dxdt

}
(3.50)

for all sufficiently large s > 0. By (3.35), we have

ϕ(x, t)− ϕ(x, 0) = e%(|x−x0|2−λ2)
(
e−%βt2 − 1

)
≤ e−%βt2 − 1

for (x, t) ∈ Q and consequently

e2sϕ(x,t) + s3e2sΥ =
(
e2s(ϕ(x,t)−ϕ(x,0)) + s3e2s(Υ−ϕ(x,0))

)
e2sϕ(x,0)

≤
(

e2s
�
e−%βt2−1

�
+ s3e2s(Υ−1)

)
e2sϕ(x,0), (x, t) ∈ Q.

Therefore we have∫

Q
F(x)

(
e2sϕ(x,t) + s3e2sΥ

)
dxdt

≤
{∫ T

−T

(
e2s
�
e−%βt2−1

�
+ s3e2s(Υ−1)

)
dt

}(∫

Ω
F(x)e2sϕ(x,0)dx

)
.

(3.51)
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Noting (3.32), we have

lim
s→∞

∫ T

−T

(
e2s
�
e−%βt2−1

�
+ s3e2s(Υ−1)

)
dt = 0. (3.52)

It follows from (3.35), (3.50), (3.51), and (3.52) that

∫

Ω
F(x)dx ≤ e−2s

∫

Ω
F(x)e2sϕ(x,0)dx ≤ C22s

3e−2s+2sΦΘ

for all sufficiently large s > 0. Hence, taking s > 0 sufficiently large, and noting (3.2), we obtain

that ∫

Ω

(
4∑

l=1

|fl(x)|2
)

dx ≤
∫

Ω
F(x)dx ≤ C23Θ. (3.53)

Moreover, by direct calculations, we can verify that µ1 − µ2 = µ1µ2f4 and

εl2 − εl1 =
fl

(
γ11γ31 − γ2

21

)
+ γl1 [(γ22 + γ21) f2 − γ12f3 − γ31f1](

γ12γ32 − γ2
22

) (
γ11γ31 − γ2

21

)

in Ω where l = 1, 2, 3. Therefore we have

3∑

l=1

‖εl1 − εl2‖L2(Ω) + ‖µ1 − µ2‖L2(Ω) ≤ C24

4∑

l=1

‖fl‖L2(Ω) . (3.54)

In terms of (3.16), (3.20), (3.53), (3.54) and the definitions of Z(·; j), Y (·; j) (j = 1, . . . , 5),

the proof of Theorem1.1 is complete.
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Appendix. Verification of the conditions for Carleman estimate (2.3)

We note that P and β > 0 are given by (2.2) and (1.7) respectively, x0 ∈ R2 \ Ω and

T ∈
(
0, Λ√

β
+ ϑ

)
where 0 < ϑ < 1 is sufficiently small.

We set

P (x; ζ) = −ζ2
3 + a1(x)ζ2

1 + 2a2(x)ζ1ζ2 + a3(x)ζ2
2 , x ∈ Ω, ζ = (ζ1, ζ2, ζ3) ∈ C3. (A.1)
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Then, under the condition (a1, a2, a3) ∈ V, we have to verify that ψ(x, t)= |x− x0|2 − βt2 − λ2

satisfies (A.2), (A.3) and (A.5):

|(∇x,tψ) (x, t)| > 0, (x, t) ∈ Q. (A.2)

I ≡
3∑

j,k=1

(∂j∂kψ)(x, t)
∂P

∂ζj

∂P

∂ζk
(x; ξ) + lim

τ→0
τ−1=

3∑

k=1

(∂kP )
∂P

∂ζk

(
x; ξ +

√−1τ(∇x,tψ)(x, t)
) ≥ K|ξ|2 (A.3)

for some positive constant K, for any ξ = (ξ1, ξ2, ξ3) ∈ R3 and any point (x, t) of Q such that

P (x; ξ) = 0,
3∑

j=1

∂P

∂ζj
(x; ξ)(∂jψ)(x, t) = 0. (A.4)

P (x; (∇x,tψ)(x, t)) 6= 0 for all (x, t) ∈ Q. (A.5)

Here = means the imaginary part. Then by Theorem 2.1 in [10] we see Carleman estimate (2.3).

First, by direct calculations, we have

(∇x,tψ)(x, t) =
(
2(x1 − x0

1), 2(x2 − x0
2),−2βt

)
,

(∂1∂2ψ)(x, t) = (∂1∂3ψ)(x, t) = (∂2∂3ψ)(x, t) = 0,

(∂2
1ψ)(x, t) = (∂2

2ψ)(x, t) = 2, (∂2
3ψ)(x, t) = −2β,

(∂kP )(x; ζ) = (∂ka1)(x)ζ2
1 + 2(∂ka2)ζ1ζ2 + (∂ka3)(x)ζ2

2 for k = 1, 2, (∂3P )(x; ζ) = 0,

∂P

∂ζ1
(x; ζ) = 2a1(x)ζ1 + 2a2(x)ζ2,

∂P

∂ζ2
(x; ζ) = 2a2(x)ζ1 + 2a3(x)ζ2,

∂P

∂ζ3
(x; ζ) = −2ζ3.

Verification of (A.2)

By x0 ∈ R2 \Ω, we have |(∇x,tψ)(x, t)|2 = 4|x− x0|2 + 4β2t2 > 0 for (x, t) ∈ Q. Therefore (A.2)

has been verified.

Verification of (A.3)

By direct calculations, we have, for x ∈ Ω,

I = 8
{

[a1(x)ξ1 + a2(x)ξ2]
2 + [a2(x)ξ1 + a3(x)ξ2]

2 − βξ2
3

}

+4
2∑

k=1

{
2 [ak(x)ξ1 + ak+1(x)ξ2]

[
(∂ka1(x))(x1 − x0

1)ξ1 + (∂ka3(x))(x2 − x0
2)ξ2

+(∂ka2(x))
(
(x2 − x0

2)ξ1 + (x1 − x0
1)ξ2

)]

− [
(x1 − x0

1)ak(x) + (x2 − x0
2)ak+1(x)

] [
(∂ka1(x))ξ2

1 + 2(∂ka2(x))ξ1ξ2 + (∂ka3(x))ξ2
2

]}
.

(A.6)
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We divide the right hand side of (A.6) into two terms: the first term I1 is independent of a2(x)

and the second term I2 is dependent on a2(x). That is, I ≡ I1 + I2 where

I1 = 4
{
2a2

1(x)ξ2
1 + 2a2

3(x)ξ2
2

+a1(x) [∂1a1(x)] (x1 − x0
1)ξ

2
1 + 2a1(x) [∂1a3(x)] (x2 − x0

2)ξ1ξ2

−a1(x) [∂1a3(x)] (x1 − x0
1)ξ

2
2 + 2a3(x) [∂2a1(x)] (x1 − x0

1)ξ1ξ2

+a3(x) [∂2a3(x)] (x2 − x0
2)ξ

2
2 − a3(x) [∂2a1(x)] (x2 − x0

2)ξ
2
1 − 2βξ2

3

}
,

(A.7)

I2 = 8a2
2(x)(ξ2

1 + ξ2
2) + 4a2(x)

{
4a1(x)ξ1ξ2 + 4a3(x)ξ1ξ2 + 2 [∂1a1(x)] (x1 − x0

1)ξ1ξ2

+ [∂1a3(x)] (x2 − x0
2)ξ

2
2 − [∂1a1(x)] (x2 − x0

2)ξ
2
1 + [∂2a1(x)] (x1 − x0

1)ξ
2
1

+2 [∂2a3(x)] (x2 − x0
2)ξ1ξ2 − [∂2a3(x)] (x1 − x0

1)ξ
2
2 + 2 [∂1a2(x)] (x1 − x0

1)ξ
2
2

+2 [∂2a2(x)] (x2 − x0
2)ξ

2
1

}
+ 8a1(x) [∂1a2(x)] (x2 − x0

2)ξ
2
1 + 8a3(x) [∂2a2(x)] (x1 − x0

1)ξ
2
2 .

On the other hand, condition (A.4) implies that, for (x, t) ∈ Q,

a1(x)ξ2
1 + 2a2(x)ξ1ξ2 + a3(x)ξ2

2 = ξ2
3 , (A.8)

a1(x)ξ1(x1 − x0
1) + a3(x)ξ2(x2 − x0

2) = −βtξ3 − a2(x)ξ2(x1 − x0
1)− a2(x)ξ1(x2 − x0

2). (A.9)

Moreover, by ‖a2‖C2(Ω) < δ < θ1, a1(x), a3(x) > θ1, x ∈ Ω and the inequality: 2|ab| ≤ a2 + b2,

we see by (A.8) that for x ∈ Ω,

ξ2
3 = a1(x)ξ2

1 + 2a2(x)ξ1ξ2 + a3(x)ξ2
2

≤ a1(x)ξ2
1 + a3(x)ξ2

2 +
|a2(x)|√

a1(x)a3(x)

∣∣∣2
√

a1(x)ξ1

√
a3(x)ξ2

∣∣∣

≤ a1(x)ξ2
1 + a3(x)ξ2

2 +
δ

θ1

[
a1(x)ξ2

1 + a3(x)ξ2
2

] ≤ 2
[
a1(x)ξ2

1 + a3(x)ξ2
2

]
.

(A.10)

Consequently, again by a1(x), a3(x)> θ1 for x ∈ Ω, we have

4
[
a1(x)ξ2

1 + a3(x)ξ2
2

] ≥ 2
[
a1(x)ξ2

1 + a3(x)ξ2
2

]
+ ξ2

3 ≥ min {2θ1, 1} |ξ|2, x ∈ Ω. (A.11)

Next we estimate I1. By (A.9), we obtain

a1(x) [∂1a3(x)] (x2 − x0
2)ξ1ξ2 = a1(x) [∂1 (ln a3(x))] ξ1

[
a3(x)(x2 − x0

2)ξ2

]

= a1(x) [∂1 (ln a3(x))] ξ1

[−a1(x)ξ1(x1 − x0
1)− βtξ3

−a2(x)ξ2(x1 − x0
1)− a2(x)ξ1(x2 − x0

2)
]
,

(A.12)
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a3(x) [∂2a1(x)] (x1 − x0
1)ξ1ξ2 = a3(x) [∂2 (ln a1(x))] ξ2

[
a1(x)(x1 − x0

1)ξ1

]

= a3(x) [∂2 (ln a1(x))] ξ2

[−a3(x)ξ2(x2 − x0
2)− βtξ3

−a2(x)ξ2(x1 − x0
1)− a2(x)ξ1(x2 − x0

2)
]
.

(A.13)

Substituting (A.12) and (A.13) into (A.7) and arranging it according to ξ2
1 , ξ2

2 , β and a2(x), we

can obtain, for (x, t) ∈ Q,

I1 = 4a1(x)ξ2
1

{
2a1(x) + [∂1a1(x)] (x1 − x0

1)− a3(x) [∂2(ln a1(x))] (x2 − x0
2)

−2a1(x) [∂1(ln a3(x))] (x1 − x0
1)

}
+ 4a3(x)ξ2

2

{
2a3(x) + [∂2a3(x)] (x2 − x0

2)

−a1(x) [∂1(ln a3(x))] (x1 − x0
1)− 2a3(x) [∂2(ln a1(x))] (x2 − x0

2)
}− 8βξ2

3

−8βt {a1(x) [∂1(ln a3(x))] ξ1ξ3 + a3(x) [∂2(ln a1(x))] ξ2ξ3}
−8a2(x)

{
a1(x) [∂1(ln a3(x))] (x1 − x0

1)ξ1ξ2 + a1(x) [∂1(ln a3(x))] (x2 − x0
2)ξ

2
1

+a3(x) [∂2(ln a1(x))] (x1 − x0
1)ξ

2
2 + a3(x) [∂2(ln a1(x))] (x2 − x0

2)ξ1ξ2

}
.

(A.14)

Moreover, using (1.3), (A.10), ‖a1‖C2(Ω), ‖a3‖C2(Ω)< M1, ‖∇xa1‖C(Ω), ‖∇xa3‖C(Ω)< M0,

‖a2‖C2(Ω)< δ, a1(x), a3(x)> θ1, we have,

2
∣∣∣
√

a1(x)ξ1

√
a3(x)ξ2

∣∣∣ ≤ a1(x)ξ2
1 + a3(x)ξ2

2 , 2
∣∣∣
√

a1(x)ξ1ξ3

∣∣∣ ≤ a1(x)ξ2
1 + ξ2

3 ,

2
∣∣∣
√

a3(x)ξ2ξ3

∣∣∣ ≤ a3(x)ξ2
2 + ξ2

3 , |∂j [ln ak(x)]| ≤ M0
θ1

for j = 1, 2 and k = 1, 3,

∂1a1(x) = a1(x)∂1 [ln a1(x)] , ∂2a3(x) = a3(x)∂2 [ln a3(x)] , x ∈ Ω.

Therefore, for x ∈ Ω,

I1 ≥ 4a1(x)ξ2
1

{
2a1(x) + a1(x)

[
∂1

(
ln a1(x)

a3(x)

)]
(x1 − x0

1)

−a3(x) [∂2(ln a1(x))] (x2 − x0
2)− a1(x) [∂1(ln a3(x))] (x1 − x0

1)
}

+4a3(x)ξ2
2

{
2a3(x)− a3(x)

[
∂2

(
ln a1(x)

a3(x)

)]
(x2 − x0

2)

−a1(x) [∂1(ln a3(x))] (x1 − x0
1)− a3(x) [∂2(ln a1(x))] (x2 − x0

2)
}

−16β
[
a1(x)ξ2

1 + a3(x)ξ2
2

]− 4M0
√

M1βT
θ1

[
a1(x)ξ2

1 + a3(x)ξ2
2 + 2ξ2

3

]

−8
√

M1M0

√
Λ2+λ2δ√

θ1θ1

[
a1(x)ξ2

1 + a3(x)ξ2
2

]− 8M0

√
Λ2+λ2δ
θ1

[
a1(x)ξ2

1 + a3(x)ξ2
2

]

≥ 4
[
a1(x)ξ2

1 + a3(x)ξ2
2

] [
θ0 − 4β − 5M0

√
M1βT

θ1
− 2M0

√
Λ2+λ2δ
θ1

(√
M1
θ1

+ 1
)]

.

(A.15)

For the second inequality, we have used (a1, a2, a3) ∈ V and (A.10). Furthermore we can similarly

estimate I2 to have

I2 ≥ −8δ
√

Λ2 + λ2

[
2

√
M1

θ1 (Λ2 + λ2)
+

2M0

θ1
+

δ

θ1
+ 1

]
[
a1(x)ξ2

1 + a3(x)ξ2
2

]
, x ∈ Ω. (A.16)
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Then (A.15) and (A.16) imply

I = I1 + I2 ≥ 4
[
a1(x)ξ2

1 + a3(x)ξ2
2

] [
θ0 − 4β − 5M0

√
M1βT

θ1

−2
√

Λ2+λ2δ
θ1

(
2
√

M1θ1
Λ2+λ2 + M0

√
M1
θ1

+ 3M0 + δ + θ1

)]

≥ min {2θ1, 1}
[
θ0 − 4β − 5M0

√
M1β

θ1

(
Λ√
β

+ ϑ
)

−2
√

Λ2+λ2δ
θ1

(
2
√

M1θ1
Λ2+λ2 + M0

√
M1
θ1

+ 3M0 + 2θ1

)]
|ξ|2

= min {2θ1, 1}
[
θ0 −M3δ − 4β − 5M0

√
M1β

θ1

(
Λ√
β

+ ϑ
)]
|ξ|2, x ∈ Ω.

(A.17)

For the second inequality and the last equality, we have used 0 < T < Λ/
√

β + ϑ, δ < θ1,

(A.11) and (1.6), respectively. By (1.7), we have θ0 − M3δ − 4β − (
5M0

√
M1Λ/θ1

)√
β >

0. Therefore, taking 0 < ϑ <
[
θ0 −M3δ − 4β − (

5M0

√
M1Λ/θ1

)√
β
]
/

(
5M0

√
M1β/θ1

)
, we obtain

θ0−M3δ− 4β− (
5M0

√
M1β/θ1

) (
Λ/
√

β + ϑ
)

> 0. Hence we have completed the verification of

(A.3).

Verification of (A.5)

By 0 < ϑ < 1, δ < θ1 and (1.7), we have βϑ + Λ
√

β − λ
√

θ1 − δ < β + Λ
√

β − λ
√

θ1 − δ < 0.

Consequently, noting 0 < T < Λ√
β

+ ϑ, we can see λ
√

θ1 − δ > βϑ + Λ
√

β > βT . Therefore,

noting ‖a2‖C2(Ω) < δ, a1(x), a3(x) > θ1 for x ∈ Ω and the inequality 2|ab| ≤ a2 + b2, we have

P (x; (∇x,tψ)(x, t))

= 4
[−β2t2 + a1(x)(x1 − x0

1)
2 + 2a2(x)(x1 − x0

1)(x2 − x0
2) + a3(x)(x2 − x0

2)
2
]

≥ 4
[−β2T 2 + θ1(x1 − x0

1)
2 − δ|x− x0|2 + θ1(x2 − x0

2)
2
]

= 4
[−β2T 2 + (θ1 − δ) |x− x0|2] ≥ 4

[−β2T 2 + (θ1 − δ) λ2
]

= 4
(
λ
√

θ1 − δ + βT
) (

λ
√

θ1 − δ − βT
)

> 0, (x, t) ∈ Q.

We have verified (A.5).

Thus we have completed the verification of the conditions (A.2), (A.3) and (A.5). We can

apply Theorem 2.1 in [10] to obtain Carleman estimate (2.3) in Q if (a1, a2, a3) ∈ V.
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