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Abstract

X. Tolsa defined the space of type BMO for a positive Radon measure satisfy-
ing some growth condition on R?. This space is very suitable for the Calderén-
Zygmund theory with non-doubling measures. Especially, the John-Nirenberg type
inequality remains true. In this paper we introduce the localized and weighted
version of this inequality and, as an application, we obtain some vector-valued
inequalities.

1 Introduction

In this paper we discuss the (weighted) John-Nirenberg type inequality for the sharp
maximal operator defined by X. Tolsa.

By “cube” Q@ C R? we mean a compact cube whose edges are parallel to the
coordinate axes. Its center will be denoted by zg and its side length by ¢(Q). For
p >0, p@ will denote a cube concentric to @ of sidelength p¢(Q). Q(z,l) will denote
the cube centered at x and of sidelength [. Throughout this paper we assume that p
is a positive Radon measure satisfying the growth condition :

w(Q(x, 1)) < Col™ for all € supp () and [ > 0, (1)

where Cp and n € (0, d] are some fixed numbers. We emphasize that we do not assume
p is doubling. By Q(u) we will denote the set of all cubes @ C R? with positive
[-measures.
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It is well known that the doubling property of the underlying measure is a basic
condition in the classical Calderén-Zygmund theory of harmonic analysis. Recently,
more attention has been paid to non-doubling measures. It has been shown that many
results of this theory still hold without the doubling property.

To investigate the analytic capacity on the complex plane Nazarov, Treil and Vol-
berg developed the theory of the singular integrals for the measures with growth con-
dition [4], [5]. Tolsa proved subadditivity and bi-Lipschitz invariance of the analytic
capacity, which had been left open for a long time, [13], [14]. The research, which
was started from their pioneer works using the modified maximal operator, has been
developed in many ways : Tolsa defined for the growth measures RBMO (regular
bounded mean oscillation), the Hardy space H'(x) and the Littlewood-Paley decom-
position [10], [11]. He also gave his H! (1) space in terms of the grand maximal operator
[12]. Deng, Han and Yang defined for the growth measures the Besov spaces and the
Triebel-Lizorkin spaces [1], [2]. The authors defined for such measures the Morrey
spaces and established some inequalities [8], [9]. The aim of this paper is to introduce
the (weighted) John-Nirenberg type inequality for the growth measures, which can be
applied to the vector-valued sharp maximal inequality for the Morrey spaces.

Given two cubes () C R, we denote

@) i L

@) (O
5(Q, R) -—/;Q ) 1(Q(2q, 1)) dl

where (Qr denotes the smallest cube concentric to () containing R. We say that @
is a doubling cube if ©(2Q) < 29 u(Q). By Q(u,2) we will denote the set of all
doubling cubes. Given @ € Q(u), we set @* as the smallest doubling cube R of the
form R = 2/Q with j =0,1,....2

Our BMO here is RBMO (regular bounded mean oscillation) introduced by Tolsa
[10], which are the suitable substitutes for the classical spaces. Denoting the average
1
of f over the cube Q by mg(f) := Q) / fdu, we say that f € L}, (1) is an element
H Q
of RBMO if it satisfies

< 0.

| mo(f) ~ ma(f)|
e o — mo-(f)|d
= e J 1) = me- (Pl dute) + - sup - L
Q,ReQ(11,2)

(Many other equivalent norms may be found in [10, Section 2].) The advantage of
RBMO would be the following John-Nirenberg lemma due to Tolsa.

THEOREM 1 Let f €RBMO and Q € Q(p).

2 By the growth condition (1) there are a lot of big doubling cubes. Precisely speaking, given any
cube Q € Q(u), we can find j € N with 27Q € Q(u,2). Meanwhile, for p-a.e. z € R?, there exists a
sequence of doubling cubes {Qx }r centered at x with (Qxr) — 0 as k — co. So we can say that there
are a lot of small doubling cubes too (see [10]).



(1) There exist positive constants C' and C' independent of f so that, for every A > 0,

o € QIIS) = mar (D) > A} < € (3Q) e ﬁfui) .

(2) Let g € [1,00). Then there exists a constant C' independent of f so that, for every
cube Q € Q(p),

The purpose of this paper is to establish the localized and weighted version of
Theorem 1 (2) (Theorem 2). And, as a corollary, we obtain a vector-valued extension
of Theorem 1 (2) (Corollary 13).

q

/ £(2) = mo-( )!qdu(x)) <C|f..

w\w —

For f € Lj,.(1), we define two maximal operators also due to Tolsa : The sharp
maximal operator M*f(z) is defined as

f) = mg(f)|
Méf(z) = sup / F(@) —mge (Nl du(@) +  sup 7@
2€QEQ(K) @ TEQCR 1+46(Q,R)
Q,REQ(1,2)
and N f(z) is defined as Nf(z) :=  sup  mg(|f]). It is well known that N is a
zeQeQ(1,2)

bounded operator on LP(y) with p > 1 and by ||N||, we will denote the operator
norm. Since there are a lot of small doubling cubes, we have also a pointwise estimate
| f(z)| < Nf(x) for p-a.e. x € R In this paper the weight w will be a non-negative
function on R? satisfying a (mild) condition :

w € LP°(u) for some pg > 1 (2)

and w(A), A ¢ R, will denote / w(z) du(x). We shall prove the following theorem.
A

THEOREM 2 Suppose that w satisfies (2). For every f € L} (1), Qo € Q(u), q € [1,00)
and o € (0,1), there exists a constant C' independent of f such that

(] 17@) = migy- (it <>“du<az>)q§0<3 Mﬁfm)qvv(x)adu(x))q.

5Qo

Here, denoting N7 as the j-th composition of the operator N, we put

=Y 28)" I Nw(z), B> |N|p. (3)
7=1

For the weighted inequalities on nonhomogeneous spaces, we refer to [3] and [7].



2 Proof of Theorem 2

The letter C' will be used for constants that may change from one occurrence to
another. Constants with subscripts, such as Cy and C4, do not change in different
occurrences.

The cubes with generation In the sequel we follow [12] with minor modifications.

LEMMA 3 The following properties hold :

(1) Forp>1 and Q € Q(u), we have §(Q, pQ) < Cy log p.
(2) Let Q € Q(u). Then 6(Q,Q*) < Cu 2" log2.

(3) Let Q € Q(u), ko € N and o > 0. Suppose that, for some 6 > 0,

o < p(Q) < u(2Q) < ba.

(o)
Then 6(Q,2%Q) < 2" log2 -0 Cy ¢y, where ¢, = Z 9k,
k=0
Proof. (1) follows easily from the growth condition. We prove (2) first. Let

(2hQ) 1) di
Q* = 2" Q. The dyadic argument yields that §(Q, 2" Q) = / 'M(Q(;LQ’)) 7 <
{(Q)

g2 Z H2k Q) . By the growth condition we have d — n > 0. The definitions of
Q* and the doubling cubes imply 2¢+! M(Qkle) < u(2kQ), k=1,2,...,k. These
observations yield

9k1
(Q72k1Q) < gn 10g2 M( Q) Z(znfdfl)klfk < CO 2n+1 10g2
@RQ) &

What remains to be done is (3). It follows from the dyadic argument and the assump-
tion that

ko
2kQ) < 2™ 1o 2 <on -2 97k < 9 10g 2. 0 Cy ey

The proof of the lemma is concluded.
Given two cubes () C R, we denote

50 R - /6<QR>M<Q<ZQ,Z>>dl
(e) n L’



where QF denotes the largest cube concentric to @ contained in R. We will treat points
x € supp (u) as if they were cubes (with £(x) = 0). So, for x € supp (1) and some cube
R > =, the notations 6(z, R) and z¥ make sense.

Let C1 = Cp 2" log 2. Fix Qo € Q(p) and let Q1 = ng.

LEMMA 4 If a > 3C1, then, for each x € Qy Nsupp (u) with 5($, Q1) > «, there exists
some doubling cube QQ C Q1 centered at x satisfying

’S(Q7Q1) —a| <20.

Proof. Let R be a unique cube of the form 27%291, k =1,2,..., such that
5(2R, Q1) < a < 5(R,Qu).

Then o < 6(R, Q1) = 6(R,2R) + 3(2R, Q1) < Cplog2 + §(2R, Qy). This implies 2C; <
6(2R, Q1) and hence, by Lemma 3 (2), Q := (2R)* C Q;. It follows by Lemma 3
again that a < S(R, Q) = S(R, Q)+ 0(Q, Q1) <2C; + 6(Q,Q1), and that S(Q,Ql) <
5(2R, Q1) < a. Thus, we have [6(Q, Q1) — a| < 2C;. I

Fix A > 3C;. Let m > 1 be some fixed integer and x € Qo Nsupp (u). If 5(1‘, Q1) >
mA, we denote by Q) ,, a doubling cube centered at x and contained in () such that

’S(Qx,mle) - mA| S 201.

The cubes Qum, € Qo Nsupp (i), are called cubes of the m-th generation. The set
of all cubes with m-th generation will be denoted by D, and the set |J,, Dy, will be
denoted by D.

LEMMA 5 Assume that A is big enough.

(1) For every Qzm, Qum+1 € D, we have 100 Qg mi1 C Qzm-

U Qzm)-

oo =

(2) If z,y € supp (u) are such that Qzm N Qymi1 # 0, then £(Qym+1) <

Proof. To prove (1) we resort to the reduction-to-the-absurdity argument. Suppose
that Qzm C 100 Q2 m+1. Then

(m+1)A =201 < 6(Qumt1,Q1) = 6(Qumt1, Quim) + 6(Qum, Q1)
< 5(Qumt1,100Qzm+1) + mA + 20 < Colog 100 +mA + 2C;.

This implies A < Cplog100 + 4C;. Thus, we have Qzm O 100Qz m41, if A >
Colog 100 4 4C4.

1
We now turn to the proof of (2). Put P = Qy m+1 and P’ = Qg . If ((P) > gﬁ(P’),

then P’ C 24P. As a result, defining R := Q(x,48((P)), we have P, P’ C 24P C R C
72P C Q1 and hence

5(P,R) < §(P,72P) < C. (4)



We now claim that
S :=[0(P",Q1) = 6(R, Q)| < C., (5)

We decompose S as
‘/“P%)ﬂ09@h0>dl_l/“R%)ﬂ09@a0>dl

((PR) I ! ¢(R) n l

min{¢(P®1),0(RP1)} dl

/ (1(Qy. 1) — W(Q. 1)) 757

UR)

max{¢(P®?1),¢(R%1)} l l dl
(u(Q(y, ) | mQ, ))) — =81+ 5+ s
min{¢(PQ1),6(R1)} " "

S =

IN

[ Q) d
((PR) I l

_|_

l

The integrals S; and Ss are easily estimated from above by some constant C'. What
remains to be majorized is So. We bound Sy from above by

- dl__ [ di
< A = —
Sy < /K(R) 1(Q(y, NAQ(z, 1)) T /IZ(R) e XQy,)AQ (1) (2) dp(2) TsE

where y 4 is the indicator function of a set A C R%. Let || := max{|z1],|22],...,|24|}-
Then a simple geometric observation tells us that

XQ(y,l)AQ(x,l)(Z) =0if ! ¢ [min{|z — 2|0, |2 — Yloo }, max{|z — Z|co, |2 — Y|oo}] -

This observation and Fubini’s theorem yield

1 1
Sy < C — du(z
2= Jene =zl o= gln| ¥
T Jgleex iR |z =yl T UP) T

This proves (5).
From (4) and (5) we have
S(P7 Ql) = S(Pv R) + 5(PR7 Ql)
< 5(P7 R) + ’5(PR7Q1) - 5(R7Q1)‘ + 5(R7 Ql) < 5(P/7Q1) +C
and hence (m+1)A < mA+4C; + C. Thus, if A > 4C, + C, we see that (Qym+1) <
1
3 U(Qum). 1

The weight W Now we shall show the simple properties of the weight W defined
by (3). To begin with we notice that N is subadditive and W satisfies (so called) A;
condition :

NW (z) < 28W(z) for p-a.e. x € R%. (6)
Indeed,
NW(z) < i(%)l‘ij“w(l‘) =23 {i(%)l‘”\”w(w) - Nw(w)} < 28W().
j=1 j=1

This implies the following lemma.



LEMMA 6 Let o € (0,1) and Q € Q(u,2). Then, for any u-measurable subset A C @,

we have
We(A) o [ BA)N'TO
e <@ ()

Proof. It follows by Holder’s inequality and (6) that

:/AWO‘(x) dp(x) < (/ Wdu>aﬂ(f4)1_a
S W(Q)*n(A)'™ = w(@Q) ( Q) ) < g)
(o) (28) " scori (25)”

This proves the lemma. il

Proof of Theorem 2  Choose A large enough so that Lemma 5 holds and fix D,,
and D. Letting F(z) := |f(x) — m(2q,)- (f)], we consider a maximal function

NpF(xz):= sup mq(F), z€Q.
zeQeD

If v € Q1 \ Ugep @, it will be understood that NpF'(x) is equal to zero.

CLAIM 7 For p-a.e. x € Qo Nsupp (p) we have

£(2) — m(gy-(£)| < CM¥f(x) + F(z), F(z) < C (M*f(x) + NpF(z)).

Proof. Since §((Qo)*, (2Q0)*) < C, the first inequality is obvious. So we prove the
second one. To begin with, we notice that, for p-a.e. = € Qo Nsupp (u), there exists
a sequence of doubling cubes {Qy}; centered at z with ¢(Q) — 0 as kK — oo and (see

[10])
lim mq, (F) = F(x). (7)

k—oo

Fix x € QoNsupp (u). If~5(x, Q1) = 00, {Qq,m} satisfies £(Qz.m) — 0as m — oo and
hence F(z) < NpF(z). If §(x,Q1) € (mA, (m + 1)A], for sufficiently small doubling
cube @ centered at x and contained in Qg ,, we have 6(Q, Qym) < C. Thus, we see
that

mq(F) = mq(|f —maqy)-(f)])
< mq(lf —=mQ(N)]) + Imq(f) = mq, ..(F)| + Imq, .. (f) = mqe)«(f)]

< c (mgw mo(p)) + mel) ~mewn S )’) . (1f = megu ()

14 6(Q, Qzm)
C (M*f(z) + NpF(x)).

IN



If 6 (z,Q1) < A, for sufficiently small doubling cube @ centered at z and contained in
@1, we have §(Q, (2Q0)*) < C and hence

mo(F) < mq(lf —=mq(f)]) +mq(f) = maqy)- (£ < O MEf(2).
These observations and (7) yield the claim.
From Claim 7 and the fact that w(x) < W (x) for proving the theorem it suffices to

show the following claim.

CLAIM 8 We have

1
q

( o, NpF(x)I W (z)* d,u(@)é <C ( MEF ()W () d,u(x)>

Q1

We shall prove Claim 8 by means of the good-A inequality.
LEMMA 9 If n > 0 is sufficiently small, there exists a constant C so that, for every
A>0,
Wolz € Q)| NpF(x) > 2), Mif(z) <nA} < Oy Wz € Q)| NpF(x) > A}.

Proof. Choose n > 0 sufficiently small. We set
Ey\:={z € Q1| NpF(z) > 2\, M*f(z) <n)\} and Q) := {z € Q1| NpF(z) > \}.

We may assume that F) is not empty. For all z € E), we can select a doubling cube
3

Qr = Qza)m(x) € D, Qz > z, that satisfies mq, (F) > §>\. If m(z) = 1, we have

3(Qz, (2Q0)*) < C and hence

mQ, (F) <mq,(If —mq, () + mq.(f) — maqy)-(f)| < CM*f(z) < CnA.

3
As a result we obtain C'nA > 5)\, which is not possible for sufficiently small 1. By

3
replacing younger one, if necessary, we may assume that mq, , (F) < 5)\ for any cube

Q2m 2 x with m < m(x).

Let Si = Q.(2),m(x)—1- We claim that if  is small enough, we have mg, (F) > A.
Indeed, noticing 6(Q.,S;) < 2A, we see that

mQ, (F)
< mQ, (If = mq, (H) + Imq. (f) = ms, (/)| + Ims, (f) = mege)- (f)]
< O M f(z) +ms, (F) < Cn)+mg, (F).

This yields mg, (F') > g)\ — CnA > A. Thus, we have
3
§>\ >mg, (F) > A (8)

8



for sufficient small 7.

1
Notice that by Lemma 5 (1) Q, C me. By Besicovitch’s covering lemma there
exists a countable subset {;};c; C E\ such that

Exc | S, and ZXSIj < C'xa,- 9)
jeJ jed

To simplify the notation, we write S; = S;,; and Q; = Q,,. Now we claim the following :

CLAaM 10 If np is small enough, then

WS, NEy) < Cnt~*W(S;) for all j € J.

Let us temporarily assume Claim 10. Then (9) and the claim lead us to
W(Ey) <Y W(S;NEy) <Cp'™® Y _W(S;) < Cn'~* W ().
jed JjeJ
Consequently, we are left with the task of proving the claim.

Proof of Claim 10. By Lemma 6 it suffices to show that
n(S; N EY) < Cnp(Sh).

Let y € Sj N E). There exists a doubling cube Ry = Q.(y)m@y) € D, By > y, that

y)
1
satisfies mp,(F) > 2\. We show that for sufficiently small 5, {(R,) < gﬁ(S’j). From

Lemma 5 (2) we may assume that m(y) < m(z;). By Lemma 5 (1) if ¢(R,) > éﬁ(Sj),

. : 3
then Qz(y),m(y)—l D Sj D Qj~ This and m(y) —1 < m($J) imply §>‘ > MQ, ), (F).

m(y)—1

Notice that mpg, (F') can be bounded from above by

mRy(‘f - mRy(f)D + ‘mRy (f) — sz(y),m(y)—l(f)‘ T MQ. () m(y)—1 (If = m(QQo)*(f)‘)

and, as a consequence, it can be bounded by CMﬁf(y) + sz(y),m(y)fl(F)' Thus, it

follows that g)\ > mq, (F) > mpg,(F) — C M*f(y) > 2\ — C'nA. Hence, if

y)ym(y)—1
1 1
n < 30 e must have (/(R,) < gﬁ(Sj). Thus,

Np (x3,F) (4) > 2\ for all y € S; 1 Ey.

From (8) we obtain that [mg; (f) — mge)-(f)] < g)\, and that

No (s, (f = ms, (1)) (5) > 5 for all y € S, By,



It follows by using the weak-(1,1) boundedness of Np that
(851 ) < 1 {y I No (xg5,(F = ms, () ) > 2V < S [ 17— ms (D1 d
H{oj A) S HNY D Xisj S, Yy 2( = %Sj S, 1z

Noticing that

1
u(lgsj)/g |f = ms, ()] du

4%

1
@ /ZSJ- 1= m(%sj)*(f)l dp ¥ ‘m(isj)*(f) N mSj(f)’ < OnA,

we see that p(S; N Ey) < Cnu(2S;) < Cnu(S;).
We return to the proof of Claim 8.

Proof of Claim 8. Using Lemma 9 with n > 0 sufficiently small, for L. > 1 we see
that

1 L
5 (/O q)\Q—lwa{x € Q1| NpF(zx) > )x}d)\)

q

= (/m QAT TWx € Q1| NpF(x) > 2)} dA)
0

Q=

<

L2
/ QAT Wz € Qi | NpF(z) > 2X, M*f(z) < nA} dA)
0
1
q

1
q

Cn'= /OL gN T W w € Q1 | Npf(x) > A} dA)

q

1
q

INA
e N N N N
() (en)

L
Cnl~™ / QAW € Q1| NpF(z) > \} dA)
0

+ 7! </1(Mﬁf)qW“du);-

When 7 is sufficiently small, we can bring the first term of the right side to the left.
The result is

</0L g "Wz € Q| NpF(z) > A} dA) ! <c (/ e dﬂ);.

1

Letting L — 0o, we obtain the claim. W

10



3 Application to vector-valued inequalities

Applying Theorem 2, we can obtain some vector-valued inequalities. To denote
the vector-valued inequality we adopt the following notation. For a sequence of u-
measurable functions {f;}32; and ¢,r > 1, we denote

T

15,@) |7 = (j;ww) Ml = ([ 1 1))

First, we need the following lemma (see [6]).

LEMMA 11 Ifq,r € (1,00), then
NS LA, wll < Copr L5 1 L7, )] -

PROPOSITION 12 Let g,r € (1,00) and let {f;}52, be a sequence of L} (1) functions.

Then there exists a constant C independent of {f;} so that, for every Qo € Q(u),

(] 156) = mgy-(5) P17 duta) )" < € ( Sy, IV S5a) V|Qdu<x>>q

2

Proof. Passage to the limit allows us to assume f; = 0 for large j, say j > N,
as long as we obtain the constants independent of N. Take s € (1, min(g,r)) and let
t = q/s, u =r/s. Take « slightly smaller than 1 so that 1 < 1/a < min(¢,u’). By
using a duality argument we shall estimate

q

([ 1556) = miau () 1714 (@) = ([ 1155@) = migyy- ()1 117 da) )

Take a vector-valued weight (wq,ws, ...) such that suppw; C Qo and
w12 @ | =1 (10)
Then it follows by Theorem 2 and Hélder’s inequality that
/QO 175 () = mqoy- (F)I° w®(x) | 1] du(=)
<y IR W @) | )

2

(e s iontanea ) ([, w1 ano)”

2

IN

11



o0

where W;(z) := 2(2 B)17FN*w;(z). Choose 3 as the constant Cyr oy in Lemma 11.
k=1
Then Lemma 11, the definition of W; and (10) yield

(/3 HWﬂm)zu’W’du(x))“ :(/3 HWj(a;)]l““’HO‘t'du(a:)>M <c
5o 5Qo

2 2

These prove the proposition. il
The following corollary is a vector-valued extension of Theorem 1 (2).

COROLLARY 13 Let f; € RBMO. For any cube Qo € Q(pn) and q,r € (1,00), there
exists a constant C' independent of f; such that

q

1 . _ . T i r
(M(;’Q())/Qo”fj(x) m@o)*(fnunw(x)) <C sup [0 ],

We apply Proposition 12 to obtain a sharp maximal inequality on the Morrey spaces.

Let k> 1 and 1 < ¢ < p < co. We define the Morrey space MP(k, 1) as

Mk, ) = { f € L, () || £ | M (k, )| < 00},

where
1_1
Mgkl = sup k@ ([ [s0an) (1)
QeQ(n)
By applying Holder’s inequality to (11) it is easy to see that
LP(p) = Mp(k, p) € Mg, (k, ) € M, (k, ) (12)

for1 <gos <q1 <p<oo. Let ky > ko > 1. Then Mg(k:l,u) and qu)(kg,u) coincide as
a set and their norms are mutually equivalent. More precisely, we have (see [8])

k
1105001 < 15 M50 01 < o (20 b gl 19

Nevertheless, for definiteness, we will assume & = 2 in the definition and denote
ME(2, 1) by ME (). For a sequence of p-measurable functions {f;}52,, we also denote

| £ 1 Maa, )| = |18 1T MEG)| -

The following proposition is a vector-valued extension of [9, Corollary 1.5].

PROPOSITION 14 Let {f;}72, be a sequence of L},.(1) functions. Suppose that1 < q <
p < oo, r € (1,00) and there exists an increasing sequence of concentric doubling cubes
I, C I, C... such that

hm mjk(fj) =0 for all j € N and U I, = R% (14)
k=1

12



Then there exists a constant C' independent of { f;} such that

|55 I Mer, )| < € ||ty | M, )|

Proof. We may assume that f; = 0 for sufficiently large j. Letting R € Q(u), we

1

7% (/R ”f](w) ‘ lTHq dﬂ(l’)) ! It fOHOWS by PfOpOSition 12 that

RS

shall estimate p(2R)

R ([ IlTllqdu)l

< w@RPE ([ 1y = mre (517170 (R e (£5) |
< Cu(2R)» ( L r"nqdu)q + (B e (£5) U]
< C | ME g Mo )|+ (R)F e (£5) 107

So we concentrate on estimating :

u(R)” mg-(f;) | 7] (15)

We choose doubling cubes inductively. Let Ry = R* and Ry, 41 = (2R,,)*, m € N.
Let d be the distance between the center of Ry and that of I;. We select m1 € N so
big that ¢(R,,,) > 2d and there exists some I,; such that R,,, C I, Ry, ,+1 Z I and

1
(R [lma, () 117 < | 102255 17| M ()|
Then simple geometric observation shows that R,,, C I, C Ry,,+3 and hence

5(Rm17lm) S 5(Rm17Rm1+3) S C (16)

We put fori=1,2,...
M = {m € NO[Lm] [ 27 u(R) < p(Rm) < 2'n(R) }.

Deleting all emptysets from {M;}i=12, ., we obtain {M;}i=i i, .., Set a(iy) =
min M;, and b(ix) := max M;, . Then we notice that Ry ) = By -

For k=1,2,...,k — 1, from Lemma 3 we see that
5(Ra(ik)7 Rb(zk))a 5(Rb(ik)7Ra(ik+1)) <C

and hence 6(Ry(i,)s Ra(iy,,)) < C. This implies that

u(R)?

<C2 7 p(Ro)* 0 (fr

mRa(ik)(fj) a(zk+1)(f]) |

1 i
IMEf 1| dpa(a)) T < C 27 My )|

a(ig)
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Similarly, from (16) we also have

W(R)Y i, ()~ mu ()10 < €275 artg | g

Using triangle inequality to (15), we finally have

u(R)? lma-(f;) | I
K'—1

L r
< RPN Mg, (F) = g, ()]
k=1

+ w(R)? {|ma () = () |

e (£ 17711}

< C (Z 22“) |25 | Mo, )| + (R)P i, (1) 107
k=1
< CHMﬁfj\MZ(l’”,M)H.

The proof is completed. il
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