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Abstract

In this paper we prove a Holder and Lipschitz stability estimates of de-
termining the residual stress by a single pair of observations from a part of
the lateral boundary or from the whole boundary. These estimates imply first
uniqueness results for determination of residual stress from few boundary mea-
surements.

1 Introduction

We consider an elasticity system with residual stress. Let {2 be an open bounded do-
main in R? with smooth boundary 0. The residual stress is modelled by a symmetric
second-rank tensor R(x) = (rjx(x))3,—; € C7(Q) which is divergence free

V-R=0 in (1.1)
and satisfies the boundary condition
Ry =0 on 09, (1.2)
where V - R is a vector-valued function with components given by
3
(V-R);=> s 1<j<3
k=1

In this paper z € R® and v = (1,1, 13)" is the unit outer normal vector to 5.
Here and below, differential operators V and A without subscript are with respect
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to o variables. Let u(x,t) = (uy,uz,u3)’ : Q@ — R3 be the displacement vector in
Q :=Qx (=T,T). We assume that u(x,t) solves the initial boundary value problem:

Apu:=pdiu— A+ p)V(V-u) —pAu—V-((Vu)R) =0 in Q, (1.3)

u=uy(z), du=u(zr) on Qx {0}, (1.4)
u=gy on JINx(=T,7), (1.5)

where p is density and A and p are Lamé constants satisfying
O<p, 0<p, 0< A+ p. (1.6)
The system (1.3) can be written as
pdiu—V-o(u) =0,

where o(u) = \(tre)l + 2ue + R+ (Vu)R is the stress tensor and e = (Vu+Vu')/2
is the strain tensor. Note that the term V - R does not appear in (1.3) due to (1.1).
Also, by the same condition, we can see that

3

J,k=1

Since we are only concerned with the residual stress and we are motivated by
applications to the material science we suppose that density p and Lamé coefficients
A and g are constants. To make sure that the problem (1.3) with (1.4), (1.5) is
well-posed, we assume that

| Rllesy < o (1.7)

for some small constant g > 0. The assumption (1.7) is also physically motivated
([15]). It is not hard to see that if ¢¢ is sufficiently small, then the boundary value
problem (1.3), (1.4), (1.5) is hyperbolic, and hence for any initial data (ug,u;) €
H'(Q) x L*(Q2) and lateral Dirichlet data gy € C*([-T,T]; H'(2)), up = go on
9Q x {0}, there exists a unique solution u(+; R; (ug, uy,89)) € C([-T,T]; H(R)) to
(1.3)-(1.5).

In this paper we are interested in the following inverse problem:

Determine the residual stress R by a single pair of Cauchy data (u,o(u)r) on
['x (=T,T), where u = u(+; R; (ug,uy, go)) and I' C 09.

We will address uniqueness and stability issues. The focus is on the stability
since the uniqueness follows immediately from it. Our method is based on Carleman
estimates techniques initiated by Bukhgeim and Klibanov [2]. For works on Carleman
estimates and related inverse problems for scalar equations, we refer to books [1] and
[13] for further details and references. Here we only want to mention some related
results for the dynamical Lamé system and the residual stress system (1.3). For
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the Lamé system, the first step has been made by Isakov [10] where he proved the
Carleman estimate and established the uniqueness for the inverse source problem. It
should be noted that in [10] Isakov transformed the principal part of the system into
a composition of two scalar wave operators. It is well-known that the Lamé system
is principally diagonalized as a system of equations for u and divu. Based on this
fact, L>-Carleman estimates were derived in [4] and [7] for the Lamé system and
applications to the Cauchy problem and the inverse problem were given. Recently,
Imanuvilov, Isakov, and Yamamoto [8] obtained a Carleman estimate for the Lamé
system by considering a new principally diagonalized system for (u, divu, curlu). In
[8], they used this estimate to study the problem of identifying the density and Lamé
coefficients by two sets of data measured in a boundary layer and a Hoélder-type
stability estimate. The continuation of this work is in [9].

For the dynamical residual stress model (1.3), an L*-Carleman estimate has been
proved when the residual stress is small [12]. The system with the residual stress is no
longer isotropic. In other words, this system is strongly coupled, and it is not possible
to decouple the leading part without increasing the order of the system. In [12], we
used the standard substitution (u, divu, curlu) and reduced (1.3) to a new system
where the leading part is a special lower triangular matrix differential operator with
the wave operators in the diagonal. The key point is that the coupled terms in the
leading part contain only the second derivatives of u with respect to x variables and
they can be absorbed by divu, curlu when the residual stress is small. Using similar
Carleman estimates, Lin and Wang [14] studied the problem of uniquely determining
the density function by a single set of boundary data. The unique continuation
property for the stationary case of (1.3) was proved in [16].

In this work we study the problem of recovering the (small) residual stress in(1.3)-
(1.5) a single set of Cauchy data. We will derive a Hélder stability estimate in convex
hull of the observation surface I' and a Lipschitz stability estimate for R in {2 when
[' = 09 and observation time T is large. There are other results concerning the
determination of the residual stress by infinitely many boundary measurements, i.e.
by the Dirichlet-to-Neumann map, we refer to [6], [17], [18], [19].

We are now ready to state the main results of the paper. Denote d = inf |z| and
D = sup |z| over z € Q. We assume that

0 < d. (1.8)
Let R(eo, E) be the class of residual stresses defined by
R0, E) = {|| Rl co@) < E : R is symmetric and satisfies (1.1), (1.2), and(1.7)}.

To study the inverse problem, we need not only the well-posedness of (1.3)-(1.5) but
also some extra regularity of the solution u. To achieve the latter property, the ini-
tial data (ug,u;) and the Dirichlet data g, are required to satisfy some smoothness
and compatibility conditions. More precisely we will assume that uy € H?(Q),u; €



H3(Q) and gy € C¥([-T,T]; H'(02)) N C°([-T,T); H*(09Q)) and they satisfy stan-
dard compatibility assumptions of order 8 at 92 x {0}. By using energy estimates
[3] and Sobolev embedding theorems as in [8] one can show that

1020, o) < C (1.9)

for o <2and 0 < 3 <5.

By examining the equation (1.3), we can see that the residual stress tensor appears
in the equation without first derivatives because of (1.1). It turns out that a single
set of Cauchy data is sufficient to recover the residual stress. To guarantee the
uniqueness, we impose some non-degeneracy condition on the initial data (ug,uy).
More precisely, we assume that

8%110 281@2110 28183110 822110 28263110 8§UQ

et = det (aflh 201000y 20105u; d3uy 20,05u; Owy

) >E!' onQ.

(1.10)
Note that M(x) is a 6 x 6 matrix-valued function. For example, one can check that
uo(x) = (23,22, 22)" and uy(v) = (zox3, 1173, T172) | satisfy (1.10).

We will use the following notation: C|~ are generic constants depending only on
T, p, A\, i, €0, £, ug, uy, go, any other dependence is indicated, |- ||x)(Q) is the norm
in the Sobolev space H*(Q). Q(g) = QN{e < |z]* = 0*#> —d3} and Q(e) = QN {e <
|z|* — d?}. Here d; is some positive constant. u(;1) and u(;2) denote solutions of
the initial boundary value problems (1.3) - (1.5) associated with R(;1) and R(;2).
Finally, we introduce the norm of the differences of the data

2 2

F = (107 (u:2)=u( 1)) (Tx (=T, 7)) +[870, (ua(;2) —u(; 1) 3 (T x (=T, T)))
B=2

Due to (1.6) we can choose positive 6 so that

pd?

a2 (1.11)

92 < L gt <
p

Theorem 1.1. Assume that the domain Q satisfies (1.8), 0 satisfies (1.11), and for
some d
|z|? — d} < 0 whenx € (OQ\T), and D* — *T* — d3 < 0. (1.12)

Let the initial data (ug,uy) satisfy (1.10).
Then there exist an €9 and constants C,~v < 1, depending on €, such that for
R(;1),R(;2) € R(eo, E) one has

172(:2) = RG Dl (2(e)) < CF. (1.13)

The domain €(e) is discussed in [11], section 3.4.
If T" is the whole lateral boundary and 7 is sufficiently large, then a much stronger
(and in a certain sense best possible) Lipschitz stability estimate holds.
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Theorem 1.2. Let dy = d. Assume that the domain ) satisfies (1.8),
D? < 2d?, (1.14)

and

< T (1.15)

Let the initial data (g, 1) satisfy (1.10). Let I' = OS).
Then there exist an €g and C' such that for R(;1), R(;2) € R(eo, E) satisfying the

condition
R(;1)=R(;2) on T x(=T,7T), (1.16)

one has

I1R(2) = RGDl0(2) < CF (1.17)

Let us show compatibility of conditions (1.15) and (1.11). ;From conditions (1.11)
and (1.14) we have
D?—d*> ud?
_ < —_—
02 PYL
and hence we can find T2 between these two numbers.

As mentioned previously, the proofs of these theorems rely on Carleman estimates.
Using the results of [12] we will derive needed Carleman estimates in Section 2.
Using this estimate we will prove in Section 3 the Holder stability estimate (1.13).
In Section 4, we demonstrate the Lipschitz stability of the Cauchy problem for the
residual stress model. This estimate is one of key ingredients to derive the Lipschitz
stability estimate for our inverse problem in Section 5.

2 Carleman estimate

In this section we will describe Carleman estimates needed to solve our inverse
problem. Their proofs can be found in [12]. Let ¥(x,t) = |z|* — 6** — d? and
¢(x,t) = exp(3¢(z,t)), where 0 is choosen in (1.11) and n < C'is a large constant to
be fixed later.

Theorem 2.1. There are constants €9 and C' such that for R satisfying (1.7)

Jo(TIVeu? + 7|V + 7| Vewl? + 72 ul® + 720)? + 72w [?)e?7?

<C [o(|Arul? + |V (A gu)[?)e?m (2.1)

for allu € H3(Q) and
/(7‘2|u|2 + |dival? + |curluf® + 77 Vu)e?™ < C’/ |A gu|?e?™? (2.2)
Q Q

for allu € HZ(Q).



Carleman estimates of Theorem 2.1 is our basic tool for treating the inverse prob-
lem.

Lemma 2.2. Foru € H3(Q) satisfying Au = fo + Z?:1 0;f; with fo, f; (1 <35 <3)
belonging to L?, we have

- /Q |Vul?e?™dr < C'/Q <§ + fo) e* ¥ dx.

Proof. For the weight function ¢ with large 7, we can use Theorem 3.1 of [5] to get

/QT|U\2€2 “dx < C'/Q <T—g + fo) e*™dx. (2.3)

Now we will bound Vu. Observe that V(ue™) = (Vu)e™ + tuVpe™ and hence
1
-

We have

A(ue™) = (Au)e™ + 27Vu - (Vp)e™ + (T2|[Vp|> + TAp)ue™
= (fo+ 220,17 +27Vu - (Vp)e™ + (T2|Vo|* + TAp)ue™.

2
/|Vu]262wda: < —/ |V(ue2w)|2dm+(77/ lu|?e*™?dx (2.4)
Q T Ja Q

Multiplying this equality by —%ue”’, integrating by parts, and using the Cauchy-
Schwarz inequality, we obtain

2 [ IV (ue?™) dx

=—Jo %2 (fo+ 2 0;f;) ue*™da — 2 [,(Vu - Vo)ue*?dr — [(T|Ve]* + Ap)u?e* dx

< 3 Jo Beedn + 5 [ [uPerede + 1| [, 30 f3(O5u + 2rudyp)e? P dal+

2 [, Vu - Voue*™dz + Ct [, u?e’™?dx

2

< % Jo {—%eZTde + % Jo [ul?e*™?dx + % Jo> fj262wdx + g Jo [Vul?e* ™ dx

% Jo [ul?e*™?dz,
where § > 0 is arbitrary and we used that |ab| < é|a|? + J5[b|*. Choosing sufficiently

small § > % to absorb the term with Vu in the right side by the left side and using
(2.3), (2.4) we yield the bound of Lemma 2.2. O

Now we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. We consider (1.3) with a source term,
Apu=f in Q. (2.5)

Using that p, A\, u are constants we have from [12], section 2, the new system of
equations
Plll = MT'LLV’U —+ 5,
Py =3y V£ 9,00 + div, (2.6)
Pw = Z?,k:l V% X 0;0Ku + curl%,
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where P1 = 83—2?7,?:1 p‘l(uéijrrjk)ajak? P2 = 8162_2?,k:1 p‘l(()\+2u)6jk+rjk)8j8k,
where d;; is the Kronecker delta. Due to (1.6) and (1.7) with small g, P, and P
are hyperbolic operators. Using (1.6), (1.11) by standard calculations one can show

that ¢ is strongly pseudo-convex in () provided n < C' is sufficiently large and g
is sufficiently small (see [12] or [11]). Observe that according to the first condition
(1.11) the function ¢ (z,t) = |x|* — 6*t> — d? is pseudo-convex on @ and according to
the second condition (1.11) the gradient of 1/ is non-characteristic on @ with respect
to operators pd? — pA, pd? — (A + 2u)A, and hence with respect to Py, P, provided
go is sufficiently small. We fix such n observing that it depends only on @, p, A\,  and
6. It follows from Theorem 3.1 in [12] that there exists a constant C' > 0 such that
for all 7 > C' we have

Jo TV 0 + 7|V o 4+ 7|V wP? + 782+ 7o + 79w [?) e

2.7
< OfQ(’fP + IVf‘Q)e%‘p + Ceo fQ Z?,k:l fajakuPeZW (2.7)

for all u € H3(Q). As well known, Au = Vv — curlw. Therefore, by Theorem 3.2 in
[12] and by (2.7),

Jo Xjer 0050 e
< CfQ T|Aul?e?™? = CfQT|VU — curlw|?e?™
< C [o(F? + [VE2)er™ + Ceg [, 307y 0;0u?e?™.
Thus for small gy, we yield
3
[ 3 wawrer <o [ e oy
Q jk=1 Q

and the estimate (2.7) leads to the first Carleman estimate (2.1).

To prove the second estimate we will use Carleman estimates for elliptic and
hyperbolic operators in Sobolev norms of negative order. Applying Theorem 3.2 in
[8] to each of scalar hyperbolic operators in (2.6) we obtain

Q Q
7'/ v2e?™v < C’/(go|Vu|2 + |f[?)e*™,
Q Q

7'/ |w|?e?™ < C/(<€0|Vu|2 + |f|?)e? .
Q Q

Adding these inequalities we arrive at

T/(|u|2 + |v* + [w]?)e*® < C/ (eo|Vul? + [£]*)e?™?. (2.8)
Q Q
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To eliminate the first term in the right side we use again the known identity Au =
Vv — curlw, apply Lemma 2.2, and integrate with respect to t over (—=T,T) to get

/ |Vul?e*™? < C’7‘/(v2 + |w[?)e?™.

Q Q

Using this estimate and choosing ¢y small and 7 > C we complete the proof of
(2.2). O

In order to use (2.1), it is required that the Cauchy data of the solution and the
source term vanish on the lateral boundary. To handle non-vanishing Cauchy data,
the following lemma is useful.

Lemma 2.3. For any pair of (g, 81) € H3(I'x (=T, T)) x H2(I' x (=T, T)), we can
find a vector-valued function u* € H*(Q) such that

u' =gy, 0,(u)=g,Agu" =0 on I'x(=T,T),
and
[0l (T x (=T, 7)) < Clligoll3)(T" x (=T, 7)) + llgall(s) (T x (=T,T)))  (2.9)
for some C > 0 provided €y in (1.7) is sufficiently small.

Proof. By standard extensions theorems for any gy € H(%)(aQ X (=T,T) we can
find u™ € H3(Q) so that

*

u™ =gy, 0,(u") = gl,f)fu** =gy, on I'x(=T,T)
and

[u™[|3)(Q) < C(||g2||( )(6Q><(—T, T))—|—||g1||(%)(8ﬁ><(—T, T))+||g0||(g)(39><(—T» 1))).

1
2

Since 92 x (=T, T) is non-characteristic with respect to A g provided &g is small, the
condition Agu*™ = 0 on 0 x (=T, T) is equivalent to the fact that gs can be written
as a linear combination (with C'! coefficients) of 9?gy and tangential derivatives of
go (of second order) and of g; (of first order) along 9f2. In particular,

lgall 1) (02 x (T, 7)) < Cllgal 202 x (~T,7)) + llgoll 3 (92 x (~T,T)).

Choosing go as this linear combination we obtain (2.9). O



3 Holder stability for the residual stress

In this section we prove the first main result of the paper, Theorem 1.1. Let u(; 1) and
u(; 2) satisfy (1.3), (1.4),(1.5) corresponding to R(; 1) and R(;2), respectively. Denote
u=u(;2) —u(;l) and F = R(;2) — R(;1) = (fjx),j,k = 1,...,3. By subtracting
equations (1.3) for u(; 1) from the equations for u(;2) we yield

Agipu=A(Gu(;1))F in @ where A(; ijka oku(; (3.1)

7,k=1

and
u=0u=0 on x{0}. (3.2)

Differentiating (3.1) in ¢ and using time-independence of the coefficients of the system,
we get

Ar2U=AGUGL)F on Q, (3.3)
where
P2u 2u(; 1)
U= |du| and U(1) = |3du(;1)
dju dtu(;1)

By extension theorems for Sobolev spaces there exists U* € H?(Q) such that
U =U, 9,U"=0,U on I x(-T,7), (3.4)
and
1U (@) < C[UJ (T x (=T, 7)) + [8,Ull 1) (T x (~T, 7)) < CF.  (35)
due to the definitions of u, U, and F. We now introduce V = U — U*. Then
Agri)V=AF — Ap»)U* in @Q (3.6)

and

3,(V)=0 on T x(=T,7T). (3.7)

To use the Carleman estimate (2.1), we introduce a cut-off function y € C*(R?)

such that 0 < x <1, x =1 on Q(5) and x = 0 on @\ Q(0). By the Leibniz’ formula
Ar)(XV) = XAr) (V) + A1V = YAF — XAp)U" + AV

due to (3.6). Here ( and below) A; denotes a first order matrix differential operator
with coeflicients uniformly bounded by C(e). By the choice of x, A;V =0 on Q(35).
Because of (3.7) the function xV € HZ(Q), so we can apply to it the Carleman
estimate (2.2) to get

/ TIxV[?e* ¥ <
Q
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C/(|F‘2 + |AR(;2)(U*)]2)62”’ +C |A V[2e*™? <
Q Q\Q(5)

C(/ ’F’2€2T<p+F2€27@+C(8>62751) (38)
Q

where ® = supp over Q and e, = e . To get the last inequality we used the bounds
(3.5) and (1.9).
On the other hand, from (1.3), (3.1), (3.2) we have

pOju=">" fix0;00u(; 1),

pOfu =" f;0,0;00u(; 1)

on 2 x{0}. So using the definitions of M, F we obtain p(d?u, 9?u) = MF on Q x {0},
and from the condition (1.10) we have

F[P<C ) 10/u(,0)> (3.9)

£=2,3

Since x(,7") =0,
T
/ P u(z, 0) 22 ¢@0) gy — — / o / P u(e, £) 229D 4 dt <
Q 0 Q

[ 200 wlopal + ralofap)e +2 [ jgulonde
Q QA\Q(3)
where # = 2,3. The right side does not exceed

o[ rupe o) [ upen) <
Q QA\Q(3)

C(/ 7Y V|?e*™? +C(5)/ [U[?e*™¢ +T/ |U*|?e?7%)
Q Q\Q(3) Q

because U =V + U*. Using that x =1 on Q(5), ¢ <e10on Q \ Q(5) and ¢ < ® on
@ from these inequalities, from (3.8), (3.5) and from (1.9), we yield

Js

Using that x = 1 on Q(

07u)?(,0)e?700) < C’(/ IF|?e®™ + C(e)e*™ + 1e*™ F?). (3.10)
3) Q
5), from (3.9) and (3.10) we obtain
/ B[220 < 0 / B 4 e F2 4 O(e)eX™)  (3.11)
Q(3) Q(3)
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where we also split @ in the right side of (2.7) into Q(5) and its complement, and
used that |F| < C and ¢ < €1 on the complement. To eliminate the integral in the
right side of (3.11) we observe that

/ |F|?(2)e* @D dadt < /
Q(5) ¢

Due to our choice of function ¢ we have ¢(x,t) — ¢(x,0) < 0 when ¢ # 0. Hence by

the Lebesgue Theorem the inner integral (with respect to t) converges to 0 as 7 goes

to infinity. By reasons of continuity of ¢, this convergence is uniform with respect to
13

r € Q. Choosing 7 > C' we therefore can absorb the integral over )(5) in the right
side of (3.11) by the left side arriving at the inequality

T
|F’2($)62w(x,0)(/ e (e@D=e(@0) g1\ dg
)

< -7

/ ‘F‘2€27<p(,0) < 0(7_627'<I’F2 + C(€>€2Tsl).
Q(e)
Letting e, = e < ¢ on Q(¢) and dividing the both parts by 272 we yield
/Q( | |F|2 S 0(7_627(4)—52)}72 + 6—27-(52—51)) S C(E)(GQTCDFZ + 6—27(52—51)) (3‘12)
€

since Te 2™ < (C(e). To prove (1.13) it suffices to assume that F < &. Then
—logF
P4eg—e1

T = > (' and we can use this 7 in (3.12). Due to the choice of T,

€2—€1
6—27'(62—61) — 627‘@}72 — F2¢+€2_51

and from (3.12) we obtain (1.13) with v = 52-%.—. The proof of Theorem 1.1 is now

complete. O

4 Lipschitz stability in the Cauchy problem

Now we will prove a Lipschitz stability estimate for the Cauchy problem for the
system (2.5). This estimate is a key to prove the estimate (1.17) in the inverse
problem. Before going to the main result of this section, we state a lemma concerning
the boundary condition for auxiliary functions v and w. We refer to [14] for the proof.

Lemma 4.1. Let a solution u € H?(Q) to system Agu = f in Q satisfy
f=u=o0,(u)=0 on I'x(-T1,7)

and let R satisfy (1.7) with ey sufficiently small.
Then
Ou=0;0,u=0 on I'x(=-T,T), forl<ijk<3.

Now we can prove the following result.
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Theorem 4.2. Suppose that 2 and T satisfy the assumptions of Theorem 1.2. Let
u € (H3*(Q))? solve the Cauchy problem

{ARu:f in Q

u=o,(u)=00n0dx (-1,T) (4.1)

with £ € L*((=T,T); H' () and f =0 on 0Q x (=T, T). Furthermore, assume that
(1.7) holds for sufficiently small &.
Then there exists a constant C > 0 such that

HUH%-P(Q) + ||U||§{1(Q) + ||W||%11(Q) < CHfH%Q((fT,T);Hl(Q))' (4.2)
By virtue of (4.2) and en equivalence of the norms ||ul|)(£2) and of
[divall)(2) + [[curlul|o)(€2)
in H}(Q) (e.g., [3]), pp.358-369), it is not hard to derive the following
Corollary 4.1. Under the conditions of Theorem 4.2
[allo)(@) + [[ Vel 0)(Q) + [[0:Vul0)(Q) < CHf”%Q((—T,T);Hl(Q))' (4.3)

Proof of Theorem 4.2.
By standard energy estimates for the system (2.6) we get

CHEWO)-C (1" +VE[") < E(t) < C(E(0) +/ (£ +[VE[)) (4.4)

Qx(0,t) Qx(0,)

for some C where
E(t) = /(\atqu + 10w + 0w + |Vul? + [Vol]* + [Vw]? + [ul* + |[v]* + |[w]?)(, 1).
Q

To use the Carleman estimate (2.1) we need to cut off u near t =7 and t = 7.
We first observe that from the definition

1 < p(x,0),z € Q,
and from the condition (1.15)
o(x,T) = ¢(x,~T) <1 when x¢€Q.
So there exists d > & such that
l1-d<¢ on Qx(0,0), ¢<1—-25 on Qx(T—24T). (4.5)

We now choose a smooth cut-off function 0 < xo(t) < 1 such that xo(t) = 1 for
—T+20<t<T—2§and x(t) =0 for |t| > T — 4. It is clear that

Ar(xou) = xof + 20000 + p(0fx0)u.

12



By Lemma 4.1 and basic fact about Sobolev spaces, we have yu € H3(Q), and can
use the Carleman estimate (2.1) to get

/Q(T?’(\XuP + (x0)* + xw ) + (Ve ) + Ve (xo)* + [Va (xw)[*))e?™ <

C’(/ (|F]? + |VE|?)e*™ +/ (|0qal?® + |0, Vul? + |ul® + |0,ul?)e*™)
Q Qx{T—26<|t|<T}

Shrinking the integration domain on the left side to © x (0,0) where xy = 1 and
1 — 6 < ¢ and using that ¢ <1 —20 on Q x (T — 0,T") we derive that

1)
e?r(1=0) / E(t)dt <
0

T
C(/ (|f]? + |VE]?)e®™ + 0627(125)/ /(latuP + 10, Vul? + [u]* + |[Vul?). (4.6)
Q T-5JQ
To eliminate the last integral in (4.6) we remind that
curldpu = Oyw, divdyu = Jyw, Adyu = V(0v) — curl(Oyw)

and use the standard elliptic L?-estimate

/Q VouP(.t) < O / (10l + [ [2) (. 1)

Now using the energy bound (4.4) we derive from (4.6)

eQT(l_‘s)%E(O) — Ce?™? / (|f]> + |VE]?) < Ce*™® / (If]> + |VE[]?) + Ce* =2 E(0).
Q Q

Choosing 7 so large that e=27 < % and fixing this 7 we eliminate the term with

E(0) on the right side. Using again (4.4) we complete the proof. O

5 Lipschitz stability for the residual stress

In this section we prove the second main result of the paper, Theorem 1.2. We will

use notation of section 4.
In view of Lemma 2.3, there exists U* € H3(Q) such that

U"=1U, 0,U" =0,U, Ap2U"=0 on 00 x (-T.,7), (5.1)
and

U l3)(Q) < C([Ul|5)(T" x (=T, T)) + |8, Ul|(3)(02 x (=T, T))) < CF  (5.2)

13



due to the definition of F. We introduce V.= U — U*. Due to (5.1),
V= 8,,V = O, A.R(;Q)V =0 on 0f) x (—T, T). (5.3)
Applying Corollary 4.1 to (3.6), (3.7) and using (5.2) gives
V1) (@) + Ve ViIiEy (@) + 110:V V() (Q) < C>IF 1) ()* + F7). (5.4)
On the other hand, as in the proof of Theorem 1.1 we will bound the right side
by V.
We will use the cut off function xq of section 4. According to Lemma 4.1 and

(5.3), xoV € H3(Q). By the Leibniz formula

Ari(xoV) = x0AGUGL))F — XoArq2) U™ + 2p(0ix0)0:V + p(97x0)V

and by the Carleman estimate (2.1) and by (3.6)

| BEIVE + Ve <
Q
0(/ (IF]> + [VF[* + [A ) U[* + |V(A g UY)?) e’ +
Q
/ (VE+[9VE +109VP)e™) <
Qx{T—20<|t|<T}

C(/(‘F‘Q—l— |VF’2)627¢+627<PF2+62T(126)/(|F|2_|_ |VF|2)),
Q Q

where we let ® = supg ¢ and used (4.5) and (5.4). Since U =V + U* from (5.2) we
obtain

| AU + VR <
Q

T
OeQT®F2+C/(/ @D gt 4 2T (R 4 [VF]) (2)de.  (5.5)

Q J-T

Utilizing (3.2) and (1.10), similarly to deriving (3.9), we get from (3.1) that
p(0?u, 9}u) = MF on Q x {0}. Therefore, using (1.10) we will have

LRE s [wRpeeo < [ 37 jopvrug oo -

B8=2,3:k=0,1

T
= —C’/ 8t(/ ng|8kau|262wdx)dt <
0 Q

C [ Y07V a0Vl + rloel 07T uf )
Q
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C XolOxol Y 10/ VFul?)e*.

Qx(T—25,T)

Now as in the proofs of section 3 the right side is less than

C(/ mxa(|U]* + IVU|2)62“"+/ (U] + [VU)er?) <
Q Qx (T—26,T)

C(/Q X ([UP + [VUP)e™ + X C2(|[F |7 (Q) + F2)).

where we used equality U = U*+V and (5.2), (5.4). From the two previous bounds
we conclude that

T
/(|F|2+ |VF|2)627—¢(,0) < C(T€QT¢F2+/(/ 627—@(,t)dt_|_€27-(1—25))(|F|2+ |VF|2))
Q

Q J-r

(5.6)
Due to our choice of ¢, 1 < ¢(,0),¢(,t) — ¢(,0) < 0 when t # 0. Thus by the
Lebesgue theorem as in the proofs of section 3, we have

T
20(/ 627@(,t)dt+627(1—5)> < 627'@(,0)
=T

unformly on §2 when 7 > C'. Hence choosing and fixing such large 7 we eliminate the
second term on the right side of (5.6). The proof of Theorem 1.2 is now complete. U

By using Carleman estimates on functions satisfying homogeneous zero bound-
ary conditions (gy = 0 or zero stress boundary condition) one can replace Jf) in
Theorem 1.2 by its "large” part I' ([11], section 4.5, for scalar equations).

6 Conclusion

Using similar methods one can expect to demonstrate uniqueness and stability for
both variable p, A\, ;1 and residual stress most likely from two sets of suitable boundary
data. Motivation is coming from geophysical problems. Our assumptions exclude
zero initial data. So far it looks like a very difficult question to show uniqueness from
few sets of boundary data when the initial data are zero. Stability guaranteed by
Theorems 1.1 and especially by Theorem 1.2 indicate a possibility of very efficient
algorithms with high resolution for numerical idenitification of residual stress from
a single lateral measurement. It would be a very good idea to run some numerical
experiments to understand possibilities of practical applications of these stability
properties.
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