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1 Introduction

We consider nonnegative solutions of the initial value problem for a weakly
coupled system

(us)e = Auy + || 7wl reRLt>0,i€ N*, (1)
uz(ﬂf,O) :ui,O(x)7 xERd,iEN*,
where N > 1, N* = {1,2,... N}, d > 1,p; > 1 (i € N*), [[L,p > 1 and
0 <o <dp—1) (if p; = 1, we choose o, = 0) (i € N*), and u;p is a

nonnegative bounded continuous function satisfying

lim sup |z|%u; o(7) < oo

|| —o0
for any ¢ € N*, where
5. — Oi + Pi0iy1 + ...+ DiPiy1 - PDitN-20i4N-1 2)
pip2...py — 1
And the solution and others are cyclic and satisfy uni; = w;, untio =

Ui 0, PN+i = Di, ON+i = 05 (1 € N*). For simply expressing, we put u =
(ul, U2,y ..., UN) and Uy = (UL(), U205 -+ uN,O)-

Problem (1) has a unique, nonnegative and bounded solution in a suitable
weighted space (see Theorem 2.4) at least locally in time. For given an initial
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value ug, let T* = T*(up) be the maximal existence time of the solution. If
T* = oo the solution is global. On the other hand, if 7% < oo there exists
t € N* such that

lim sup [ (t)]|oc, = oo. (3)
t—T*

When (3) holds we say that the solution blows up in a finite time.

The purpose of the paper is to study systematically the effect of inhomo-
geneous term |z|%* on the critical blow-up exponent to the system (1) and
the asymptotic behavior of global solutions for general N > 1.

In this paper, we present a unified approach to the study of blow-up and
global existence of solution to the system (1) for the general N > 1 and
o; > 1. Especially, we extend the previous results by Huang-Mochizuki|6]
(for the case N =2 and o; > 0) and the author[16] (for the case N > 3 and
o; = 0)

Throughout this paper we shall use the following notation. We define
some constants:

2(1+ pi + pipiy1 + - + PiDig1 - - - PisN—-2)

Qi = , 1€ N,
pip2...py — 1
(4)
5, = 0 + Pi0it1 + ... + DiPit1 - - 'pi+N—20'z‘+N—1’ i€ N,
pip2.-..py — 1
which solve
1 —pr 0 O 0 0 0 aq 2
0 1 —py O 0 0 0 e 2
0 0 0 0 0 1 —pn aN_—1 2
—pn 0 0 0 0 0 1 aN 2
and
1 _pl 0 0 0 0 0 51 o1
0 I —p2 0 00 0 5o o
0 0 0 0O ... 01 —PN-1 (SN_l ON—-1
—pn 0 0O 0 ... 00 1 SN oN

where §; (i € N*) are the same constants given by (2). These constants
play an important role in our problem. Actually, we show that the number



max;ey+{a; +9;} is the “first cutoff” which divides the blow-up case and the
global existence case. This is a natural existence of the previous result in [6]
for the case N = 2.

We denote by BC' the space of all bounded continuous functions in R?
and define for a > 0,

1" ={¢ € BC;¢{(x) > 0 and limsup |z|%(z) < oo},

|| —o0

I, ={{ € BC;¢(x) > 0 and l|ir|ninf]3:]“f(x) > 0}.

Let Lg° be the Banach space of L*-functions such that

1€l[co.a = sup <2 > |¢(2)] < oo,
z€R?

where < 2 >= (|z|> + 1)¥/2. Obviously I¢ C L. The letter C' stands for
a positive generic constant which may vary from line to line. We use the
notation S(t)£ to represent the solution of the heat equation with an initial
value &(z):

S(1)€(x) = (4mt) / eVl () dy. (5)
Rd
By using the notation above, throughout paper, we suppose that initial
conditions satisfy

Ui € Iéi (2 € N*), (6)

where §; is a nonnegative constant defined by (4).
Now, the results of this paper can be summarized in the following four
theorems. First, we state our blow-up result for solutions to (1).

Theorem 1. Assume that u;o € 1% (i € N*), and max;en-{a;+0;} > d.
Then every nontrivial solution u of (1) blows up in a finite time.

When max;ey«{a; + 9;} < d, we show that there exists both non-global
solutions and non-trivial global solution of (1). Precisely, requiring a poly-
nomial decay of initial values wug:

uio(z) ~C < >"" (i € NY), (7)

where C' and a; are positive constants, we obtain the “second cutoftf” a =
(a1, as, ...,ax) on the decay rate of initial values, namely a; = «; + J; which
divides the blow-up case and the global existence case when max;ey«{a; +
51} <d.



Theorem 2. Assume that u;og € 1% (i € N*), and maxien-{a; +6;} < d.
(1) Suppose that there exists some i € N* such that

Ui € Iai with  a; < o; + 6;. (8)

Then every solution u of (1) blows up in a finite time.
(ii) Suppose that for any i € N*

Ui € I with a; > o; + 6; (9)

and ||t ol co.a; 25 small enough. Then, every solution u of (1) is global. More-
over, we have a decay estimate:

wi(x,t) < CS(t) < o >"% (10)

in R x (0,00), where C' is a positive constant and a; < a; (i € N*) are
chosen to satisfy

Di min{diﬂ,d} —a; > 2+ o;. (11)

We also obtain the blow-up result for large initial data, even if initial data
has an exponential decay.

Theorem 3. Assume that u;o € 1% (i € N*), and max;en-{a; +6;} < d.
Suppose that there exists some i € N* such that u;o(x) > Ce 1 for some
v > 0 and C > 0 large enough. Then every solution u of (1) blows up in a
finite time.

Remark 1.1. In particular, when ;o € I* with a; > «; + 0; for any
i€ N* and ||t 0l/c0.q; is large enough, every solution u(t) of (1) blows up in
a finite time. On the other hand, when u; o < Ce0l2* for any i € N*, some
vp > 0 and C small enough, every solution of (1) is global.

Remark 1.2. We can show the results of the asymptotic behavior of the
solution of (1) global in time as [6, Theorem 4] and [11, Thoerem 6.1].

We briefly recall a history of the study on blow-up and global existence
of solution to the system (1). First, the blow-up and the global existence of
solutions in the case N =1 and o, = 0,

= P d
{ut Au + uP, reRYt>0 (12)

u(z,0) = up(x), r € RY

was studied by Fujita[4]. Fujita proved that when d(p — 1) < 2 the solution
of (12) blows up in a finite time for any wy # 0. On the other hand he also
proved that when d(p — 1) > 2 the solution of (12) exists globally in time
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if the initial value wug is small and has an exponential decay. The number
p = 1+ 2/d is called a critical blow-up exponent for (12). For the case
d(p — 1) < 2, Lee-Ni[10] studied and proved that if the initial data is large
enough or decaying slowly (It contains the case that the initial data not
decaying) for space, the solution blows up infinite time, and if the initial
value is small enough and decaying fast, then the solution is global in time.
They have the results about “second cutoft” for the case N = 1, too.
Fujita’s results were extended by Bandle-Levine[1] for the o > 0:

{ up = Au+ |x|7uP, reRLE>0

u(z,0) = uo(z), z € RY, (13)

and they showed that when d(p — 1) < 2 + o the solution of (13) blows up
in a finite time for any ug # 0. Hamada[5] proved the same blow-up result
for the critical case d(p — 1) = 2+ o (see also [12]).

Fujita’s results were also extended by Escobedo-Herrero[2] and
Mochizuki[11] to the system (1) with N = 2 and 0; = 0 (i = 1,2), and
by Huang-Mochizuki[6] to the system (1) with N =2 and o; > 0.

Although the Fujita type critical blow-up exponent to the system (1) with
N =2 and 0; = 0 was established by Escobedo-Herrero[2], their proofs were
rather complicated.

Huang-Mochizuki[6] and Mochizuki[11] simplified their proof and also de-
termined the “second cut off” on the decay rate of initial data. The asymp-
totic behavior of global solutions was also studied in [6] and [11] for the case
N =2and g; > 0.

Our result is a natural extension of [6]. We emphasize that our proof
gives a unified approach to show blow-up results, although the proof in [6]
for the case o; > 0 is slightly different from the one for case o;.

For a big system (1) with N > 3 and o; = 0, the auther [16] and
Renclawowicz[15] (see also [14]) determined independently the Fujita type
critical blow-up exponent. See also [3] for large initial data. The methods in
[16] and [15] are different, Moreover, in [16] we also determined the “second
cutoff” on the decay rate of initial data.

On results extend the results of [16], the novelty of this paper is the choice
of an appropriate weighted function space in which the system (1) is locally
well-possed, a unified approach to establish blow-up results and a systematic
controls of solutions.

Finally, we remark on the problem to estimate the life span T%(ug) as
A go to 0 or oo, when the initial data has the form (7). Such problem was
studied by Mochizuki[11], Pinsky[13] and Kobayashi[8, 9]. However, it is an
open problem to obtain sharp estimate of the life span T*(u) for general
N > 3 even in the case o; = 0.



The rest of the paper is organized as follows. In section 2, we note prelim-
inary results including the local existence for (1) and some useful lemmas. In
section 3, we prove the blow-up results (Theorems 1, 2(i) and 3). In section
4, we show the result of global existence (Theorem 2 (ii)).

2 Preliminaries

First, we note useful lemmas. The lemmas are well-known and are used
throughout this paper. But the proof of Lemma 2.6 is complicated for the
case N > 3. We need to control the precise estimate by induction.

We set for v > 0

ny(x,t) =9(t) <x>7". (14)
Lemma 2.1. Let v >0, 0 < < min{d,v}. Then we have

C(1+ t)(—min{dm}%)/? (v # d),
<
I (@, Dlc.s < { CL+ 1) 210g2 4 1) (y=d).

Proof. See [6, Lemma 2.1] or [10, Lemma 2.12]. O
Lemma 2.2. (i) The following inequality holds

ny(z,t) > Cmin{< x>, (1+)77/?}.
(ii) We have in R% x (0, 00)

C(l + t)((f—f—b—min{a,d}p)/an(x t) (CL 7& d)
o P < ’ ’
|7 na (2, £)P < { C(1 + t)o+b=d)2[1og(2 + t)]Py(2,t) (a = d).

Proof See [6, Lemmas 4.1 and 4.2]. O

Now, we establish the local solvability of the Cauchy problem (1). Basi-
cally, we follow the same argument as in [6].

For arbitrary 7' > 0, let

Ep = {u:[0,T] — (L*)"; |ull g, < oo}, (16)

(15)

where
N
u = sup Wi(1) 00,8 f -
[ull &y te[O,T]{iZI [[wi(£)[[oo,s: }
We consider in Ep the related integral system
t
w(t) = S(thusa+ [ S(t = 5)((al"uthy () ds, (17)
0
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where i € N*. Note that in the closed subset Pr = {u € Er;u; > 0,i € N*}
of Er, (1) is reduced to (17). Define

W(u) = (S(t)uro + Pr(uz), S(t)ugo + Po(us), ..., S(t)uno + Pn(u1)), (18)

where
Oi(uisn) = [ S =)l ()ds (€ V)

Then a fixed point u of ¥ corresponds to a solution of (1).
Lemma 2.3 (1) Let Uio € 10 (2 € N*) Then (S(')UL(), S(')“ZO
yo. ., S()uno) € Er for any T > 0 and we have

N
1S(-)ur0, S(Yugo, - Shunollzr < C D lluiollocs,.
i=1
(ii) Let u € Er. Then (®1(uz), Po(us), ..., Pn(u1)) € Er and we have

N
|1 (uz), Po(us), ... P (wr)) || & < CT Y |Uill,
i=1

where
U1 0 U9 0 0 0 0
U2 0 0 us 0 0 0
UN—I 0 0 0 0 0 Uun
UN (VA1 0 0 0 0 0

Proof. (i) is obvious from Lemma 2.1 with v = §; (i € N*).
(ii) Note That

t
| ste=s)l- i ts)ds
0

t
= / S(t—s) < - >0 ds sup [|uii(s)]|
0

Di s
00,0441 "
s€[0,t] "

By a simple calculation (see (4) ) —o; 4 d;41p; = 0; < d. Then it follows from
Lemma 2.1 with v = §; (i € N*) that

1S(t —s) < - >0 || 5 < C,
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Thus we have

< Ct sup Huz‘+1(s)’£é,5i+1
00751' SE[O,t]

for i € N*. These inequalities conclude the assertion (ii). O

Now we can prove the following

Theorem 2.4. Assume that ug is a vector of nonnegative bounded con-
tinuous functions such that u;o € I% (i € N*). Then there exists 0 < T < 00
and a unique vector u(t) € Pr which solves (1) in R4 x [0,T) .

Proof. Let B = {u € Er;||ullg, < R}. We consider two vector-
valued functions vy (z,t) = (vi1(x,t),vi9(x,t),... ,v1n(z, 1)) and ve(x,t) =
(vo1(z,t), vo0(z,t),... ,van(x,t)). For ¥ in (18), we have

H\Ij(vl) - \IJ(UQMETH(CDI (01,2) - CI>1(U2,2), CDQ(UL?,) — @2(0273)
ey @1 (1n) — Py (van), Pa(vin) — Pr(v21))]| By (19)
We consider i-th term of ||¥(vy) — ¥(v2)| gy,
|@i(v1,i41) — Pi(vaiq1)| <z >0i

t
< / S(t — )|l foriss ()P — [oaian(s)P]ds <z >% |
0

We consider this expression in Bg N Pr for R sufficient large. From proof of
Lemma 2.3 (ii),

[P (uri1) — Pilugip1)| <2 >0

< CT sup "Uf,ii—i—l(‘g) - vg,ii-i—l(S)HOOﬁiJrl
s€[0,t]

<CT i 1R~ pi (V31 (5) = v2,i41(5)) s (20)
s€|0,t
Substitute (20) into (19). Since we can put 7' is small enough for R, we
obtain

W (v1) — W(va)|| p, < CTR™™itpi=1 max{p;}|vr = v2ll gy < pllor =2 ey

for some p < 1. Then ¥ is a strict contraction of Bz N Pr into itself, whence
there exists a unique fixed point u € Bg N Pr which solves (4). O

Next, we establish key estimate of solutions which will be used show blow
up results.

Lemma 2.5. Let ug # 0 and u be the solutions of (1) with initial data
ug. Then there exist T = 7(ug) > 0 and constants C > 0,v > 0 such that

ui(z,7) > Ce " (i e N*). (21)
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Proof. (cf. [2, Lemma 2.4]) Assume for instance that u;o # 0. By
shifting the origin if necessary, we may assume that there exists R > 0 such
that v = inf{uy o(§) : || < R} > 0. Since u(z,t) > S(t)uso(x), it follows

that

Kl

s, ) > v exp(~ 1) (drt) / exp(—|yl?/2t)dy.
ly|<R

Define @;(t) = uy(t + 71) for some 7, > 0. Then, we obtain
u1(2,0) = ui(z, 1) > ¢ exp(—aq|z|?)
with
1

2
ap = —, = 1/(47r7'1)_d/2/ exp (—M) dy.
27’1 ly|<R 27'1

Substituting (22) in N-th equation of (17), we obtain
t
un(e.t) 2 [ S(t=s)laluf (5)ds
0

t
> N / S(t — 8)|x|”N exp(pnay|z|?)ds.

T1

Since for v > 0 and o > 0,
S(t)(|z]7e 1) > €, (26)7/2 (20t + 1) (@2l /21,
where

C, = (2m)~%? / 2|71 dz.

Rd

( See [6, Lemma 3.2] ), we obtain

t) >
UN(l': )— - {QQI(t_S)+1}_(JN+d)/2

T1

{20&1(t — Tl) —+ 1}_(0N+d)/2

105y (t — ) TN/ |=[?
ex e ———
= 00ar(t — ) + L-enraz SP\ "oy )

¢ _ on/2 2
GO (Y,

(22)

(23)



where C,,, is defined in (25). Define un(t) = un(t + 7n) for some 75 > 7.
Then, we obtain

an(0) = un(7n) > ey exp(—ay|z|?) (26)
with
1
o= —-—-
YT 2y — ) (27)
CN = ClCo—N (TN — T1)1+JN/2{2041(TN — Tl) -+ 1}_(0N+d)/2.
By repeating this argument, we obtain same results for uy, uny_1,... , us.

This completes the proof. O
We suppose oy + d; = d. Let u(t) € Er be a nontrivial solution of (1).
By Lemma 2.4, we may assume

Uro > Ce—ltm2

for some C' > 0 and p > 0.
Lemma 2.6. We assume oy + 61 = d. Then we have

uy(z,t) > Ct=%2e 1" M og(t/(2a))  (a <t <T),

where a > 0 is a small constant.
Proof. Put the sequences {P,}1Y., and {Q;}ix, satisfies Py = (2 + on)/2,
P=p P14+ (24 0,)/2 and Q; = dpipis1 - .. pn /2. From (17), we have

uy (2, 1) > S(t)uro(z) > C(4ut 4 1)~ 2~ #1F/(At+1/m),

Thus, we have
t
un(z,t) > / S(t— s)|x|"Nui(x, s)PNds
0
t
> / (4s + 1/p) "N /2 St — g)|a| Ve PrIel/Ust1/m) g
0

Since

2 t _(d+0'N)/2
S(t)’x’UNe_pN|x|2/(45+1/H) > (Ot°N PN +1 €—|$|2/2t
- 4s+1/p ’
we obtain

t/2
uy(z,t) > C/ (4s + 1/p) IN/2 (¢ — g)on/2e=Ix/2(t=5) g g
t/4

> Ot (t+ 1)~ e lel/t
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Substitute this into uy_i(z,t) > fot S(t — s)|z|"¥-tuy(z,s)P¥-1. Then we
have

t
UN—l(l',t) 2/ SpN—1PN+JN—1/2(5_|_1)_pN—1QN
0

{QPN—l(t —5)

+1 e 1o/ t=9) g

—(d4+on_1)/2
)

t/2
> C€—|ﬂf|2/t/ (S+ 1)—QN—1SPN—1PN+0N—1/2dS
t/4

> C(t + 1)—QN—1tPN—1€—|$|2/t
by (24) again. By repeating this argument, we have
Uy > C(t + 1)—Q2tP2€—|$|2/t

by using (24) again. Thus we obtain
t
Ul(l',t) > C/ (S + 1)_p1Q2SP1P2+(72/2
0

—(d+01)/2
" {M n 1} U -9 g
S

t/2
> Ot + 1)—d/2€—|x|2/t/ QP g

for small @ > 0. Since a; + 01 = d and Q1 = P;, we have

t/2
uy(z,t) > C(t + 1)_d/26_|x|2/t/ s7lds > Ct= e 1/ og(t /2a)

a

fora<t<T.O

3 Proof of blow-up results

In this section we summarize several blow-up conditions which follow from
Theorem 3.2. Here, we take the same strategy as in [6] and [11]. Actually,
we can deduce our blow-up problem to the one for the systems of ordinary
differential equations with a parameter ¢ > 0. We found a nice scaling to
reduce the problem furthermore to the one for a simpler (e-independent)
system of ordinary differential equations. This gives us a uniform treatment
of our blow up results.
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Let pe(z) = (e/m)?e=1*I* € > 0. For a solution u(t) € Er of (1) we put

Fi (t) = /Rd ui(x,t)pe(x)der (i € N¥). (28)

Since —Ape(z) < 2dep.(x), the pair {2de, p.(z)} is regarded as an approx-
imate principal eigensolution of —A in RY. With this fact and Jensen’s
inequality we easily have

Fl (t) = =2deF; (t) + Cp,e P Fip1 (t)" (i € N¥), (29)

—pi+1
C, = (W—d/2 / ,x,—ai/(pi—ne—wdx)
Rd

for p; > 1 and C,, =1 for p; = 1.
Let us consider the system of ordinary differential equations

{ Jie(t) = —2defi(t) + Cpe 72 firac(t)Pr (i € N¥),
fie(0) = F;(0), (i€ N¥).

where

(30)

By the scaling with (4)

_ (CoCp ORI Ot )
fz( ) - Qdai/Qe(ai+5i)/2 fze QTJE

for ¢ € N*, we obtain the simpler system of equations
fi@) = = fi(t) + fira ()P (i € N7). (31)

Lemma 3.1. Let f(t) = (fi(t), f2(t), ..., (1)) be the solution to (31)
with the initial data

f0) =fo>1, f;(0)=0 (j € N\{1}).

If fo is sufficiently large, then f(t) blows up in a finite time. Moreover, the
life span Ty of f(t) is estimated from above by

Ty <ty + / (O ()P — NeYde, (32)
[T, filto)
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where

and 0 <ty < Ty is chosen to satisfy {[[~, fi(to)}*>®) > N .
Proof We take the same strategy as in [11, Lemma2.2]. Multiplying e’
on the both sides of (31), we have

fit) = e_t/o e* flli(s)ds. (33)

for [ € N*, and iteration these equation, we have

t s S
f1(t) =e'fo + e_t/ e(l=p1)s1 l/ " e(l=p2)s2 5 % (/ ' elmPn-1)sz (34)
0 0 0
D) PN-1 PN-—-2 b2
X {/ e’ fl(sl)desl} dSQ) c. dSN_1:| dSN.
0

Let fo > 1 be chosen large enough to satisfy

inf {etofo + 2p1p2---pN€—tog(t0’ O)} 2 9P1P2--PN __ 5’ (35)

to>0

where ¢ > 0 is a small constant satisfying § < 2PP2-P¥ — 2 and

ta s1 SN—3
g(ta:tb> = / el=P1)s [/ e=r2s2 o % (/ e(1=PN—2)sN—2
tp tp ty

SN—2 PN-2 PN-3 P2
{/ eSN—l(l _ e—SN—1>pN—1dSN_1} dSN_Q) ... d82:| dS1-

tp

We shall first show that under this condition fi(t) > 2 for any 0 < ¢t < Tj.
Assume the contrary that there exist 0 < ¢; < Tp such that fi(t) > 2 in
0 <t <t and fi(t;) = 2. Then it follows from (34) and (35) that

9 = fl (t1> > €t1 fO + 2p1p2---pN€—t1g(t1’ O)

and a contradiction occurs. Next, we shall show that lim; .z, fi(t) = oo
(To < 00). Assume to the contrary that there exist a sequence {t¢;} such that
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limg, oo f1(t;) = M for some 2 < M < oo.

We choose € > 0 and ¢, > 0 to satisfy M < (M —e)PP2-PN and fi(t) > M —e¢
in t, <t <T. It then follows from (34) that

Filt) > €8 o + 2P tiglt, 0) + (M — PPe-Petig(t 1)
— (M —e)PP2PN > M (t; — 00).

and we have contradiction and lim;_7, f1(t) = oco. Noting (33), we now
conclude

lim fo(t) = lim f3(t) = ... = lim fy(t) =00 (Tp < ). (36)

t—)TO t—)TQ t_’TO

To complete the assertion we put h(t) = f1(t)f2(t) ... fn(t) . Then by (31)
and Young’s inequality,

W(t) > —Nh(t) + Ci(p)h(t) 2P+, (37)

Integrating this, we obtain

o) B
t—1tg < {Cl(p)fcg(p)H—Nf} dg.
h(to)

Since p1ps...py > 1 and Cy(p) + 1 > 1, this and (36) show that h(t) blows
up in a finite time and the life span T} is estimated by (32). O

Let us consider the solution f.(t) = (fic(t), fae(t), ..., fne(t)) of (30). As
is shown in Lemma 3.1, there exists A; > 0 for some ¢ € N* such that if

F;(0) > Ay(2de)@it90/2, (38)

then F. = (F1,(t), Fa.(t), ..., Fn(t)) blows up in a finite time. Moreover, its
life span is estimated from above by (2de)~'Ty .

Theorem 3.2. Let F.(t) satisfy differential inequalities (29). If (38) is
satisfied for some € > 0, then F.(t) blows up in finite time. Moreover, its life
span is estimated from above by (2de)™'Ty. Then, we obtain

T*(up) < (2de) Ty, (39)

Proof of Theorem 1. First, we consider the noncritical case as max;e y-
{a; + d;} > d . Without loss of generality, we can let as + 2 > d. By means
of a comparison principle and Lemma 2.5, we can assume uso € L'(R?) and

/ ugo(x)dz > 0.
Rd
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The Lebesgue’s dominated convergence theorem then shows the existence of
€o such that

% 2 1€ %
F5.(0) = <§) /Rd g o(x)e " da > 5 <;) /Rd ugo(x)dz

for any 0 < € < €. Since ay + 02 > d by the assumption, this implies that
the condition (38) of Theorem 3.2 is satisfied if € is sufficiently small. Thus,
F.(t) blows up in a finite time.

Next, we consider the critical case as max;en«{c; + d;} = d. For each
nontrivial solution u(t) € Er of (1), it follows from Lemma 2.6 that

S(t)uy(0,t) > Ct~Y? log(t/Qa)/ e P M gy > Ot~ log(t/2a)  (40)
Rd

ina <t < T*. Contrary to the conclusion, assume that v is global. Then by
Theorem 3.2 it holds that

Fi(t) = (G/W)CW/ uy (z, t)e P de < Ajeler o/
Rd
for any ¢t > 0 and € > 0. Thus, choosing € = (4¢)~!, we obtain
F1,1/4t(t) = S(t)u1(0,t) < A1(4t)—(a1+61)/2 — A1(4t)_d/2.

This and (40) contradict to each other if 7% = oco.
The proof of Theorem 1 is thus complete. O
Proof of Theorem 2 (1). If uy o € I,, with a; < a; + 1 < d, we have

Fuul0) = e/ [

uyo(z)e= " de = 7r_d/2/ uy (e x)e " da.
R¢ R¢

Then it follows that

6_(a1+61)/2F175(0) 2 Ce—(a1+5i—a)/2ﬂ_—d/2/

2|~ e o de > Ay
Rd

for sufficiently small € > 0. If i € N*\{1}, we can obtain a similar estimate
for F; .. Thus F.(t) blows up in a finite time by Theorem 3.2.
Proof of Theorem 3. We then have for any : € N*,

d/2
e—(€+Vo)|ﬂf|2dx:C( € ) .

€+

Pz Clejm |

Rd

So, if we choose € = 1 and C' > (27)%2 max;e n-{A; }(1 +19)%2, the condition
of Theorem 3.2 is also satisfied in this case. O
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4 Proof of global existence

In this section we require max;e,«{a; + d;} < d, and treat the existence of
global solutions of (1), and we show Theorem 2 (ii).

First note that condition (9) can be replaced by u;o € 1% (i € N*) since
we have [% C I% (i € N*). Then, to establish Theorem 2 (ii), we have only
to consider the special case @; = a; (i € N*). As is easily seen, in this case
condition (11) is equivalent to

Piit1,d — @i > 2+ 0; (1 € N¥), (41)
where a; 4 = min{a;, d}.
Using 7 defined in (14), we define the Banach spaces F, and X as
N
By = {uilulle, = Y llo) < 01,
i=1

and
X:{wwwam<w}

where

lwllw=" sup  |w(z,t)].
(z,t)eR¥x(0,00)

(17) is reduced to
un(t) =V (t)(uo, un), (42)

where V' (t) is made by iteration and
t
V(t)(ug,v) = S(t)un, +/ S(t— s1)|z|7¥ (S(sl)um
0
+ / S(Sl — 82)’33"(71 { .. ’l”JN_Q lS(SN_1>UN_17O
0

SN_1 PN-2 P1 PN
-+ / S(SN_1 — SN)UPN_l(SN)dSN:| e } dSQ) dSl.
0

Here, if V' is a strict contraction, its fixed point yields a solution of (1).
Moreover, using that (a + b)? < 2P~ (a? + b?) for a > 0,0 > 0,p > 1,

V(#)(uo, v) <T()(uo) + T(t)(v),
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where
t
T(t)(ug) = S(t)unp + 2pN—1/ S(t — s1)|x|"™(S(s1)u10)"Nds
0

t
+2prNp1_2/ S(t—51>’x’0N
0

PN

« (/0 S(s1 — sa)[&|™ {S(s2)uno}? dr) ds+ ...

¢
4 QPNHPNPIFADPNPLPN -2~ N+1 / S(t — s1)|x|™™
0

l/ S(s1— 82)’33"(71{. o |w]oNs (/ ) S(SN—2 — Sn—1)|x|7V2
0 0

ON-3 p1 PN
X [S(SN_l)UN_L()]pN_QdSN_l) c. } d82:| dSl,

and

F(t) (1}) = 2pN+pr1+"-+PNP1-..pN_Q_N_H

t S1
X / S(t — s1)|x|7¥ (/ S(s1 —52)]3:]"1{...]3:]"]\’—2
SN—l ‘ PN-—-2 P1 PN
{/ S(sn-1— sN)]x]"N—lva—l(sN)dsN} . } dSQ) dsy.
0

Lemma 4.1.
(1) Let ug satisfy (9). Then T'(-)(up) € X and

HITC) (o) /Man ()]0

< O (sl + Nen ol + lusgl2222 + .+ s o222 27
(ii) T maps X into itself and

T @) /Naxllloo < Cllfo/may 57272

Proof. (i) (cd. [6, Lemma 4.3].) By (14) and (15) in Lemma 2.2, we
obtain T'(t)(ug) = Iy + I2 + ... + Iy, where

It < [Junollcoanax (1),

t
Iy < 2”‘1/ S(t = )] (ay [[wr,0ll 00,00 )"V ds < Cllun ol|Ea, an (2);
0

17



and by same argument, we have

I3 < Cllug,ol |85 Man (1),

00,a1 77(1N

IN S CHUN—LO’ prl---pN—Q/r]aN (t)

00,aN —1

(ii) By (14) and (15)

t S1
() <Clle/na 1277 [ ste = solel™( [ 865 = solel{.. ol
0 0

SN_1 PN p3 P2
{/ S(sn-1— sN)]x]‘”naN(sN)pldsN} . } dSQ) dsy
0

t
SC!HU/%NW;”"”/ May (8)"ds < Clf[v/Nay |87 P¥ Nany-
0
Proof of Theorem 2 (ii). Let

c <HUN,0Hoo,aN + [Jurol[Ba, + lluzollBG; + - -+ HUN—LOHISéVﬁ}V'fN‘Q) <m,
[tillsoa; < (i € N*), B = {v € X ¢ [[|[v/Nasllc < 2m} and P = {u €
X;u > 0}. Here the constant C is the one appeared in Lemma 4.1. Then we
shall show that V' (ug,v) is a strict contraction of B, N P into itself provided
m is small enough.

It is trivial that V maps P into P. We shall show that V' maps B,,, — B,,.
If m is small enough, then

V(t> (UO, v)/naN <m+ C(2m>p1p2...pN < 2m.

This proves that V maps B,, — B,,.

Now, we show that V(ug,v) is a strict contraction on B, N P. Using
la? —b?| < p(a+b)P~Ha—b|fora > 0,b> 0and p > 1, with v = max{vy, v2},
we can estimate as follows.

~+

SC S(t—Sl)XJ1X/ 5(51_52>XJ2X
0 0

SN—-2
. X / S(SN_Q — SN_1) X JN—l X JNdSN_l .. .d82d81
0
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where
Ji(x,r) = 2|z (S(T)uw(az) + / S(r — sl+1)]3:]‘”{5(sl+2)ul+170
0

b [ @S = sa) bl Slowunate)

pr—1—1

SN—-1 PN-—-2 DL
+ / S(sn-1— sN)]x]"N—lva—l(sN)dsN] .. .dsl+2} dsl+1)
0

withl=1,2,... ,N —1, and
SN—1
tm:/ S(sn-1 — 5|2l 1ol (s) — 0B (s PN dsy.
0

Noting (a + b)P < 2max{P=10}(gP 4+ P for @ > 0, b > 0 and p > 0, we find

q

k-1
lS(Sk—l)Uk,o(l“) + / S(Sk—1 — sk)]x]”k—lvpk—ldsk]
0

k-1 q
<C { [S(sk-1)uro(2)]" + l/ S(sg-1— Sk)fﬂffak_lvpk_ldsk} }
0
< ey, (551
Sk—1 q
([ stonea st ol (s
0

For some ¢ > 0 and v € B,,, by Lemma 2.2 (ii) and (41),

q

k-1
lS(sk_l)um(x)—i-/ S(sg—1 — sk)]x]"’“—lvpk—ldsk]
0

< C (mf + C@mpP 1) 1, (s10).
Then, by this fact and using Lemma 2.2 (ii) and (41) some times, we have
Jy < CmP = |7 T ()
forl=1,2,... ,N—1, and
Iy < CmPY 7 (Jor = va /May Va -
Thus, we obtain for some C' > 0.

IV (t) (w0, v1) = V(£) (w0, v2) g, < CmP P25 oy —
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Since p; > 1 (i € N*) and p1ps...py > 1, V/(¢) is a strict contraction of
B,, N P into itself provided m is small enough. Hence, there exists a unique
fixed point v = (ux) € X which solves (42). We substitute v = uy into (17).
Then the vector u solves (17). Moreover, since uy € By,, we find

uy < CS(t) <z >,
By the same reason as in the proof of Lemma 4.3, we have

Jun—1(2, )] < Ny, (2, 8) {[[uv-rollocan + Cllun/Mayllloo} -

and

[ (z, )] < 10, (2, ) {I[urolloc.ar + Cllltsr /Moy Moo}

forl = N—-2,N—1,...,2,1. Then u; € B,,(i € N*) and the proof of
Theorem 3 is completed. O
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