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Summary. In this article, we study the discriminant of those K3 surfaces with invo-
lution which were introduced and investigated by Matsumoto, Sasaki, and Yoshida.
We extend several classical results on the discriminant of elliptic curves to the dis-
criminant of Matsumoto-Sasaki-Yoshida’s K3 surfaces.
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1 Introduction — Discriminant of elliptic curves

Let M (n,2n; C) be the vector space of all complex n x 2n-matrices and con-
sider the following subset

M°(n,2n) = {(a,...,a2,) € M(n,2n;C); a;, A---ANa;, #0,Vip <--- <ip}.
On M (n, 2n; C), acts the group GL,(C) x (C*)*" by
(g, M,y Aan) - A=g-A-diag(\1, ..., Aan), A€ M(n,2n;C)

where diag(A1, ..., A2,) denotes the diagonal matrix (\; d;;). The configura-
tion space of 2n points (or 2n hyperplanes) in gerenal position of P"~! is
defined as

* The author is partially supported by the Grants-in-Aid for Scientific Research for
young scientists (B) 16740030, JSPS.
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X°(n,2n) = GL,(C)\M°(n,2n)/(C*)*".

Let us consider the case n = 2. On M°(2,4), we have a family of curves
m: & — M°(2,4) with fiber

4
(11) 7 (A) = Ba = {((z1 : 22),9) € Op1(2); v* = [ [ (01 21 + ain 22)},

i=1

where (z1 : x2) denotes the homogeneous coordinates of P. The natural
projection pry: E4 — P! is a double covering with 4 branch points, so that
E, is an elliptic curve. It is classical that X°(2,4) is a moduli space of elliptic
curves with level 2 structure.

We define the discriminant of A € M°(2,4) by

(1.2) Apay(A) = 11 det(ay,a;) det(a, a;).
{i,5YU{k,1}={1,2,3,4},i<j, k<l

Set dx = xp dxy — x1 dwg = 23d(x1/22), and define the norm of A 4)(A) by

. -\ 6
(1.3) [ Ay (A)]* = (i/E df A (%ﬂ)) |A2,4)(A)%.

Since [|A2,4)[|? is invariant under the action of GLy(C) x (C*)*, it descends
to a function on X°(2,4). There is an analytic expression of [|A(2 4)]|.

Let det® 04 be the regularized determinant of the Laplacian of E4 with
respect to the normalized flat K&hler metric of volume 1. Since the isomor-
phism class of E,4 is constant along the GLy(C) x (C*)*-orbit, det* 0y is
constant on each GLy(C) x (C*)*-orbit. For all A € M?°(2,4), we get by [11]

(1.4) det* O = || A0 (A)|| 713,

In fact, Eq. (1.4) follows from the classical Kronecker limit formula, which can
be seen as follows. For z € C and 7 € H:= {r € C; Im 7 > 0}, let

=5+ X {<z+m17+n)2 - <m71+n>2}

(m,n)€Z2\{(0,0)}

be the Weierstrass p-function and set

(0 1 1 1 .
Alm) = (1 —p(3,7) —p(5.7) —p%,r)) € M2, 4).

By setting #1 = uxg and y = v@3/2 in (1.1), Ea(y) is isomorphic to the cubic
curve in P? defined by the inhomogeneous equation in the variables u, v:

v2_4{u_@(%,7>}{u_p(gﬁ)}{u_p(lgrﬁ)}

= 4u® — go(7) u — g3(7)
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with g2(7) = 60 E4(7) and g3(7) = 140 Es(7), where E(7) denotes the Eisen-
stein series of weight k (cf. [28, p.11]). Hence the complex torus C/Z + 7 Z,
7 € H, is isomorphic to E4(r) via the map

(1.5) [:C/Z+7Z 52— ((p(2):1),¢(2)23/2) € Op2(2).

Since dx/y = 4 f*(dz) by (1.5) and since A(274)(A(7’))2 = g2(7)3 — 27 g3(7)?,
Eq. (1.4) is deduced from the Kronecker limit formula:

(1.6) det* Oa(y = C1 |A(T)|I7V/S,

where C; # 0 is an absolute constant, A(7) = (2m)712(g2(7)3 — 27 g3(7)?) is
the Jacobi A-function and ||A(7)||? = (Im7)'2?|A(7)|? is its Petersson norm.
Recall that one has the following expressions of the Jacobi A-function:

8 oo
(1.7) A(r) = (H Gab(7)> =q [[Q-¢"*, q=€"",

even

where 0,,(7) denotes the theta constants.

In [39], we extended Eq. (1.6) to K3 surfaces with involution. Let us explain
our results briefly. Let X be a K3 surface and let t: X — X be a holomorphic
involution acting non-trivially on holomorphic 2-forms on X. Let H? (X, Z) be
the invariant part of the t-action on H2(X,Z). The free Z-module H*(X, Z) of
rank 22 endowed with the cup-product, is an even unimodular lattice of signa-
ture (3,19) isometric to the K3 lattice Lxs. By Nikulin, the topological type
of ¢ is determined by H? (X, Z), which is a primitive 2-elementary hyperbolic
sublattice of H2(X,Z). Let M C L3 be a primitive 2-elementary hyperbolic
sublattice with rank »(M). The pair (X, ) is called a 2-elementary K3 surface
of type M if H3(X,Z) = M. The period of a 2-elementary K3 surface of type
M lies in £29; = 2x \ D, where 2 is isomorphic to a symmetric bounded
domain of type IV of dimension 20 — (M) and D), is a divisor of 2, called
the discriminant locus. The moduli space of 2-elementary K3 surfaces of type
M is isomorphic to the quotient {29, /Iy, where I'yy is an arithmetic subgroup
of Aut(§2,7). We assume that r(M) < 17.

For a 2-elementary K3 surface (X, ¢) of type M, we constructed an invari-
ant 7a7(X,¢) by using the equivariant analytic torsion of (X,¢) (cf. [5]). We
regard T as a function on the moduli space §29,/I'y. The main result of [39]
is that 7ps is expressed as the norm of the “automorphic form” @,; on 2,
characterizing the discriminant locus Dj;. Here @,; is an automorphic form
with values in some I'j/-equivariant coherent sheaf Ap; on £2p. If the fixed
point set of ¢ consists of only rational curves, then Ay = Ogp,, and hence @y,
is an automorphic form in the classical sense. By Nikulin [33], there exist only
seven isometry classes of lattices M with r(M) < 17 such that the fixed point
set of a 2-elementary K3 surface of type M consists of only rational curves.
Let Sk, 1 < k < 7 be those seven lattices, where r(S;) = 10 + k. In Sect. 6,



4 Ken-Ichi Yoshikawa

we shall express &@s, as a Borcherds product [8]. Thus the infinite product
expansion (1.7) shall be extended to 2-elementary K3 surfaces of type Sy.

The case k = 6 is of particular interest. In [30], [31], [36], 2-elementary K3
surfaces of type Sg with level 2 structure were studied by Matsumoto, Sasaki,
Yoshida; they proved that the moduli space of 2-elementary K3 surfaces of
type Sg with level 2 structure is isomorphic to X°(3,6). In Sect. 7.3, we shall
extend the definitions (1.2), (1.3) to 3 x 6-matrices and get a function || A3 6 ||
on the configuration space X°(3,6). By Freitag, there exist theta functions
{O6(%)} on the period domain 2, ten of which are called even. We define the
Matsumoto-Sasaki-Yoshida form Aygy (W) as the product of all even Freitag
theta functions: Ansy (W) := [Toyen ©(3)- Let | Ansy || denote the Petersson
norm of Aygy, which descends to a function on X°(3,6). The main result of
this article is the following identity, which can be regarded as an analogue of
Egs. (1.4), (1.6), (1.7) in dimension 2:

Theorem 1.1. The following identity of functions on X°(3,6) holds
(1.8) Tse = C2 ||A(3,6)H71/4 = C3 || Ausy 7Y/,
where Cy, C3 are non-zero absolute constants.

This article is organized as follows. In Sect. 2, we recall K3 surfaces with
involution and their moduli spaces. In Sect. 3, we recall automorphic forms on
the moduli space. In Sect. 4, we recall the invariant 75;. In Sect. 5, we recall
Borcherds products. In Sect. 6, we give an expression of 7g, as the Petersson
norm of an interesting Borcherds product, whose proof shall be given in the
forthcoming paper [41]. In Sect.7, we prove Eq.(1.8). In Sect.8, we prove
that the discriminant of smooth quartic hypersurfaces of P? is expressed as
the norm of an interesting Borcherds product.

2 K3 surfaces with involution and their moduli spaces

In this section, we recall the definition of K3 surfaces with involution. We
refer to [39] for more details about K3 surfaces with involution.

Let X be a compact, connected, smooth complex surface with canonical
line bundle Kx. Then X is called a K3 surface if

HY(X,0x) =0, Kx = Ox.

Every K3 surface is Kéhler [2, Chap.8 Th.14.5]. By the second condition,
there exists a nowhere vanishing holomorphic 2-form nx on X. Notice that
nx is uniquely determined up to a nonzero constant. The cohomology group
H?*(X,Z) is a free Z-module endowed with the cup-product pairing. There
exists an isometry of lattices:

a: HQ(X,Z)%}LK;; =Uaa U UaEsg P Es.
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Here U = (2 é) and Eg is the negative-definite Cartan matrix of type Eg under
the identification of a lattice with its Gram matrix. The isometry a as above
is called a marking, and the pair (X, «) is called a marked K3 surface. For a
marked K3 surface (X, «), the point

m(X,a) = [a(nx)] € P(Lksc),  nx € H(X,Kx)\ {0}

is called the period of X, where Lk := L ® K for a lattice L and a field K.
For a lattice L with bilinear form (-, ), we denote by L(k) the lattice with
bilinear form k(-,-). The set of roots of L is defined by Ay, :={d € L; (d,d) =
—2}. The isometry group of L is denoted by O(L). Let LY = Homgz(L,Z) be
the dual lattice of L, which is naturally embedded into Lqg. The finite abelian
group Ar := LY/L is called the discriminant group of L. For a primitive
sublattice L C Lgs, L+ denotes the orthogonal complement of L in Lgs.

Definition 2.1. For a primitive hyperbolic sublattice S C L3, define
2g = “QSL = {[I] € P(Sé)v <I7I> =0, <‘T’j> > O}

We set 7(S) := rankzS. Then dim {2 = 20—r(S). There are two connected
components of {2g, each of which is biholomorphic to a symmetric bounded
domain of type I'V of dimension 20 — r(S) (cf. [2, Chap. 8, Lemma 20.1]).

Definition 2.2. An even lattice S is said to be 2-elementary if there is an
integer | > 0 with Ag = (Z/2Z)". For a 2-elementary lattice S, set I(S) :=
dimF2 As.

Let M C Lgg be a primitive 2-elementary hyperbolic sublattice. Let I,
be the involution on M @& M~ defined by

Iy (z,y) = (2, —y).
Then Ij; extends uniquely to an involution on Lgs. For | € Mg, we set
H, = {[z] € 25 (x,1) =0}
Then H; # () if and only if (I,1) < 0. We define

Dy = U Ha, 2% =02y \ Dy
deA,, .
We regard D, as a reduced divisor of 2);.

Definition 2.3. A K3 surface X equipped with a holomorphic involution
t: X — X is called a 2-elementary K3 surface if

L*|H0(X,KX) =—1.

The pair (X, 1) is called a 2-elementary K3 surface of type M if there exists
a marking o of X with 1* = a oIy 0a.
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Let (X,¢) be a 2-elementary K3 surface of type M and let o be a marking
with t* = a ™t oI oa. Let ny € HY(X,Kx) \ {0}. Then m(X,«a) € £%,.
The O(M)-orbit of 7(X, «) is independent of the choice of a marking o with
1* = a~tolpoa. The Griffiths period of (X, ¢), which is denoted by @ (X, ¢),
is defined as the O(M=)-orbit

wp (X, 1) == O(M™*) - 7(X,a) € 29,/O(M™).
Theorem 2.4. The coarse moduli space of 2-elementary K3 surfaces of type
M s isomorphic to the analytic space 23;/O(M>).
Proof. See [39, Th.1.8]. O
We set
Moy = 2 JOM™E),  MS, = 025,/0(M™F).
Let .Q]j\} be the connected components of {2,, and set
O+ (M*) = {g € O(M*); g(23;) = 23z }-

Then O (ML) C O(M%) is a subgroup of index 2 with My, = 27, /O(M*+)*
and M, = (27, \ Dar)/OF(M*). We consider 2}, as the period domain for
2-elementary K3 surfaces of type M. By Baily-Borel-Satake, both of M,
and M, are quasi-projective algebraic varieties.

The topological type of the set of fixed points of (X, ¢) was determined by
Nikulin. We need the following partial result. See [33] for the general cases.

Lemma 2.5. Let (X, 1) be a 2-elementary K3 surface of type M and let
X i={r e X; x) =x}.

If r(M) + I(M) = 22, then X" is the disjoint union of (r(M) — 10)-smooth
rational curves.

By the adjunction formula, a smooth irreducible curve of a K3 surface is
rational if and only if its self-intersection number is equal to —2.

3 Automorphic forms on the moduli space

Throughout this section, we assume that M C Lgs is a primitive 2-elementary
hyperbolic sublattice. In this section, we recall the definition of automorphic
forms on the period domain Qj\; and give its differential geometric character-
ization.

Let us fix a vector 1 € Mﬁ with (Ias, Lys) > 0. We set

il ) = T preaf, yeorar,

Since Hy,, = 0, ja(7, ) is a nowhere vanishing holomorphic function on £2;;.
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Definition 3.1. Let I' C O (M™) be a cofinite subgroup. A holomorphic
function f € O(QL) is called an automorphic form for I' of weight p if

ol =x(iu(r DPF(ED), ey, vel

where x: I' — C* is a character.

Let Kj([2]) be the Bergman kernel function of £2;:
(2,2)
(2, lar)?”

For an automorphic form of weight p, the Petersson norm of f is the function

on .QJJ\Z defined as
IFEDI? = K ()P [ f([=D)P

If r(M) < 17 and if I' € O*(M?1) is a cofinite subgroup, then || f||? is a
I-invariant C* function on (2}, because the group I'/[I,I'] is finite and
Abelian in this case.

Let wps be the Kahler form of the Bergman metric on thﬁ

Ku([z]) =

(31) Whr ‘= —dd° IOgKM,

where d¢ = (0 — 0)/4ni and hence dd® = 90/2ni for complex manifolds. For
a divisor D on _Q]t[, let dp be the Dirac d-current on _QIT/[ with support D.

Theorem 3.2. Let p € N and let D be a divisor on 25,. Let ' C OF(M™)
be a cofinite subgroup. Let ¢ be a non-negative, I'-invariant C* function on
2 \ D satisfying logp € LL (2ar) and the equation of currents on 23, :

loc
(3.2) dd®logy = dép — pwar.

If r(M) < 17, then there exists an automorphic form F for I’ of weight p with
zero divisor D such that ¢ = ||F||?.

Proof. Set ¥ = p K. Then log € LL (£27;). We get the following equation
of currents on 27, by (3.1), (3.2):

dd‘logvy = dp,

so that dlog v is a meromorphic 1-form on Q]\} with at most logarithmic poles
along D. Fix a point [no] € £23; \ D, and set

(n]

F([n]) == exp ( ﬁlogz/f) ; () € 23

[70]
Since the residues of dlog ) are integers, we get F' € O(£2};) and

dlog F = 0log, div(F) = D.
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Let v € I'. By the identity Ky (y[n]) = |ia (7, [n])| 72 Ka([n]) and by the
T-invariance of o, we get ¥(y[n]) = |iam (7, [7])|*? ¥ ([n]), which yields that

V" 0logtp = Olog ) +p - dlog j (7, ).
Namely, dlog(v*F/jam (v, )P F) = 0 and hence

xX(v) == F(y[n)) jae (v, [n]) P F([n])

is a non-zero constant on .Q;r. Then x is a character of I" because for every
/
v el

/

() = F/("w [n])
Jane(vy's )P ([n))
_ F(y'[nl) o 2 (v, V)P E G [n))

I (v Y DPE D) (s [n))PE([n])
Hence F' is an automorphic form on .QJJ\Z for I" of weight p with character x
such that div(F) = D. Since r(M) < 17, ||F|| is ['-invariant. By the Poincaré-
Lelong formula, the following equation of currents on Qj\; holds:

(33) ddCIOgHFH2 :5[)—pr.

= x(v)x(y).

By comparing (3.1) and (3.3), log(¢/||F||?) is a [-invariant pluriharmonic
function on 2}, so that log(y/||F||?) descends to a pluriharmonic function on
M. Since M M, the Baily-Borel-Satake compactification of M, is a normal
projective variety with codim(M s\ Myr) > 2 when r(M) < 17, log(¢/||F||?)
extends to a pluriharmonic function on My by Grauert-Remmert. Since My
is compact, log(¢/||F||?) is constant by the maximum principle for pluri-
harmonic functions. This proves the existence of a positive constant C' with
¢ =C|F|?. O

4 Equivariant analytic torsion and 2-elementary K3
surfaces

4.1 Equivariant analytic torsion

Let (X,k) be a compact Kéhler manifold. Let G be a finite group acting
holomorphically on X and preserving . Let (1, = (0+0%)? be the 0-Laplacian
acting on C* (0, ¢)-forms on X. Let o(0y) be the spectrum of O,. For A €
o(dy), let E4(X) be the eigenspace of O, with respect to the eigenvalue A.
Since G preserves k, Eq()) is a finite-dimensional unitary representation of
G. For g € G and s € C, set

Gle)s) = Y Trgls,o) A"
A€o(Uq)\{0}

Then (4(g)(s) converges absolutely when Res > dim X, admits a meromor-
phic continuation to the complex plane C, and is holomorphic at s = 0.
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Definition 4.1. The equivariant analytic torsion of (X, k) is the class func-
tion on G defined by

6(X,K)(9) = exp[= ) (-1)%4¢(9)(0)], g€

q>0

When g = 1, 7q(X,k)(1) is denoted by 7(X,k) and is called the analytic
torsion of (X, k).

4.2 An invariant for 2-elementary K3 surfaces

Let (X,t) be a 2-elementary K3 surface of type M. Let Zs be the subgroup
of Aut(X) generated by ¢. Let xk be a Zs-invariant Kéhler form on X. Set
vol(X, k) := (2m)72 [ x?/2!. Let nx be a nowhere vanishing holomorphic
2-form on X. The L*-norm of nx is defined as [|nx||7. := (27) 2 [y nx Afix.

Let X* = )", C; be the decomposition of the fixed point set of ¢ into the
connected components. Set vol(Cy, k|c,) := (2m)~" [ klc;- Let ¢1(Ci, klc;)
be the Chern form of (T'C;, k|c;).

Definition 4.2. Define

14—r(M)

(X)) = vol(X, k)™ 7 712,(X, n)(L)HVOl(C’i,H\Ci)T(Ci,/{
Cl(O,L',Ii

1 n 1(X
X exp —/ log (77X2/\ X .VO( ’2ﬁ)> c)l -
8 C; K /2' ||77X||L2 C;

Obviously, 7as (X, ¢) is independent of the choice of nx. It is worth remark-
ing that if x is Ricci-flat, then

Ci)

14—r(M)

Tm (X, ) =vol(X, k)™ 1T 72,(X,K)(1) H vol(Cj, Kk

Ci)T(Ci7 K

Ci)'

Theorem 4.3. Let M C L3 be a primitive 2-elementary hyperbolic sublattice
satisfying 11 < r(S) < 17 and r(M) + (M) = 22. Then there exists an
automorphic form @y on Q2F, for Ot (M*Y) of weight (r(S) — 6) with zero
divisor Dg such that for every 2-elementary K3 surface (X,t) of type M and
for every Zs-invariant Kdahler form k on X,

(X, 1) = |[ar(war(X,0)]| 7%,

Proof. Theorem 4.3 follows from the following two claims:

e The number 73/(X,¢) is independent of the choice of a Zg-invariant Kéahler
form, and it gives rise to a function 737 on M§,.

e Regarded as a I'y-invariant function on 24, logas lies in L (£25/) and
satisfies the following equation of currents on 2;;:
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(41) ddCIOgTM = W(.@w— i(SDM.

The first claim follows immediately from the curvature formula for equivariant
Quillen metrics [7], [29]. To prove the second claim, it suffices to determine
the singularity of 7a; near the divisor Dy;. Let v: A — ;s be a holomorphic
curve intersecting D transversally at ¢ = 0. Then Eq. (4.1) is deduced from
the following estimate:

1
(4.2) log Tar (7(t)) = 1 log [t|* + O(log(—logt])), t — 0.

Under a certain technical assumption on the curve v, Eq. (4.2) follows from
the embedding formula of Bismut [5] for equivariant Quillen metrics. See [39]
for more details about the proof. 0O

In the cases M = U(2) $Eg(2) and M = U Eg(2), an explicit formula for
@), was given in [39, Sect. 8]; in the first case, @) is given by the Borcherds
&-function of dimension 10; in the second case, @), is given by the restriction
of the Borcherds &-function of dimension 26 to 2.

5 The Borcherds products

In this section, we recall Borcherds products. For simplicity, we restrict our
explanation for those lattices that splits into two hyperbolic lattices.
Let Mps(Z) be the metaplectic group (cf. [8], [9]):

Mps(Z) = {((Z Z) ,m) : (‘; Z) € SLy(Z), Vertd e O(H)},

which is generated by the following two elements

() (D)

Let K be an even hyperbolic lattice with signature (1,b~ —1). Let N € N.
Let f, f' be a basis of U(N) such that

ff=f.f =0 f-f=N.

Set
L=UN)o K.

The signature of L is (2,07). Let I € N be the level of L; i.e., | is the smallest
natural number such that [(y,7)/2 € Z and [(y,0) € Z for all 7,0 € Ayr.

Let C[AL] be the group ring of the discriminant group Ar. Let {ey}yca,
be the standard basis of C[Ar]. Let pr,: Mpy(Z) — GL(C[AL]) be the Weil
representation. Namely, for the generators S and T of Mpy(Z), we define
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b

Z 2771’)/5 es
\% |AL| dEAL

Here the bilinear form on L is denoted by z -y = (z,y) for simplicity. Then
pr extends to a group homomorphism from Mpy(Z) to GL(C[AL)).

(1) pD)ey=c"Te,  pr(S)e, =

Definition 5.1. A C[AL]-valued holomorphic function F(7) on the complex
upper-half plane H is a modular form of weight 1 — % of type pr if the
following conditions are satisfied:

(1) For all ((gs), Ver +d) € Mp(Z) and 7 € H,

ct+d

P =vara i ((0)) Vera) - Fo

(2) F(1) is meromorphic at +ico and admits the integral Fourier expansion:

F(r) = Z e, Z ey (k) 2™k,

YEAL ketz
where ¢ (k) € Z for all k € 3Z and c, (k) = 0 for k < 0.

By [8, p-512 Th.5.3], F(7) induces an elliptic modular form Fk(7) of the

same weight 1 — % of type px.
As before, define

02 = {[z] € P(Lg); {z,x) =0, (x,Z) > 0}.
For A € Lr with (A, A) < 0, we define H) as before in Sect. 2. Let
Ck ={v € Kr; (v,v) > 0}

be the light cone of K. Then the tube domain Kg + iCk is identified with
21, by the map

(5.2) Kr+iCk 22z — {f—<z’—2z>f'+z} € P(Lc).

Since K is hyperbolic, C'x consists of two connected components. Let C} be
one of them. Let _QL+ be the component of {21 corresponding to Kr + iC’;g
via the isomorphism (5.2).

By [8, p.517], Fk(7) induces a chamber structure of the cone C}. Each
chamber of C’;g is called a Weyl chamber. Let W be a Weyl chamber of C’;g.
The dual cone of W is defined by

V={ve Kr; (v,w) >0, Vwe W}
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Theorem 5.2. (Borcherds) There exists an automorphic form Wi (z, F) on
QL+ with the following properties:

(1) Or(z, F) is an automorphic form of weight c5(0)/2 for a cofinite subgroup
of OF(L).

(2) The divisor of Ur(-, F) is given by

div@L(,F))= > 0)\(%2> Hy.

AELV,A2<0

(3) There ezists a vector p = p(K, Fg (1), W) € Kq determined by K, Fi(T)
and W such that W, (z, F) admits the following infinite product expansion for
z € Kr +iW with {z,2z) > 0:

C n gl 2
WL(Z,F) — e27rip-z H H (1 _ e?ﬂi(A-er%)) Mt (A\°/2) )
AeKVNWY neZ/NZ

The automorphic form Wy, (z, F) is called the Borcherds product associated with
L and F(1). The vector p is called the Weyl vector of ¥r(z, F).

Proof. See [8] and [12].

6 Borcherds products for odd unimodular lattices

Define the symmetric unimodular matrix I ,, of rank m+1 and with signature
(1,m) by

10 -0

0-1--- 0
HlﬁmZ:

00 0 -1

We identify I; ,,, with the corresponding unimodular hyperbolic lattice. Define
2-elementary lattices Sg, Ty (1 < k <9) by

Ty := U(Q) D ]11’9,]6(2), Sk = Té

Then Sj, verifies the conditions in Theorem 4.3:
(6.1)
11 < T’(Sk) =22 — T‘(Tk) <17, T(Sk) + Z(Sk) =22 — ’I’(Tk) + Z(Tk) = 22.

By Nikulin [33, Th.4.2.2, P.1434 table 1], Sy are the only 2-elementary hyper-
bolic lattices satisfying (6.1), up to an automorphism of Lgs. In this section,
we give an explicit expression of the automorphic form &5, in Theorem 4.3 as
a Borcherds product.

We define the Weyl vector of I} g_x(2) by
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pri==(3,—1,...,—1) €T 1(2)".

We set

V= SIT28 = ((_12 ?) m) € Mps(Z)

and we define e, e1,vg, v1, ve, vy € C[AT, ] by

€0 ‘= €(0,0,0)> €1 1= €(0,0,p1)» Vi = E €s.
d€Ar, ,2(5,6)=i mod 4

where vectors in Ty, are denoted by (m,n,A), m,n € Z, A € I; g_r(2).
Set ¢ = ™7, For 7 € H, let 5(1) = ¢"/* T[22, (1 — ¢") be the Dedekind
n-function and let

Oa(r) =D qmtE2 gy = ™2 Oalr) =D (—D)mg™ 2

meZ meZ mEeZ

be Jacobi’s theta functions. Notice that we use the notation ¢ = ¢2™" while
g = €™ in [13, Chap. 4]. For § € {0,1/2}, let 04, 15/2(7) be the theta function
of the Aq-lattice

On, (1) := 05(27), 0A1+1/2(7) = 05(27).
Define holomorphic functions flgo)(r), f,gl)(T) and the series {céo)(l)}lez,
{Cg)(l)}16z+1/4 by

7)8 0y, (7)F 0 _
FO ) = D200 (D ™ 0y ot =1 g 49k 1 O(g),
¢ n(r)Sn(47)* ZX; L '

1 77(47')8 04 +1/2(7')k 1
K0 = T ahgm— = > 24704
lel/A+Z

We define holomorphic functions g,(:)(r), i € Z/4Z by
i 0
a'm= > W
l=% mod 4

By definition,

(i) n(7/2)%0a, (/H* 0
g (7) = =i (1/4).

Py W/
Define a C[Ar, ]-valued holomorphic function on H by

Fo(r) = V() eo + V(M er+ > g (1) va.
I€Z/AZ
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Theorem 6.1. For 1 < k <9, the following hold:

(1) Fi(7) is a modular form for Mp2(Z) of type pr, and of weight (k —8)/2;
(2) the Weyl vector of U, (z, Fy) is given by 2py;

(3) there exists a generalized Kac-Moody superalgebra with denominator func-
tion Ps, ;

(4) if k < 8, then there exists a constant Cy # 0 such that

@gk (2)2 = Ck WT;C (Z7 Fk)

The modular form Fy(7) for Mp2(Z) is induced from the modular form

f,go) (1) for I'h(4). The modular form f,go)(r) is reflective for T}, in the sense of
Borcherds [9, Sect. 11, pp.350-351].

Remark 6.2. Theorem 6.1 (2) is closely related to an example of Borcherds [8,
Example 15.3]. Theorem 6.1 (3), (4) seem to be closely related to a problem
of Borcherds [8, Problem 16.2] and conjectures of Harvey-Moore [20, Sect. 7
Conjecture] and Gritsenko-Nikulin [17]. See [40, Sect. 7] for more explanations.
The automorphic form @g, was already found by Gritsenko-Nikulin [19].

We shall give a detailed proof of Theorem 6.1 in the forthcoming paper
[41]. In fact, the norm of Ps, is regarded as an invariant of certain Calabi-Yau
threefolds, which was introduced by Bershadsky-Cecotti-Ooguri-Vafa [4] and
by Fang-Lu-Yoshikawa [15] using analytic torsion.

7 K3 surfaces of Matsumoto-Sasaki-Yoshida

In Sections 4 and 6, we extended Egs. (1.6) and (1.7) to 2-elementary K3
surfaces of type Si. In this section, we consider an analogue of Eq.(1.4) in
dimension 2. We focus on 2-elementary K3 surfaces of type Sg. Those K3
surfaces were studied in detail by Matsumoto-Sasaki-Yoshida [30], [31], [36].

7.1 The construction of Matsumoto-Sasaki-Yoshida
Recall that

M°(3,6) :={A=(ai,...,as) € M(3,6); a; Naj ANag # 0 for i < j < k}.
For A € M°(3,6), we define

6

Sai={((z1:22:23),y) € Op=2(3); y* = H(ah—xl + ag; 2 + az; r3)}.
i=1

The natural projection p = pry: S4 — P? is a double covering with branch
divisor
LagU---ULag,
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where
2 ~ pl
La;:={(x1:20:23) € P ay; 21 + ag; x2 + as; 03 = 0} =P,

Set Ea;j := La,; N La, . Corresponding to the 15 points {Ea:;i # j} C
P2, S4 has 15 ordinary double points. By [31], [36, Sect.9.1], the minimal
resolution of Sy4, i.e., the blowing-up of these 15 singular points, is a K3
surface. In fact, the following 2-form n4 on X4 is nowhere vanishing:

dx dx
(7.1) N4 = —

Yy B H?:l(ali 1 + a2 x2 + az; 583)1/27

where
dxr = x1dxo Adxs — rodxy A dxs + x3dry N ds.

Let 64: . S4 — S4 be the involution defined as the non-trivial covering trans-
formation of the double covering p: S4 — P2.

Definition 7.1. Let X 4 be the minimal resolution of Sa, and let 14: X4 —
X 4 be the involution on X4 induced from 6 4.

(1) The pair (X a,t4) is called a Matsumoto-Sasaki-Yoshida (MSY) K3 sur-
face associated with A.

(2) Let La := (Laj, - ,Lag) be the ordered set of lines of P? associated with
A. The triple (Xa,ta,L4) is called a MSY-K3 surface with level 2 structure
associated with A.

Two MSY-K3 surfaces with level 2 structure (X 4,¢4,L4) and (Xp,tp, Lg)
are isomorphic if there exists an isomorphism ¢: X4 — Xp such that

poLa=1LRoy, o(La)=Lg.

Let E‘A,ij C X 4 be the proper transform of E4 ;; by the blowing-up X4 — S4.
Let H4 C P2 be a line which does not pass any points F4 45, and let FNIA Cc Xa
be the proper transform of p~*(H4) by the blowing-up X4 — Sa. Let EA,Z-
be the proper transform of p~*(L4 ;) by the blowing-up X4 — Sa. By [31,
Prop. 2.1.5], there exists a system of generators E;; (1 <i < j <6), H, L;
(1 <i<6) of Sg such that for every MSY-K3 surfaces with level 2 structure
(Xa,ta,L4), there exists a marking « with

a M (By) = a[Bag)), o "H)=a(Ha), o (L) = ei([Lad)).

Here [D] denotes the line bundle on X4 associated with the divisor D. The
triple (X4, ta, La) defines a Sg-polarized K3 surface in the sense of Dolgachev
[14]. A marking of (X ,t4) satisfying these conditions is called a marking of
MSY-K3 surfaces with level 2 structure (X4, ta,La).
Define
O(Ts)(2) := ker{O(Ts) — O(Ar,)}.
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If o, 8 are markings of (X 4,4, La), then
Boa lls, =ids,,  Boa ', € O(Te)(2).
Since 8o a~tr, € O(Ts)(2), the O(Tg)(2)-orbit of the period m(X4,ta,)

is independent of the choice of a marking of M SY-K3 surface with level 2
structure. The O(Tg)(2)-orbit

O(T6)(2) - m(Xa,a,a) € £2,/O(T6)(2)
is called the Griffiths period of a MSY-K3 surface (Xa,ta,L4).
Lemma 7.2. A MSY-K3 surface is a 2-elementary K3 surface of type S¢.

Proof. Let (X a,t4) be a MSY-K3 surface. Since X 4/t4 is the blowing-up of
P2 at the 15 points {E4j}i<; and is a rational surface, 14 acts non-trivially
on H°(X 4, Kx,). The type of (Xa,t4) is Sg by [31, Prop.2.1.5]. O

We have a family of K3 surfaces with involution 7: (X,¢) — M?°(3,6) such
that m=1(A) = (Xa,t4). On M°(3,6), acts the group GL3(C) x (C*)° by

(gaAlf"aAG)'A::g'A'dia‘g(Al7"' aAG)'

Definition 7.3. Define the configuration space of six lines in gerenal position
on P2 by
X°(3,6) = GL3(C)\M"(3,6)/(C")".

The configuration space X°(3,6) is a Zariski open subset of C*. In fact,
every element of X°(3,6) has a unique representative of the form (cf. [36,
Chap. 7 Sect. 2]):

a1a21100
azas 1010, ai,...,aq € C.
1 11001

Hence there exists an embedding j: X°(3,6) — M?°(3,6) with
al ag 1100
(7.2)  §(X°(3,6)) = asas 1010 | € M°(3,6); a1,az,a3,a4 € C
1 11001
By the expression (7.2), there exist 15 hyperplanes Hy,..., Hjs C C* and a
hyperquadric Q € C* such that X°(3,6) = C*\ Hy U---U Hy;5 U Q.
The permutation group on 6 letters G4 acts on M(3,6; C) by
o-(ar,...,as) = (As(1),--->80()), (a1,...,a6) € M(3,6;C), o€ &Sg.

Following [36, Chap. 7 Sect. 3], we define an automorphism of M?°(3,6) by
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T(U,V) := (det(U) UL, det(V)IVH), U,V € GL3(C).

Notice that the (i,7)-entry of det(U)'U~" is the (i,)-minor of U for U €
GL3(C). For all A € M°(3,6), g € GL3(C), A1,..., s € C*, one has

o(gA) = go(A), o(A-diag(A1,---, X)) = o(A) - diag(As(1), 5 Ao(s))

T(gA) ="g7'T(A), T(A-diag(hi, -, X)) = T(A) - diag(ko(1), s Ho(s)
where Hi = )\1)\2A3/)\i for i = 1, 27 3 and My = A4)\5)\6/)\j fOI‘j = 4, 5, 6. Hence
the actions of &g and T on M°(3,6) descend to the ones on X°(3,6).

Let (T') 2 Z5 be the subgroup of Aut(X°(3,6)) generated by T Let G be
the finite automorphism group of X°(3,6) generated by &g and T'. Since Gg
commutes with (T') by [36, Chap. 7 Prop. 3.3], one has G = &g x Zs.

Set

Mg, (2) := £25,/O(T6)(2).
Theorem 7.4. (Matsumoto-Sasaki- Yoshida) The period map for the family

of MSY -K3 surfaces with level 2 structure m: (X,1) — M°(3,6) with fiber
7 YA) = (Xa,ta, La), induces an isomorphisms of analytic spaces

X°(3,6) = Mg, (2), X?(3,6)/G = Mg,.

In particular, X°(3,6)/G (resp. X°(3,6)) is a coarse moduli space of MSY-K3
surfaces (resp. with level 2 structure).

Proof. By [31, Prop.2.10.1] [36, Sect.9.5], the period map for the family
m: (X, 1) — M°(3,6) induces an isomorphism of analytic spaces ¢: X°(3,6) =
Mg, (2) such that the following diagram is commutative:

Me(3,6) —L M°(3,6)

(7.3) i il

XO(376 —> MSe( )a

where ¢: M°(3,6) — X°(3,6) is the natural projection and ¢: M°(3,6) —
Mg, (2) is the period map for the family 7: (X, 1) — M?°(3,6). This proves the
first isomorphism. Since the isomorphism ¢ induces an isomorphism of groups
G = O(Te)/O(Ts)(2) by [36, Prop. 9.4], we have X°(3,6)/G = (22 /O(Ts) =
Mg, . This proves the second assertion. See [30], [31, Prop.2.10.1, p.22, 1.7],
[36] for more details. O

7.2 The Freitag theta functions

Let M (2, C) denote the vector space of 2 x 2 complex matrices. Then {2s, is
biholomorphic to a tube domain Hy C M (2, C) defined by

H, :_A+iCA_{WeM(2,C) W>O} W* .=""W.
1
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The isomorphism between (25, and Hy is given as follows. Let A be the real
vector space of 2 x 2 Hermitian matrices:

w v

A:_{<1f“’> eM(2,C);u,veR,w€C}-

Let Cy :={H € A: H > 0} be the light cone of A, where H > 0 if and only
if H is positive-definite. Let {h,d;,d2,ds} be the basis of A defined as

R J 0 —+ 0 -
_ 1+1 — 141 _ 1+1 _ 14
(7)) e (LT) @ (2 F)

We consider the following coordinates y = (yo,¥1,¥2,y3) on Hy = A +1Cy:

y:y0h+y1d1+y2d2+y3d3

_( Yo + Y1 (yo+y1+y2+iy3)/(1+i)>eH2
(yo +y1 +y2 —iy3)/(1 — 1) Yo + 2 '

The period domain {2, is isomorphic to the tube domain Hy by the map:
(7.4) pw:Hyoy — (1:—det(y) :yo:y1:y2:y3) € f2s,.
Definition 7.5. (1) For a,b € {0,22}? and W € Ha, define

a . a * a b *
@<b>(W)— GZZ[.]QGXPM{<m+1+i> W<m+1—_H>+2Re (1+i> m}.

The Freitag theta function O (3) (W) is said to be even if a*b € Z.
(2) Define the Matsumoto-Sasaki-Yoshida form Amsy by

Ausy (W) == H Q(Z)WV)-

(5)
b even

Let P be the set of all partitions (ijk) of the set {1,...,6}, where

lmn

Imn

ik
(” ):_{i,j,k}u{l,m,n}_{1,...,6}, i<j<k l<m<n.

There exists a one to one correspondence between P and the set of even
Freitag theta functions. Since #P = 10, there exists ten even Freitag theta
functions. The Freitag theta function corresponding to the partition (7 k ) is

- lmn
denoted by O (7% )(W). Hence

lmn
M) = [T el "))
MSY } Imn .
(inn)eP
See [30, Sect.2.3], [36, Sect.9.12.5] for the explicit correspondence between
the even characteristics {(¢)} and the partitions {(,/ k)}

lmn
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Proposition 7.6. Under the identification p: Hy = an, the Matsumoto-
Sasaki-Yoshida form Amsy (W) is an automorphic form on Hy for O(Tg)™
of weight 10 with

diV(AMsy) = Dg6 = Z H(;.
d€AT,

Proof. See [30, Lemma 2.3.1 and Prop.3.1.1]. O

7.3 The discriminant of MSY K3 surfaces
We introduce an analogue of the function A, 4y in the case M°(3,6).

Definition 7.7. (1) For A= (a1,...,as) € M°(3,6) and a partition (liﬁ;) €
P, define

Ilmn

(2) Define a holomorphic function A g on M°(3,6) by

A6 (A) = H D(ijk>(A)— H det(a;, aj, ay) - det(ay, am, an).

lmn

(3) Define a real-valued function ||A || on M°(3,6) by

1 o 10
360l = (o [ mATE) 1Bup ()
A

Lemma 7.8. (1) M°(3,6) = M(3,6;C) \ div(As))-

(2) [|Ai,6)ll is GL3(C) x (C*)®-invariant.

Proof. (1) The first assertion follows from the definition of M°(3,6).

(2) Let A = (ay;) € M°(3,6) and g € GL3(C). We write gA = (a!?).
We identify g with the corresponding projective transformation. Then the

projective transformation P? 3 [z] — [fg~'x] € P? lifts to an isomorphism
fg: Xa — Xy such that

dx
fg(nga) = 14
P NI @ @+ af) o+ aff) )12
d(tg~tx
= 76 (o~ =) = det(g) ™" na-
[I;_ (a1 + a2 + as; x3)'/?

This, together with A 6)(g4) = det(g)?° A(z6)(A), implies the GL3(C)-
invariance of || Az ). Let us see the (C*)%-invariance of || A3 Identify
A= (\)%, € (C*)% with the invertible diagonal matrix A = (J;;\i)1<i,j<6 €
GLg(C). Since nay = (det \)™Y/2n4 and Az6)(AN) = det(A)10 A 6)(A), we
get the (C*)%-invariance of [|A@g . O
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By Lemma 7.8, [|A(36)] descends to a function on X°(3,6). We identify
| A6l with the corresponding function on X°(3,6).

Theorem 7.9. (1) There exist non-zero constants Cy, Cy such that the fol-
lowing identity holds under the identification (7.4):

B, = Cy Ausy = Ca W, (-, Fg)'/2.
(2) There exists an absolute constant Cs # 0 such that for all A € M°(3,6),
Too(Xa,ta) = Cs [ Az ) (A)| 714

By Theorems 6.1 and 7.9 (1), we get an infinite product expansion of the
Igusa cusp form, i.e., the restriction of Aygy to the Siegel upper-half space
Gy = {W € Hy; "W = W}. The infinite product expansion of the Igusa cusp
form was first obtained by Gritsenko-Nikulin [18].

For the proof of Theorem 7.9, we recall the results of Matsumoto-Saasaki-
Yoshida in more details.

7.4 A compactification of X°(3,6)
For 1 <i< j <k <6, we define

a;Naj ANay =0 if (

’ iv .7k
M1 (3,6) = {AeM(s,G;c); b ) = (i.j )}’

k,l,m)=
k.l,m) # (i, j, k)
Xijk(3,6) := GL3(C)\Myjx(3,6)/(C*)°,
and we set
M*(S, 6) = ]\40(37 6) U Hi<j<kMijk(37 6)
X*(3, 6) = )(0(37 6) U Hi<j<kXijk(37 6)
Notice that if i < j <k, l <m < n and (i,7,k) # (I, m,n), then
M;j1(3,6) N Mimn(3,6) =0, Xijk(3,6) N Ximn(3,6) = 0.

The subset M*(3,6) is open in M (3,6; C).

For A € WU, M;jx(3,6), we define Sy4 and La;, ¢ = 1,...,6 as in
Sect. 7.1. Then Sing .S 4 consists of only rational double points, i.e., 12 ordinary
double points and one As-singularity. For A € M*(3,6), we define n4 as in
(7.1). Since 14 is nowhere vanishing on the regular part of S4, the minimal
resolution of S4, denoted again by X 4, is a K3 surface. We have a flat family
of surfaces m: & — M*(3,6) with fiber 7=1(A4) = Sa.

With respect to the trivial GL3(C) x (C*)%-action on P??, there exists by
[31], [36] a GL3(C) x (C*)S-equivariant holomorphic map F: M*(3,6) — P29
that induces an injection f: X*(3,6) — P2°. We consider the topology on
X*(3,6) induced from the one on f(X*(3,6)) via f; we identify X*(3,6) with
f(X*(3,6)) as a topological space. Let X (3,6) be the closure of f(X*(3,6))
in P2 and let X;;x(3,6) be the closure of f(X;;x(3,6)) in P2,

Set Ms,(2) := £25 /OT(Ts)(2). Since O (Te)(2) is generated by reflec-
tions by [31, Prop. 2.5.2], Ms,(2) is smooth.
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Theorem 7.10. (1) X (3,6) is a projective variety of dimension 4. The iso-
morphism o in (7.3) extends to an isomorphism @ between X (3,6) and the
Baily-Borel-Satake compactification of Ms,(2).

(2) X*(3,6) C X(3,6)req := X(3,6) \ Sing X(3,6).

(3) X*(3,6) is a Zariski open subset of X (3,6) with dim X (3,6)\ X*(3,6) < 2.
(4) X;jx(3,6) N X*(3,6) is a smooth hypersurface of X*(3,6).

Proof. See [31, Th. A6.2] for the first part of (1) and [30, Th. 3.2.4, Cor. 4.4.2]
for the second part of (1). Since X4 is a K3 surface with at most rational
double points for A € IT;< ;<1 M;;x(3,6), Xi;x(3,6) is identified with a divisor
of Ms,(2) via . Hence X*(3,6) is regarded as a subset of Mg, (2) via . Since
Mg, (2) is smooth, X*(3,6) consists of smooth points of X (3, 6). This proves
(2). See also [36, p.244] for the proof of (2). See [31, Prop. A5.3, Cor. A5.4,
Th. A6.2] for the proof of (3). Consider the following subset of M*(3,6):

10a01c
U = 01b01d]| € M*(3,6); a,b,c,d,z € C
00z111

Let Uj23 C X*(3,6) be the image of U by the natural projection M*(3,6) —
X*(3,6). By [31, Lemmas A6.8 and A6.9 and their proofs], U3 is an open
subset of X*(3,6) containing X°(3,6) U X123(3,6). Since Uja3 is isomorphic
to an open subset of P? x C? and since X123(3,6) N Ujas is defined by the
equation z = 0, X123(3,6) is a smooth hypersurface of X*(3,6). This proves
(4). By [36, p.244], X;;x(3,6) is identified with a certain smooth hypersurface
of Ms,(2), which also proves (4). O

__ See [36, Chap.7 Sect.5] for the interpretation of the boundary locus
X(3,6) \ X°(3,6) in terms of degenerate matrices in M (3, 6; C).
Define a function K on M*(3,6) by

K(A) ::/X na N\ fa, A€ M*(3,6).
A

Lemma 7.11. K is a nowhere vanishing continuous function on M*(3,6).

Proof. Let 4 = A8 be a small neighborhood of A in M*(3,6) such that
UNTLcjerMijr(3,6) =2 AY. By [25, Th. 4.28], there exists a finite holomor-
phic map h: ¥ — 4 with branch divisor § N Il;«;<xM;;i(3,6) such that the
family pry: S Xy ¥ — U induced from 7: § — M*(3,6) by h: T — U ad-
mits a simultaneous resolution. Namely, there exist a complex manifold X,
holomorphic maps p: X — S xg U and 7: X — U such that the diagram

X -2 8%y T

?rl Pr2l
id

b —— P



22 Ken-Ichi Yoshikawa

is commutative and such that p: Xp := 7 1(B) — Sp is the minimal

resolution for all B € 9. Hence {p*np}pey is a nowhere vanishing rela-
tive holomorphic 2-form on X. Since every fiber of 7 is smooth and since
h*K(B) = fXB p*np Ap*np for all B € Y, h*K is a continuous function on
. Since p*ng # 0 for all B € U, h* K is nowhere vanishing on 8. This proves
the assertion on Y. Since A € Il ;< M;;1(3,6) is an arbitrary point, K is a
nowhere vanishing continuous function on M*(3,6). O

7.5 An intermediate modular variety

Let z = (z( ijk ))( i) ep be the homogeneous coordinates of P? and define

imn lmn

where Plk;;(2) := Z(aky T E( it ) T A(im) = 2(jgn) are the Plucker relations.

Then Z C P? is a linear subspace of dimension 4.
After Matsumoto, we define

PI‘IX(3,6) > [A] _’(D<Z‘7k>(‘4))(”k)ep EPQ

Ilmn tmn

and
ijk
Imn

2
Q:HQBW—>(~~:@( ) (W):~~)(lii;;)€7)€P9.

Recall that the period map ¢: M°(3,6) — Mg (2) induces the iso-
morphism ¢: X°(3,6) — Mg (2) in (7.3). Let I'y(1 + 1) C Aut(Ha) be
the subgroup corresponding to O (Tg)(2) C Aut({2s,) via the isomorphism
p: Hy =2 (.. Let Hy /Iy (1 + 1) be the Baily-Borel-Satake compactification
of Hy /Ty (1 + ).

Theorem 7.12. (1) The images of Pr and © are contained in Z;

(2) Pr extends to a double covering Pr: X (3,6) — Z;

(3) © induces a double covering ©: Ha /Iy (1 +1) — Z;

(4) The period map for the family w: (X,1) — M?°(3,6) induces an isomor-
phism 1: X(3,6) — Ha/I'n(1+1) such that the following diagram is com-
mutative:

(7.5) B @l

Proof. See [30, Th.4.4.1, Cor. 4.4.2] and [36, Chap. 7 Prop. 6.2, Chap. 9 Th. 12.7]
O
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We regard the monomial [], Z(jak) as an element of H°(P?, Ops(10)). Let
lmn
| llops (10) e the standard Hermitian metric on Ops(10) whose Chern form
is proportional to the Fubini-Study form on P°. Then
14,6 (A K(4)%

_— - / . Ae M*(3,6).
VA EY VR ST o T

Since K (A)% /(X5 [D(;7%)(A)[?)'° descends to a nowhere vanishing contin-

lmn

uous function on X*(3,6) by Lemmas 7.8 and 7.11, there exists a continuous
Hermitian metric || - | on Pr Ops(10) such that
[Pr Hz(lﬁ)ﬂl = [[Aael-
P

Lemma 7.13. Let v: A — X*(3,6) be a holomorphic curve that intersects
I« j<xXijx(3,6) transversally at v(0). Then ast — 0,

log | A6 (v(t)[|* = log [t|* + O(1).

Proof. Let v(0) € X;;x(3,6). Let f be a local holomorphic function defin-
ing the divisor X;;,(3,6) near v(0). Since || - || is a continuous metric on
Pr Ops(10) and since II» 2y € H°(X(3,6),Pr Ops(10)), we get

1og | A5.00 (1 ()1 = 1o(IFF" [ 200y (1()I')? = (multezon” 1) log [f2+O(1).
P

Since « intersects X;;x(3,6) transversally at v(0), we get mult,—o7y*f =1. O

Proof of Theorem 7.9

We keep the notation in (7.3) and (7.5).

(1) The identity Ps, = Co ¥, (-, F6) follows from Theorem 6.1. We compare
the weights and the zeros of &5, and Aymgy. By Theorem 4.3 and Proposition
7.6, both of &5, and Aygy have the same weight 10 and the same zero divisor
Ds, . From the Kocher principle, the assertion follows.

(2) By Theorems 4.3 and 7.9 (1), it suffices to prove that

(7.6) | A3,6)|1* = Const. ¢*|| Amsy ||
Let IT: {25y — (25,/O7"(T)(2) be the natural projection, and set
f=1" (e ) log | A6 1

We compute the (1,1)-current dd°f on (2,. By Definition 7.7 (3) and the
definition of the Bergman metric, we get on M°(3,6)
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q*ddlog || A 6 |I> = —20 ¢*ws, .

Since X°(3,6) is regarded as a subvariety of M°(3,6) via the embedding (7.2),
we get on X°(3,6)

(7.7) dd®log | Ags.e)|? = —20 p*ws,
because
LH.S. = j*¢"dd®log || A@,6)|1* = —20 j*¢*ws, = =20 ¢*p*ws, = RH.S.

Since I 0 (X °(3,6)) = 22 , we deduce from (7.7) the following equation
on (25

(7.8) dd°f = =20 ws,.
By the commutativity of (7.5), we get the equation of sets on Ha /Iy (141):
(7.9) (¢71)*divﬂ(376) = divApsy.

Let o: Ho /T (1 4+1) — Mg, (2) = Q§6/0+(T6)(2) be the isomorphism in-
duced from the isomorphism g: Hy 22 (25, . Set Dg, := Dg,/OF(T¢)(2). Since
w =To, we get by Proposition 7.6 and (7.9)

(Wﬁl)*diVA(s,ﬁ) = (ﬁfl)*(i/fl)*diVA(&ca) = (g ")*divAusy = Ds,,
which yields the equation of sets
(7.10) IT* (¢~ ")*divAg 6) = Ds,-

Set D2 = Iojep IT* ()" (Xi;(3,6)). By Theorem 7.10 (3), D, is
smooth and it is a dense Zariski open subset of Ds,. Let © € Dg, be an
arbitrary point. Let v: A — X*(3,6) be a holomorphic curve intersecting
Il < j<xXijx(3,6) transversally at (0). By [39, (2.3)], there exists a holomor-
phic curve c: A — (5, intersecting Dg_ transversally at ¢(0) such that

Ioc(t)=gpon(t?), teA.
By Lemma 7.13, we get
(7.11) fle(®) =2 log|t]* + O(1)
because
log || Ags.e) (97" o IT o c(t))|* = log | A6 (v(t)]I* = 2log [t[* + O(1).

Since ¢(0) is an arbitrary point of D¢ and since c(t) intersects D, transver-
sally at ¢(0), we deduce from (7.8), (7.11) the following equation of currents
on {2s,:
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(7.12) dd°f = —20 wse + 2 51786 .

Since f is O (Tg)(2)-invariant, it follows from Theorem 3.2 and (7.12) the
existence of an automorphic form F for O1(Tg)(2) of weight 20 with zero
divisor 2Ds, such that f = log ||F||?. Comparing the weights and the zeros of
F and A}qy, we get F' = Const. Ay . This proves (7.6). O

Question 7.14. Recall that the constant C's was defined as the ratio of 75, and
| As,6) | ~1/* in Theorem 7.9. Is it possible to compute log C3 in R/Qlog 2 by
using the arithmetic Lefschetz-Riemann-Roch theorem [5], [23]7 The corre-
sponding question for the family of elliptic curves over the configuration space
m: & — M°(2,4; C) was considered by Bost [11], who obtained Eq. (1.4) from
the arithmetic Riemann-Roch theorem [6], [16].

Question 7.15. Let L be an even lattice of signature (2,b7). In [8, Th. 14.3],
Borcherds constructed a correspondence from modular forms for Mps(Z) of
type pr with weight 1 4+ m™ — b~ /2 to automorphic forms on 27, for some
cofinite subgroup of O (L) of weight m™. We call this correspondence the
Borcherds additive lifting, while we call the correspondence in Theorem 5.2
the multiplicative Borcherds product. Is it true that the even Freitag theta
functions {Q(anl;)} are the Borcherds additive lifting of some modular forms
for Mpy(Z) of type pr,? If it is the case, Theorem 7.9 (1) may be expressed
as follows:

(7.13)

H (additive Borcherds lifting) = (multiplicative Borcherds product)™*e&e,

finite

There are some examples of Eq. (7.13) given by Allcock-Freitag [1] and Kondo
[26]; Allcock-Freitag gave an example where the multiplicative Borcherds
product is the one given by Borcherds [10] characterizing the discriminant
locus on the moduli space of cubic surfaces; Kondo gave an example where
the multiplicative Borcherds product is the Borcherds @-function of dimen-
sion 10 characterizing the discriminant locus on the moduli space of Enriques
surfaces. It may be worth asking the existence of additive Borcherds liftings
such that Eq. (7.13) holds for the automorphic forms @g, in Theorem 6.1. Are
there many examples of Eq. (7.13)?

Question 7.16. In [27], Krieg studied automorphic forms on the period domain
{2s,. There exist analogues of the Freitag theta functions on the period domain
{2,. Is it true that the automorphic form &g, has an expression in terms of
those theta functions similar to the Matsumoto-Sasaki-Yoshida form Aygy?

Question 7.17. In [24], the moduli space and the period map for 2-elementary
K3 surfaces of type Sy were studied by Koike, Shiga, Takayama, and Tsutsui.
They proved that a general 2-elementary K3 surface of type Sy is obtained as
the minimal resolution of the following double covering of P! x P!:
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4
S(x) = {((s,1),w) € Op1(4)KOp1 (4 H " st+ad? s+af” t+2{)},

where s, t denote the inhomogeneous coordinates of the first P! and the second
P!, respectively. Following Koike-Shiga-Takayama-Tsutsui, we set

NOQ
e o eM(2,C), 1<k<4
3

and define for x = (21, 79, x3,24) € M(2,C)*

4

ds N\ dt
Ny i= € H°(S(x), Kg(s)) \ {0}
l];[l( (k) St+x(k)s+z§k)t+xik))1/2 S(z)

Then the following function seems to be an analogue of A3 ) in the case of

2-elementary K3 surfaces of type Sy:
4
1 / A
(2m)2 Js)

Let S(z) be the minimal resolution of S(z). It may be worth asking if an
analogue of Theorem 7.9 (2) holds in this case, i.e., the existences of a rational
number v and a non-zero real number C' with

75,(S(2)) = C || Aksrr(@)]|”-

Question 7.18. Let A € M°(3,6). Assume that there exists a smooth conic
Q@ 4 such that all the six lines L; 4,..., Lg 4 are tangent to Q4. Then X4 is a
Kummer surface. Let C'4 be the double covering of Q4 with 6 branch points
L1 aNQa, -+ ,Le,aNQ 4. Then C4 is a curve of genus 2 and X 4 is the Kummer
surface associated with the Jacobian variety of Cy, i.e., X4 = Km(Jac(Ca)).
Let 7(C4) be the analytic torsion of C'4 with respect to the metric induced
from the flat Kéhler metric on Jac(Cy). By e.g. [38], 7(C4) is expressed as
the Petersson norm of the Igusa cusp form. Explain the coincidence of 7(C'4)
and 7s,(Xa,t4)-

| Aksr(z

8 Discriminant of quartic surfaces

8.1 Discriminant of quartic hypersurfaces of P3

Let (Zy : Z1 : Zy : Z3) be the homogeneous coordinates of P3. Let H =
Ops(1) be the hyperplane bundle over P3. We identify Zo, ..., Z3 as a basis
of H*(P3, H). For an index I = (ig, i1, i2,13), we set |I| = ig+- - -+i3 and define
70 = 70721 Z3 Z3 . Then {Z'} =4 is a basis of HO(P3,4H). Let {&1}11=4
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be the coordinates of H°(P?, 4H) with respect to the basis {Z’}|—4. Then
{&}11=4 is regarded as a basis of the dual vector space H°(P?,4H)".

Let ®up: P? 5 Z — (Z') € P(H°(P? 4H))" be the projective em-
bedding associated with the very ample line bundle 4H. Let @45(P?)Y C
P(H"(P3,4H)) be the projective dual variety of @z (P?) (cf. [22]). Then
@4 (P?)Y is a hypersurface of P(H°(P?,4H)). The discriminant of quartic
hypersurfaces of P? is the reduced homogeneous polynomial Aps 45y (€) €
Z[¢] such that

(8.1) Dy (P?)Y = divAps am) (§).

The choice of Aps 4)(€) is unique, up to a constant. We fix one polynomial

Aps am)(§) satisfying (8.1).
We define

F(Z,&):= > &2Z" e H'(P®4H)" @ HO(P® 4H).
|T|=4

Set
P .= P(H°(P3 4H)),

X¢:={[Z] € P*; F(Z,¢) =0}, EeP.

and
X = {([Z2],6) e P? x P; F(Z,&) =0}, 7T 1= pry.

Then 7: X — P is a universal family of quartic hypersurfaces of P? with fiber
71 (€) = X¢. Let D be the discriminant locus of the family m: X — P:

D := {¢ € P; Sing X¢ # 0},
which is an irreducible divisor of P such that
D = divAps 4 (§) = Ppam (P?)".

By a formula of Katz [22, Cor. 5.6], we have

c 3
82)  dog® = deg Ao () = (-1)° [ | (TP _ s,

s (11 4y (H))?

where ¢(TP3) = (1+ ¢;(H))* denotes the total Chern class of TP3.
For £ € P\ D, (X¢, H|x,) is a polarized K3 surface of degree 4, i.e., a K3
surface equipped with an ample line bundle of degree 4. For £ € P\ D, set

2oee, 5810 Zo) dZo(2) N dZo(s) N dZo)
Ne 1= ResxE F(Z.6) .

Then 7¢ is a non-zero holomorphic 2-form on X.
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Definition 8.1. The norm of Aps 4y (§) is defined by

108
1
| A@z am)(&)]” = (W/X 77§A775> |A@s,am) (€)%

By (8.2), [[Awps am)(§)]| is a C* function on P\ . In this section, we
prove that ||Aps 47)(£)|| is expressed as the norm of a Borcherds product on
the period domain for polarized K3 surfaces of degree 4 (cf. Theorem 8.11).

8.2 The polarized period for quartic surfaces

Fix a primitive vector h € L3 of norm 4. The choice of h is unique up to an
automorphism of Lx3. Set

T:=h!1=UaUqEs®Es® (—4).

A marking of (X, H) is an isometry a: H?(X¢, Z) = L3 with a(c;(H)) = h.
There exists a marking of (X¢, H). The triple (X¢, H, @) is called a marked
polarized K3 surface of degree 4. The polarized period of (X¢, H,«) is the
point of 21 defined by

m(Xe, H, ) := [a(ng)].
We define
My = 0p/O(T).

The Griffiths period of (X¢, H) is then defined as the orbit
@(Xe, H) := O(T) - [a(g)] € My

Let w?: P\ © — My be the period map for the universal family of quartic
surfaces m: (X, (pry)" H)lpp — P\ D

w(§) == w(Xe, H), EeP\D.

As in Section 2, we define the discriminant locus of {21 by

DT = U Hd
deAr

and set Dt := Dr/O(T) C My. We regard Dr as a reduced divisor of (7.
Lemma 8.2. One has @°(P\ D) C My \ Dr.

Proof. Let ¢ € P\ ® and assume that w(¢) € Dr. There is a marking o of
X¢ and a root § € Ar such that 7(X¢, H, ) € Hs. By the Riemann-Roch
theorem, there exists an effective divisor E of X¢ with a(ci([E])) = £6. Since
(h,d) =0, we get deg H|g = 0, which contradicts the ampleness of H. Hence
w(&) € My \Dr. O
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Define
D := {{ € P; Sing X, consists of a unique ordinary double point}.

Let D9, := ©°\ Sing ©° be the regular part of D°. Since D° is a dense Zariski

re, *
open su%)set of ® by [22, Prop. 3.2], so is Dy,,. By the Borel-Kobayashi-Ochiai
extension theorem, the period map w?® extends to a holomorphic map from
(P\ D) U D, to My, the Bail-Borel-Satake compactification of My. This
extension of w? is denoted by w.

Let us make a geometric construction of the Borel-Kobayashi-Ochiai ex-
tension @. Let Z C P3 x A be a smooth complex threefold such that
p = pry: Z2 — Ais a proper, surjective holomorphic function without critical
points on Z \ p~1(0). Set Z; = p~1(t) for t € A. Then p: Z — A is called an
ordinary singular family of quartic surfaces if p has a unique, non-degenerate
critical point on Zy and if Z; is a quartic surface for all t € A.

We define

Hy=Ms\ |J Ha D= ) H§
deAr\{£d} deAr

and set Dy := D3/O(T).

Lemma 8.3. Let p: Z — A be an ordinary singular family of quartic sur-
faces. Let ¢ : A* — My \ Dy be the Griffiths period map for p: Z — A. Let
II : O — My be the natural projection. Then there exist a holomorphic curve
c: A — 1 and a root 6 € Ar satisfying

(1) IT o c(t) = (t?) for allt € A and c(0) € HY;

(2) ¢ intersects HS transversally at c(0).

Proof. (1) Let A be another disc and let Z x A be the induced family
over A by the map A 5t — 2 € A. By e.g. [25, Th.4.28], there exists a
simultaneous resolution 7 : Z — Z XA 1, i.e., a resolution satisfying the
commutative diagram

z_ T .z X A A

ﬁl przL

A, A
such that 7|z-1¢,): p~'(f) — pry () is an isomorphism for ¢ # 0 and is
the minimal resolution for ¢ = 0. In particular, p is a smooth morphism. Set
T :=prjom: Z — Z.Fort € A, weset Z; := p~1(t) and 7y := Tz, 1 Ze — Zype.
Then 7 is an isomorphism for ¢ € A* and is the minimal resolution for ¢ = 0.
Since the family p : Z — A is differentiably trivial, it admits a marking
a such that (Z;, 7" H, ay := a3 ) is a marked polarized K3 surface of degree

4 for t GNAN*. Let c: g — (21 be the period map for the marked family
(p: Z — A,a). Since (Z;,7*H) = (Z, H) for t # 0, we have IToc(t) = ¢(t?).
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Let Ey C Z) be the exceptional curve of pg. Since Z; has a unique ordinary
double point, the self-intersection number of Ej is equal to —2. Set

0 := ap(c1([Ep])) € ALys-

Since Fj is an algebraic cycle, we have ¢(0) € Hs. By the same argument as
in [39, p.70 Claim 2], we get ¢(0) € Hg. This proves (1).

(2) Let Kz be the canonical line bundle of Z. Since Kz is trivial by e.g. [39,
Lemma 2.3], there exists a nowhere vanishing 3-form £ on Z. For ¢t € A, set

(8.3) Nt := Resg, - € H(Z,,Kz,) \ {0}.

£
p(z) =
Then 7 := 12 is regarded as a holomorphic 2-form on Z; for t # 0. There
exists a system of coordinates (21, 22, 23) near the critical point of p with

(8.4) p(z) = B+ 23+ 2.

In the local expression (8.4), the vanishing cycle o ' (8) € H2(Z,, Z) is realized
as the following embedded 2-sphere F; C Z; under the identification Z; = Z;2:

(8.5)
L EN e en)

z
Et = {(2172’2,23) S Cg, (%)
By (8.3), (8.4), (8.5), there exists a germ €(t) € C{t} with

(@li)8) = [ ne=te).  «0) 0
E

Fix | € Tr with (I,I) > 0. Since (-,6)/(-,1) is an equation defining Hg, c(t)
intersects HY transversally at ¢(0). This proves (2). O

Lemma 8.4. The following hold:
(1) Esggcg) - DT; Y . .
(2) Dy € My \ Sing My and Dy C Dr \ Sing Dr;
(3) Dyeg is an irreducible divisor of (P\ D) U D},

reg-

Proof. (1) The result follows from Lemma 8.3 (1).
(2) One can prove the result by the same argument as in [39, Prop. 1.9].
(3) The result follows from the irreducibility of the divisor ® of P. O

Let L C P be a line, i.e., a smooth rational curve of degree 1. Then L is
general if the induced family 7|1 : X|, — L is a Lefschetz pencil, i.e.,
(i) X|r is a smooth threefold;
(ii) all the critical points of the projection 7|, are non-degenerate;
(iii) any singular fiber of 7|z, has only one critical point of 7|z

By [22, Cor. 3.2.1], the set of general lines of P is a dense Zariski open
subset of the set of all lines of P.
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Lemma 8.5. Let L C P be a general line. Let w|y,: L — (Mg \ Dr) UDy be

the period map for 7| : X|, — L. Then w|y, intersects Dy transversally at
w(LND).

Proof. The result follows from Lemma 8.3 (2). O

Let wr be the Kéahler form of the Bergman metric on {27:

e (n,m)
(8.6) wr([n]) = —dd"log CRNER

where 1 € Tgr is a fixed vector with (1,1) > 0. Since wr is invariant under the
action of Aut({2r), it descends to a Kéhler form waq, on My in the sense of
orbifolds. By (8.6) and the definition of the period map w, we get the following
equation of (1,1)-forms on P\ ®:

[’r]} € QT?

(8.7) dd° log || Aps 41 (€)]> = =108 (=) wi,

Lemma 8.6. The semi-positive (1,1)-form (w®)*wa, on P\D has Poincaré
growth along Dreg. In particular, (w®)*wa, extends trivially to a closed pos-
itive (1,1)-current on P.

Proof. By the same argument as in [39, Prop.3.8 and Th.3.9] using the
Schwarz lemma for Bergman metrics on symmetric bounded domains, the
semi-positive (1,1)-form (@w®)*wrq, has Poincaré growth along ®,e.. It ex-
tends trivially to a closed positive (1,1)-current on (P \ @) U D,ee by an
extension theorem of Skoda. Since Sing® is a subvariety of P with codimen-
sion > 2 and with (P\ ®) UD,ee = P\ Sing®, the result follows from Siu’s
extension theorem [34, p.53 Th.1]. O

The trivial extension of (w®)*way, from P\ D to P is denoted by w*wa,.
Lemma 8.7. The function log || Awps am)(€)||? is locally integrable on P and
satisfies the following equation of (1,1)-currents on P:

(8.8) dd®log || Az 4y () ]|* = 0o — 108 w*warn, .

Proof. By (8.7) and Siu’s extension theorem, it suffices to prove the assertion
on (P\D)UDy,. By the same argument as in [39, Prop. 3.11], it suffices to
prove the following: let 7v: A — P be a holomorphic curve intersecting Dy,
transversally at v(0). Then

(8.9) log | As am (v(1)[I* = log [t]* + O(1).

Since X,y has only one ordinary double point as its singular set, the
function log( [ 0 ATy(t)) is bounded as t — 0 by [37, Proof of Theorem

8.1]. By Definition 8.1, we get (8.9). O
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8.3 A Borcherds product

Let D7 be the root lattice of type D7, which is assumed to be negative-definite.
Then Dy is a primitive sublattice of Eg with D+ = (—4). Hence T is regarded
as the orthogonal complement of D7 in U ® U & Eg ¢ Eg ¢ Esg:

T ={(z,y,a,b,c) c U U Eg ® Eg ® Es; (¢, D7) = 0}.
Since U U @ Eg @ Eg @ Eg is unimodular, we get

1 123
(8.10) Ar = Ap, = Ay _ZZ/Z_{O’Z’Z’Z}'
In what follows, 0, %, %, % often denote the corresponding elements of the dis-

criminant group Ay = Ap, = A(_y).
Let eo, €14, €24, €34 be the standard basis of C[Ap, . Let Op, () be the
theta series of the lattice D7:
Op, (1) := Op,(7) €0 + Op, y1/4(T) €174 + Op, 1 2/4(T) €2/4 + Oy 1 3/4(7) €3)4,

where

Opyts/4(T) := Z g, q= e,
leDr+6/4

Notice that D7 is negative-definite.

Lemma 8.8. O, (7)/A(7) is a modular form for Mpo(Z) of type pr of weight
~17/2.

Proof. Since A(7) is a modular form for SLs(Z) of weight 12 and since pr =
pp, by (8.10), it suffices to prove that Op,(7) is a modular form for Mp.(Z)
of weight 7/2 and of type pp,. This follows from [8, Th.4.1]. O

Lemma 8.9. The following identity holds:

Op, (1)/A(T) = (g7 +108) eg +2° ¢ /% ey /s +14¢ /% ey/s +2%€3 mod q.
Proof. Recall that the Jacobi theta functions 65(7), 05(7), 04(7) were defined
in Sect. 6. By [13, Chap. 4, p.118, Egs. (8.7), (8.8), (8.9)], we get

8.11

(Qm(i) S el ;L Cul eo+02(2T)7 91/4+93(T)7 ; cual 82/4+02(27)7 €3/4:

By the definitions of the Jacobi theta functions, we get

Oo(T)" =27+ 72T g 1 O(¢?), O5(r)" =1+14¢"* +84q+O0(¢*?),
04(1)" =1—14¢"2 +84¢+ O(¢*/?),

which, together with (8.11), yield that
(8.12)
Op, (1) =(1+84q) ey + 20647/8 e+ 14 q'? €y/4 + 2047/ 65 mod ¢*/>.

The result follows from (8.12) and the identity 1/A(7) = ¢~ +24+0(q). O
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By Lemma 8.8, we can apply Theorem 5.2 to the lattice T and the modular
form Op, (7)/A(T).

Lemma 8.10. Let ¥y (-, Op,/A) be the Borcherds product associated with T
and Op, (1)/A(T). Then ¥y (-, Op, /A) has weight 54 and the zero divisor

div Wy (-, Op,, JA) = Dy + 27 > Hy+ 14 > Hg.
deT+1/4,d2=—1/4 deT+2/4,d?=—1

Proof. By Theorem 5.2 (1) and Lemma 8.9, the weight of ¥r(-,Op,/A) is
given by ¢(0)/2 = 108/2 = 54. By Theorem 5.2 (2) and Lemma 8.9, we get

divp (-, Op, /A) = > Hy+2° > Hq+ 14 > Ha

deAr deT+1/4,d2=—-1/4 deT+2/4,d2=—1

+2° > Ha

dET+3/4, d2=—1/4
= Dr+27 > Ha+14 Y. Ha,

deT+1/4,d?=—1/4 deT+2/4,d?=—1
where we used Hg = H_4 to get the second equality. O
Define the effective divisor D’ on 21 by

D =27 > Hy+ 14 > Hy

dET+1/4, d2=—1/4 deT+2/4, d>=—1

and set D =D’ /O(T). Then D' is an effective divisor of M.
The discriminant Aps 47(€) is expressed as the Borcherds product:

Theorem 8.11. There exists a non-zero constant C' such that the following
identity of C*° functions on P\ © holds:

1A®@s,am) I = Cw*|[¥2 (-, Op, /A)]*.

Proof. By the Poincaré-Lelong formula and Lemma 8.10, we get the following
equation of currents on {2r:

dd®log |[¥r (-, Op, /A)||* = ép, + 0pr — Sdwr,

which descends to the following equation of currents on My:
. 1
(8.13) dd® log ||¥r (-, Op, /A)||? = 395, + 05 — 5w,

In (8.13), the coefficient 1/2 of 67 is necessary because the natural projection
{2y — My doubly ramifies along Dy (cf. [39, Prop. 1.9 (4)]).
Since @*Dy C Dieg by Lemma 8.4 (1) and since Df,, is an drreducible

divisor of (P\ D) UDy,, by Lemma 8.4 (3), there exists an integer v > 1 with
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(8.14) @Dy = v D,

Let L C IP be a general line. We compute the intersection number of L and
the divisor @*Dy. Since the period map w|r,: L — (My\ Dr) UDy intersects
Dy transversally at w(L N Do) by Lemma 8.5, we get by (8.14)

v#(L N DY) = #(LNw Dp) = #(w(L) N Dy) = #(L N DY,y),

which yields that v = 1.

Let = be an arbitrary point of My. Let f = 0 be a local equation near x
defining the divisor Dr + 2D (When z ¢ Dr + 25/, we can choose f to be
a non-zero constant function.) By (8.13), log(||¥r (-, Op,/A)||*/| f]?) is a local
potential function for —108 wpy,:

(8.15) dd* log([[ @z (-, Op, /A)[I*/1f?) = =108 wm,

as currents on an open subset of My. Let £ € P be a point with w(§) = «.
Since log(||#r (-, Op,/A)||*/|f|?) is locally bounded near =, we deduce from
[39, Prop. 3.11] the following equation of currents near &:

(8.16) dd°c* log(||¥r (-, Op, /A)|*/|f]?) = =108 w*wy,.

Since x is an arbitrary point of My and hence ¢ is an arbitrary point of
(P\D)UDL,, we deduce from (8.16) and v = 1 the following equation of
currents on (P\ D) UD7,:

1
(8.17) dd“w* log ||¥r (-, Op, /A)||? = 3 oo, + 0 — SAw wpm,.

Comparing (8.8) and (8.17), we get the equation of currents on (P\D)UD2,,:

reg*

|Awz am)ll?
(8.18) dd¢log —EADT 55
¥ (-, Op,/A)|* P

Set I := log(||Aws am)l|*/|¥r(-, Op, /A)||*). Since D\ D, is a subvariety of P
whose codimension is strictly greater than 1, we deduce from Siu’s extension

theorem [34, p.53 Th.1] that F € L'(P) and that Eq.(8.18) holds on P.
Assume that @*D’ # (. Let L C P be a general line. By (8.18), F|L is
a logarithmic 1-form on L with div(0F|r) = (w*ﬁl) N L. Since @D is an
effective divisor and hence so is (w*ﬁl) N L, the sum of the residues of OF|L

does not vanish, which contradicts the residue theorem. Hence =D =0 and
F' is a constant function on P. This proves the theorem. 0O

We do not know if [|Aps 4[| admits an analytic expression using (equiv-
ariant) analytic torsion. After Beauville [3, Sect. 6], Voisin [35], Huybrechts
[21, Example 2.7], it is possible to associate to X an irreducible compact
holomorphic symplectic 4-fold with anti-symplectic involution as follows.
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For a smooth quartic surface X C P3, let Hilb® (X) denote the Hilbert
scheme of zero-cycles of degree 2 of X, which is a symplectic resolution of the
second symmetric product of X. Since X is a quartic surface, Hilb® (X) has
a natural involution defined as follows. Let Py + P2, Py # P», be a point of
Y@ X the second symmetric product of X. Let L be the line of P? connecting
Py and Ps. Then there exist Ps, Py € X such that XNL = {Py, P2, P5, P4}. Let
A be the diagonal locus of () X. We define the involution §: X)X \ A —
YA X\ Aby (P, + Py) := P3 + P,. By [3, Sect.6 Prop. 11], 6 extends to
an anti-symplectic holomorphic involution on Hilb® (X). As an analogue of
Theorem 4.3, it may be worth asking the following:

Question 8.12. Is it possible to express ||A(13314H)||2 as a combination of the

equivariant analytic torsions of the bundles Q%ﬂb@) x) P > 07
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