UTMS 2005-36 September 6, 2005

Lipschitz stability in inverse problems

for a Kirchhoff plate equation
by

Ganghua YUAN and Masahiro YAMAMOTO

UNIVERSITY OF TOKYO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES
KOMABA, TOKYO, JAPAN




Lipschitz stability in inverse problems for a

Kirchhoft plate equation

I GANGHUA YUAN AND ? MASAHIRO YAMAMOTO
1.2 Department of Mathematical Sciences, The University
of Tokyo, 3-8-1 Komaba, Meguro, Tokyo 153, Japan
I Department of Mathematics, Northeast Normal
University, Changchun, 130024, PR China
1 ghyuan@ms.u-tokyo.ac. jp

2 myama®@ms.u-tokyo.ac. jp

Abstract

In this paper, we prove a Carleman estimate for a Kirchhoff plate
equation and apply the Carleman estimate to inverse problems of de-
termining spatially varying two Lamé coefficients and the mass density
by a finite number of boundary observations.

Our main results are Lipschitz stability estimates for the inverse

problems under suitable conditions of initial values and boundary val-



ues, which are satisfied, in particular, by paraboloid initial displace-

ments.

1 Introduction and the main results.

We consider a classical model by Kirchhoff for flexural waves in a thin plate,

whose governing equation is given as follows:

(Ly)(t,2) = (Laupoy)(t, ) = p(2)0Fy(t, o) + (Mz) + p(@))A%y(t, )
+2V(A + p)(x) - V(Ay(t, z))
AN+ p) () Ay(t, x) + 2(0102p) (2) 0102y (¢, ) (1.1)

—(0F ) () D3y (t, x) — (O5p)(x)OFy(t, ) = H(t,x), 0<t<T ze

Here Q C R? is a bounded domain with smooth boundary 09 and z =
(ZEl,JZz) S Rz, 81 = aizl, 82 = %, V = (81782), A = 8% + 8% Moreover let
0% = 07109* with a = (ay,az) € (NU{0})?, Ja| = a; + as.

Physically p = p(x) is the mass density per volume of the plate, and
A = Az), p = p(x) are Lamé coefficients and for more physical details of the

flexural waves, see for example, Lagnese [32], Graff [12], Landau and Lifshitz

[33], Lions and Lagnese [38].
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To (1.1) we attach initial and boundary conditions:
y(0,2) = a(x), Ow(0,z) =0, x €, (1.2)
and

(Bi(X, wy)(t, x) = g(t, ), (Ba(A p)y)(t, x) = h(t, ),

0<t<T,zc R, (1.3)
where we set
By = Bi(\, )y = A+p) Ay+p(201000, 00y — 302y —1v2035y)  on 08, (1.4)
and

Byy = By(A, )y = O[(A+ p) Ay] — 01(n03y)v1 — Oa(pdiy)vs
+81 (u@lﬁgy)ug + 82 (u@lagy)ul

+0, (V3 — v3)0100y + pnve(03y — O2y)]  on ON. (1.5)

Here and henceforth v(xz) = (v1(x),v9(z)) denote the unit outward normal
vector to 02 at x, while 7(x) = (—wo(z),v1(z)) is a unit tangential vector
on 0f) at x, and we set 0,y = Vy - v, d;y = Vy - 7. In boundary condition
(1.3) g and —h describe the moment of action force and the action force per
unit length on the boundary respectively (e.g., Landau and Lifshitz [33]).
This kind of plate model can be derived by the principle of virtual work (e.g.
Lagnese [32], Landau and Lifshitz [33], Lions and Lagnese [38]) or other kind
of method (e.g. Graff [12]).



In this paper, we discuss
Inverse Problem. Determine all or some of \(x), p(zx) and p(x) in (1.1)
by boundary measurements on (0,T) x 0Q of solutions y to (1.1) - (1.3).
Remark 1. The main results on the inverse problems in this paper are also
valid for other kinds of boundary conditions. For example, in the case where
boundary conditon (1.3) is replaced by y = ¢g and 0,y = h, we can discuss
inverse problems similarly.

The plate equation (1.1) is a basic equation for thin plates such as wings of
an airplane, and determination of A, u, p is practically important for example
for the sake of evaluation of strength or the optimal design of the wing.
Our main concern is the mathematical analysis, that is, the uniqueness and
the stability for the inverse problem. We formulate our inverse problem. Let
y=y(\ u, p;g,h,a, H)(t, z) denote the solution to (1.1) - (1.3) provided that
we will specify the class of solutions later. Take ko, J € N and choose a
set of {g;, h;,a;, H;}1<j<7 of boundary values, initial values and force terms
which are considered as inputs to an unknown system. Then determine
M), p(x), p(x), z € Qby OFy(\, 1, p; g5, hy, a5, Hy) (L, x), 0 <t < T, x € 99,
1 <353 < J,0 < k < kg, which are observation data and regarded as
outputs. In particular, we will search for stability estimates for the inverse
problem: Estimate |y — Aao||m2(q), |[f1 — p2]| m2(@) and/or [|p1 — p2||m1 @) by
suitable norms of 0%y(\1, u1, p1; g, by, a;, Hj) — O8y(Aa, pa, p2; 94, by, aj, Hy),
1<) < T, 1<k <k

The stability in inverse problems is not only important as mathematical



subject but also for example for estimation of convergence rate of Tikhonov’s
regularization (e.g., Cheng and Yamamoto [11]).

The number J corresponds to the number of experiments where we suit-
ably choose initial values, boundary values and force terms to execute the
vibration processes and make observations. In the case where we want to
determine several coefficients among A, i, p, we can expect that J = 1, a
single measurement, may not guarantee the uniqueness as well as the stabil-
ity and we will look for the minimum 7. Moreover, in order that initial and
boundary data and force terms are effective for our identification process,
we have to require conditions on g;, hj,a;, Hj, 1 < j < J. For example, we
must not choose a; = 0, g; = h; = 0 and H; = 0, which can not stimulate
the system at all. It is another interest to seek for such generous conditions
for g;, hj, a;, H;.

We will consider two kinds of inverse problems:

Inverse Problem I. We assume that p = p(x) is known. Then determine
Az) and p(x), © € Q.
Inverse Problem II. Determine A\(z), p(x) and p(zx), x € Q.

Inverse Problem I is practically motivated by the fact that the mass den-
sity p(x) can be determined by a different way (e.g., some static method)
from the method for elastic properties A(z) and u(x), and so it is worth an
independent research.

For the statements of our main results, we need a set of admissible initial

values, boundary values and force terms, and an admissible set of unknown



coefficients. Henceforth ey > 0, M > 0, 7o = (29, 23) € R?\ Q be arbitrarily

given and let Ao, g € CH(Q), po € C'2(Q2) be given such that

Ao + Hos Hos Po > €o on O (16)
Vlog (%) (r—x0) > -1, 2€Q.

We note that if Ay, po, po are positive constants or close to positive constants
for example, then (1.6) is satisfied. We define an admissible set of initial

values, boundary values and force terms.

V ={(g,h,a,H);0,H(0,-) =0 in Q,

1y(Xo, k0, P03 9 s @, H)|lyaoe 0 1@z 0. en@y < MY (1.7)

Remark 2. We can write the conditions for (g,h,a, H) € V explicitly
in terms of sufficient smoothness and compatibility conditions of sufficient
orders. This can be proved by results presented for example in Lions and
Magenes [39].

For the statement of the compatibility conditions, we set A = Ay, ,, =
Ly pio.p0 — PO, which is the stationary part of L defined by (1.1). We first
define

W@ —q O

. 1 . i
a(]) — _(_Aa(]_l) —+ 6152(] 1)H(07x)), ] - 17273’ e
Po

. 1 . i
pl) — p_(—AbU—l) +O7 T H(0,2)), j=1,2,3,--
0

provided that a¥), b are well-defined in L2(Q2). We note that b(!) = 0 by



0:H(0,-) = 0. Let us assume smoothness conditions:
aP b9 e HA(Q), 0<j<2 a®ecHY(Q), ¥ e HQ),

g€ H(0,T; H2(0Q)) N H'1 (0,T; L2(0%)),
));
H e H'(0,T; L*(Q)), 83 H € C([0,T]; H4())

o0
he H'(0,T; Hz(09)) N H% (0, T; L2(99

and compatibility conditions of order 6:

(

Bi(Ao, pto)a¥ (z) = 8790, x),
By (N, pio)a? (z) = 87 h(0, z),
2 (o, tio)at? (x) t' (0, z) (1.8)
Bi( Ao, p10)b9) () = 977 9(0, ),
By(Xo, f10)b9(x) = 07 h(0,2), 0<j<3, z€d.

\

Then we can apply Theorem 3.1 of Chapter 5 in Lions and Magenes [39] to

&y, 0 < j <6, and we see that y € H5(0,T; H*(Q)) N H*(0,T; H3(Q2)). By

the Sobolev embedding, this yields that y € W4>(0, T; C(Q))NW2>(0, T; C*(Q)).
One can relax the smoothness conditions and the compatibility conditions

by refined regularity properties in [39]. However for concentrating on inverse
problems, we will not pursue more.

Next we introduce an admissible set of unknown A and p for Inverse

Problem I:

Ur = {1 IMlen@ys Telloug < M,
A+, > € on €. There exists a neighbourhood U = U (X, )

of 0) such that A = \g and pu = po in U,

7



Remark 3. The last condition in (1.9):

_ )N s 1 zen
Vlog(/\<$>+'u($)> ( 0) > —1, €N (1.10)

restricts an admissible set of unknown coefficients, but the uniqueness as well
as the Lipschitz stability are extremely difficult to be established without such
a condition. Condition (1.10) is a sufficient condition for our key Carleman
estimate, and for hyperbolic operators of the second order, we have to assume
similar conditions and as for related discussions, see Amirov and Yamamoto
[3], Cheng, Isakov, Yamamoto and Zhou [10], Imanuvilov and Yamamoto
[20], Triggiani and Yao [41].
We set
H*3(Q) = L2(0,T; HY(Q)) N H2(0,T; L)),

HY((0,T) x 09) = L*(0,T; H(0Q)) N H*(0,T; L*(09Q)), £ > 0
and

lull a2 = llullzzo.rm@)) + lullz20,r:02@),
ull ez o0,mxo9) = Ul L2011 00)) + 1wl #20,7522(00)) -

We are ready to state the first result on the Lipschitz stability for Inverse
Problem 1.

Theorem 1. We assume that (g, hj,a;,0) € V, 1 < j <6 satisfy

det(AQaj,81(Aaj),82(Aaj),afaj,agaj,aﬁgaj)lgjg(; 7é 0 on ﬁ (111)



Then there exists a constant Cy = C1(Q,T, g;, hj, aj,Ur, Mo, f1o, po) > 0 such

that

A1 = Xallzz) + I — g2l a2
S Cl Zgzl Zi:() ||8llfat2y()\1a M1, Pos 95, h]) as;, O)

- 5]5@2?4()\2,#2,%;9]',hgvajaO)HHgfk,z((o’T)XaQ) (1.12)

for (A1, 1), (A2, p2) € Us.

Since A = A\g and pu = po near 02 for (\, ) € Uy, as is seen in Remark
2, we can verify that for a;, 1 < j < 6 satisfying (1.11), we can choose g;, h;
such that (g;,hj,a;,0) € V and that there exists a constant M; > 0 such

that

1y (A 12, pos g5, s @, O)llywaoe 0 1c@yrwr o 0.rcr@y < M1, 1< J <6,
(1.13)

for any (A, ) € U;. In particular, the right hand side of (1.12) is finite.

Theorem 1 asserts that if we choose six input data satisfying (1.11), then
we have the Lipschitz stability (1.12) in determining two coefficients A and
p. Assumption (1.11) is not physical and should be realized artificially in our
identification process. In Theorems 2 - 4 below, we have to pose assumptions
of similar characters for initial values.

The requirement of the six choices of input implies an overdetermining
formulation for the inverse problem. If we choose quadratic functions aq, as,

then we prove



Theorem 2. We set

aj(zy,z2) = %x% + %w% + D312, (1.14)

where p1j,p2;,p3; €ER, 7 =1,2 and

_ P11 D2 py = P21 D2 7
D11+ D21 Pi2 + P2 D11 +DP21 Pi2 + P2

. Pa D32

S ptpa pi2tpe

r

T3
if p11+p21 # 0 and p1a+paa # 0. We assume that there exist (g, hj,a;,0) €

V, j=1,2, such that

[Pl +|ral #0, pi+pa#0, prat+pa#0, riry#r3 (1.15)
or
P11 #0, pr1+par =0, prot+peF0, pipa # pgl. (1.16)

Then there exists a constant Cy = Co(Q, T, g;, hj, a;,Ur, X, o, po) > 0 such

that

A1 = Aallm2(e) + [l — pallm2(0
S CQ 2521 Zz:(] Halxjafy<)‘la H1, Po; gja hj? aja O)
(1.17)

- 658132y()\27 H2, Pos 95, h]) Qj, O)HH%_IC’Q((O,T)XGQ)

for (A, p1), (g, p2) € Us.

The two is the minimum number of choices of inputs because we have

two unknown coefficients depending on two independent variables and one

10



boundary data depend on two independent variables z € 0f2 and t. Con-
ditions (1.15) and (1.16) allow the following simple functions which may be

realized easily in the realistic experiments at a laboratory:
a(z) = 27, as(x) = 3. (1.18)

If Ao and pg are constants near 0€) for example, then compatibility conditions

(1.8) are satisfied for ay(z) if we choose g and h such that
g(0,2) = 2(Ao + o) — 2v3 o,
ANg0,2)=0, 1<j<T,
OFRh(0,2) =0, 0<k<7, x€09.
Next we will show the stability in Inverse Problem II of determining three

coefficients A, i, p. We introduce a admissible set of A, u, p.

Urr = {(\, 1, p); ||)\||014(§)7 ||M||Cl4(§)7 ||P||cl2(§) < M,
A+ i, p,p > €9 on . There exists a neighbourhood U = U(X, s, p)

of 0€2 such that A = A\, u = pg and p = pg in U,

Vlog (A@?ﬁ(@) (z—m) > -1, ze}. (1.19)

Now we are ready to state the main results for Inverse Problem II.

Theorem 3. We assume that (g;,hj,a;, H;) € V, 1 < j <7 satisfy

d@t(AQCL]‘, al(Aaj), 82<ACLJ'), 812aj,
8%6Lj, 8102(1]', Hj(O, '))1§j§7 7& 0 on ﬁ (120)

11



Then there exists a constant Cs = C3(, T, g5, hj, aj, Hj,Urr, Mo, po, po) > 0

such that

A1 = Al w20y + (11 — pellm200) + [lo1 — P2l (@)

7 3
<G5> Y 110507 y(M, s pa; 5, by, a, Hy)

j=1 k=0

_afafy()%#2,P2;9j7hj>aj,Hj (1.21)

)HH%””((O,T)xaQ)
fOT (/\17 H1, pl)a ()\27 Ha, p?) € Z/{][.

For the simultaneous determination of A\, u, p, we have to choose also
external forces H; suitably. Like Theorem 1, the 7 choices of inputs make
our inverse problem overdetermining. The following theorem gives the Lip-
schitz stability with special choices of aq, as, a3 whose number is three, the

minimum.

Theorem 4. We set

a;(z) = %xf + %xg, piypa; €R, 5 =1,2,3. (1.22)

We assume that there exist (g;, h;,aj, H;) € V, j =1,2,3 such that
det (H;(0,2), p1j, pajhi<j<s # 0, z €. (1.23)

Then there ezists a constant Cy = Cy(Q, T, g;, hj,a;, H;,Urr, Xo, to, po) > 0

such that

A1 = Aallm2) + I — p2llzz) + llor — p2llar @

12



3

ZZ Hak tY )\17M17plug]7h]7a]7Hj>

_8llfaty()‘2aN2ap2;gj7hjaajaHj)” (1.24)

HE=52((0,7)x0Q)
for (A1, pi1, p1), (Mo, pi2, p2) € Uys.

Condition (1.23) can be realized by simple choices. For example, let

H,(0,z) =1, Hy(0,2) = H3(0,2) =0, 2 € Q. Setting

ai(z) =ai, ax(r) =1y, as(v) =13,

we see that the matrix in (1.23)is | 0 2 0 | and (1.23) is satisfied.

00 2
Since the smoothness and the compatibility conditions of sufficient or-

ders guarantee the sufficient smooth solutions y(As, fie, pe; g5, hj, a;, H;) by
Remark 2, for given a; satisfying (1.15) - (1.16), (1.20) and (1.23) respectively
in Theorems 2 - 4, we can choose g;, h;, H; such that (g;, h;,a;, H;) € V.
Our formulation is with a finite number of observations and this kind of
inverse problems was firstly solved by Bukhgeim and Klibanov [9], whose
methodology is based on Carleman estmates. Since then, rich references
have been available: Amirov [2], Baudouin and Puel [4], Bellassoued [5], Bel-
lassoued and Yamamoto [6], Bukhgeim [7], Bukhgeim, Cheng, Isakov and
Yamamoto [8], Imanuvilov and Yamamoto [16], [17], [18], Isakov [22], Isakov
and Yamamoto [23], Khaidarov [25] , Klibanov [26], Klibanov and Timonov
28], Klibanov and Yamamoto [29], Kubo [31], Li Shumin [35], Yamamoto

13



[42]. Inverse problems for isotropic Lamé systems, see Ikehata, Nakamura
and Yamamoto [14], Isakov [21], Imanuvilov, Isakov and Yamamoto [15],
Imanuvilov and Yamamoto [19], and for similar inverse problems for the
Lamé system with residual stresses, see Lin and Wang [36]. On the other
hand, as for the corresponding inverse problem for plate equations, to the
authors’ knowledge, there are no papers. Theorems 1 - 4 are proved by a mod-
ification of arguments in Bukhgeim and Klibanov [9], Imanuvilov, Isakov and
Yamamoto [15], Imanuvilov and Yamamoto [18], Klibanov and Yamamoto
[29]. In particular, an argument in [29] can improve the stability for the
inverse problems to establish the Lipschitz stability. That argument is based
on an energy estimate which is closely related with an observability inequal-
ity (Kazemi and Klibanov [24], Klibanov and Malinsky [27], Klibanov and
Timonov [28], Komornik [30], Lions [37]).

This paper is composed of five sections. In Sections 2 and 3, we will
prove a key Carleman estimate and an observability inequality respectively.

In Sections 4 and 5, we prove Theorems 1-2 and Theorems 3-4 respectively.

2 Carleman Inequalities

We set
Q=(0,T)xQ
and
Lu = pd2u+ A+ p)A%u+ 2V (A + p) - V (Au) + AN+ p) Au

14



+2(010:p1) (010yu) — (0 1) (O5u) — (O31) (OFu)
= p0?u + A((\ + p)Au)
+2(010211)(0102u) — (07 ) (D3u) — (310)(0Fu), (t, @) € Q.
In Sections 2 and 3, we assume a weaker smoothness assumption that p =
p(x), A = A=) and p = p(x) are in C%(Q) and positive on Q . Moreover
Lyv :=ip(x)dw + Awv, Lov := —ip(x)0w + Aw, (2.1)
p(t,x) = erlemml=Bl=bl®) (¢ 2y € @, (2.2)
where p € CY(Q), p(z) > 0, z € Q, v and 3 are positive constants, 5 =
(zd,23) € R2\Q, tp € (0,T) and i = /—1. By ¢ we denote the complex
conjugate of ¢ € C, while Q means the closure of a domain €.
First we will show Carleman estimates for the Schrodinger operators L,

and L.

Lemma 2.1. Let p € CY(Q) satisfy p(x) >0, v € Q and

Viegp(z) - (x —x0) > =2, x €. (2.3)

Then there exists a number vo > 0 such that for arbitrary v > o, we can

choose sy > 0 satisfying: there exists a constant Cs > 0 such that
/ {s|Vo]? + $*|v]*} e*dadt < 05/ |Lov?e®dadt, €=1,2, (2.4)
Q Q

for allv e CP(Q) and all s > sp.
Here and henceforth C; > 0 denote generic constants which may be de-

pendent on Q,T, other quantities but independent of s.

15



Proof. It sufficient to prove (2.4) for £ = 1 because we can prove (2.4) for

¢ =2 the same vy Let ¢ = (G0:G1 G and ¢ = (G1G), and by L(z: Q)
we denote the symbol of Ly: L(x,() = —p(z)(— Z ¢7. In terms of Theorem

j=1

3.2.1 (p.49) in Isakov [22], it is sufficient to prove the following. If

L(z,{)=0, z€Q, (=%, (=§&+2sy(z;—adp, j=12,
S € R\{O}, o, &, &L eER (25)
or

Za—Lxs 0 =0, RO} (26)

implies that

2 (x,C)>O

5 -
Z@@kgoag (x,C) C(m{—l— ]mzak x(

7,k=1

(2.7)

We see that (2.5) or (2.6) implies that

€] — 48*y% |2 — 2o]P0® = —p(2)&0, sER, &-(x—1x9)=0. (2.8)
Therefore using the second equation in (2.8), we have
J = 8ypl€'|? + 645°y 3w — xo|* 4 3252730 | — 20|
—4(Vp(x) - (z — 20)) 790 (2.9)
By (2.8), we have
—p(@)€0 = [€'* — 45™7* |z — @o[*¢?

16



and we substitute it into the last term, so that

—4(Vp(x) - (v — x0))yp§0 = 4(Vlog p() - (v — x0)) v (—p(7)&0)-

Hence
2.4 3 s 16 2
J > 577" § 64|z — o —7‘I—$0| (Vlogp(z) - (z — 20))

Frele {14 5T logpa) - (o= an) b (210)

Hence by (2.3), there exist positive constants Cg and -y such that for v > ~,

we have
J > Coyplé|” + Cov's*o®,

for all x € Q and ¢ € R? satisfying (2.8). If s # 0, then J > 0. If s = 0,
then (2.8) implies |¢'|? = —p(x)&, which yields £ # 0 by the second case
(2.6). Therefore also in the case of s = 0, we have J > 0. Thus the proof of
Lemma 2.1 is complete.

Now we are ready to show a Carleman estimate for the Kirchhoff plate
equation.

Theorem 2.1. We assume that p, u and \ are in C?(Q) and positive on

V log (%) (r—m) > -2, € (2.11)

Then there exists a number vy > 0 such that for arbitrary v > 7o, we can

Q and that

choose sy > 0 satisfying: there exists a constant C7; > 0 such that

2
Jo {5|V8tv\2 + s|VAU? 4+ $3|0w[* + 52 > [0;0k0]* + st Vo? + 36|v|2} e*?dxdt
k=1

17



< C7 [ |Lv[*e**?dxdt

for every real-valued v € H*?(Q) with compact support in Q and all s > s.

Proof. By the mollifier and Friedrich’s lemma (e.g., Lemma 17.1.5 in

Hoérmander [13 , vol. III]), it suffices to prove (2.12) for v € C3°(Q). First

we will prove a Carleman estimate for the operator P:

(2.12)

~ p NN . P
Pv Z_Plpgv_matz’l}—i—AQ'U—l—lA( m)aﬂj—l—QIV( m)-va{l},

where

P = —i, /Aiﬂatmm, Py ﬁ,/ﬁﬂ@wm

By virtue of Lemma 2.1 we have
/ {s|Vol* + s°[v|* } e**Pdadt < 08/ |Pyv|*e?*?dxdt, s> sg, (2.13)
Q Q
and
/ {s|V(Pov)|” + s°| Pou|* } €**Pdadt < Cg/ | Po|*e®*?dxdt. (2.14)
Q Q

Therefore, noting that v is real-valued, we can see from (2.14) that

/Q{S v( Aium)

1)
A+

2
+ 5| VAy|* 4 53 O

2
+ 53]AU\2} e* P dxdt
< Cg/ |ﬁv|262wdxdt.
Q
Combining (2.13) and (2.14), we have
/ {s*| Vo] + s°|v|*} e**¥dadt < 010/ | Po[?e?*?dadt.
Q Q

18



Hence we take sufficiently large sq, so that
Jo {8IVOw]? + s|V AP + 8%|00f* + 8°| Av]? + sVl + s[vf*} e?Pdxdt
<Cu Jg |Po|2eX¢dxdt, s> s. (2.15)
Moreover we have
Ave*?) = (Av)e*? + 25(Vv - V)e®? + (sAp + 52| Vp|?ve*?
and
ve®?loq = 0.

Therefore we apply a usual a priori estimate for the Dirichlet problem for

the Laplace operator and integrate over (0,7"), so that

2
3 / 10,0 (ve™)Pdadt < Oy / (1802 + 2| Vol + s*02)e? dadt,
Q Q

Gk=1

so that

2
s Z / 0,01 (ve™?)|*dadt < Cyy / (s*|Av)? + s Vo) + s50?)e**Pdadt.
Q Q

jk=1

Hence combining (2.14) and (2.15), we can obtain
Jo {S|V8tv|2 + s|VAU[? + $3|0pw]? + s* ]%2::1 |0;0,v]? + s*|Vu|* + s6|v|2} e**¢dxdt
<CuJ, | Pv|2e2¢ ddt. (2.16)
Since
(A + )P = Lo +i(A + 1) (A Fpu) Bv + 2(\ + 1) (v ﬁ) - V(9)
—2V(A+ p) - V(Av) = AN+ ) Av — 2(010241) (010:0)
+(0in)(93v) + (031)(9Fv),
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in (2.16) we can absorb the lower order terms by taking large sq, so that we
obtain (2.12). Thus the proof of Theorem 2.1 is complete.
Remark. As for Carleman estimates, see Homander [13], Isakov [22]CKlibanov
and Timonov [28], Tataru [40], Triggiani and Yao [41].

We conclude this section with a Carleman estimate for a third order
partial differential operator.

Lemma 2.2. Let (ry,79,73) € R? satisfy

71| + |r2| # 0, 15 # rirs. (2.17)

Then there exists a number vo > 0 such that for arbitrary v > vy, we can

choose sy > 0 satisfying: there exists a constant Cio > 0 such that

/ Z |(9O‘ |2 250(0,7) dx < 012/ |V 7"18 u+r282u—|— 21”38182u)| 25(0, $)d
|| <2

(2.18)

for allv € H3(Q) and all s > sy. Here in (2.2) we set ty = 0, that is, we put

w(t,.fE) = |,1’ — x0’2 _ ﬁt27 @(t,.’ﬂ) — e’yl/)(t,x).

Proof. We assume ry # 0 and r2 # ri7y. Setting

(Pu)(x) = r0u(z) + 10,05u(x) + 2r30;u(z), = € Q,

we will prove

/Z |aa |2 25@0$)dx<012/|Pu|2 25<p0z)dx

<2
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we will apply Theorem 3.2.1 (p.49) in Isakov [22]. We set m = (mq, ms) =
(3.3) and |o: m| = &+ 92 for o = (a1, a2) € (NU{0})?. Then we can write

P in the form

Z an05u

|a:m|=1

with suitable a, € R. Hence the operator P is treated by [22]. We further
set (' = ((1,¢) € C? and P({') = —i(r1 ¢} + 2G5 + 2r3¢i¢). By ;P =0

for j = 1,2, for the proof, it suffices to verify that

2
a /
kZ 0,0k)(0. 7) 5= (¢ %(o (2.19)
if
r€Qand P(¢') =0, =& +2isy(x —m0)p, s#0, & cR?
or

PE)=0, ¢ eR\{0}

Since zy € R?\Q, it suffices to prove (2.19) for

r € Qand ¢’ # 0 with P(¢') =0,

¢ =&+ 2isy(x — o), & € R (2.20)

. _ 2
Since (0, x) = el*=20" e have
) b

3t (Br0h0) (0, 2) 32 () EE Q)
=70 T2, 0200,2) |22 4% (@) (0,0 22 (C) + (@00 (0,7) 22(C)

2
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Hence, for the verification of (2.19), it is sufficient to prove

2

(9_C'<C/) = [3r1(F + 7205 +4r3G Gl + 4GP rsC + 126 > 0
J

2
1
52 %50(0.2)
j=1
(2.21)
if z € Q and ¢’ # 0 satisfies (2.20). First let ¢; # 0. Then P(¢’) = 0 implies

71+ roCE 4 2r3(iCy = 0. (2.22)

We will prove that
3r1CT 4 o +4rsia =0, 3G+ 72l =0 (2.23)

and (2.22) are not compatible. Subtracting (2.22) from the first equation
in (2.23), we have r(? + r3¢(1(s = 0, which implies that 71(; + 3¢, = 0
by (1 # 0. In view of (2.17), this and the second equation in (2.23) yield
that ¢; = (o = 0, which contradicts that ¢’ # 0. Second let (; = 0. The
second equation in (2.23) and ry # 0 yield (; = 0. This is impossible by
¢' = (¢1,¢2) # 0. That is, under (2.20) inequality (2.21) holds true. Finally
in (2.17) we assume that r; # 0 . Then exchanging d; by 0; and considering
Pu = Do (r102u + rod3u + 2r30,00u), we can complete the proof of Lemma

2.2.

3 Observability inequalities

In this section, we will derive an observability inequality which may have an

independent interest. Let I'y and I'; be relatively open subsets of 9€2, I'y be
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possibly empty, and satisfy
FOUF1:GQ and Foﬂplzw.

We consider an initial value/boundary value problem for the Kirchhoff plate

equation.

Ly = pd}y + A((X + p)Ay) + 2 (810:) (0100y) — (93p)(03y)  (3.1)

_(agu)(a%y) = H(t’ x)v (tv ZE) € Q,

y=2%=0, (t,z)€(0,T)x Ty, (3.2)
Biy=By=0, (t,z)e (0,T)xTy, (3.3)
y(0,2) = wo(z), Owy(0,z) =yi(r) z €, (3.4)

where the boundary operators By = By(\, u) and By = Ba(\, 1) are defined
by (1.4) and (1.5).
For any y € H**(Q) and v € H*?(Q), integrating by parts over , and

noting
O = 110, — 190;, Oy = 1150, + 110, on  (0,T) x 09,
we can obtain a formula as follows:
Jout, o) H(t,x)de = [v(t,z)07y(t, x)dx + [, {\Dy(t, z)Av(t, x)
+udiy(t, 2)0?v(t, x) +uday(t, x)03v(t, x) + 2ud Oy (t, 1) 01 Oov(t, ) } dx
+ [oq ((t, 2) Boy(t, x) — d,0(t, ) Byy(t,2))dS, 0<t<T. (3.5)

Now we are ready to state an observability inequality.

Theorem 3.1. Let (2.11) hold and H € L*(Q). We assume that y €
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H*2(Q) satisfy (3.1) - (3.4). Then there exist a positive constant Cy3 such

that

fQ {|aty(ta l’)|2 + |y(ta ZL‘)|2 + |V’y(t, l‘>|2 + Zik:l |a]ak‘y(t7 ZE)|2} dx

3
< Cua (110 + Sio I8l ., 0<t<T

(O,T)xaQ)) ’

This theorem enables us to estimate initial values by means of lateral
Cauchy data, which is called an observability inequality. Observability in-
equalities are essential also for proving the exact controllability (e.g., Ko-
mornik [30], Lions [37]), and for plate equations, see Lions and Lagnese [38],
Lasiecka and Triggiani [34].

The method of Carleman estimate was used for proofs of observability
inequalities firstly by Klibanov and Malinsky [27] and Kazemi and Klibanov
[24]. See also Klibanov and Timonov [28].

Proof. According to [24], [27] and [28], our proof is based on the Carleman
estimate in Theorem 2.1. First we will show an energy estimate.

Lemma 3.1. Let yo € H*(Q), y1 € L*() and H € L*(Q). We assume

that the solution y of (3.1) - (3.4) belongs to H%*(Q). Then there exists a

positive constant C4 such that

/Q (|y(t,9§)|2 + |8ty(t,:v)|2 + |Vy(t,x)]2 + Z |8jaky(t>$)|2> dx

jk=1

2
< CullH |22 + 014/9 (yg +y Y |ajaky0|2> dx

J,k=1
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holds for all t € (0,T).

Proof of Lemma 3.1. Setting v = 20,y(¢) in (3.5) and integrating by

parts over the cylindrical domain Q; = (0,t) x Q for an arbitrary ¢ € (0,7),

by using boundary conditions (3.2) and (3.3), we obtain

Jo {10t 2) 2 + X ay(t ) + (103 (¢ 2) + |08y e, ) + 210105 t,2) ) | da
= Jo Ll @) + A Ago @) P + 1 (102y0() + 0Byo ()

+2 |6182y0 )} + fQ 2H8tyd:cd7'
Hence, using the Cauchy-Schwarz inequality, we obtain

Jo {10t 2) 2 + X ay(t ) + 1 (103 (¢ 2 + |08y e, ) +210005y(t,2) ) | da
< Jo {lm @) + X Ao (@) + p (18390(@)* + D330 (@) + 2 |012a90 () ) |

—|—th |H |2dxdT + th 0wy (t, z)|*dxdt. (3.6)

We also have
y(t, ) = yo(x / y(T, x)d
Hence
| a)de < Cua (Il + 100l ay)- (37)

From (3.6) and (3.7), we have

t
/(|8ty|2 + )t 2)d < 014/ /(|(9ty|2 )t 2)dadt + Cuy [ |H|dudr
Q 0 JQ Qt

+Cl4/ (?Jl|2 + 1yl + ) 8;"?;02) dz.
Q

=2
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By the Gronwall inequality,
/(|8ty|2+y2)(t7x)dx < 015/ [91]* + [yol® + Z 05yol|* p do+Cys | |H|*dxdr.
Q Q _ Q¢
|a|=2

This inequality together with (3.6) leads to

Jo (42 + 100 + Cyza 1029 (t,2)de

< Cis J, (y% Yo+ Pjaj= \3§yol2> dr + Cis th |H |*dzdr.

From the interpolation inequality in a Sobolev space (e.g., Adams [1]), we
know that there exists a positive constant C'g such that
[ 19stt.)ias < s [ luteo)fde+ o [ 3 oyt
Q Q 2 4
for all t € (0, 7). From the last two inequalities above, the proof of Lemma
3.1 is complete.
Now we proceed to the completion of the proof of Theorem 3.1. Let

d = inf,cq exp(y|z — xo|?). We choose 3 > 0 such that

2

T
sup y|z — 20|* < logd + —~2.
e 4

With this 3, we set ¢(t,2) = exp{7y(|z — zo|* — S|t — T|*)}. Then we have

T
¥ (§7$) > d7 QO(O,Z') = SO(Ta IL') < d7 r € ()

Thus, for given € > 0, we can choose a sufficiently small 6 = §(¢) > 0 such
that

dta)zd-c (to)e |50

5 5t (5} x €, (3.8)
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o(t,z) <d—2¢ (t,z) € ([0,20] U [T —20,T]) x (3.9)

and
T > 60. (3.10)
We introduce a cut-off function y satisfying 0 < x < 1, y € C*[0,T] and
0, te€[0,0]U[T —06,T],
{ 1, te[26,T -2

By using the Sobolev extension theorem (e.g., [1]), we can find a function y*

\(t) = (3.11)

such that
Py =0y on [0,T] x99, 0<j<3,
| , ] (3.12)
||y*||H4’2(Q) S 017 Zk::o ||al]fyHH%_k’2((O,T)><aﬂ)'
We set
and

3
® = su t,x), F?=|H|320 + oyl :
(t’I)Ie)QSO( ) | HL2(Q) kZ:O I "yHH%*’“’Q((O,T)xaQ)

By (3.1) and (3.11), we can see

L(2x) = xH + p(0/x)% + 2p(0x) 0z — L(xy")-
By (3.11) and (3.12) we can see xz has compact support in @ and yz €
H*?(Q). Applying the Carleman estimate in Theorem 2.1 to xz and noting
that 0,x # 0 only in the case where p(t,z) < d — 2¢, we have

2
/ {53\8,5()(2)\2 + s* Z 10;0(x2)|” + sY|V(x2)|* + s6|xz\2} e**?dxdt
Q

7,k=1

< Clg {}?2625(I> + (H’ZH%Q(Q) + HatzH%g(Q))e%(d*ZG)} .
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On the other hand, x = 1 in the case where 26 <t < T — 26 and

{t;§—5<t<g+5}Q{t;25<t<T—26}

by (3.10). Therefore, using also (3.10), we obtain

Jo {10.0¢)P + 8 52,y 10,002 + 1T (x)P + 0zl } et
> f(%—é,%—i—&)xﬁ {53\&,2]2 + &2 Z?,k:l 0,0,2|* + $*|Vz|? + 56\z|2} e*?dxdt

sla—e 2
> (1) f(gﬂsgﬂs)xg {33|8t2|2 + 57 Zj,k;zl 10012

+sHVz|2 + 5|2|?} e**¢dxdt.
Consequently,

S 57 s {\atzyz + 302 100k + V22 + w} ddt

< CipF2e@ 49 4 Oy (|121q) + 1021122 ) €7 52 s0.
By (3.12) and (3.13), we can obtain

Jiz sz is)xa {|3ty|2 + 3 ke 10,00 + IV + !y|2} dxdt

< CigF?e® =) 4 Oy <||?J||%2(Q) + ||aty||%2(Q)> e, 5> 5.

Thus by the mean value theorem, there exists a constant % —d<t1 < % +9

such that

Jo {10 (0, @) + o 02y, 2)] | da

— 0_5 (HatyHL? ) + ||Z/||L2(Q)) 6_286 + 019F2€28(©_d+6). (314)
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Considering (3.1) in the time intervals (¢;,7") and (0,¢;), in terms of the time

reversibility of (3.1), we apply Lemma 3.1 to have

Jo (19(t,2) + X0y <2 1059 (2 2)]?) do (3.15)

< Oyl H|Z2(g) + C20 g <|aty(t1,$)|2 + 2 al<2 |3§y(t1,x)|2> dr, 0<t<T.

Hence

10172y + 19l 72y < CaaT Jo(10y(tr, 2)]* + 32 10gy(tr, 2)[*)d

o <2

+Cu T H 2 - (3.16)

Substituting (3.16) into (3.14), we have

(1= o) [ [t + Y 020(0, 0 | do < CocOorr.
Q

o] <2

Taking s > 0 sufficiently large and fixing, we obtain

[ 1owtof + 3 1oyt | de < car
Q

|| <2

Inequality (3.15) completes the proof of Theorem 3.1.

4 Lipschitz stability in determining coefficients
A and p

Now we are in the position to prove our main results.

Proof of Theorem 1.
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We set yj(l) = 3/()\17M17P039j>hjaaj70)a ](2) = y(A27M27pO;gj>hj7aj70)7

wj =y =y, 1< <6, fi=Xa— A1, fo= 12—y and
Loy(t, ) = p(2)0Fy(t, v) + Na(@) + p2(2))A%y(t, 2) + 2V (A2 + p2)(2) - V(Ay(t, 2))
+A(Ag + p2) Ay(t, ) + 2(0102p12) (2)0102y(1, )

—(0112) (2)O5y (L, ) — (O3 p12) () O y(t, ).
Then from (1.1), we can obtain

Louj = — (fi + f2) D2y =2V (fi + fo) - VAYY — A (fu+ fo) Oy

J

~2(0103f2) (109" + (0212) (3B9)") + (@3 12) (93") m Q. (41)

We extend y](-l) and u; in (0,7) x Q2 by y](l)(—t, x) = ](-1)(15, z) and u;(—t,x) =
u;(t,x), (t,x) € (=T,0) x Q. Then, since 8ty§1)(0, -) = 0 and 0u;(0,-) =0,
we have 8?3/5»”(0, ) = J}u;(0,-)(0,-) = 0, by H = 0. Therefore y§1), u; €

Whoe (=T, T; L°°(Q2)) N W2 (=T, T; W4>(Q)). We set d = inf,cq exp(y|z —
zo|*) and choose 8 > 0 such that

supy|z — 20|* < logd + T?v5.

e
Let o(t,z) = exp{y(|x — zo|* — 5t*)}. Then we have

p(0,2) >d, @(-T,x)=¢(T,z) <d, z€.

Thus, for given € > 0, we can choose a sufficiently small § = d(¢) > 0 such

that

o(t,z) >d—e, (t,x) €[50 xQ
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and

o(t,x) <d—2¢ (t,x) € ([-T,-T+25]U[T —26,T]) x S
We introduce a cut-off function yx satisfying 0 < x < 1, y € C*°[-T,T] and

(4.2)

0, te[-T,~T+6U[T—6T],
x(t) = {

1, te[-T+25T-24].

By using the Sobolev extension theorem we can find a function u} such that
s = 0L0fu; on [T, T)x 09, k=0,1,23 (4.3)

and

3
5127220y < Cas ) ||a’;alfguj||H%7k,2((07T)X8Q)- (4.4)
k=0

Here we recall that

[uj Nl 22 @) = U207 me ) + 1451 20,7220 -

We set

zj = zi(t,x) = Ofu(t,x) —ui(t,z), 1<j<6. (4.5)

Henceforth we set

3 6
k
V= Z ||6V8t2uj||2%—k,2((07T)Xaﬂ)7 U? = Z (sz”%?(Q) + ||atzj||%2(Q) + ||V2j||%2(Q)>
k=0 7=1
and

d = sup p(t,x).
(t.z)eQ
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Then by using (4.1) and (4.2), we can see

Lo(2x) = x {— (fi + f2) A2atzyj('l) =2V (fi+ fo)- VA@?ZJJ(-D —A(fi + fo) A@fy](.l)
~20r0o) (10208 + (@2 £2) (3502,

+@28) (07000) } + P00 0F) + 20000 OFy) — Lo (i) . (46)
Let
Q= (-T,T) x .
By definition (1.7) of V, we can choose a constant Cyy such that

yiV <y, 1<j<6. (4.7)

Who0 (T, T5 L% (Q))NW200 (~TT; W42 (Q)

By (4.2) and (4.3), we can see that yz; has compact support in Q and

xz; € H**(Q). Applying Theorem 2.1 to (4.6) and noting (4.4) and (4.7),

we can obtain

k=1

2
Jo {Swat(xzj)'Q + 80 (xz)IP + 87 X [kBe(xz) P + sV (xz)* + 86|x2j|2} e*?dzdt
< Cos [ 3 (105 f1? + (05 fol?) e dudt
e

+025v2625<1> + 025(‘/’2 + U2)625(d_25)_ (48)

By noting z;(t, z) = 07u;(t,z) — uj(t,z) and using (4.4), we can obtain

JL=1

2
5 {S\Vat(xafuj)P + 820, (xOFuy) P + 5 22 [Ok0e(xOFuy)|?
k0
—|—s4|V(X8t2uj)|2 +8|x0Fu,|?} e**dxdt (4.9)

< Cug (f@ > (042 + 108 o)t dadt + <OV 4 (V2 U2>e2s<d—2€>> .

o <2
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On the other hand, we have

s [o 107u;(0, 2)|? e2e02) gy = o Jo, x(0)%07;(0, z)|? e2e02) gy
= sf 5 <fQX )2 |0Fu;(t $)|2€25¢(t’1)dl’> dt
=5 %1 Jo (2000 (1) 07, (1 2)F 2050 (4.10)
2 (1)20%u (t, 1) 0y (L, ©)e290) +25x(1)? |02, (t, 7) | (D)2 (t0) ) dadt.
By the Cauchy-Schwarz inequality and x97u; = 0,(x07u;) — dyx (0fu;), we
have
5 Jo 102u;(0, )" 700 dy < Cyr [ <3 10 (x02uj)|” + 5 |X8t2uj|2> > ) ddt
+Cr [ 519ex (0Fuy) |? e250(t) it (4.11)
In a similar way, we can obtain
Jo IV (02;)(0, 2)[* ¢ O0)day < Cis [ <|6t (X0 V)"
+s|V (Xﬁfuj)|2> 25 dadt
+028 fé |(8tx)V(8t2uj) |2 625<p(t’x)dl’dt. (412)
Noting that d;x # 0 only in the case where ¢(t,x) < d — 2¢, we can see from
(4.4) and (4.5) that V(0fu;) = Vz; + Vu, and that the second terms on

the right hand sides of (4.11) and (4.12) can be estimated by C(s + 1)(V? +

U?)e?5(@=2) " This together with (4.9), (4.11) and (4.12) leads to

s Jo [(024;)(0, )" 200 dx + [, |(VORu;) (0, 2)[* 200 d
<O fo 35 10RAP (J) e2edt) do+ o fo 33 1020 (J) et ) do
Jor| <2 o] <2
+Co95 (V2 + U?)e25(d720) 1 Chg sV 2e25®, (4.13)
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for all large s > 1. Noting u;(0,-) = 0 and yj(-l)(O, ) = a;(-), by (4.1) we have

pOfu;(0, ) = —(fi + fo) A%a; — 2V (fi + fo) - VAa; + (A f1 — 01 f) (97ay)

+(—Af1 — a%fg) ((9%&]) — 2(6182f2)(8162(1j), T € Q, 1 S] < 6. (414)

By (1.11), we can solve the equations. Then we have

det(N2aj, O (ANay), 02(Daj), pd?u;(0,x), O5a,, 010sa;)

“AF —O%F = (4.15
fl 1f2 det(AQaj,ﬁl(Aaj),82(Aaj),812aj,8§aj,8182aj) < )

By (1.7), we see that a; € C°(Q2). Hence we can write (4.15) by
—Af) — 0 fy = Zcu )pd2u;(0, ), (4.16)

where ¢;; € C'(Q), 1 < j < 6. Similarly there exist coj € CYQ),1<j<6

such that we can have

—Afy —02fy = Zczj )pd?u; (0, ). (4.17)

Subtracting (4.17) from (4.16), we have

6

—OFfa+ 052 =) (c1;(x) — caj(x)) p0u;(0, ). (4.18)

=1
Because (A1, 111), (Mo, pto) € Uy, we have fi, fo € C3(€), and we can apply

Lemma 2.2 to (4.18). Therefore we obtain
2
s 2 JolOkOufo P00 d + s [ |V fo 22?00 d + 5 [ | fole*# 0 dx
k=1
6
< Cs0 Y [y 103u;(0, z) [2e2200) dy:
j=1

6
+C30 > Jo, IVOHu;(0, z) 22200 dy. (4.19)
=1
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By virtue of the Carleman estimate for the Laplace operator, in a similar

way to the proof of Theorem 2.1, from (4.16) we can derive
%Z;Z:l fQ |aka£fl|2€2$<p(0,x)dl, +s fQ |Vf1|2625g0(0,36)dm + g3 fQ |f1|262stp(0,z)dx
6
< Oy 35 Jo 107u;(0,2) P90 d
j=1

+C31 Zi,f:l fQ ’akaefglze%wo’x)dx. (4.20)
By (4.19) and (4.20), we can obtain

Zi,é:l Jo 10k0 f1[2€2¢0) o + §% [ |V f1[2e2¢ 00 dg + s* [ | f1[*e*¢0) do
6
S 0328 Z fQ lafuj (0, I)|2€28(p(0’x)dx
j=1
6
+C3 Y [o IVOHu;(0, z) 22200 dy. (4.21)
j=1
In terms of (4.19) and (4.21), we have
Zi,@:l fQ ‘aka€f1|2625s0(0,w)dx 4 52 fQ |vf1’2€28<p(0,$)dl. T g4 fQ |f1’2e2sgo(0,x)dx
+s Zi,le Jo 10k0ufo] 2?5200 da + s [ |V fo] 2?0000 da + s [ | f2]2e*° O de
6
S 0338 Z fQ |8t2u](0, $)|262s@(0’x)d$
j=1
6
+C33 Y [o, VO u;(0, z) 22200 dy. (4.22)
j=1

Applying (4.13) in (4.22), we have

Jo (Z AP+ X 107/ |2) 7 0) dy

o] <2 || <2

§034f9<2 |a§{f1|2+ Z |a?f2|2> 6284,0(030 <fT 2s(p(t,x)— goO:E)dt)d

loo| <2 || <2

+C3,55V2e25® C'348(V2 + U2) s(d—2¢)

35



Recalling the form of ¢ and applying the Lebesgue theorem, we have

T 2
/ exp (286’”:’:_%‘(6_7& — 1)) dt‘
0

T 2
< / exp (28670(6_7& — 1)> dt = o(1),
0

sup

T
zeQ [Jo

z€Q

as s — 00, where 0 = inf,cq | — xo|. Hence, we have

=o) | [ S jomhr e Y 0enf | @00

af<2 lof<2

< 03586‘/2628(1) + 0358(‘/2 + U2)628(d_26), s — OQ.

By using ¢(0,x) > d, we can obtain

/Q S oehl+ Y 10 h | do

laf<2 o <2

S 613686‘/2625(I> + 0368([]2 + V2)67486. (423)
In terms of (4.1), (1.2) and (1.3), we have

Lo®Puy = —(fi + fo) D202y =2V (fi + fo) - VA — A(fy + f2) 202\
~2(010af2) (010202, ) + (9312) (3508 ) + (D5.12) (920ky")
Bl(Ag,ug)afuj = BQ()\Q, MQ)&?U] =0 on 91 x (0, T),

02u;(0,-) =0,  9,(0%u;)(0,) = 0 in Q.

Since u; € W4 (=T, T; L= (Q))NW?2> (=T, T; W*>(Q)), we see that 02u; €

H*%(Q). By virtue of Theorem 3.1 and (4.7), we can obtain

U? < 037/ STULAP + D102 | do+ CsrV2. (4.24)
Q

laf<2 laf<2
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Substituting (4.24) into (4.23) and taking s large enough, we obtain
[ S sk e 3 enk | do < cuve
2\ Jal<2 o <2
Thus we complete the proof of Theorem 1.
Proof of Theorem 2.
To prove Theorem 2, we argue similarly to Theorem 1. From the proof of
Theorem 1, we can see it is sufficient to prove (4.19) and (4.20) from (4.14)
— P12 4 P22

with a;(z1, 72) = S2ot + 5Las + psjwiwe where pij, poj, p3j € R, j = 1,2.

Consequently we have

—(p11 + p21) A f1 — p110; fo — p2103 f2 — 2p310102 f> = pOiu1(0,z)  (4.25)
and

—(p12 + P22) AN f1 — P120% fo — P02 fo — 20320105 fo = pdPus(0,2).  (4.26)

We will consider two cases separately:

1). If p11 = —po1 and pr1a # —pao, then
P10 fo + 2p310102 fo — 1103 fo = —pdiuy (0, z). (4.27)

2). If p11 + pa1 # 0 and p1g + pae # 0, then we can readily obtain

—pd2uy (0, ) N pO2us(0, )

1102 fo + 2130105 fo + 1902 fo =
1Oi): 301022 203/ P11+ P21 P12 + D22

. (428)

— _ Pkl _ Pr2 —
where 7, p11+p21 p12+p22’ k=123

Thus it suffices to prove (4.19) and (4.20) from either (4.27) or (4.28).

We consider only case (4.28), because one can discuss for (4.27) similarly.
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By (1.15), we can apply Lemma 2.2 to (4.28), and (4.19) follows. On the
other hand, by applying the Carleman estimate for the Laplace operator to

(4.26), we obtain (4.20). Thus the proof of Theorem 2 is complete.

5 Lipschitz stability in determining coeflicients
A, i and p

Proof of Theorem 3.

(1)

We set y; (2

= y<)\17 M1, P15 gja hja aja Hj)? 7 ) - y()\% H2, P2; gj7 h‘j7 aj? Hj)7
wj=y 1< <T fi= X — A, fo= s — pu, fa = p2 — pr and

Loy(t, x) = p2(2)07y(t, @) + (Na(2) + p2(2)) Ay (t, ) + 2V (A2 + pi) (2) - V(Ay(t, )
+A(>\2 + MQ)Ay(t, .7}) —+ 2(8182#2)(%)8182y(t, JI)

—(0fn2) () 3y (t, @) — (D3 2) () 0Fy(t, ).
Then from (1.1), we can obtain

Louj = — (fi + fo) D2 =2V (fi + fo) - VAYY — A (fi + fo) Dy
2010212 (0n00) + (@212) (8,")
+(31) (3") = o2y in Q. (5.1)

We extend yj(l) and u; in (0,7) x Q by yj(-l)(—t, T) = ](1)(t, x) and uj(—t,x) =

uj(t,x), (t,z) € (=T,0) x Q. Then, since &gy](-l)(o,-) = 0 and 0yu;(0,-) =
0:H(0,-) = 0, we have a§y§1)(o,-) = 9}u;(0,-) = 0. Therefore i, uj €

J
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Whee (=T, T; L (Q))NW2 (=T, T; W*>(£)). In the same way as the proof
of Theorem 1, we choose constants d > 0, 3 >0, v > 0,e¢ >0, > 0 and
the weight function ¢(¢,x) = exp{y(|z — zo|* — Bt*)}. We choose the cut-off
function x(¢) defined by (4.2). For d}u;j, we apply the Sobolev extension

theorem to find a function u; such that

@]ju;‘ =0F0ku; on [-T,T)x09, 0<k<3 (5.2)
and
3
43201 < Cho S 1950011 o 5.3
We set -
zj = zi(t,x) = Ofu(t, o) —ui(t,z), 1<j<T. (5.4)

Henceforth we set

3 7
V= Z ||6158t2“j||2g_k,2((0 Tyxo0)’ U? = Z (sz”%?(Q) + ||atzj||%2(Q) + ||V2j||%2(Q)> ;
k=1 ’ j=1

and

® = sup p(z,t).
(z,t)eQ

Then by (5.1) and (5.2), we can see
Lo(z) = x { = (1 + )20y = 29(fi + o) - VAR = D(fi + f2) 008"
~2(0n0af2) (102080 ) + (9212 (9307 ) + (@B F2) (02"
30ty + (OB (D) + 2p2(000) (D) — Lalu ). (5.5)
In terms of (5.3), (5.4) and
“y]('l)||W4v°°(—T,T;L°°(Q))OWQ»OO(—T,T;W‘l»OO(Q)) <M, 1<75<T,
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we apply Theorem 2.1 to (5.5), and similarly to (4.8), we obtain

2
2
k=1

Ja {5|V8t(xzj)\2 + 810 (xz) P + 5 20 10k0u(x2)1? + sV (xz))* + SG\XZJP} e**drdt

< Cu J5 ( S0 AP+ D 192 o + !f3\3> 259 dxdt

o <2 laf<2

Therefore, similarly to (4.9), we have

2
Ja {3|V3t(xat2uj)|2 + %10 (XOFuy) P + s 3 10k0e(xOFuy)
kof=1
+54|\V (xOFu;)|* +5°|x0u;|?} e**Pdxdt
<Cu s ( SRR Y [0+ |f3|3) 2 duds
<2 <2
+O4186V2625q> + C41(V2 + U2)62S(d726).

For uj, 1 < j <7, we argue in the same way as (4.10)-(4.12), so that

s [ 10) 0. 0P+ [ (o0, 20
L Q

T
<Ca [ [ Siomnl+ Y lenp1ap ) ([ et as
Q 0

laf<2 |or| <2

+O42$(V2 + U2)€28(d—26) + 04256‘/2628(1), (56)
for all large s > 1. From (5.1) we have

antQUj(O, l‘) = —(fl + fQ)A2(lj — QV(fl + fg) . VACLJ' — 2(3182f2)(8182aj)
+H(=Af = 03 £2)(3a;) + (=D fr — 9t f2)(0Fay)
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We note

6t2yj('1)(0a 2) = A=\ + ) A%a; = 2V (M + ) - VAa; — A(M + ) Da;
—2(010a11)(0102a;) + (07 1) (D3a5) 4 (05 p11) (97 az) + H;(0, ) }
= b;(2). (5.8)

Then (5.7) becomes

p28t2Uj<0, x) = —(f1 + fg)AQCLJ‘ - 2V(f1 + f2) : VACLJ'
—2(0102f2) (0102a5) + (= A fr — 05 f2) (03a;) + (=Afi — 93 fo) (97 ay)
—fabj(z), 1<j<T. (5.9)
Thanks to (1.20), we can solve (5.9) with respect to —A f1—0? fo, —A f1—02 fo

and f3. Similarly to the proof of Theorem 1, there exist ci;,co5, c3; € CH(€),

1 <3 <7, such that

7
—Afl — 8ff2 = Z clj(x)pgﬁfuj((), (L’), (510)
j=1
—Afy —02fy = Zczj )p2021;(0, ) (5.11)
and
7
fs = c5(x)p20}u;(0, ). (5.12)
j=1

Now, by the same argument in the proof of Theorem 1, we can obtain

/ (Z ’aaf1|2+ Z ’aaf 2) 2s¢( OCC
la]<2 la]<2

7

S C43 Z/ (s|8t2uj(0,x)|2 + \V@fuj(o, I>|2) 628%0(0’1)6127. (513)
Q

=1
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As for f3, we directly see that

7
Jo (sl 9 fof?) 250 < Cas 32 Jo (10705(0,)]"
]:

+|VO2u;(0, x)|?) 2000 dg, (5.14)
for s > 1. From (5.6), (5.13) and (5.14), we have

I ( ¥ 05hP+ 3 j02hl + 1l + |Vf3\2> o0 0y

|af<2 laf<2

< Cys [, < > 1osfil* + 2 |8“f2|2+\f3|2+ny3|2> 25¢(0,2) (fT 25(ip(t,2)~0(0,2)) dt)d

|a|<2
+C458(V2 + U2)625 (d—2¢) + 04586‘/2628(1).

By the same argument in the proof of Theorem 1, we can obtain (1.21). Thus
the proof of Theorem 3 is complete.
Proof of Theorem 4.

According to the proof of Theorem 3, it is sufficient to derive (5.10)-(5.12)

from
pg@fuj(o, {L‘) = —(f1 + fg)AQGj — 2V(f1 + fg) . VAaj — 2(8182f2)(8182aj)
+H=Af = 0 ) (03a;) + (=LA fi — 01 f2)(01ay)
—fsb;, j=1,2,3. (5.15)

Since a;j(z) = Blat + BLa3, pij, po; € R and b; are defined by (5.8), w

obtain
/)283%(075‘?) = (=Afi — a22f2)]92j + (=Af = 8%]”2)1913' — f3b;,
j=1,2,3.
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In view of (1.23), the equations are solvable with respect to —Af; — 03 fs,
—Af; — 0%fy and f3. Therefore we can similarly have (5.10)-(5.12), and the
proof of Theorem 4 is complete.
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