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CONFLUENCE FROM SIEGEL-WHITTAKER FUNCTIONS TO
WHITTAKER FUNCTIONS ON Sp(2,R)

MIKI HIRANO, TAKU ISHII AND TAKAYUKI ODA

Abstract. We discuss a confluence from Siegel-Whittaker functions to Whittaker functions
on Sp(2,R) by using their explicit formulae. In our proof, we use expansion theorems of the
good Whittaker functions by the secondary Whittaker functions.

Introduction
Let π be an irreducible admissible representation of a real semisimple Lie group G. Given

a pair (R, η) of a closed subgroup R of G and an irreducible unitary representation η of R, we
can consider the intertwining space HomG(π, IndG

R(η)) or Hom(gC,K)(π, IndG
R(η)) with values

in the smoothly induced G-module IndG
R(η). Here K is a maximal compact subgroup of G

and gC the complexification of the Lie algebra of G. If we take a non-zero element I in
this space, i.e., an intertwining operator I between π and IndG

R(η), then its image Im(I) in
IndG

R(η) is a generalized spherical model or realization of π. Let us take a closed subgroup
AR of the split component of a maximally R-split Cartan subgroup of G. Then we can
compute the holonomic system of AR-radial part of elements of U(gC) which annihilate the
τ -isotypic component Im(I)[τ ] of Im(I) for a good choice of K-type τ of π (usually with
multiplicity one), when G has a double coset decomposition G = RARK and when the space
Hom(gC,K)(π, IndG

R(η)) is of finite dimension. For example, when G = Sp(2,R), we gave
explicit formulae of these holonomic systems and their solutions (i.e., generalized spherical
functions on G) for various representations π and pairs (R, η), under our motive for the study
of automorphic forms (cf. [12], [13], [14], [16], [17], [22], [23], [26]).

Once one had two different models of the same π with respecet to the different pairs
(R1, η1) and (R0, η0), one naturally wants to know the relation between these two models.
Heuristically speaking, we consider ”deformation” of pairs (Rt, ηt) of spherical subgroups Rt

of G and representations ηt of Rt, such that each pair (Rt, ηt) is an inner twist of (R1, η1)
for t 6= 0 and gives the ”contracted” pair (R0, η0) in the limit t → 0. This is a variation of
contraction or deformation of Lie groups and their representations developed, for example,
by Dooley [3].

We discuss in this paper the confluence of two models of a generalized principal series
representation π of G = Sp(2,R) induced from the Jacobi maximal parabolic subgroup
PJ of G associated with the long root. In our setting, (R0, η0) is the pair of a maximal
unipotent subgroup R0 and a non-degenerate character η0 of R0, and hence the associated
spherical model is a (usual) Whittaker model of π (cf. [18], [30], [19]). And the pair (R1, η1)
leads to a Siegel-Whittaker model of π, which is investigated by Miyazaki [21] and Ishii [16],
for example. The rigorous development of the idea on contraction or deformation requires
sometimes a heavy preparation compared with the results so obtained. To avoid this high
cost, here we discuss only the AR-radial part of the spherical functions involved in the family
(Rt, ηt) in a direct and computational way. The original heuristics is described in section 5
as a kind of afterthought.

Our main results are in section 4, which assert confluences of the holonomic systems for the
spherical functions (Theorem 4.1), the secondary spherical functions (Theorem 4.2), and the
spherical functions with good growth conditions (Theorem 4.3). Here the secondary spherical
functions are the power series solutions at the regular singularities of the holonomic system,
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which are originally considered by Harish-Chandra [7] in order to investigate the asymptotics
of the matrix coefficients and are generalized by Heckman-Opdam [11], [28]. Moreover, it is
known that these functions play a fundamental role to construct the Poincaré series as in
the papers of Miatello-Wallach [20] and Oda-Tsuzuki [27]. In order to prove the confluence
of the good spherical functions, we use that of the secondary functions together with the
expansion theorem of the good functions by the secondary functions (Theorems 2.4 and 3.4).
We expect that our results are useful for the study of automorphic forms, e.g., computing
the archimedean local zeta functions (cf. [25]).

The contents of this paper is organized as follows. We prepare some basic notation in
section 1, including the definitions of Whittaker functions, Siegel-Whittaker functions, and
PJ -principal series representations. In sections 2 and 3, we discuss the explicit formulae of
these spherical functions and also derive the expansion theorem of the good spherical func-
tions. Section 4 contains our main results. In section 5, we explain our results heuristically
from the points of view of deformation and contractions. Section 6 is for some miscellaneous
remarks.

Convention For a ∈ C and n ∈ Z, (a)n = Γ(a + n)/Γ(a) the Pochhammer symbol. For
complex numbers ai (1 ≤ i ≤ r) and bj (1 ≤ j ≤ s), set

Γ[ a1, . . . , ar ] =
r∏

i=1

Γ(ai), Γ
[

a1, . . . , ar

b1, . . . , bs

]
=

r∏

i=1

Γ(ai)
/ s∏

i=1

Γ(bi).

1. Preliminaries

1.1. Basic notions. Let G be the real symplectic group of degree two:

G = Sp(2,R) =
{

g ∈ SL(4,R)
∣∣∣ tgJ2g = J2 =

(
0 12

−12 0

)}
,

with 12 the unit matrix of degree two.
Fix a maximal compact subgroup K of G by

K =
{

k(A,B) =
(

A B
−B A

)
∈ G

∣∣∣A,B ∈ M(2,R)
}

.

It is isomorphic to the unitary group U(2) via the homomorphism

K 3 k(A,B) 7−→ A +
√−1B ∈ U(2).

Then the set of irreducible representations of K is parameterized by {(λ1, λ2) ∈ Z ⊕ Z |
λ1 ≥ λ2} and we denote by τ(λ1,λ2) = Symλ1−λ2 ⊗ detλ2 the representation corresponding to
(λ1, λ2).

We define two spherical subgroups Ri of G and their representationes. The first one is a
maximal unipotent radical of G given by

R1 =





n(n0, n1, n2, n3) =




1 n0

1
1
−n0 1







1 n1 n2

1 n2 n3

1
1




∣∣∣ni ∈ R





.

Any unitary character η1 of R1 can be written as

η1(n(n0, n1, n2, n3)) = exp(2π
√−1(c0n0 + c3n3))

with some c0, c3 ∈ R. In this paper we assume η1 is non-degenerate, that is, c0c3 6= 0. Taking
a maximal split torus A of G by

A = {a(a1, a2) = diag(a1, a2, a
−1
1 , a−1

2 ) | ai > 0},
we have the Iwasawa decomposition G = R1AK.
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The second spherical subgroup R2 is defined as follows. Let PS = LS nNS be the Siegel
parabolic subgroup with the Levi part Ls and the abelian unipotent radical NS given by

LS =
{(

A 0
0 tA−1

)
| A ∈ GL(2,R)

}
,

NS = {n(0, n1, n2, n3) | n1, n2, n3 ∈ R}.
Fix a non-degenerate unitary character ξ of NS by

ξ(n(0, n1, n2, n3)) = exp(2π
√−1Tr(HξT ))

with T =
(

n1 n2

n2 n3

)
, Hξ =

(
h1 h3/2

h3/2 h2

)
∈ M(2,R) and detHξ 6= 0. Consider the action of

LS on NS by conjugation and the induced action on the character group N̂S . Define SO(ξ)
to be the identity component of the subgroup of LS which stabilize ξ:

SO(ξ) := StabLS
(ξ)◦ =

{(
A 0
0 tA−1

)
| tAHξA = Hξ

}
.

Then SO(ξ) is isomorphic to SO(2) if detHξ > 0 and to SOo(1, 1) if detHξ < 0. In this
paper we treat the case that ξ is a ‘definite’ character, that is, detHξ > 0. So we may assume
h1, h2 > 0 and h3 = 0 without loss of generality. We sometimes identify the element of SO(ξ)
with its upper left 2×2 component. Fix a unitary character χm0 (m0 ∈ Z) of SO(ξ) ∼= SO(2)
by

χm0

((√
h1 √

h2

)−1 (
cos θ sin θ
− sin θ cos θ

)(√
h1 √

h2

))
= exp(

√−1m0θ).

We define R2 = SO(ξ) n NS and η2 = χm0 £ ξ. Note that we also have the decomposition
G = R2AK.

1.2. Spherical functions. For the pair (Ri, ηi) defined as above, consider the space C∞
ηi

(Ri\G)
of complex valued C∞ functions f on G satisfying

f(rg) = ηi(r)f(g) for all (r, g) ∈ Ri ×G.

By the right translation, C∞
ηi

(Ri\G) is a smooth G-module and we denote by the same symbol
its underlying (gC,K)-module (gC is the complexification of the Lie algebra of G). For an
irreducible admissible representation (π,Hπ) of G and the subspace Hπ,K of K-finite vectors,
the intertwining space

Iηi,π = Hom(gC,K)(Hπ,K , C∞
ηi

(Ri\G))

between the (gC,K)-modules is called the space of algebraic Whittaker functionals for i = 1,
or algebraic Siegel-Whittaker functionals for i = 2. For a finite-dimensional K-module (τ, Vτ ),
denote by C∞

ηi,τ (Ri\G/K) the space

{φ : G → Vτ , C∞ | φ(rgk) = ηi(r)τ(k−1)φ(g), for all (r, g, k) ∈ Ri ×G×K}.
Let (τ∗, Vτ∗) be a K-type of π and ι : Vτ∗ → Hπ be an injection. Here τ∗ means the
contragredient representation of τ . Then for Φ ∈ Iηi,π, we can find an element φι in

C∞
ηi,τ (Ri\G/K) = C∞

ηi
(Ri\G)⊗ Vτ∗ ∼= HomK(Vτ∗ , C

∞
ηi

(Ri\G))

via Φ(ι(v∗))(g) = 〈v∗, φι(g)〉 with 〈 , 〉 the canonical paring on Vτ∗ × Vτ .
Since there is the decomposition G = RiAK, our (generalized) spherical function φι is

determined by its restriction φι|A to A, which we call the radial part of φι. For a subspace
X of C∞

ηi,τ (Ri\G/K), we denote X|A = {φ|A ∈ C∞(A) | φ ∈ X}.
Let us define two spaces Wh(π, η1, τ) and SW(π, η2, τ) of spherical functions and their

subspaces Wh(π, η1, τ)mod and SW(π, η2, τ)rap as follows:

Wh(π, η1, τ) =
⋃

ι∈HomK(τ∗,π)

{φι | Φ ∈ Iη1,π},
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Wh(π, η1, τ)mod = {φι ∈ Wh(π, η1, τ) | φι|A is of moderate growth as a1, a2 →∞},

SW(π, η2, τ) =
⋃

ι∈HomK(τ∗,π)

{φι | Φ ∈ Iη2,π},

and

SW(π, η2, τ)rap = {φι ∈ SW(π, η2, τ) | φι|A decays rapidly as a1, a2 →∞}.
We call an element in Wh(π, η1, τ) (resp. SW(π, η2, τ)) a Whittaker function (resp. Siegel-
Whittaker function) for (π, ηi, τ).

As we shall see in the next two sections, radial parts of spherical functions satisfy certain
holonomic systems of regular singular type. We call the power series solutions at the regular
singularities of the systems secondary spherical functions, and the elements of Wh(π, η1, τ)mod

and SW(π, η2, τ)rap good spherical functions.

1.3. PJ-principal series representations. In this section we recall the generalized princi-
pal series representations of G associated with the Jacobi maximal parabolic subgroup PJ of
G corresponding to the long root. A Langlands decomposition PJ = MJAJNJ is given by

MJ =








ε
a b

ε
c d




∣∣∣ ε ∈ {±1},
(

a b
c d

)
∈ SL(2,R)





,

AJ = {a(a1, 1) = diag(a1, 1, a−1
1 , 1) ∈ A | a1 > 0},

NJ = {n(n0, n1, n2, 0) ∈ N = R1 | ni ∈ R}.
A discrete series representation (σ, Vσ) of the semisimple part MJ

∼= {±1} × SL(2,R) of PJ

is of the form σ = ε £ D±
k (k ≥ 2) , where ε : {±1} → C∗ is a character and D+

k (resp. D−
k )

is the discrete series representation of SL(2,R) with Blattner parameter k (resp. −k). For
ν ∈ C, define a quasi-character exp(ν) of AJ by exp(ν)(a(a1, 1)) = aν

1 . We call an induced
representation

I(PJ ; σ, ν) = C∞-IndG
PJ

(σ ⊗ exp(ν + 1)⊗ 1NJ
)

the PJ -principal series representation of G.
The K-types of I(PJ ;σ, ν) is fully described in [23, Proposition 2.1] and [13, Proposition

2.3]. In particular, if π = I(PJ ; ε £ D+
k , ν) with ε(diag(−1, 1,−1, 1)) = (−1)k (even PJ -

principal series), then the corner K-type τ∗ = τ(k,k) occurs in π with multiplicity one.

2. Whittaker functions

2.1. Basic results. Let π = I(PJ ; ε £ D+
k , ν) be an irreducible even PJ -principal series

representation of G with ε(diag(−1, 1,−1, 1)) = (−1)k, and τ∗ = τ(k,k) is the corner K-type
of π. We first prepare some basic facts on the Whittaker functions for (π, η1, τ). Throughout
this section we use a coordinate x = (x1, x2) on A defined by

x1 =
(
πc0

a1

a2

)2
, x2 = 4πc3a

2
2.

By combining the results of Kostant ([18, §6]), Wallach ([30, Theorem 8.8]), Matumoto ([19,
Theorem 6.2.1]) and Miyazaki and Oda ([23, Proposition 7.1, Theorem 8.1]), we obtain

Proposition 2.1. Let π and τ be as above. Then we have the following:
(i) We have dim Iη1,π = dim Wh(π, η1, τ) = 4, and a function

φW (a) = ak+1
1 ak+1

2 exp(−2πc3a
2
2)hW (a)
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on A is in the space Wh(π, η1, τ)|A if and only if hW (a) = hW (x) is a smooth solution of the
following holonomic system of rank 4:

{
∂x1

(
−∂x1 + ∂x2 +

1
2

)
+ x1

}
hW (x) = 0,(2.1)

{(
∂x2 +

k + ν

2

)(
∂x2 +

k − ν

2

)
− x2

(
−∂x1 + ∂x2 +

1
2

)}
hW (x) = 0,(2.2)

where ∂xi = xi(∂/∂xi) (i = 1, 2) is the Euler operator with respect to xi.

(ii) dim Wh(π, η1, τ)mod ≤ 1. Moreover this inequality is an equality if and only if c3 > 0.

Remark 1. Since [23] treated the case σ = ε £ D−
k , we need a minor change by using the

explicit formulas of ‘shift operators’ ([22, Proposition 8.3]).

2.2. Explicit formulas of secondary Whittaker functions. In this section we determine
the space of smooth solutions of the holonomic system in Proposition 2.1, therefore the space
of the Whittaker functions Wh(π, η1, τ), explicitly. Set

hW (a) = hW (x) =
∑

m,n≥0

am,nxσ1+m
1 xσ2+n

2

with a0,0 6= 0. Then we have the following difference equations for {am,n}:

(σ1 + m)
{
−(σ1 + m) + (σ2 + n) +

1
2

}
am,n + am−1,n = 0,(2.3)

(
σ2 + n +

k + ν

2

)(
σ2 + n +

k − ν

2

)
am,n +

{
(σ1 + m)− (σ2 + n) +

1
2

}
am,n−1 = 0.(2.4)

Here we promise am,n = 0 if m < 0 or n < 0. By putting m = n = 0 in (2.3) and (2.4), we
can find the characteristic indices

(σ1, σ2) =
(
0,
−k ± ν

2

)
,
(−k ± ν + 1

2
,
−k ± ν

2

)
.

If ν is not an integer, we can determine the coefficients am,n inductively for each case and
thus obtain

Proposition 2.2. (cf. [29, Proposition 2.1]) For ν /∈ Z, define the functions hi
W (ν; a) =

hi
W (ν; x) on A by

h1
W (ν; x) =

∑

m,n≥0

c1
m,nxm

1 xn+(−k+ν)/2
2 ,

h2
W (ν; x) =

∑

m,n≥0

c2
m,nx

m+n+(−k+ν+1)/2
1 x

n+(−k+ν)/2
2 ,

with

c1
m,n = Γ

[−n− ν, −m + n + −k+ν+1
2

−ν, −k+ν+1
2

]
(−1)m+n

m! n!
,

c2
m,n = Γ

[−n− ν, −m− n + k−ν−1
2

−ν, k−ν−1
2

]
(−1)m+n

m! n!
.

Then the power series hi
W (ν;x) converges for any x ∈ C2 and the set {hi

W (εν; x) | i =
1, 2, ε ∈ {±1}} forms a basis of the space of solutions of the system in Proposition 2.1.

2.3. Explicit formulas of good Whittaker functions. When c3 < 0, Proposition 2.1 tells
us that there is no non-zero moderate growth Whittaker function. Therefore let us assume
c3 > 0 in the following discussion. The integral expression for the Whittaker functions of
moderate growth was obtained by Miyazaki and Oda.
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Proposition 2.3. ([23, Theorem 8.1]) Let π and τ be as before. Define

gW (a) = gW (x) := x
−1/2
2

∫ ∞

0
t−k+1/2W0,ν(t) exp

(
− t2

16x2
− 16x1x2

t2

)dt

t
,

with Wκ,µ the classical Whittaker function. Then the function

φW (a) = ak+1
1 ak+1

2 exp(−2πc3a
2
2)gW (a)

gives a non-zero element in Wh(π, η1, τ)mod|A which is unique up to constant multiple.

2.4. Expansion theorem for Whittaker functions. Now we express the moderate growth
Whittaker function gW as a linear combination of hi

W .

Theorem 2.4. For ν /∈ Z, let hi
W (ν; a) and gW (a) be the function defined in Proposition 2.2

and 2.3, respectively. Then

gW (a) = cW

∑

ε∈{±1}

(
Γ
[
−εν,

−k + εν + 1
2

]
h1

W (εν; a) + Γ
[
−εν,

k − εν − 1
2

]
h2

W (εν; a)
)

with cW = 21−2kπ−1/2.

Proof. Since

W0,ν(t) =
( t

π

)1/2
Kν

( t

2

)

= − (πt)1/2

2 sin πν

(
Iν

( t

2

)
− I−ν

( t

2

))

=
1
2

( t

π

)1/2
{∑

n≥0

(−1)nΓ(−ν − n)
n!

( t

4

)2n+ν
+

∑

n≥0

(−1)nΓ(ν − n)
n!

( t

4

)2n−ν
}

(2.5)

(Kν and Iν are modified Bessel functions, see [5, 7.2.2]), we have

gW (x) = gW (ν; x) + gW (−ν; x)

with

gW (ν; x) =
x
−1/2
2

2π1/2

∫ ∞

0

∑

n≥0

(−1)nΓ(−ν − n)
n!

( t

4

)2n+ν
t−k+1 exp

(
− t2

16x2
− 16x1x2

t2

)dt

t
.

If we substitute t = 4
√

x1x2
r and change the order of integration and infinite sum then

gW (ν; x) =
x
−1/2
2

22k−1π1/2

∑

n≥0

(−1)nΓ(−ν − n)
n!

(x1x2)n+(−k+ν+1)/2

·
∫ ∞

0
r−n+(k−ν−1)/2 exp

(
−x1

r
− r

)dr

2r
.

(2.6)

Here, the estimate∫ ∞

0

∣∣∣ r−n+(k−ν−1)/2 exp
(
−x1

r
− r

)∣∣∣ dr

2r
≤

∫ ∞

0
rn−(k−Re(ν)−1)/2 exp(−rx1)

dr

2r

= x
−n+(k−Re(ν)−1)/2
1 Γ

(
n− k − Re(ν)− 1

2

)
,

which is valid except for the finite number of n (satisfying (k − Re(ν) − 1)/2 > n), ensures
the change of order. By using the formula

∫ ∞

0
t−µ exp

(
−t− z2

4t

)dt

t
= 21+µz−µKµ(z),

([5, 7.12 (23)]) and the relation (2.5) again, the integral in (2.6) becomes

x
−n/2+(k−ν−1)/4
1 Kn+(−k+ν+1)/2(2

√
x1)



7

=
∑

m≥0

(−1)mΓ(n + −k+ν+1
2 −m)

m!
x

m−n+(k−ν−1)/2
1 +

∑

m≥0

(−1)mΓ(−n + k−ν−1
2 −m)

m!
xm

1 .

Therefore we arrive at

gW (ν; x) = cW

(
Γ
[
−ν,

−k + ν + 1
2

]
h1

W (ν;x) + Γ
[
−ν,

k − ν − 1
2

]
h2

W (ν; x)
)

and complete the proof. 2

3. Siegel-Whittaker functions

3.1. Basic results. Miyazaki ([21]) studied the Siegel-Whittaker functions for PJ -principal
series and obtained the multiplicity one property and the explicit integral representation
for rapidly decreasing function. As in the previous section, we introduce the coordinate
y = (y1, y2) on A by

y1 =
h1a

2
1

h2a2
2

, y2 = 4πh2a
2
2.

We remark on a compatibility condition. For a non-zero element φ of C∞
ηi,τ(−k,−k)

(Ri\G/K),
we have

φ(a) = φ(mam−1) = (χm0 £ ξ)(m)τ(−k,−k)(m)φ(a),

where a ∈ A and m ∈ SO(ξ) ∩ ZK(A) = {±14}. If we take m = −14, (χm0 £ ξ)(m) =
χm0(m) = exp(π

√−1m0) and τ(−k,−k)(m) = 1 imply that m0 is an even integer.

Proposition 3.1. ([21, Proposition 7.2]) Let π and τ be as in §2.1. Then we have the
following:
(i) We have dim Iη2,π = dim SW(π, η2, τ) ≤ 4 and a function

φSW (a) = ak+1
1 ak+1

2 exp(−2π(h1a
2
1 + h2a

2
2))hSW (a)

is in the space SW(π, η2, τ)|A if and only if hSW (a) = hSW (y) is a smooth solution of following
system:

{
∂y1

(
−∂y1 + ∂y2 +

1
2

)
+

y1

y1 − 1

(
−∂y1 +

1
2
∂y2

)
+

m2
0

4
y1

(y1 − 1)2
}

hSW (y) = 0,(3.1)

{(
∂y2 +

k + ν

2

)(
∂y2 +

k − ν

2

)
− y1y2

(
∂y1 +

1
2

)
− y2

(
−∂y1 + ∂y2 +

1
2

)}
hSW (y) = 0,(3.2)

with ∂yi = yi(∂/∂yi).
(ii) dimSW(π, η2, τ)rap ≤ 1.

Remark 2. The above system has singularities along the three divisors y1 = 0, y1 = 1 and
y2 = 0, and they are regular singularities.

3.2. Explicit formulas of secondary Siegel-Whittaker functions. We consider the
power series solution of the system in Proposition 3.1 around (y1, y2) = (0, 0). In the notation
in [16], this is the solution at Q∞.

Proposition 3.2. For ν /∈ Z, set hi
SW (ν; a) = hi

SW (ν; y) by

h1
SW (ν; y) = (1− y1)|m0|/2

∑

m,n≥0

c1
m,n Γ

[
m− n + k+|m0|−ν

2 , m + |m0|+1
2

−n + k+|m0|−ν
2 , |m0|+1

2

]
ym
1 yn+(−k+ν)/2

2 ,

h2
SW (ν; y) = (1− y1)|m0|/2

∑

m,n≥0

c2
m,n Γ

[
m + n + −k+|m0|+ν

2 + 1, m + |m0|+1
2

k+|m0|−ν
2

−k+|m0|+ν
2 + 1, |m0|+1

2 n + k+|m0|−ν
2

]

· ym+n+(−k+ν+1)/2
1 y

n+(−k+ν)/2
2 .
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Here c1
m,n and c2

m,n are the coefficients defined in Proposition 2.2. Then the power series
hi

SW (ν; y) converges |y1| < 1 and y2 ∈ C and the set {hi
SW (εν; y) | i = 1, 2, ε{±1}} forms a

basis of the space of solutions of the system in Proposition 3.1.

Proof. If we put hSW (y) = (1 − y1)|m0|/2y|m0|/2
2 h̃SW (y), (3.1) and (3.2) are transformed

into
[
∂y1

(
∂y1 − ∂y2 −

|m0|+ 1
2

)
− y1(∂y1 − ∂y2)

(
∂y1 +

|m0|+ 1
2

)]
h̃SW (y) = 0,(3.3)

and
[(

∂y2 +
k + |m0|+ ν

2

)(
∂y2 +

k + |m0| − ν

2

)

+ y2

(
∂y1 − ∂y2 −

|m0|+ 1
2

)
− y1y2

(
∂y1 +

|m0|+ 1
2

)]
h̃SW (y) = 0.

(3.4)

Set h̃SW (y) =
∑

m,n≥0 bm,nyτ1+m
1 yτ2+n

2 with b0,0 6= 0. Then we can find the recurrence
relations

(τ1 + m)
{
−(τ1 + m) + (τ2 + n) +

|m0|+ 1
2

}
bm,n

+ {(τ1 + m− 1)− (τ2 + n)}
{

(τ1 + m− 1) +
|m0|+ 1

2

}
bm−1,n = 0,

(3.5)

and
{

(τ2 + n) +
k + |m0|+ ν

2

}{
(τ2 + n) +

k + |m0| − ν

2

}
bm,n

+
{

(τ1 + m)− (τ2 + n− 1)− |m0|+ 1
2

}
bm,n−1

−
{

(τ1 + m− 1) +
|m0|+ 1

2

}
bm−1,n−1 = 0

(3.6)

from (3.3) and (3.4) respectively. Here we promise bm,n = 0 for m < 0 or n < 0. Let
m = n = 0 in (3.5) and (3.6). Then we get

(τ1, τ2) =
(
0,
−k − |m0|

2
± ν

2

)
,

(−k + 1
2

± ν

2
,
−k − |m0|

2
± ν

2

)
.

For each case, we can solve the recurrence relations (3.5) and (3.6). 2

3.3. Explicit formulas of good Siegel-Whittaker functions. The integral representa-
tion of the unique element in SW(π, η2, τ)rap|A is given by Miyazaki ([21, Theorem 7.5]). For
our purpose, however, we need another integral expression for this function. Inspired by the
work of Debiard and Gaveau ([1],[2]), we obtain the following Euler type integral. See also
Iida ([15]) and Gon ([6]).

Proposition 3.3. Define

gSW (a) = gSW (y) := (1− y1)|m0|/2y
|m0|/2
2

·
∫ 1

0
t(|m0|−1)/2(1− t)(|m0|−1)/2F

(y2

2
{1− t(1− y1)}

)
dt,

with

F (z) = ez(2z)(−k−|m0|−1)/2W(k−|m0|−1)/2,ν/2(2z).

Then the function

φSW (a) = ak+1
1 ak+1

2 exp(−2π(h1a
2
1 + h2a

2
2))gSW (a)

gives a non-zero element in SW(π, η2, τ)rap|A which is unique up to constant multiple.

Proof. See [6, 8.4]. 2
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3.4. Expansion theorem for Siegel-Whittaker functions.

Theorem 3.4. For ν /∈ Z, let hi
SW (ν; a) and gSW (a) be the function defined in Proposition

3.2 and 3.3, respectively. Then

gSW (a) = cSW

∑

ε∈{±1}

(
Γ
[
−εν,

−k + εν + 1
2

]
h1

SW (εν; a)

+ Γ
[ −εν, k−εν−1

2 , −k+|m0|+εν
2 + 1

k+|m0|−εν
2

]
h2

SW (εν; a)
)

with

cSW = Γ
[ |m0|+1

2
−k+|m0|−ν

2 + 1, −k+|m0|+ν
2 + 1

]
.

Proof. In the same way as the case of Whittaker functions, we start from the relation

Wκ,µ(z) = Γ
[ −2µ

1
2 − µ− k

]
Mκ,µ(z) + Γ

[
2µ

1
2 + µ− k

]
Mκ,−µ(z)

with

Mκ,µ(z) = zµ+1/2e−z/2
1F1

( 1
2 + µ− k

2µ + 1

∣∣∣∣ z

)
(2µ /∈ Z)

is the classical Whittaker function. Then we obtain

gSW (y) = gSW (ν; y) + gSW (−ν; y)

with

gSW (ν; y) = Γ
[ −ν, ν + 1

−k+|m0|−ν
2 + 1, −k+|m0|+ν

2 + 1

]
(1− y1)|m0|/2y|m0|/2

2

·
∑

n≥0

1
n!

Γ
[

n + −k+|m0|+ν
2 + 1

n + ν + 1

]

·
∫ 1

0
t(|m0|−1)/2(1− t)(|m0|−1)/2{y2(1− t(1− y1))}n+(−k−|m0|+ν)/2dt.

(3.7)

Here the change of the order of integration and infinite sum is justified because the integral
in (3.7) is bounded by

y
n+(−k−|m0|+Re(ν))/2
2

∫ 1

0
t(|m0|−1)/2(1− t)(|m0|−1)/2dt.

except for the finite number of n. The last integral in (3.7) is Euler integral representation
for the hypergeometric function 2F1. Then we have

gSW (ν; y) = cSW Γ
[ |m0|+1

2

|m0|+ 1

]
(1− y1)|m0|/2

·
∑

n≥0

(−1)n

n!
Γ
[
−n− ν, n +

−k + |m0|+ ν

2
+ 1

]

· 2F1

( −n + k+|m0|−ν
2 , |m0|+1

2

|m0|+ 1

∣∣∣∣ 1− y1

)
y

n+(−k+ν)/2
2 .

Here we used

Γ
[ −ν, ν + 1

n + ν + 1

]
= (−1)nΓ(−n− ν).
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Finally, we apply the formula

2F1

(
a, b

c

∣∣∣∣ 1− z

)
= Γ

[
c, c− a− b

c− a, c− b

]
2F1

(
a, b

a + b− c + 1

∣∣∣∣ z

)

+ Γ
[

c, a + b− c

a, b

]
zc−a−b

2F1

(
c− a, c− b

c− a− b + 1

∣∣∣∣ z

)
,

([4, 2.10.(1)]) to obtain

gSW (ν; y) = cSW (1− y1)|m0|/2

·
∑

n≥0

(−1)n

n!
Γ
[
−n− ν, n +

−k + |m0|+ ν

2
+ 1

]
y

n+(−k+ν)/2
2

·
{

Γ
[

n + −k+ν+1
2

n + −k+|m0|+ν
2 + 1

]
2F1

( −n + k+|m0|−ν
2 , |m0|+1

2

−n + k−ν+1
2

∣∣∣∣ y1

)

+ Γ
[ −n + k−ν−1

2

n + k+|m0|−ν
2

]
2F1

(
n + −k+|m0|+ν

2 + 1, |m0|+1
2

n + −k+ν+3
2

∣∣∣∣ y1

)
y

n+(−k+ν+1)/2
1

}
.

By expressing 2F1(y1) as a power series, we complete the proof. 2

4. Confluences

In this section we state our main results.

4.1. Confluence of the differential equations.

Theorem 4.1. If we substitute

h1 = t2c3, h2 = c3, m0 =
2πc0

t
(4.1)

in the system in Proposition 3.1 and take the limit t → 0, then we obtain the system in
Proposition 2.1.

Proof. After the substitution,

∂yi = ∂xi

is immediate and limt→0 leads

y1 → 0

and
m2

0y1

4(y1 − 1)2
=

1
4

(2πc0

t

)2 (ta1/a2)2

{(ta1/a2)2 − 1}2
→

(
πc0

a1

a2

)2
= x1.

2

4.2. Confluence of the secondary spherical functions.

Theorem 4.2. For ν /∈ Z, define the functions hi
SW (ν, t; a) (i = 1, 2) by substituting (4.1)

in hi
SW (ν; a). Then

lim
t→0

h1
SW (ν, t; a) = h1

W (ν; a),

lim
t→0

tk−ν−1h2
SW (ν, t; a) = h2

W (ν; a).

Proof. By definition,

h1
SW (ν, t; a) =

(
1− t2

a2
1

a2
2

)π|c0|/t ∑

m,n≥0

d1
m,n(t)

(a1

a2

)2m
(4πc3a

2
2)

n+(−k+ν)/2
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with

d1
m,n(t) = c1

m,n Γ

[
m− n + k−ν

2 + π|c0|
t , m + 1

2 + π|c0|
t

−n + k−ν
2 + π|c0|

t , 1
2 + π|c0|

t

]
· t2m.

Since

tm Γ

[
m− n + k−ν

2 + π|c0|
t

−n + k−ν
2 + π|c0|

t

]
→ (πc0)m, tm Γ

[
m + 1

2 + π|c0|
t

1
2 + π|c0|

t

]
→ (πc0)m

and
(

1− t2
a2

1

a2
2

)π|c0|/t

→ 1

as t → 0, our claim follows. The proof for h2
SW (ν, t; a) can be done in the same way. 2

4.3. Confluence of the spherical functions.

Theorem 4.3. Define the function gSW (t; a) by substituting (4.1) in gSW (a). Then

lim
t→0

gSW (t; a)
cSW

=
gW (a)

cW
.

Proof. Let ν /∈ Z. Combined with the expansion theorems (Theorem 2.4 and Theorem
3.7) and the confluence of power series (Theorem 4.2), our task is reduced to show

lim
t→0

t−k+εν+1 Γ

[
−k+εν

2 + π|c0|
t + 1

k−εν
2 + π|c0|

t

]
= (π|c0|)−k+εν+1.

Since

t−k+εν+1 Γ

[
−k+εν

2 + π|c0|
t + 1

k−εν
2 + π|c0|

t

]
= tεν Γ

[
k+εν

2 + π|c0|
t + 1

k−εν
2 + π|c0|

t

]
· t−k+1

(−k+εν
2 + π|c0|

t )k−1

,

the asymptotic formula Γ(z + α)/Γ(z + β) = zα−β(1 + O(z−1)) for large |z| ([4, 1.18 (4)])
implies the result. By an analytic continuation, we can extend the assertion for all ν ∈ C. 2

5. Deformation from (R2, η2) to (R1, η1) and the confluence

In this section we explain the main results in the previous section from the points of view of
deformations and contractions of Lie groups (cf. [3]). This is to supply a heuristic background
for the computations in the previous sections.

5.1. From SO(2) to N0. We first consider the deformation of two subgroups of SL(2,R):

SO(2) =
{(

cos θ sin θ
− sin θ cos θ

) ∣∣∣ θ ∈ R
}

,

N0 =
{(

1 c
0 1

) ∣∣∣ c ∈ R
}

.

Under the usual action of SL(2,R) to the upper half plane h = {z ∈ C | Im(z) > 0}, SO(2)
is the stabilizer subgroup of

√−1 and N0 fixes
√−1∞. Set zt =

√−1/t for t > 0. Then
limt→∞ zt =

√−1∞ and the stabilizer subgroup StabSL(2,R)(zt) of zt in SL(2,R) is

StabSL(2,R)(zt) =
{

rθ(t) =
(

cos θ sin θ/t
−t sin θ cos θ

) ∣∣∣ θ ∈ R
}

=
(

t−1/2 0
0 t1/2

)
SO(2)

(
t1/2 0
0 t−1/2

)
.
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For our purpose, we have to move θ = θ(t) such as sin θ(t)/t → c as t → 0. Let θ(t) = ct.
Then

rθ(t)(t) =
(

cos θ(t) sin θ(t)/t
−t sin θ(t) cos θ(t)

)
→

(
1 c
0 1

)
(5.1)

as desired.

5.2. From R2 to R1. Let ξt (t 6= 0) be the definite character of NS associated with Hξt =(
ht2 0
0 h

)
(h > 0):

ξt(n(0, n1, n2, n3)) = exp
(
2π
√−1(ht2n1 + hn3)

)
.

Then the stabilizer subgroup SO(ξt) is identified with {rθ(t) | t > 0} . Therefore if we take
θ = θ(t) = tn0 as in the previous subsection, (5.1) implies

lim
t→0

SO(ξt) = {n(n0, 0, 0, 0) | n0 ∈ R}(5.2)

in LS makes up R1 = N together with NS , as we expected.

5.3. From η2 to η1. Define the character χm0(t) of SO(ξt) by

χm0(t)(rθ(t)) = exp
√−1(m0(t)θ).

and put η2,t = χm0(t) £ ξt.

η2,t(rθ(t)(t) · n(0, n1, n2, n3)) = exp 2π
√−1(ht2n1 + hn3) · exp

√−1(m0(t)θ(t)).

Since θ(t) = n0t, we should take

m0(t) =
2πc0

t
.

Then the right hand side goes to exp 2π
√−1(c3n3 + c0n0) (after the replacement h = c3),

and thus combined with (5.2), we obtain

lim
t→0

η2,t(rθ(t)(t) · n(0, n1, n2, n3)) = η1(n(n0, n1, n2, n3)).

Remark 3. Our result should be regarded as the investigation of the intertwining spaces:

Hom(gC,K)(Hπ,K , C∞
η2,t

(Rt\G))

with

Rt = SO(ξt)nNs (t > 0).

6. Further comments

We only treat the even PJ -principal series, however, we also have the same results for the
odd case, that is, ε(diag(−1, 1,−1, 1)) = −(−1)k.

In the case of the principal series (induced from minimal parabolic subgroup of G), the
holonomic systems of rank 8 for the radial part of Whittaker functions (resp. Siegel-Whittaker
functions) are obtained in [22] (resp. [21], [16]) and we can prove the same assertion as
Theorem 4.1. However, explicit formulas for secondary spherical functions are known only
for Whittaker functions ([17]), we can not say any more.

The other kinds of spherical functions on Sp(2,R) are studied by Moriyama ([24]) and by
Hirano ([12], [13], [14]). The spherical subgroup of [24] is SL(2,C) and of [12], [13] and [14]
is SL(2,R)nH3, with H3 the 3-dimensional Heisenberg group. We hope that similar results
hold between the two spherical functions.

We finally remark on the case of the special unitary group SU(2, 2), which has the same
restricted root system as Sp(2,R). (Siegel-) Whittaker functions on SU(2, 2) are studied
by Hayata and Oda ([10], [8], [9]) and by Gon ([6]). Since their differential equations are
compatible to those of Sp(2,R), analogous argument seems to be possible.
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representations, Tôhoku Math. J. 46 (1994), 261-279.

[27] T. Oda, and M. Tsuzuki, Automorphic Green functions associated with the secondary spherical functions,
Publ. Res. Inst. Math. Sci. 39 (2003), 451–533.

[28] E.M. Opdam, Root system and hypergeometric functions III, IV, Compositio Math. 67 (1988), 21-49,
191-209.

[29] H. Sakuno, A Basis on the Space of Whittaker Functions for the Representations of the Discrete Series
–the Case of Sp(2,R) and SU(2, 2)–, J. Math. Sci. Univ. of Tokyo 6 (1999), 757-791.

[30] N. Wallach, Asymptotic expansions of generalized matrix entries of representations of real reductive
groups, Lect. Note in Math. 1024 (1984), 287-369.

Department of Mathematical Sciences, Ehime University, Ehime, 790-8577, Japan
E-mail address: hirano@math.sci.ehime-u.ac.jp



14 MIKI HIRANO, TAKU ISHII AND TAKAYUKI ODA

Department of Mathematics, Tokyo Institute of Technology, 2-12-1 Oh-okayama, Meguro-
ku, Tokyo 152-8551, Japan

E-mail address: taku@math.titech.ac.jp

Department of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba, Meguro, Tokyo,
153-8914 Japan

E-mail address: takayuki@ms.u-tokyo.ac.jp



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS

2004–31 Teruhisa Tsuda: Universal characters and q-Painlevé systems.
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