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ABsSTRACT. First we prove a Carleman estimate for a hyperbolic integro-differential
equation. Next we apply such a result to identify a spatially dependent function in
a source term by a single measurement of boundary data.

§1. Introduction and the main results.
Let Q@ C R™ be a bounded domain with smooth boundary 02 and let v = v(x) be
the outward unit normal vector to OS2 at z, 0,u = Vu-v. We consider a hyperbolic

integro-differential equation:

O2u(x,t) = div (p(z)Vu(z,t)) + div (/0 K(x,t, n)Vu(x,n)dn) + F(z,1),

(1.1)
reQ, t>0.

Here p € C%(Q), > 0 on Q and K € C?*(Q x [0,00)2). We set 9, = 2, 0; = %a

j=12..n Ve = (V,0;) = (O1,.,00,01), A = >"_ 02. Equation (1.1)

Jj=1"7"

appears in various cases such as viscoelasticity.
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One of the fundamental question for (1.1) is the unique continuation: if u satisfies
(1.1) with F =0and u = d,u = 0on I'x (0, T) where I' C 912, then can we conclude
that u =01in U x (T",T") where U is a neighbourhood of I' and 0 < 7" < T" < T?

To prove the unique continuation and other application to inverse problems, a
Carleman estimate is a main tool. In this paper, we will establish a Carleman
estimate for (1.1), and apply it to determine an unknown source term. We stress
that our result is the first step to determine p(x) or an z-dependent function in
K(z,t,n). In a forthcoming paper, we discuss details for the unique continuation.

In addition to the assumption that p € C?(Q), p(x) > 0 on €, throughout this

paper, we suppose that there exists xo € R” \ Q such that

(1.2) %p(a:)Q — (Vp(x) - (x —x0)) >0, z € Q.
We set
(1.3) p(z,t) = o —xo|* = Bt?,

where 8 > 0 is a sufficiently small positive constant depending on €2, p, xog. Fur-

thermore for a fixed R > 0, let
Q(e) = {(2,1) € 2 x (0,T); p(w,t) > B + 2, > 0}

for € > 0. Then we can show

Theorem 1 (Carleman estimate). Let p € C%(Q), K € C?(Q x [0,T]?) and let

u=u(x,t) € H*(Q(e)) satisfy

Pu(z,t) = 0Fu(z,t) — div(p(x)Vu(z,t)) — div </o K(x,t,n)Vu(ac,n)dn)

(1.4)
=F(z,1), reN,t>0
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and
(1.5) u(z,0) =0 or Owu(x,0)=K(x,0,0)=0, =x¢€@Q(0)n{t=0}

Then there exists so > 0 such that we can choose a constant C' = C(sg) > 0 which

1 independent of u and s, such that

/ (8| Vg ul® + s*u?)e? P dadt
Q=)
(1.6)
gc/ |F|?e?*?dxdt +CeCS/ (Ve ul* + u?)dS
Q) 9Q()\(Q()N{t=0})

for any s > sg.

Remark. In the weight function ¢, we have to choose 8 = B(,p,xg) > 0 suffi-
ciently small. In paricular, if p = 1, then we can choose any (3 € (0, 1).

Inequality (1.6) is called a Carleman estimate. Carleman estimates have been
well known for elliptic, parabolic and hyperbolic operators (e.g., Hormander [8],
Isakov [12], [13], Klibanov and Timonov [20], Lavrent’ev, Romanov and Shishat-skii[23]).

However our system is involved with the integral term

(1.7) div (/OtK(:z;,t,n)Vu(:z;,n)dn>,

so that a Carleman estimate is not directly proved for (1.4) in the existing papers.
In Yong and Zhang [31], one can find such an argument for the exact controllability
but the result is not related with inverse problems. To treat the integral term (1.7),
we have to assume the extra information (1.5). In other words, a usual Carleman

estimate is proved for the extended domain

{(z,t); x €Q, p(x,t) > R* + ¢},
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but not for

{(z,t); x € Q, p(x,t) > R + e} n {t > 0},

so that for applying a usual Carleman estimate to an inverse problem in t > 0,
we have to extend the solution v to ¢ < 0. Such an extension requires an extra
argument by term (1.7). On the contrary, for an inverse problem over a time
interval (0,7") under (1.5), we need not extend u to (—7,0) and directly apply our
Carleman estimate (1.6). This kind of Carleman estimates in ¢ > 0 are derived
by a pointwise inequality in Klibanov and Timonov [20], Lavrent’ev, Romanov and
Shishat-skii[23], and is quite different from the Carleman estimates in Hérmander
8], Isakov [12], [13], etc.

Next we will consider

The Inverse Source Problem. Let ¢ > 0 be arbitrarily fixed. Ler R = R(z,t) €

Whee(0,T; L>°(£)) and let us consider

(1.8) (Pu)(z,t) = R(z,t) f(z), re, 0<t<T,

(1.9) u(z,0) = dyu(x,0) =0, x €L

Then determine f = f(z) in Q(e) from the knowledge of

ulrx,1);  Ovlrx(0,1)-

Here I' be some sub-boundary of 0f2.
The problem to be solved is actually a sort of ”double” Cauchy problem, since

we are given Cauchy conditions on both ¢ = 0 and I". Note that we are given only
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incomplete boundary conditions, since no conditions on u or d,u are prescribed on
the whole of 0.

We set

(1.10) Q(e) = Q(e) N {t = 0}.

Let us assume

(1.11) Q(0) c QUT

Condition (1.11) follows if € is convex near I', that is, for any x € I, there exists a
neighbourhood U of x such that U N {2 is convex.

We are ready to state the stability result for our inverse source problem.

Theorem 2. Letu € C3([0,T]; L?(Q))NC?([0,T]; H(Q))NC ([0, T); H*(Q)) sat-

isfy (1.8) and (1.9). We assume
(1.12) |R(z,0)| > 0, reN

and

1
SUp,cq0) (|2 — z0|* — R?)2

VB

Then for any 6 > 0, there exist contants C = C(Q,T,p,xo, 3,5, R) > 0 and k =

(1.13) T >

k(2 T, p,xo, 3,6, R) € (0,1) such that

1f1lz2) < CUlull oy + 110wl a1 o)) + ILf 1 L2 00)) "
(1.14)
([l (o x 0,7y + 110wl 1 (0 x 0,7))) "

The factor (||ullg(rxo,1)) + 10wl ar(rx(0,1))) is observation data and (1.14)

shows the stability of Hoélder type which is conditional under an a priori bounded-

ness of ||ul| g1 (o)) + 19:ull 100y + I fllz2(00)) -
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Theorem 2 is derived from Theorem 1 by means of the method created by
Bukhgeim and Klibanov [3]. As related works on inverse problems by Carle-
man estimates, see Bellassoued [1], Bukhgeim [2], Imanuvilov and Yamamoto [9]
- [11], Isakov [12] - [14], Khaidarov [18], Klibanov [19], Klibanov and Timonov
[20], Klibanov and Yamamoto [21], Kubo [22], Yamamoto [30] and the references
therein. As for other inverse problems of determining time dependent factor in
the kernel K (x,t,n) and related inverse problems, see Cavaterra [4], Cavaterra and
Grasselli [5], Cavaterra and Lorenzi [6], Janno and Lorenzi [15], Janno and von
Wolfersdorf [16], Kabanikhin and Lorenzi [17], Lorenzi [24], Lorenzi and Messina
[25], [26], Lorenzi and Romanov [27], Lorenzi and Yahkno [28], von Wolfersdorf [29]
and the references therein.

The rest of this paper is composed of two sections: In Section 2, we will prove

Theorem 1, while Section 3 is devoted to the proof of Theorem 2.

§2. Proof of Theorem 1.
Henceforth C' > 0, C; > 0 denote generic constants which are independent of s > 0,

and may vary from line to line. Set

t
@1 @t =p@u) + [ K@tnundy, oe9 o
0
Then direct calculations yield

0v(z,t) = p(x)Av(x,t) — pVp - Vu

() /O VK (z,t1) - Vulz, n)dn + <W (0K (@, 1) — pAp> "

(2.2)
¢
+K(x,t,t)0mu + / (02K (x,t,n) — pAK)u(z,n)dn + pF, z€Q,t>0
0
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and
(2.3) v(z,0) =0 or Jw(x,0)=0, x € (0).

Noting (2.3), to (2.2) we apply a pointwise Carleman estimate for a hyperbolic
operator (Theorem 2.2.4 in Klibanov and Timonov [20, pp.45-46], or Lemma 2 in
[23, p.128]) for the case of p = 1, see also Cheng, Isakov, Yamamoto and Zhou [7]),

so that for some postive constant sy, we obtain

/ (8| V0| + s30?)e? P dadt
Q(e)

2

SC’/Q(E){MDVp - Vu|* + ‘ (%};t’t» + (0. K)(z,t,t) —pAp) u

+| K (2, t, 1) Opul? }eQS‘pdmdt +C IpF|?e**? dxdt
Q(e)
2

t
e \p | G tn) -Vt
Q(e) 0

+

/0((0?K)(fv,t,n)—pAK)u(fv,n)dn }emd:cdt

(2.4)
+C’ecs/ (|Vx’tv|2 + |v|2)d5’,
9Q(e)\Q(e)

if s > sg. Since p € C%(Q) and K € C%(Q x [0,T]?), we have

/ (5| V2 ev]? + s*v?)e? P dxdt
Q(e)

<C (|Vsul® + u?)e**Cdadt 4 C | F|2e**¢ dudt
Qe) Q(e)

t
+C/ (/ (IVu(z,n)? +u(ac,17)2)dn) e dxdt
Q(e) \JO

(2.5) +C’ecs/ (|Vzev]? + s30%)dS, s> so.
9Q(e)\2(e)

We show
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Lemma 1.

2

/ (/ lw(z, €) |d§) e*$Pdxdt < _/ (z,t)|2e**Pdxdt
Q)

for w € L*(Q(e)).

Lemma 1 is fundamental to derive a Carleman estimate for our inverse problem.
We note that it was proved in Bukhgeim and Klibanov [3], Klibanov [19], but with
a factor not containing % at the right hand side. On the contrary, for our proof,
the factor % is essential. As for the proof of Lemma 1, see Lemma 3.1.1 (pp.77-78)
n [20]. However, for completeness, we will give the proof of it in Appendix.

By (2.1) and p > 0 on Q,

(2.6) u(x,t) =

K( t
(z,t) / (=, 77 (x,m)dn.

Hence, in terms of Lemma 1, we have

/ u?e?Pdxdt < C v2e®5Pdxdt + g u?e?Pdxdt.
Q(e) Q(e) Q(e)

Taking s > 0 sufficiently large, we can absorb the second term at the right hand

side into the left hand side, and we have
(2.7) / u?e?*Pdxdt < C v2e® P dadt.
Q(e) Q(e)
Similarly from (2.6), we obtain
(2.8) / |V, ul?e®*Pdadt < C’/ (|Vaev]| +v?)e**Pdxdt, s> so.
Q(e) Q(e)

Hence, substituing (2.7) and (2.8) into the left hand side of (2.5) and applying
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Lemma 1 to the third term at the right hand side of (2.5), we have

/ (8| Vppu|? + s°u?)e? P dwdt
Q(e)

<C (|Vsu)® + u?)e**?dzdt + C F2e%5¢dgdt
Q(e) Q(e)

(2.9) +CeCs / (IVa.00]? + v%)dS.
90N

By (2.1), we have

vl L200e)) < Cllullza0)),

(2.10) IVavllLzoqe) < Cllullaioqe))-

Again taking s > 0 sufficiently large, we absorb the first term at the right hand
side into the left hand side in (2.9), and we apply (2.10) to the third term at the

right hand side of (2.9). Thus the proof of Theorem 1 is complete.

§3. Proof of Theorem 2.
The proof is based on the modification by Imanuvilov and Yamamoto [10] of the
original method by Bukhgeim and Klibanov [3]. First we modify Theorem 1 as

follows.

Corollary. Let u = u(xz,t) € H*(Q(e)) satisfy (1.4) and u(z,0) = 0 for x € Q(0).
Then there exist sg > 0 and a constant C' = C(sg) > 0 independent of u and s,

such that

/ (8| Ve iul® + s°u?)e**Pdzdt < C/ |F|?e*$? dxdt
Q(e) Q(e)
(3.1)

2
+Ce™ /aQ(e)m(rx(o oo))(|vx,tu|2 + u?)dS 4 CsBe?s (B +39) el Fr (e

for any s > sq.
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Proof of Corollay 1. Let y € C$°(R"1) satisfy 0 < x < 1 in R*™! and

1,  (z,t) € Q(3e),
0,  (z,1) € Q(e) \ Q(2e).

We set v = xu. Then |v| = |V, 0| =0 o0n 9Q(e) \ {(I' x (0,00)) UQ(e)} and v =0

(32) o) = {

on {2(¢). Therefore Theorem 1 yields

/ (5 Vo gl + 5*[ul2)e2 P dudt < / (5Va s (x) 2 + 83 |xul2) 22 davdlt
Q(3e) Q(e)
(3.3)

SC/ |F|?e®$%dadt + C’eos/ (]Vm(xu)\Q + |xul?)dsS,
Q(e) 9Q(e)N(I'x(0,00))

for any s > sg. Since

/ (8| V o iul® + s°u®)e?*?dadt
Q(e)

= (/ +/ > (8|Viul* + s?u?)e**Pdxdt
Q(3e) Q(e)\Q(3e)

and x = 1 in Q(3¢), ¢(z,t) < R? + 3¢ for (z,t) € Q(e) \ Q(3¢), we have

/ (8| Vo iul® + s*u?)e?*Pdadt
Q(e)

2
< /( )(5|vx,t(Xu)|2 + 8% xul?)e*Pdwdt + Os* eI+ |u|| 3 g0
Q(3e

Substituting this into (3.3), we complete the proof of Corollary.

Now we proceed to the proof of Theorem 2. By (1.13), there exists € > 0 such

that |r — zg]? — BT% < R? + ¢ for all z € Q(0). Hence (z,t) € Q(¢) implies that

0 <t <T. In particular,
(I' x (0,00)) NOQ(e) C T' x (0,T).

For simplicity, we set

D = HUH?‘P(FX(O,T)) + HatuH%!l(l"x(O,T))’
(3.4)

M = |JullF gy + 10:ullFr oy + 1172000y
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Applying Corollary to (1.8), we have

/ (8| Vg ul? + su?)e P dadt
Q(e)

(3.5) SC/ |f|2e**°dxdt + Ce®*D + CsPe(FH3I N1 5> .
Q(e)
On the other hand, (1.8) yields

" K(x,t,n) 1 Vp
Au:—/ — 2V Au(z, n)dn + —02u(z,t) — == - Vu(z,t

_%/0 VK (z,t,n) - Vu(z,n)dny — %R(m,t)f(@y (z,1) € Q(e).

Therefore Lemma 1 implies

/ |Aul?e**?dadt < ¢ | Aul?e**?dxdt
Q(e) 5 JQ(e)
+C |02u|*e**?dxdt + C |Vu|?e**?dxdt + C fre**dxdt,
Q(e) Q(e) Q(e)
that is,
/ |Au|?e**?dzdt < C |02 u|*e®5? dadt
Q(e) Q(e)
(3.6) +C'/ \Vu|?e*?dxdt + C f2e**%dxdt, s> so,
Q(e) Q(e)

by taking s > 0 sufficiently large. Setting v = 0;u, we have

02v = div (p(x)Vv) + div (K (z,t,t)Vu(z, 1))

+div </0 8tK(:U,t,n)Vu(a:,n)d77) + (OcR)(z,t) f (), (x,t) € Q(e)

11

and v(z,0) = 0 for x € Q(g). Hence we apply Corollary to the operator 92 —



L. vAvaAlbivhvA, A. LUOREBNZAL AND AND M. YANMANMO1U

div (p(x)V) to have

/ (8| Vi 10pu|?® + s°|0pu|?)e** P dxdt
Q(e)

<C |f|?e**?dzdt + C |div (K (x,t,t)Vu(z)|?e*? dxdt
Q) Q(e)

t
—|—C/ /div(f)tK(x,t,n)Vu(a:,n))dn
Q(e) 1V0

—I—C’eCSD + 083628(R2+35)M

2
2% dadt

<C |f|?e**?dxdt + C (|Vul?® + |Aul?)e* P dzdt
Q(e) Q(e)

(3.7) +Ce®*D + 083€2S(R2+35)M, s > S0,

where in the last inequality, we have used Lemma 1 again. Combining (3.5) - (3.7)

and taking s > 0 sufficiently large, we obtain

/ (JAu? + 5|V, ul? + 5|V, :0pul* 4 8%|0pu|? + sPu?)e?*Pdudt
Q(e)

(3.8)

<C |f]2e2s“"dxdt +Ce%*D + C’S?’ezs(RQ‘LSE)M, 5> sp.
Q(e)

We now set z = x(0,u)e®#. Then by direct calculations, we can see that z satisfies

the equation

0?2z — div (pVz) = xe*?div (K (x,t,t)Vu) + xe*¢ /O t div (0, K (x,t,n)Vu(z,n))dn
+xe*P (O R) f + 25x(Drp) (OFu)e™? — 2pxs(Vep - V(dyu))e™?
+s*{(0ep)? — PIVI*} + s{(07¢) — pAp — (Vo - Vp)}]2
+2(02u) (Orx)e*? + (Opu) {02 x + 25(dpx)Opp}e™?

—2pe*?V (0pu) - Vx — e*?{pAx + 2sp(Vx - Vo) + Vx - Vp}oru = J.
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Then we have

|J (2, )| < Ce*?(|Vu(z, t)| + |Au(x, t)| + 8|V (Opu) (2, )| + 5%|0pul)
(3.9)

+Ce*?|f ()] +Ces“”/0 (IVu(z,n)| + |Au(z,n))dn, (z,t) € Q(e).

Multiply —8?2 + div (pVz) = —J by 28,z and integrate over Q(e) to obtain

—/ 2(8fz)8tzdacdt+/ 2(0¢z)div (pVz)dxdt
Q(e) Q(e)

(3.10) =— 2/ J(0¢z)dzdt.

Q(e)
Henceforth let (v, vp41) = (1, ...y Un, Unt1) denote the unit outward normal vector
to 0Q(e). Hence, in terms of (1.9) and (3.2), we obtain z = |V, 2] = 0 on
0Q(e)\ (I'x (0, T))U(e)), Vz=0o0n Q(e), vpy1 =0 0n 9Q(e)N (I x (0,7)) and

v=(0,..,0,—1) on Q(¢). An integration by parts gives

—/ 2(8?2)8tzdacdt+/ 2(0¢z)div (pVz)dxdt
Q(e)

Q(e)
=— / 01 (|0s2|?)dxdt — / PO (|V2|*)dxdt + / 2(0iz)pVz - vdS
Q(e) (e) 9Q(e)
(3.11)
=— / 0122V 4 1dS + 2/ p(0¢z)Vz - vdS.
Q(e) 9Q(e)N(I'x(0,7))

On the other hand, we see that
|at2($‘, t)l < C’S|3tu(x, t)|es¢ + C’8t2u<xv t)|esg0, ('Ta t) S Q(g)

Therefore, by (3.9), we have

—2/ J(Opz)dzdt

Q(e)

SC'/ (IVu| + |Au| + 8|V, :0pu| + 52|0pu|) (|07 u| + s|0pu|)e* P dxdt
Q(e

+C |£1(|102u] + s|0,ul)e*?dxdt
Q(e)

t
+0 [ oot siowal) ([ (Vuenl + 1Aute i) dode.
Q(e) 0
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We apply the Cauchy-Schwarz inequality to obtain
82|V .10u||0pu| < 8|V :0pul? + 53|0pul?,
1107 ul + s|0cul) < 2| f|* + |07 ul® + 5*|8pul*.

Hence we have

—2/ J(Opz)dzdt
Q(e)

<C (JAU? + 5|V ul? + 5|V, :0ul? + 5%|0ul?) 5P dudt
Q(e)

+C’/ | f|2e*?dxdt.
Q(e)

Hence inequality (3.8) yields

‘—2/ J(0¢z)dxdt
Q(e)

(3.12)
SC/ |f2e?¢dzdt + CeC* D + CsPe>CHEINM, 5 > 5.
Q(e)

Consequently we derive from (3.10) - (3.12) that

/ 10,2(z, 0)[2dz < c/ (10,22 + |V 2[2)ds
O(e) T'x(0,T)

+C |f|?e®Pdxdt + Ce*D + Cs3e25Be+R%) \p
Q(e)
(3.13)

<C | f12e**?dadt + Ce®* D + CsPe2CerRI N 5> .
Q(e)

By (1.8) and (1.9), we have
(82)(w,0) = x(,0)(9F u)(w,0)e"* ) = x(z,0)R(,0) f ()e# ")
for x € Q(g). Hence (1.12), (3.2) and (3.13) imply
/ F2e22@0 g < 0 [ |0,2(x, 0)2dx
Q(3¢)

Q(e)

<C |f|2e25%dadt + CeCD + CsPe2 GBI 5 > s,
Q(e)
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We have

N

(lz—z0|?~R2—€)3 3~
C’/ f2625‘pd:13dt:/ |f(x)|282w($’0) / e28(e(@)=0(x,0)) 1t | da
Q(e) Q(e) 0

- - \/E 1 2.2 0
< Lﬂ@ﬁ*““”)(/ QQﬁﬁ“)dxz — [ 1f@) ey
/ma) 0 2v2B /5 Jae

C 2
<= ’f(x)‘QeQScp(m,O)dx + CMer(SE—FR )7

\/g Q(3¢)

because

/ mwwmwm:</ v )mm%wwm;
Q(e) Q(3¢) Q(e)\Q(3¢)

2
sL@waﬁwwm+mmwwﬁ&%%

Therefore

/ |f|2625np(1:,0)dm < £ / |f|262sg0(a:,0)dx + CBCSD + 083625(3€+R2)M.
Q(3¢) Q(3¢)

S

Hence for sufficiently large s > 0, we obtain
/ | f12e25° @0 dy < Ce“*D + 083625(35+R2)M, s > 50.
Q(3¢)
Consequently

628(45+R2)’|f”%2(9(45)) < /Q(3 | ’f(x)‘QeQSw(m,O)dx < CeCSD+C’s3eQS(3E+R2)M, s 2 8o,
13

that is,
(3.14) |]f\|2L2(Q(4E)) < Ce* D+ CsPe M < Ce®* D+ Ce =M, s> s,

for a suitable C > 0. Then we replace C' > 0 with Ce“*® so that (3.14) holds for
all s > 0. Without loss of generality, we can assume M > D. Finally, choosing
s = z=log 2L > 0, from (3.14), we obtain

C+He

< e
||f||%2(§2(45)) S 20M T+e D<T+e,

Choosing § = 4e concludes the proof of Theorem 2.
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Appendix. Proof of Lemma 1.

First we have

te2se(@:t) — —L(?t(e%‘p).

403s

Therefore, by the Cauchy-Schewarz inequality, we obtain

2

t
/ (/ !W(x,£)|d§> e**?ddt
Q(e) \JO
t
2d¢ ) e**?dad
S/Q(a)t(/o fw(, &) 5)6 dl
£(z) 1 25 t ,
/96—300|>\/R2—+s{/0 _@&t(e )</0 jw(z, &) d&)dt}dw.

1
2 2 bl
Here we set {(z) = (%) . An integration by parts yields

2

t
/ ( / lw(z, §)|d§) e*$Pdxdt
Q(s) \Jo

1 2 (=)
<—{ —e2s(R +5)/ / lw(x, £)|?d¢ dx—l—/ \w(z, t)|*e**?dadt
4ﬁ8 \a:fa:0|>\/R2—+€ 0 Q(e)

1 / 2 2
<— |w(zx, t)|“e*Pdxdt.
485 Ja(e)

IA

The proof of Lemma 1 is complete.
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