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Abstract

We give some stability estimates for the inverse problem consisting
in the determination of source term and coefficients which appear in an
elliptic or parabolic equations and depend fully on all the components of
variables, from boundary measurements.
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1 Introduction

Let © be a bounded domain in R™. Let 7' > 0 be given and Q@ = Q x (0,7).
We consider the following initial-boundary value problem.

O — Au= fin Q
{ u=0o0nXyU2X. (1.1)

Here and henceforth, 3 = 02 x (0,7") and 3¢ = Q x {0}.

We deal with the inverse problem consisting in the determination of the
source term f by measurements of the Neumann data

dyu =g, on X,

where v is the unit outward normal vector to 0f).

In general there is no uniqueness for this inverse problem as long as unknown
f depends both on z and ¢. Indeed any f = (0 — A)u, u € C°(Q), is such that
0yu = 0. In other words, the kernel of the mapping f — 0,uy, where uy is the
solution of the initial-boundary value problem (1.1), is never reduced to {0}.



Inverse heat source problems in the case f = o(t)p(z), with o known, were
already considered in [CY1], [CY2], [Y1] and [Y2]. In these papers stability es-
timates of logarithmic type were established. When Q@ = R" and f = o(t)¢(z),
where ¢ is known, S. Saitoh, V. K. Tuan and M. Yamamoto [STY] obtain also
logarithmic type estimate by using some reverse convolution inequalities. An
uniqueness result with singular heat source was proved by A. El Badia and T.
Ha Duong in [EH2].

In the present work we prove some new stability estimates for inverse prob-
lems for parabolic and elliptic equations where unknown functions depend on
all the components of the variables but are subject to some constraints.

Throughout this paper, we shall assume, even if it is not necessary, that 2
is of class C?.

2 Parabolic equations

We start with the general case where the source term depends both on x and ¢.

In the sequel, we exclusively treat real-valued functions, and we will use
some properties of the unbounded operator A given by

Au = Au and D(A) = {u € Co(Q) N Hy(Q); Au € Co(Q)},

where Cp(Q) = {w € C(Q); w =0 on IN}.
We recall the following well known properties:
(i) A generates a Co-semigroup e in Co(Q) N HY(Q).

(ii) e may be extended to a semigroup, still denoted by e4, on LP(Q2), 1 <
p<

- 8

(iil) e* is a Cp-semigroup in LP(Q), if 1 < p < oc.
(iv) For each 1 < g <p<o0o,t>0and u € LP(Q),

_nel_ 1
e ull oy < (dmt) ™2™ |ul| Logq).-

We refer, for instance, to [CH] and [D] for more details and the proof of these
properties.

As usual, we rewrite the initial-boundary value problem (1.1) as an abstract
differential equation in LP(Q2), 1 <p < oo :

{ dt (a ): ('7t)+f('vt) in (O’T)
u(-,0) = 0.

Consequently (1.1) has a unique solution uy € C([0,T7]; LP(12)), for any
1 < p < oo, given by

up(-,t) = /Ot e(t*S)Af(‘, s)ds



In addition, from a theorem in [LM] (see also [LSU]) uy € H*>'(Q), where
H*H(Q) = L*(0,T; H* () N H' (0, T; L*(©)),

and d,us € L*(X) (in fact d,uy is in a better space than L*(X), see [LM] for
precise trace theorems for H>1(Q)).
We recall

F*=mas(£,0) = SO+ 1), f~ = —min{f,0} = L(f] - /).
Then f = f+ — f~.
Ifa>0and 0 <6 <1, we set

Ao = {feL>Q); [[fllze) < allfllio)
<o fr <o .
and/@f < /Qf Or/Qf < /Qf }

Proposition 2.1 We assume that oT < (%2)2. Then for all f € Aqnp,

«

I fll o) < (r

— aT)HauUf”Ll(z)-
-0

ﬁ

The admissible set A, of unknown source terms is not general but is a
sufficiently large set. For example,

Avo D {po — 015 vo, 1 € C(Q), supp o Nsupp g1 = 0,

/@0:/901:17 0 < o, 1 < 1},
Q Q

for any « > 1. In fact, a straightforward computation shows that f = g — 01
belongs to Aag. More precisely, we have fT = oo, f~ = 6¢; (this implies

JoI==0Jo ), IfllL=@ <1 and [[¢|Lq) = (1+6).

We need the following lemma in the proof of Proposition 2.1.

Lemma 2.1 Let 1 <p< oo and f € L>®(Q). Then
1 1
”uf('7t)”LP(Q) < \/‘EHfH[Z/OO(Qx(Ojt))”f”zl(((lt);Lp(Q))? 0<t< T.

Proof. As we have seen before,

uf('a t) = /Ot e(t_S)Af('v S)dS.

Therefore, for each r > 1,

t
Jur(Ollr) < /Ole(ts)Af(wS)!Lp(g)ds

IN

t
- —s
)7 /0 1A, ) e ds,



where || is the Lebesgue measure of Q and * is the conjugate exponent of r,
1, 1

1417

T T

In view of property (iv) of ', we deduce

t
n, _1_ __n_
’uf('yt)HLp(Q)S(m!(‘lﬂ)2)’”*/0@—8) 2 f (5 8) | (o) ds.

_n 1 t —n .1 1
Bl < (90am) D7 [ = o) P 1)yl

1__n_ 1 3
82 N e 0,00 1122 (0,020 )

The desired inequality follows by letting r* tend to +oo. O

Proof of Proposition 2.1. By the Green theorem, we have

/Qf = /Q(at“f_A“f)
= /QUf(wT)—/EauUf

[u(, D)) + 10vusllpr(s)-

IN

Similarly we have

/ £ < Tl + 10p 21 sy

First let fQ fm < GfQ f*. Then, by |f| = f* + f~ and f = f* — f~, one can

easily show that
1+46
Lusit s
Q

Second, in the case where fQ fr<o fQ f~, we can similarly prove

/Qm ”‘9/ -

Therefore 1
1+ellfHLI Q) < lluC D)l L) + 10vugllLr(s)
A combination of this inequality and the previous lemma (with p = 1) gives
1-—
i@y < VIS i)l gy + sl

By the assumption, we have || f||Lo(q) < @/ f[/11(g)- Hence

1+0HfHL1 <VaT| flipq) + 10vugll s



and then
£l @) < allfllzr) < 5 FH(? byl (s)-
O

If we observe also u(-,T"), then we can take a more general admissible set of
f’s. That is, the following estimate is seen directly from the proof of Proposition
2.1.

Proposition 2.2 For 0 <6 < 1, we set

Zez{few@);/Qf—ge/Qﬁor/Qﬁge/Qf—}-

Then for all f € Zg, we have

1+0
£z @) = T4 Ulul DllLre) + 10vuslL(s)-

We now apply the preceding result to the problem of determining the zeroth
order coefficient in a parabolic equation.

We consider then the following initial-boundary value problem

O — Au~+cu =01in Q
u =1 on Xy (2.1)
u = g on 2.

From here and until the end of Corollary 2.1, we assume that € is of class
C?7 for some v € (0,1).

Let ¢ € C217(Q), g € C?171+3(T) be given such that
Org — Ay = 0 on 092 x {0}

and

Let
Cr2(Q) ={ce CV2(Q); c=0o0n 0N x {0}}.

It is well known (see for instance [LSU]) that, for each ¢ € C7Z(Q),
the initial-boundary value problem (2.1) has a unique solution u = u, €

CQJW’H%(@). Moreover, the weak maximum principle applied to v = e *Mu
with A > [[c||o (@) and —v gives
e Ms<u<eMMinQ for all c € CV2(Q), (2.2)

where M = max (||| o (), 19/l (x))-
If0<6<1anda>0, we set

Coo = {0 CPA @) Iellpn < ollllgyand [ ¢ <0 [ o)



Since u. — ug is the solution of the initial-boundary value problem

Oy — Au = —cu, in Q
u=0on X9 U2,

and in view of (2.2), we obtain as a consequence of Proposition 2.1:

Corollary 2.1 Let Ty > 0 be given. We assume that 0 < T < Tjy, 0 < %,

1 0 T+ po
A< —1In— d [T < (——
0< <2T0nM0 and [ _(1_,u),
where 3 = 82AT+MO‘ and p = 62>‘7+]\49' Then for each c € Cq 9, with ||| f(g) <

A,

B
||C||Loo(Q) < (W)H&,uc - Ol,u0||L1(2).

1-p

Similarly as for A, g, we can prove that C, 9 # {0}. Also, since Ry Cq g C
Ca,0, Cap contain non zero function with arbitrary small L°°-norm.

Next, we show how Proposition 2.1 and its corollary can be extented to the
case 0y — A + ¢(z,t) instead of 0 — A. Let us then start with the following
initial-boundary value problem.

{ ou — Au+ c(z,t)u = fin Q

u=0on XgUX. (2:3)

Lemma 2.2 Assume that ¢ € C([0,T]; L>®(2)) and f € L*=(Q).

(i) (2.3) has a unique solution v € C([0,T]; LP(Q2)) such that Owu, O;u, afju €
LP(Q), For any p, 1 < p < oo.

(ii) Let 1 < p < oo and p = [|c|lc(o,1):00(0))- Then

1 1
s Dllzo@) < VE Il e o M 11 0tizoqyy OSEST.

Proof. (i) First, as a consequence of a classical theorem by J. L. Lions (see for
instance [LM]), we know that (2.3) has a unique solution u € L?(0,T; H}(2)) N
C([0,T); L?(2)). On the other hand, we see, by using Duhamel’s principle, that
u must be also a solution of the following integral equation

t t
u(-,t) = /0 e =DAB(s)u(-, s)ds —I—/O e=9DAf( s)ds, 0<t <T. (2.4)

Here A is the operator defined in the begining of this section, and B(t) :
LP(Q) — LP(Q) is the multiplication operator by c(-, ).

By the Banach fixed point theorem we see that (2.4) has a unique solution
in C([0,T7; LP(2)). Furthermore, as

Ou — Au = —c(x, t)u + f € LP(Q),



Oyu, Ou, 8%u € LP(Q) from a classical LP-regularity theorem (see for instance
[LSU)).

(ii) Let s < t. Then (2.4) implies

(-, 8oy = /0 1B | aezean luC ) oy drt | /0 AL ) dr .

Here and henceforth || - || g(zr(q)) denotes the operator norm on LP(Q2).

By Lemma 2.1,

s 1 1
||/0 e(S_T)Af('aT)dTHLP(Q) < \/EHszOO(QX((]’s))‘|f||zl(07S;LP(Q))

1 1
\/%HfH[Z/OO(QX(O,t))Hszl(Oﬂf;Lp(Q))'

IN

Hence
S 1 1
[Ju(, S)HLP(Q) = Mp/o Hu('yT)HLP(Q)dT + \/inHzoo(QX(Qt))”f”il(w;Lp(Q))’

where we used || B(7)||p(zr(q)) < p- An application of Gronwall’s lemma leads
to

1 1
luC I < & VE o 0k 0. 11710 1000
The desired estimate follows by taking s = ¢ in the last inequality. O
In the present case, a result similar to Proposition 2.1 is the following

Proposition 2.3 Let ¢ € C([0,T]; L>*(f2)), a >0, 0 < 0 < 1, be given and let
M = |lelleqorzr)- If aTeMT < (12992 then for each f € Aqp,

146
[0
f L < oyu 1 R

where uy is the solution of the initial boundary value problem (2.3).

We leave to the reader to write down the statement of the corresponding
corollary when we take 0; — A + ¢(z,t) in place of 9, — A.

Let us point out that M. V. Klibanov [Kl] proves uniqueness theorems for one
broad class of coefficient inverse problems. His method is based on Carleman
estimates.

We now give another result. As we seen before, the mapping f € L?(Q) —
up € H>'(Q) defines a bounded operator. This and a trace theorem in [LM]
give
T:felL*Q) — dus e Hri(Y)

is bounded, where

Hz1(%) = L2(0, T; H2 (0Q)) N Hi(0, T; L2(09)).



We consider the following sets.

H = {we H*YQ); (0 +A)w=0inQ and w = 0 on X7}
K = {ue H*(Q); u=00onYoUY and d,u = 0 on X}

and L = (0; — A)K, where X7 = Q x {T'}. If N(T') = Ker(T"), then

Proposition 2.4 N(T) = H* and L?(Q) = H © L, where H is the closure of
H in L*(Q), and H+ denotes the orthogonal of H in L*(Q).

Proof. Let f € N(T). Noting that d,uy = 0 on X, an integration by parts

gives
/ fu= / (O = A)ugv =0,
Q Q

for all v € H. That is f € H.

Conversely, if f € H' then, using once again an integration by parts, we

discover
0:/ fv:/(at—A)chv: —/ dyusv,
Q Q by

for each v € H. Hence 0,uy = 0 on X. In other words f € N(T).

To finish the proof, we observe that f € N(T') if and only if uy € K. That
is, since f = (0y — A)uy, f € N(T) if and only if f € L. O

On X = H, the closure of H in L?(Q), we define the mapping A as follows:

N(f) = Sup{/Q fog; @ € @},

where
®={peC®X)¢(,T) = 0p(-,T) = 0and ||| 1e(x) = 1},

and v, € H>1(Q) is the unique solution of the following initial-boundary value
problem

Ov+Av=0in Q
u = 0on Xp
u = pon .

We note that ¢(,T) = 9yp(-,T) = 0 is the compatibility condition needed
in the existence of a solution in H?'(Q) of the above initial-boundary value
problem (see for instance [LM] for more details).

Lemma 2.3 N defines a norm on X.

Proof. As the supremum of a set of real numbers that is symmetric about 0,
N(f) is non negative. On the other hand, we have trivially N'(\f) = NN (f),



forall f € X and A € R; N(f 4+ g) < N(f) + N(g), for all f, g € X. Also, if
N(f) = 0 then, using N(f) = N(—f),

0:/fv¢forallcp€§>.
Q

Therefore we obtain by using an integration by parts

0= / fo, = / (O — A)ugpv, = —/ Oyusep, for all € .
Q Q p)

Hence 0,uy = 0 on X, and then f € L = X . Consequently f = 0. O

As we have seen in the preceding proof, we have

/ fu, = / (O — A)ugpv, = —/ Opupp < ||Ovus|p1(s), for all p € ®.
Q Q )

From this we derive the following stability in detrmining f with the norm N (f).
Proposition 2.5
N(f) < 0vuyllpr(s), for all f € X.

We note that the norm A is weaker than the L'-norm on X. This is a
consequence of the fact that

0 <wy < lollpeemy =1,

for all ¢ € @, which is obtained from an application of the maximum principle
for weak solutions (see for instance [Li]).

We now show an LQ—SEability estimate in a smaller subspace than X. Let Y
be the closure of H in H2(Q) and we recall that the trace operator f — fix is

bounded from H%(Q) into L2(¥). Fix f € Y and let (f,) be a sequence in H
converging to f in Y. As above, an integration by parts leads to

/fon:/Q(at—A)uffn:—/anuffn.

Passing to the limit, we find
| == o
Q %

Hf”%?(Q) < | fizlle2 ) 10vurl L2 (sy- (2.5)

and then

As a consequence of this estimate, we have
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Proposition 2.6 Let M > 0. Then there exists a positive constant C such
that

() If fe{a€Y; lgsllrem) < Mllgll2q)} then
£l z2(q) < C\Iauume(z)-
(@) If f €9 € Y5 Ifll g ) S M} then
£l < Clovusltsg,.

(iii) If f € Y N {g € HYQ); lgllmq) < Mllgllzzq)} then

2
122 @) < Clidvugllza sy

Proof. (i) and (ii) are immediate from (2.5). (ii7) follows also from (2.5),
1
2

2.5
the continuity of the trace operator w € H2(Q) — wjy € L*(X) and the

interpolation inequality

1 1
171,73,y < KIf i) 1 12y

where K is some positive constant. ]

All details concerning interpolation inequalities between Sobolev spaces can
be found for instance in [LM].

In the rest of this section we prove a logarithmic stability estimate for a
wide class of time-independent source term.

Let A1 < Ao < ... < A, be the sequence of eigenvalues of the operator
A = —A with D(A) = H}(Q) N H%(Q). Let (¢n) be an orthonormal basis in
L?(€2) consisting of eigenfunctions of the operator A.

For f € L?(), let uy € H*!(Q) denote the solution of the following initial-
boundary value problem

Ou— Au = f(x)in Q
u = 0on Xy UX.

We first note that v = dyuy is the solution of the boundary value problem

Ov—Av=0in Q
v= fonX
v=0on .

It is well known that

v(t) =Y e (L o) r2 () ks

k>1

where (-, -)72(q) is the usual scalar product on L?(Q). ¢From this formula, we
derive

(U(-, t)a ka)LQ(Q) = e_)\kt(fv ka)lﬂ(ﬂ)» for all t > 0,
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and then

(f. on)r2(@) = (- 0), o) r2) = e (v, T), k) 12(0) -

This identity gives

|(fs o) 2] < e (0( T), 0n) 20)- (2.6)
We recall that

3

HP(Q) = {h € H*(Q), h =0 on 8} if% <B <3

In the sequel 7 < a < 3 is fixed. Following Fujiwara [Fu], we have
HE(9) = D(A%) = {h € TA(Q); 3 A2 (o, h)2agqy < o).
k>1

and

o 1
’”hH|Hga(Q) = (Z Y (@Iwh)%?(ﬂ))Q
k>1

is an equivalent norm to the original norm on HZ%((2).

We assume
fez(M):={he Hg"(); |Ihlllgz00) < M},

where M is a given positive constant.

Let A > X\ and N = N(\) be the integer such that Ay < A < Anyy1. Then

£ 72 = D)7z

k>1
= > (fren)iz+ Y (Fo0)i0)
k<N k>N
1 (o4
< > (L) ia) + 2o D en)i
k<N k>N
M2
< > (L) iaq) + SR
k<N

A combination of this estimate and (2.6) gives

M2
£ 720y < €2ATZ(U(',T)7<P1<)%2+)\TQ
k<N
M2
< €2ATHU('7T)”%2(Q)+)\TQ- (2.7)

The term |[w(:, T)||r2(q) can be estimated in terms of Neumann boundary
data by using the following observability inequality :
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Theorem 2.1 Let S be a closed subset of 02 with nonempty interior and I' =
S x (0,T). Then there exists positive constant C depending only on Q, T and
S such that : For all h € H&(Q), the solution of the initial-boundary value
problem

Orw —Aw =01inQ
w = h on Xy
w =0 on X.
satisfies
lw(, D)l @) < ClOvwllr2(r).- (2.8)

This theorem is a simple consequence of a global Carleman estimate. We give
its proof in the appendix.
Now (2.7) and (2.8) imply

2 2AT 2 2 M?
||f||L2(Q) < e 0 ”81/U|’L2(F) + 2o
M2
< 62>‘T02”8t81/uf”%2a‘) + @
M2
AT 2 2
< e ClOvuglliomia(s)y) T N2a
That is,
2 . 2 2T\ 2 M?
1220 < glﬁ(c eyt + @), (2.9)
where we set v = ||0,u 1(0.T-9)- e function A\ — C~e + Tz attains
h v = 10vusllmmor,s)- The £ A — C22TA2 4 N
its minimum at A, such that
M2
2T C2e? A2 — 205571 = 0- (2.10)
Hence 9
204+142T) s 2041 2TA, _ oM
e(2a ) > )\, 20F 1, _ m’
and then )
1 aM
Ay > 1 . 2.11
Z ar1ror Moz (2.11)

If we assume that «y is small enough in such a way that A, > max (A, 1), then
(2.9) and (2.10) give

9 aM? M? aM? 9

" (2.12)

In view of inequalities (2.11) and (2.12), we can state the following theorem.

Theorem 2.2 Let S be a closed subset of 02 with nonempty interior. Then
we find three positive constants €, A and B, depending only on Q, T, M and

S, such that
A

[ fllz2) <

(In( )

for each f € Z(M), | fllrz@) < e

10vurllgo,mL2s))
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Remark. The second author has established in [Y2] a similar stability estimate
to the one in Theorem 2.2 when the source term is of the form o(¢)f(x) and
S = 0. The key step in the proof of [Y2] is the construction of a biorthogonal
system to (¢ (t)¢r(x)), where ¥y (t) = Ote*)‘k(t*s)a(s)ds.

Let us see that the approach developed in this section can be extended to
the case studied in [Y2]. That is, when the source term is of the form o(t)f(z),
where o is a given smooth function. To this end we assume that o € C'1[0, 7]
and 0(0) # 0. As before the solution of the following boundary value problem

Ou— Au=o(t)f(z) in Q
u=0o0nXygUX

will be denoted by uy. Let v(-,t) = et f, where €' is the semigroup generated
by A = A with D(A) = H}(Q) N H?(Q). We find by applying Duhamel’s
formula

t
u(x,t) = /0 o(t — s)v(z, s)ds.

Let us define the operator K : L2(0,T) — H'(0,T) by

(Kp)(t) = /O ot — 8)p(s)ds, 0 < t < T,

We set Yo = {q € H'(0,T), g(0) = 0}. We can prove (e.g. [Y1] )that K defines
an isomorphism from L?(0,T) onto Y. Moreover, since

¢
Owu(z,t) = o(0)v(z,t) +/ o' (t — s)v(z,s)ds, 0 <t <T, ae. x €,
0

we have

t
v(x,t) = / 7(t, 8)0wu(x, s)ds, 0 <t <T, ae. x €,
0
where 7 is a continuous function on [0, T]?. From the last identity we derive

10vvll 2y < M||Ovull g o,7;02(5))5 (2.13)

for some positive constant M depending only on o, where I and .S are the same
as in Theorem 2.2.

On the other hand, by the inequality after Theorem 2.1 we have

M2

111720y < T C?0u0 72 + o

(2.14)

A combination of (2.13) and (2.14) gives

M2

1£1Z2(0) < €2 C2lOvull i oziz2(s)) + 3za-

;From this we obtain an estimate similar to (2.9) which leads to the estimate
in Theorem 2.2 when f(x) is replaced by o(t)f(x).
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3 Elliptic equations

In this section we consider inverse problems of determining a source function f
by a single measurement of Neumann data coming from the Dirichlet boundary
value problem. The unknown function f has n independent variables in general,
and our inverse problems are underdetermined. Hence for stability, as well as
for the uniqueness, we discuss two cases of unknown f :

(i) harmonic f.
(ii) f(z1,...,x,) is independent of x,,.

We first consider the case (i). Let the space Ha(€2) be given by
HA(Q) = {u € L*(Q); Au € L*(Q)}.

The vector space Ha(2) endowed with the norm

1
[ullza(0) = (HUH%Q(Q) + HAUH%Q(Q))2

is a Hilbert space. The principle properties of this space are collected in the
following lemma whose proof can be found in [LM] (see also [BU]).

Lemma 3.1 (1) (trace theorem) The mapping u € C*(Q) — (wja0, dvujan)
can be extended to a bounded operator from Ha () into H_%(aQ) X H_%(ﬁ(l).

(2) (Green’s formula) for each u € Ha(2) and v € H%(Q) we have

/Q[Auv —udv] = O} 3 0 wdea) % 0 4t a0y ik o0y

where (-,-) x,x’ is the duality mapping between the Banach space X and its dual
space X'.

In what follows H(2) denotes the closed subspace of Ha(f2) consisting in
harmonic functions in €2, i.e.

H(Q) ={u e HA(Q); Au=0in Q},

and let A\; denote the first eigenvalue of the —A with Dirichlet boundary con-
dition.

Let ¢ € L*(92) be such that if 0 is not in the spectrum of the operator
—A + ¢ with Dirichlet boundary condition, It is shown in [LM] that for any
f € L?(Q) the boundary value problem

(A4 qu=finQ
© = 0 on 02

has a unique solution uy € H%(2). Moreover

feL*Q) — uy € Hy(Q) N HA(Q)
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is an isomorphism. From this and the continuity of the trace operator w €
H?(Q) — H2(09Q) we deduce that the mapping

O:feHQ) — dyus € H2(0Q)

is bounded when H(f2) is endowed with the L?-norm.
Within H(Q2), we have the following Lipschitz stability estimate.

Theorem 3.1 ® is an isomorphism. In particular, there exists C' > 0 depend-
ing on q such that

I£lz2(@) < Clabuglyy e for all f € H().

Proof. We suppose that 0 is not in the spectrum of the operator —A2 4 A(q-)
with Dirichlet boundary condition. Then it is known (see for instance [LM])

that for all p € H %(89) the boundary value problem

—A?% + A(qu) =0in Q
v =0 on Jf) (3.1)
0,v = ¢ on 02

has a unique weak solution v, € H%(12).

Let ¢ € H%(GQ) and f = —Awv, + qu, € L*(Q). Then one can easily see
that f € H(?) and uy = v,. That is, ®(f) = ¢. On the other hand ®(g) =0
implies ug is the solution of the boundary value problem (3.2) with ¢ = 0.
Hence uy = 0 and then g = 0. In the other words, we proved that ® is one
to one, and since ® is bounded ®~! is also bounded according to Banach’s
theorem.

We complete the proof by showing that 0 is not in the spectrum of the
operator —A? + A(g-) with Dirichlet boundary condition. We proceed by con-
tradiction. So we assume that there exists u € H%(2), non identically equal to
zero, satisfying (3.2) with ¢ = 0. From this it follows that v = —Au + qu is in
H(Q) and ®(v) = 0. Or we know that N(®) = H(Q)*, the orthogonal of H(£2)
in L2(Q) (the proof of this fact is similar to that of Proposition 2.1, see also
[EH1]). Hence v = 0 and then —Au + qu = 0 in . That is 0 is an eigenvalue
of —Awu + gqu = 0 with Dirichlet boundary condition. This leads to the desired
contradiction. O

We now consider the case (ii) when f depends only on n — 1 variables. To
this end we assume that Q = ' x (a,b) C R*~! x R. For simplicity, we suppose
that a is non negative.

In the sequel if w is a function defined in €2, wy will denote its extension by
0 outside 2.

Let f € L?(€Y). Then from the Green’s formula in Theorem 3.1 we have

/va = _<8Vuf’v>H’%(6Q),H%(8Q) for all v € H(92).
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In this identity if we take v = e~ € eld'l*n where ¢ € R* ' and z = (¢, x,) €
Y x (a,b), then we obtain

b
€ |2zn £o(el —
([ e€mdnine) = [ vouy.

Here and henceforth fo is the Fourier transform of fj.

(From ||[v]| oo a0y < eP¢'l we deduce

1fo(€)] < (b= a)e® 10, up]| 11 a0 (3.2)

Moreover we have

Lemma 3.2 Let D be a bounded domain of R%, p : L?>(D) — R be a continuous
mapping satisfying p(0) = 0 and there ezists three positive constants o,  and
m such that

\fo(f)\ < ap(f)emglm for all¢ e R and f € LQ(D). (3.3)

Then for each s > 0 and M > 0 we can find three positive constants €, A and
B (depending on «, 3, m, s, M and d) such that

A
HfHL2(Q) < 1 B 1
(nm)sm

for all f € L*(D) such that fo € H*(R?), | fllz2(py < € and | foll grs (may < M.
Lemma 3.2 and (3.2) yield

Theorem 3.2 Lets >0 and M > 0. Then there exists three positive constants
e, A and B (depending on a, b, s, M and n) such that

A
f 2 /S
1220y -

1OvurllL1ia0)

1
S

)

for all f € L*(Q) such that fo € H¥(R™™1), £l 22y < € and || foll gs @n-1) <
M.

Proof of Lemma 3.2. Let s > 0, M > 0 be given and let X (M) be the set of
functions f € L?(D) satisfying fo € H*(R%) and [ foll s (ray < M.

Let f € X(M) and r > 0. Then

. 1 . 1 foll3remay M2
[ 1hk <o [ lePihe s S < o
€[> e Jiglzr r r

On the other hand

1910y = WolBagesy = ol = [ 15+ [ 1P

€]<r l§1=r

(3.4)
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Inequalities (3.3) and (3.4) imply

m M?
171220y < a®p(f)*e*  rfwa + —5, (3.5)
where wy is the measure of the unit ball of R%.
Let ¢ = %wd and d = 4. Then, we easily obtain from (3.5)
) m M?
1£172() < min(ep(f)*e™ rwa + 757).

The rest of the proof is similar to that used for establishing the estimate in
Theorem 2.2 from (2.7). O

4 Appendix : proof of Theorem 2.1

We give a proof based on a global Carleman estimate.

We shall need some notations. Let S and I' be as in the statement of
Theorem 2.2. That is S is a closed subset of 9€) with nonempty interior and
I' = S x (0,T). Following [CIK] we can find a function ¢ € C*4(R") with the
following properties

(i) ¥(z) > 0 in Q,
(i) there exists a > 0 such that |V (z)| > « for all z € Q,
(ifi) 9, > 0 on IN\S.

Let g(t) = ﬁ and set

¢ = p(z,1) = gt)(ePC@Fa) _ epllvlleta))

where a > ||9)|loc et @ < @ < 2a — ||¥||oo-

The following Carleman estimate is proved in [Fe] (see also [CIK] or [Ch]).

Theorem 4.1 There exists three positive constants C, pg and )Xo, depending
on a, Q, S and T such that

/Q A [0g) AP+ (Ag) (@) + (Ag)|Vul + (Ag)*u]

< o Pela-an+ [ Be0a0

r
for each A > X\g, p > po and u € C>1(Q), u=0 on X.

Proof of Theorem 2.1. From the last theorem we easily have the following
estimate

Hw||L2(QX(§,%)) < CollOywllL2(r), (4.1)
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for some positive constant Cy depending only on € and T

Next, let ¢ € C*°[0,7] such that 0 < ¢ <1, o =0o0n [0,Z] and p =1 on
[%, T]. Then v = pw is the solution of the initial-boundary value problem
Ov — Av = p'win Q
v=0o0nYyU2X.

A well known estimate (see for instance [CH]) gives

[o(T) |3 < Crlle’wllz2()

where C is some positive constant depending only on  and T'. However ¢’ is

zero outside [%, %} Hence

lw (D)3 (0) = 10Dy @) < Coll' Lo lwll 205 (2,52

This estimate together with (4.1) imply (2.8). O
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