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ABSTRACT. In this paper, we prove a conditional stability estimate of the log-
arithmic type for a wave equation on a line in R™, 2 < n < 3 by combining the
Fourier-Bros-lagolnitzer transformation. Then we apply it to an inverse wave
source problem of determining a spatially varying source term on its extended

line by observations of a segment and establish the conditional stability.

1. INTRODUCTION AND THE MAIN RESULTS

The unique continuation is a fundamental topic for partial differential equations
and there are a vast of references (e.g., Carleman [2], Hérmander [11], Isakov [12],
Robbiano [15] and the references therein). On the other hand, Cheng, Ding and
Yamamoto [3] consider a unique continuation property for a wave equation along a
segment over a time interval and apply it to prove the uniqueness in determining
a wave source term along an extension of the segment for the observation. Our
main concern for such a special continuation, is to discuss on how long extension
we can determine the solution to a wave equation or a wave source if we can know
observation data of values of the solution on a segment. This segment can be
interpreted as a probe where we can make spatial one-dimensional observations.

In this paper, under an a priori assumption on boundedness of solutions, we
will establish the conditional stability in the line unique continuation for a wave
equation and prove a stability estimate for the inverse wave source problem.
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It has been shown that the conditional stability is very useful and it has a close
relation with the Tikhonov regularization. Actually, the conditional stability results
imply the convergence rate of the regularized solutions (e.g. Cheng, Yamamoto [7],
Cheng, Yamamoto, Zou [9]).

In order to state our main results, we introduce notations. Let 2 < n < 3 and
2 C R™ be a bounded domain with smooth boundary 992, and x = (z1,2’) where
2’ = (x9,...,1,) € R"1. We set

D:a,?—iagj.
j=1

Set
B(z,r) ={y € R";ly —a| <r}, B'(0,7) = B(0,r)N {2’ =0}

for fixed r > 0 and = € R".

Then we can state the unique continuation for the wave equation Cu = 0 along
a segment over a time interval: Can we determine u(z1,0,t), |x1] < R, |t| < to
by w(z1,0,t), |z1] < 7, |t| < T with some R > 0 and ¢ty > 0?7 Here R > r. This
continuation has a different character from a usual unique continuation where for
suitable open sets U C U’, we are required to determine u in U’ by uly. In our
continuation, the information is restricted to a set on the (x1,t)-space and we will
determine the solution in a wider set in z1. At the expense of determination on a
longer x1-segment, we can expect that tg < T, which means that the time interval
is shrunk in the determination.

Our first main result asserts the stability.

Theorem 1.1. Let 0 < r < R, K > § and B'(0,R) C Q. Suppose that u &
CH[~T,T); H*(Q)) satisfies (0?2 — A)u = 0 in Q x (=T, T) in the sense of the
distribution. Let so € (0,T) be fived, and let

(1.1) luller (. rymn(e) < M.
Then
CM
log &

€

for (z1,t) € (=R, R) x (=T + 50, T — so) satisfying

[t| + K(R — |z1|) "2 (Jz1| — r)Y/? < T — V/3s0.
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Here we set

€= sup ||U('7Oat)||L2(7'r,r)a
_T<t<T

and C = C(r,T,s9) >0, K = K(r,R,s9) > 0 are constants.

Estimate (1.2) shows the stability of the logarithmic order which is conditional
under a priori assumption (1.1), while in a usual continuation, we can prove the
conditional stability of the Holder type (e.g., Isakov [12]) which is stronger than
(1.2).

Next we consider the following initial/boundary value problem for a wave equa-

tion with a source term:

(1.3) OPu(z,t) = Au(x,t) +o(t)f(x), z€Q,t>0,
(1.4) u(z,0) = dpu(z,0) =0, x €

and

(1.5) u(z,t) =0, x €0, t>0.

Here the source term o(t)f(x) is assumed to cause the vibration. This kind of
source term in the form of a product of a spatial function and a temporal function,
is commonly used in modelling vibration phenomena. Henceforth we fix o = o(t) €
C2[0,00). Then, for f € H)™"(Q) with £ > 2, there exists a unique weak solution
u € CY([0,00); HZT™(R)) N C2([0,00); H'+#(Q)) (e.g., Lions and Magenes [14]).
Therefore, for any segment ¢ C R™, by the Sobolev embedding (e.g., Adams [1]),
we can regard u(z,t), z € £, 0 < t < T, as a function in L?(¢ x (0,T)). We denote
it by u(f) = u(f)(a, 1)

We discuss
Inverse wave source problem on a segment: Let £ C L be two segments in
Q. Determine f|z, from u(f)|ex(0,7)-

In Cheng, Ding and Yamamoto [3], the uniqueness is proved: If ¢ £ 0 and
u(f)lex o) = 0 with sufficiently large 7" > 0, then f = 0 on L. Our second main

result in this paper is the conditional stability.

Theorem 1.2. We assume r > %,

(1.6) o € C?[0,00), a(0) #0
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and

(L.7) [l gen (o) < M

with some constant M > 0. Then there exists a constant Ty = To(¢, L) > 0 such
that if T > Ty, then we can choose a constant C = C(Q,0,T,€,L, M) > 0 such that
C

1
1 \*
(log uu<f>||L2<ex<o,T>>)

We can represent C(Q,0,T, £, L, M) > 0 as follows: for any v > 0, there erists a
constant Cy = éo(Q,a, T,¢,L,v) > 0 such that

(1.8) fllzoezy <

C(Q,0,T,0,L, M) = Mt Cy(Q,0,T,¢,L,v).

Moreover, for a fixed segment £, we can give an estimate for the critical observation
time Ty as follows; For sufficiently small > 0 and § > 0, there exists a constant

C = C(8, ) > 0 such that if
(1.9) Ty > p+C(IL| = E))2,
then estimate (1.8) holds for T > Ty, provided that dist(L,08) > 4.

In the case of L = ¢, we can take any short observation time T":

Corollary 1.3. We assume (1.6) and (1.7). For any p > 0, there exists a constant
C=C(Q,0,u,l,M) >0 such that
C

Ifllzoe ey <

1
1

% ety )

Our proof relies on the analyticity of the harmonic function which is related
by the Fourier-Bros-Tagolnizter transformation (see (2.1) below) to the wave equa-
tion, so that it is essential that all the coefficients of hyperbolic equations under
consideration are constant.

By the finiteness of the propagation speed, we should observe u(f)|, over a
sufficiently large time T', which is estimated by (1.9). Our observation is only
on ¢ x (0,T) and we can determine f on the extended segment L of ¢, and such
observations do not give any information of u(f) outside ¢. Moreover the stability
rate is of the logarithmic rate. For similar inverse wave source problems, we refer
to Yamamoto [16].

The proof is based on the Fourier-Bros-lagolnitzer transformation and a line

unique continuation for the Laplace equation (Cheng, Hon and Yamamoto [4],
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Cheng and Yamamoto [6]). The methodology here is similar to Cheng, Ding and

Yamamoto [3], Cheng, Lin and Nakamura [5], Cheng, Yamamoto and Zhou [8],

but for proving the stability results, more independent analysis is required. The

Fourier-Bros-Tagolnitzer transformation is used in Lerner [13], Robbiano [15]] for

proving sharp results on the unique continuation for a hyperbolic equation.

The paper is composed of four sections. In Section 2, we show key lemmata and

Section 3 is devoted to the proof of Theorem 1.1. In Section 4, we complete the

proof of Theorem 1.2.

2. KEY LEMMATA

We set ¢ = y/—1. For A > 0 and a € R, we define a transformation by

T
(2.1) va,x(ar,s>=\/2A / e~ BTy (o 1)t
T J-T

which we call the Fourier-Bros-Iagolnitzer transformation (FBI transformation for

short). Henceforth we fix s; > 0 such that
0<s1<so<T and sg—s; > 0 is sufficiently small.

Moreover for a € (—T,T) and s; € (0,T — |a|), we set

2 1
2.2 A=ANe)= ———5log -
2 O Tt
— la])2 — s2 (T—la])?
(23 p1(e) = (Tl'“f/ A ey A
v/logl/e
and
1 3/2 1\ 3/2
= _— 1 —
#2(e) ((T—|a|>2—s%> (g)
=3 (T—la])? 3
(2.4) wg (T=1aD2=5  [K(R—|e1 D=/ 2 (a1 |-/ 2451 V312

where K = K(r, R, s1) > 0 is chosen later. We note that
e — ¢ 2((T—la])?~s7)

Henceforth the constants C; depends on sg, s1,7’, but independent of €.

Lemma 2.1. Let k > 5, 0<e <1, |a| <T and sy € (0,T — |a|) be fized.

further assume that

(2.5) luller (1,77 (2)) < M.
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Then
(2.6) loas(+0) — u(, @)@y < CiMgn(e), ~T<a<T
and

||'Ua,/\(‘a3)HL°°(Q)7 [05va,x (- 8) |l L= (), ||amjva,)\('75)”L°°(Q)
(2.7) < CQM)\%G%S%, 1<j<n, —s1 <s<sy.

Proof of Lemma 2.1: According to the definition of the FBI transformation, we

have
(2,0) = / e (z,t)dt
Ua»\ ’ - 1t 7 ulx,
( ) 1 V(T —a) t2 t
2.8 = —/ e zTu (ac, — + a) dt.
27 VA(=T—a) \/X

Noting that

by (2.5) and (2.8) we obtain

|va x(z,0) — u(z,a)|

1 VA(T-a) 2 t e 2
— / e~ Tu (x, — + a) dt — / e~ Tu(z,a)dt
ﬁ(—T—a) \/X —0o0
1 \/X(T—a) 2 t
< / e T u(x,—i—a) —u(z,a)
2m | Jua(=r—a) VA

2T

o0 2 VA(-T—a) 12

—|—/ 677|u(m,a)\dt—|—/ e~ 7 |u(z,a)|dt
V(T —a) —00

1 ot e
= \/;{ oo fLe 2dt x [|0pu(z, )|l oo (—-1,1)

oo .2 V(=T —a) .2
+/ e % lu(x, a)|dt + / =% lu(x, a)|dt
VA(T—a) —00

dt

N Var {f

At the second term, we have estimated:

max_p<i<7(|u(z, )| + |Owu(z, t)|) i}\ e A(TZQ)Q e >\(T4+a)2 } .

> 2 LT 2 e 2
/ e Tlu(z,a)|ldt < max |u(x,t)]e”TANTe) )/ e~ Tdt
VA(T—a) —T<t<T 0
_XT—a)?
= _max fu(z,1)] X \/me” T

As for the third term, we estimate similarly.
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Hence, by the Sobolev embedding H"(2) C C(Q) by £ > 2 (e.g., [1]),

[vax(-,0) = u(-, a)|| =) < C1Mei(e),

which completes the proof of (2.6). Since

O, (exp <—;\(is +a— t)2>> = —i0, (exp (—;\(is +a-— t)2>> ,

the integration by parts yields

|0sva (2, 8)] = \/>/ 3 (ista—t)® )u(x,t)dt

\f/ —i0y (e 2 5T Yy (2, 1) dt

\/7{zu(x —T)e~ 3 (is+a+T)? iu(z,T)e™ 2 (is+a— T)Z}
\/7/ e 2 i5ta=0% 5.0 (3 t)dt.

[[0svax (-5 8)ll Lo (@) < CoMAZe25i,

Hence

The rest estimates are proved in the same way, and thus the proof of Lemma 2.1 is

complete.
Remark 2.2. As is seen by the proof, Lemma 2.1 holds for any A > 0.

Define an elliptic operator by
n
A, =02 +Z@ij, reR" seR

and set

(29) Xa,\ = Aw,sva,)\

where v, is defined by (2.1). Then, by the same way as Lemma 2 in Cheng, Ding

and Yamamoto [3], we can prove:

Lemma 2.3. Let p > 1. Suppose that u € C([-T,T); LP(Q)) N CY([-T, T]; LP(Q))
satisfies Ju = 0. Then there exists a positive number Cs such that

(2.10)
3 A
IXan (- 8)|l (o) < C’3Ml)\g exp (—2((T — |a])? - s%)) , —51 < 8 < 81.

Here we set My = ||ullc(—r,7);00)) + |0 c(—7,1); L7 (2)) -
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Our main result relies on the conditional stability in the line unique continuation

for the Laplace equation.

Lemma 2.4. Let p € W?P(B(0,R) x (—s1,51)) satisfy Ay s¢ = 0 in B(0, R) x
(=s1,51) and || © [|L1(BO,R)x (51,5 )< M1. We fix v > 0 sufficiently small. Then
for p € [ry,R —v] , there exist positive constants Cy = Cy(r,R,s1,v) and o =

alp,r, R,s1) € (0,1) such that

1-< o
(2.11) (- 0,0)[[ Lo (—p,p) < CaMy * | ©(+,0,0) ”le(fm“) :
Moreover
(2.12) lima =0, lima =1
PTR plr

and for p € (r, R)

[

(213) Ol(p7'f’7R781) 2 Cs(R_P), 1_a(p77n7R7 81) S C@(p_’l") 3
where the constants Cs > 0 and Cg > 0 depend on r, R, s1.

For the proof, see [6] or Corollary in [3].

3. PROOF OF THEOREM 1.1

Without loss of generality, we may assume that 0 < e < 1. First we recall that

(31) Xa, X = Aw,sva,)\ = agva,A + Zaijva,/\a (J}, S) € x (_817 51)-
j=1

We set

(32) Pa,x = Vg, \ — NXa,/\-

Here N, is the Newtonian potential of x4 in Q x (—s1, s1), that is,
Mrar(©) = | P(E - DXan(mdn, €= (w,5) ER™,
QX(*Sl,Sl)

where I' is the fundamental solution of the Laplace equation given by

1
(n+1)(1-n)w,

LE—n) = +1|£—n|1‘”, n+1>3

1
F(f—ﬁ):%bg\&—m, n+1=2

and wy,+1 is the volume of the unit ball in R™*! (see e.g., DiBenedetto [10]). Since
Xax € L?(Q x (—s1,51)) by Lemma 2.3, applying the property of the Newtonian
potential (e.g., Section 12 of Chapter ITin [10]) and approximating x, . by functions
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in C§°(Q x (—s1, s1)), we see that Ay s(Nxa,xn) = X, in the sense of distribution.
Therefore Ay, spax =01n Q x (—s1,51).

We have
(3.3) INXaxllwra@x(=s1,51)) < Crlm)lXallLe(@x (—s1,81)
with
_ (n+1p
Cn+1l-p ’

for sufficiently small p > 0 (e.g., Lemma 10.1 (pp.85-86) in [10]). By assumption
(1.1) and the Sobolev embedding, we can choose 2 < p < 3 such that

llullcr (—1,1);20 () < CsM
Hence (3.3) and (2.10) yield
INXaallLr@x(=s1,51)) < C5C7Cs M3 e~ 3 (Tlah)?=s1)

Therefore, by (3.2) and (2.7), we obtain

leanllzr@x(=si.s1)) < Vaallzr@x(=si,s1)) F INXaxll L1 @x (=s1,51))

22y

< CoMA2e2s1 4 CoMA2 e~ 3 (T=lah?=sT)

Since

(3.4) sup Ae)e TN = 0y (s, ),
<e<

if T —|a| > $1V/3, then we have
1A
(3:5) H@a,)\”Ll(Qx(—sl,sl)) < CriMAzez®L,

Next, since ¢ > n+ 1 by n = 2,3 and p > 2, we apply Lemma 2.3 and the
Sobolev embedding (e.g., [1]) to obtain

IN

Cs|[xax ||L1’(Q><(fsl,sl))

3 A
Caditexp (—5(T )~ ).

1N Xaall Lo (@x (=s1,81))

(3.6)

IN

Since sup_q<<r [[u(-,0,%)||L2(—r,r) < €, by (2.1) we obtain

Y T
rar(en 0.0 <y g [ 3 s juGe0.0),
T J_p —T<t<T

and so

||va,)\(’70a0)HL2(—r,7‘) S sup |U(,O,t)| S .
—T<t<T
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Therefore (3.2) and (3.6) yield

H%Oa,/\(')OvO)HLQ(fr,r) < ||Ua,)\('5070)HL2(77‘,T) + HNXa,/\(UO?O)HLQ(*T”")
A
< £+ CsMA? exp <—2((T— |la])? —s?))
3 A 2 2
(3.7) < CisMA2 exp *5((T —lal)” =s1) ),

if |[a| < T — s1V/3.
At the last inequality, by (2.2) we used
A
£ = e T < Gl exp (-7~ ll)? = ).

Applying Lemma 2.4 in terms of (3.5) and (3.7), we obtain

/\

(3.8) [par(x,0)] < CraMAZe 3 UT-laD®a/3=s1] 4 c B/(0, p),

where 7 < p < R, C14 > 0 is dependent on r, T, a, but independent of A > 0. Here
we choose R > R > 0 such that B(0,R) C €, so that in place of R in Lemma 2.4,
we take R to apply the lemma. Therefore we note that p can vary over [r, R], not
[r, R —v].

Note that @ = a(p,r, R, s1) satisfies (2.12) and (2.13). Henceforth we simply
write a = a(p), omitting the dependency on r, R, and s;.

Consequently, by (3.2), (3.6) and (3.8), it follows that

[va,x (@, 0)] < [pax(@,0)| + [Nxax(z,0)]

2 3

< CmM{Aze (T —|al)? 20520 s3] +A§e—%[<T—\a\>2—s1]} z € B'(0, p),
that is,
[vax(z,0)] < Cys MAE e~ 31(T=la)?a(l21])/3-57]
(3.9) forxeB/(O,p) and =T + s1V3 < a < T — s1V3.

Next we will estimate (T — |a|)? =3 Uzl _ 42 5 0. Let us set B(p) = 2. Then

val(p)
for 7 < p < R, by (2.12) and (2.13), we see that s1v/3 < 3(p) < oo and

0 < 6B() !
< s1v3lalp) — a(r)|a(p) " Za(r Fﬂﬁ
< s1V3|alp) — la(p) "2 < m.

VC5(R - p)*
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Set

(3.10) K =K(rR,s)= 51V3Cs(r, R,sl).
05(T7 Ra 31)

Hence

(3.11) 0< B(lz1]) — 51V3 < K(R— 1) "2 (Jw1| — r)2, 7 < |a1| < R.
Let |a| + K(R — |21])~2(|z1] — )2 < T — s11/3. Then
[K(R = |21)"% (Jz1] = 1) +51v/3]> < (T — |a])?.

Hence (3.11) yields
offea)) 1 1
3t B|nl) T [K(R— |a]) 3 (jea] — 1) + s1v/3]2

which implies that

o))
- ol

p (T — Jal)? )
- 1{[K<R—|x1|>%<x1—r>é+sn/§12 1

e (5 (-2l - 2))

2 a2
< A% exp <—)\Sl{ (7; ) T —1}) .
2 KR~ o))"z (Jos| = )7 + 51V3)?
By (2.4), (3.9) and s¢ > s1, we have

so that

(3.12) [va(2,0)] < CisMea(e), x € B'(0,p).

Therefore from (2.6) and (3.9), we obtain

IN

u(z, )l [va,x(2,0) = u(z; a)| + |va,x (2, 0)]

IN

OlMgﬁl(é“) =+ ClsMQDQ(E).

Therefore, replacing a by ¢, we have proved:

T —[t)? -2 (ro?

[u(z,t)| < 016M< te? 4 2T
1/log%
C >

3 58 (T—1t)?
1 1\? Gz -1 I ;!
+ e 3 logf e T [K@R-|z1]) 2(z1]-7)2+s1V3]
(T —[t)? — 1 €

if . € B'(0,R) and |t| + K(R — |z1]) "2 (Jz1] — )2 < T — s1V/3.

vl
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Now we will complete the proof of Theorem 1.1. We recall that 0 < s1 < sg < T

and so — s1 > 0 is sufficiently small. Let
(3.13) 2 €B'(0,R), [t|+K(R—|z) *(lz1] —r)2 < T — s0V/3.

In particular, [t| < T — s9v/3. Therefore we can directly verify that

(T — |t])? 352 1 o1
AT+t = 22T —s0v/3)?> (T—[t)2 =53 ~ -7
and
5 { (T — |t])? . 1}
(T = [t))* = st L[K(R— |21])" % (Je1| — )% + 51v/3]
S R Y )
T2\ [t - V3(so—s0)? ) T T2 TP

At the second last inequality, we used (3.13). Therefore

1 __ 88 1
lu(z,t)| < CreM E? 42TV ( 5
log X S0 =5

N—
vl

3 3
1\ 2 3s%3-sD
5 log— ) e 71
S
1
350

2
under (3.10). Since e2 = O ( 11 1), g22T-=0v9? = (O ( 11 1) and
og < og <

€ e

3 s2(s2_42 2(s2_ 2
<10g1>2531(T04 . :O<5 = 1)>:O L
€ \/log 1
as € — 0, we obtain (1.2) under (3.13). Thus the proof of Theorem 1.1 is complete.

4. PROOF OF THEOREM 1.2
Let v = v(x,t) satisfy
O2v(x,t) = Av(z, ), rcQ,teR,
(4.1) v(z,0) =0, o(z,0) = f(x), x € Q,
v(z,t) =0, z eI teR.

Then by f € Hy™"(Q), applying the regularity property (e.g., Lions and Magenes
[14]), we see that

(4.2) ve CHR; HTH(Q)).
Next by a congruent transformation, we can assume that B(0, R) C ,

L=DB(0,R—6)={(x1,0) € R™|z,| < R — 5}
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and
(= B'(0,r) = {(21,0) € R"; |z1| < r}
with some 0 < r < R — 0. Then dist (L,0L) > J.

For sufficiently small 1 > 0, we set (1++/3)sg = p, and we define K = K (rg, R—
00, 80) by (3.10). We fix rg > 0 and dg > 0 such that 0 <79 <r < R—3§ < R — do,
both r —rg > 0 and & — &g are sufficiently small. Then, setting C~'(5, ) = Ké6 2 in
(1.9), we have

(4.3) (1+V3)so+ K5 2(R—r—6)7 <Th.

By Theorem 1.1, we obtain that if T' > T, then
CM,

0] Lo (B7(0,R—80) x (—s0,50)) <

Nl

1
(log SUp_r<i<T HU(',OJ)HLQ(_TO,TO))
that is,
C M,

(4.4) [0l Loe (Lx (~s0,50)) <

1
2
lo L )
( 8 Sup_rerer W00 2y

Here we set My = ||[v]|c—r,11;8~@)) + |vllor (=1, 11587 ) -
On the other hand, by [14], we have

My < Plloqor oz @) + 10wl oqormmt=@)

(4.5) + ||8fv||c([_T7T];HS(Q)) < C17||f||Hé+’°(Q) < Ci7M.

By the Sobolev embedding, £ > % and (1.7), we have

sup  |07v(@, t)] < Cusl|fll gi+n gy < CrsM.
x€L,—so<t<so
Hence, by the interpolation inequality (e.g., [1]) and (4.4), we obtain

CioM

(4.6) sup |0sv(z,t)| < -
xeL,—so<t<so 1

log

g X)) ey )

We take the even extensions of ¢ = o(t) and u(f) = u(f)(z,t) for ¢ <0 and we
use the same notations: o(t) = o(—t) and u(f)(z, —t) = u(f)(z,t) for t € R and
z € Q. Then we readily see that u(f) € C(R; HF T (Q)) satisfies (1.3) - (1.5) also
for ¢t < 0. By the Duhamel principle, we obtain

@n  ulf)@t) = /0 ot — s)(w,s)ds, —T <t<T,xcB0,r).

Moreover we can prove (4.7) by verifying that the right hand side of (4.7) satisfies
(1.3) - (1.5).
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By [14], we see that
48)  10(h) ooz~ + 100D o @y < CaM.
Hence

Ou(f)(z,t) = o(0)v(z,t) + /Ot o' (t — s)v(z,s)ds, =€ B'(0,r), -T<t<T.
By o(0) # 0, this is a Volterra equation of the second kind, so that

[v(21,0,)lor-r,1) < Corl|deu(f)(x1,0,)lcl-r,17, 2 = (21,0) € B'(0,7),

that is,

(4.9) sup  lv(+,0,8) (22 (=) < Co2l|Ou(f)(- 0, )lc=T,19:02 (= rr)) -
—T<t<T

We note by x > % and the Sobolev embedding that H{ () C C(€2). By means of

(4.8) and the interpolation inequality, we have
|0su(f)(-,0, ')||C([—T,T];L2(—r,r))
< Chall2u(N | E st o 10 6 0 ey
< Cos M [u(F) (0, Vs (. rsz iy
Again application of the interpolation inequality yields
()0 Mt (<2 () < CoalltlD iz ese o 180 Em s )
in terms of Hf(2) C C(Q2). Thus, noting that u(f)(-, —t) = u(f)(-,t), we have
10u(F) (0, )l e(-rrisLa (e < Cos M ||“(f)”%2(2zx(o,T))v

with which we combine (4.9) to obtain

A

3 1
7;;1;9||v(-70,t>HLz<fr,r> < CoaCos Mt [[u( )| f2 o 01y

s 1
(4.10) Cos M3 [u(f) 1205 0,7)-

We consider two cases separately:

1

1

(a) Hu<f)||f2(ex(o7:r)) < m'
1 1

(b) ||u(f)||L2(e><(o’T)) 2 m'

Case (a): We have

log 1 n 11 . 1 S 11 o 1
og —— + - 1lo > —1lo )
CosMi 4 " lulHllezexomry — 8 Nu(f)llL2ex o)
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Therefore (4.10) implies

1 < 1
1 — 1
log sup_r<i<r 10000 L2(_p oy log CagM i ||u(f)||%2(/z (0,1)
X )
8
= 1
08 TwCHTL2(ex(0,1))

Hence (4.6) yields
CorM
1
(o Tty )

Since dv(x,0) = f(z) by (4.1), we see (1.8).
Case (b):

sup |0z (z,t)| <
zeL,—so<t<so

I

1 S 1
(@é)% = (log C4M3)x
Hu(f)HLQ(zx(o,T))

By (1.7) and the Sobolev embedding, we have

M(log O M¥) ¥

| fllLoeny <M < 1
1 )¢
1Og ||u(f)||L2(e><(0,T)))

Thus the proof of Theorem 1.2 is complete.

5. SOME REMARKS

Remark 5.1. Our results heavily depends on the conditional stability in the line
unique continuation for the elliptic equations with the analytic coefficients. It can
be seen that our results can be easily extended to a hyperbolic equation with time-

independent analytic coefficients.

Remark 5.2. The results in this paper are the local stability result in the sense
that we can not obtain any information or estimate about the value of the solution

outside the hyperplane.

Remark 5.3. The lines ¢ and L can be replaced by some analytic curves or analytic

surfaces. The stability results are same.
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