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Abstract

We construct spaces of initial conditions for Garnier system and its degenerate systems
in two variables and describe them as symplectic manifolds. These systems are expressed as
polynomial Hamiltonian systems on all affaine charts.

Contents
0 Introduction
1 Hamiltonians of the systems other than Hij111

2 Symmetric group actions
2.1 Sy action o 11111 - = « = « o o e e e e e
2.2 Sz action on Hi112 - - - v o o e e
2.3 Sy action on Hi13 - - - o e e e e
2.4 Sy action on Hi92 . - . .o e e

3 Compactification of the original phase spaces

4 Spaces of initial conditions for Hi1111
4.1 Accessible singularitieson D X B . . . . . ... 000
4.2 Coordinate systems for Aa(s) . . . . . .. Lo
4.2.1 Coordinate system for Ao(s) N Wy . . . . ... ..o o oo
4.2.2  Coordinate system for Ao(s)NWa . . . . . ... o L L
4.3 Coordinate systems for Az(s) . . . . . ...
4.3.1 Coordinate system for Az(s) N Wy . . . .. .. .. o
4.3.2 Coordinate system for Az(s) "Wy . .. .. .. .. o
4.4 Coordinate systems for Ag(s) . . . . . ..
4.4.1 Coordinate system for Ag(s) "Wy . . . . . .. .o o o
4.4.2 Coordinate system for Ao(s) "Wy . . . . ... . Lo
4.5 Coordinate systems for Ai(s) . . . . . .
4.5.1 Coordinate system for A;(s) N Wy . . . . ... . o o
4.5.2 Coordinate system for A;(s) "Wy . .. .. .. L
4.6 Coordinate systems for Aso(8) . . . . . . . L
4.6.1 Coordinate system for Asc(s) MWy . . . . . .. .o o oo
4.6.2 Coordinate system for Aoc(s)NWa . . . . . .. o oo oo



5 Spaces of initial conditions for Hii12

5.1 Accessible singularitieson D x B . . . . . ...
5.2 Coordinate systems for Aa(s) . . . . . . ..
5.2.1 Coordinate system for Aa(s) N Wy . . . . . . oo oo
5.2.2 Coordinate system for Aa(s) N W1 . . . . . ... o
5.3 Coordinate systems for Ag(s) . . . . . . . . L
5.3.1 Coordinate system for Ao(s) N Wy . . . . . ..o o
5.3.2 Coordinate system for Ag(s) N W1 . . . . . ...
5.4 Coordinate systems for Ao (S) . . . .« o o o o
5.4.1 Coordinate system for Ao ($)NW1 . . . . . .o oo o
5.4.2 Coordinate system for Ao ($) N Wa . . . . . .o oo oo
5.5 Coordinate systems for A1(s) . . . . . . . . L
5.5.1 Coordinate system for A1(s)N Wy . . . . . .. o o
5.5.2  Coordinate system for A1(s)NWa . . . . . ... ..o

Spaces of initial conditions for Hji3

6.1 Accessible singularitieson D x B . . . .. ... L

6.2 Coordinate systems for Ag(s) . . . . . . . . L
6.2.1 Coordinate system for Ap(s) N Wy . . . . . . oo
6.2.2 Coordinate system for Ao(s) N W1 . . . . . .. o

6.3 Coordinate systems for Ao ($) . . . . . o . o
6.3.1 Coordinate system for Ao ($) NW1 . . . . o .o oo o
6.3.2 Coordinate system for Aoo($) N Wa . . . . . ..o oo oo

6.4 Coordinate systems for A1(s) . . . . . . . . L
6.4.1 Coordinate system for A1(s)NWy . . . .« .o o
6.4.2 Coordinate system for A1(s)NWa . . . . . ... . o

Spaces of initial conditions for Hi2o

7.1 Accessible singularitieson D x B . . . .. ...

7.2 Coordinate systems for Aoo(S) . . . . . o o o L
7.2.1 Coordinate system for Ao ($)NW1 . . . . . .o oo o
7.2.2  Coordinate system for Ao ($) N Wa . . . . . . oo o oo

7.3 Coordinate systems for A1(s) . . . . . . .. L
7.3.1 Coordinate system for A1(s)N Wy . . . . . ..o
7.3.2 Coordinate system for A1(s)NWa . . . . . ... .

7.4 Coordinate systems for Ag(s) . . . . . . . . L
7.4.1 Coordinate system for Ao(s) N Wy . . . . . .o oo
7.4.2 Coordinate system for Ao(s) NW1 . . . . . ..

Spaces of initial conditions for Hi4

8.1 Accessible singularitieson D x B . . . .. ...

8.2 Coordinate systems for Ag(s) . . . . . . . . L
8.2.1 Coordinate system for Ap(s) N Wy . . . . . . o oL
8.2.2 Coordinate system for Ap(s) N W1 . . . . . ...

8.3 Coordinate systems for Aoo(S) . . . .« o . L
8.3.1 Coordinate system for Ao ($) NW1 . . . . . .o oo o
8.3.2 Coordinate system for Aoo($) N Wa . . . . . . ..o o oo

23
23
24
24
25
26
26
26
26
26
27
27
27
34

37
37
38
38
39
40
40
41
41
41
44

47
47
48
48
48
49
49
51
53
53
54



9 Spaces of initial conditions for Hos 64

9.1 Accessible singularitieson D x B . . . .. ... 64
9.2 Coordinate systems for Ag(s) . . . . . . . . L 64
9.2.1 Coordinate system for Ag(s) N Wy . . . . . .. oo 64

9.2.2 Coordinate system for Ag(s) NW1 . . . . . .. . 66

9.3 Coordinate systems for Aoo($) . . . .« o o o 68
9.3.1 Coordinate system for Ao ($)NW1 . . . . . .o oo 68

9.3.2 Coordinate system for Aoo($)NWa . . . . . .. oo o oo 71

10 Spaces of initial conditions for Hs 74
10.1 Accessible singularitieson D X B . . . . . .. ... 74
10.2 Coordinate systems for Aoo(S) . .« v v v v 74
10.2.1 Coordinate system for Aoo(s) MWy . . . o o oo oo 75

10.2.2 Coordinate system for Aoo(s)NWa . . .« . Lo oo o o 79

11 Description of spaces of initial conditions for all systems 83

0 Introduction

In this paper, we construct spaces of initial conditions E;(s), s = (s1, s2) € By for the two dimensi-
nal Garnier system Hj;, J = 11111 and its degenerate systems Hy, J = 1112,113,122,14,23,5,
which are completely integrable Hamiltonian systems of degree 2 of the form

8H¢ 8H'L’
dgr, = Z 8p: dsi, dpy = — Z Tids; k=1,2.

Oqx
i=1,2 i—1.2 YOk

Note that the label J is a partition of 5. For every J, two Hamiltonians are certain polynomials
of q1, g2, p1,p2 whose coeflicients are rational functions of s = (s, s2) holomorphic in a domain
Bj C C2. For example, the Hamiltonians H; = Hy11114, ¢ = 1,2 of the Garnier system Hi1111 are
of the following form:

s1(s;1 — 1
s1(s1 —1)Hy = {fh((h —1)(q1 —s1) — %qwz}p%
1— 82
s1(s92 — 1 So(s1 — 1
2010 ((h _si(s2—1) M)pg
So9 — S1 S1 — 82
~{(@0 = Dar(ar = 1)+ a1 (g1 = 1) + sl = V(g1 = 1)

s1(s2 — 1)) B a251(51 —1) }pl

+asq1 (fh - q2
So9 — S1 §1 — S2

s1(so — 1 So(s1 — 1
+{(Oéoo +2v)qiq2 + QQMQQ + 043MQ1}292 +v(v+ ax)q,
So — S1 §1 — 82

)plpz + q1492 (qz —

51(52 — 1)
S9 — S1

So(s; — 1
)p% +2¢1¢2 (qz - M)pwz
( 1) S1 — S2
So(So —
+{QQ(Q2 —1)(gq2 — s2) — SQTCHQQ}ZJ%
s1(so — 1 So(s1 — 1
+{(aoo +2v)q192 + a21(27q2 + QBMQ1}p1
So — S1 §1 — 82
—{(Oéo —1D)ga(g2 — 1) + a1g2(g2 — s2) + as(g2 — 1)(g2 — s2)

So(s1 —1 So(sg — 1
2(51 )) —ag 2(s2 )Q1}p2+l/(l/+oéoo)(h,
S1 — 8o S2 — 81

s2(s2 —1)Hy = (J1(J2((J1 -

+a2qe (q2 -



where « = (ag, a1, ag, a3, s ) are complex parameters and

1
v= —§(oz0—|—oz1+oz2+oz3 — 14 ao).
In this case, we see
Bii111 = C*\ U{s152(s1 — 1)(s2 — 1)(s1 — s2) = 0}.

The forms of the Hamiltonians for the other J are given in the next section. Here we explain
the meaning of the label J, a partition of 5. Our systems are obtained as monodromy preserving
deformation equations of the second order linear ordinary differential equations with regular or
irregular singular points and apparent singular points. Let us assign 1 to a regular singular point
and r + 1 to an irregular singular point of Poincaré rank . Then we can express by a sequence of
positive integers the distribution of regular or irregular singular points with the data of Poincaré
ranks of a linear differnatial equation. For example, H11111 (or Hi112) is a monodromy preserving
deformation system of a linear differenatial equation with five regular singular points (or with three
regular singular points and an irregular singular point of Poincaré rank 1).

Each H; defines a nonsingular foliation of the trivial fiber space C* x By 3 (¢,p,s), ¢ =
(q1,92), p = (p1,p2), s = (81, 82), because OH j;/Opx, OHy;/0qx i,k = 1,2 are holomorphic on
C* x Bj. However, since the differential system is nonlinear, its leaves or the solutions may
not be prolonged along some curves in By, in other words, they may have movable singularities.
Therefore it is preferabale to obtain a fiber space over By which contains C* x B as fiber subspace
so that every solution can be prolonged in the space along any curve in Bjy. The most typical
and well known such spaces are those for Painlevé systems. The purpose of this paper is to
construct such fiber spaces E; over B; (namely to construct the fibers E;(s), s € By which are
called the spaces of initial conditions) for the Garnier system Hi1111 and its degenerate systems
Hy, J=1112,113,122,14,23,5.

For every .J, we first compactify the fiber C* x s 3 (g,p) x s suitably. As such a compact
manifold we choose Hirzebruch manifold of dimension 4 ¥, which is a P2-bundle over P2. The
manifold is covered by nine affine charts. Then we write the system H; in the coordinates of all
charts of the manifold. It can be seen that on certain three charts the differential systems are
polynomial Hamiltonian systems, however on the other charts they are not Hamiltonian systems
and have pole singularities on a divisor D x s, s € B;. We next determine the so-called accessible
singular points on D x s. An accessible singular point is a point through which many holomorphic
solution curves may pass. We can verify that the set of accessible singular points is a disjoint
union of connected components A;(s) each of which is isomorphic to P!. We can assign to each
component A;(s) an element of the partition J denoted by n; € Z~ with > n; = 5, which implies
the number of components is equal to the lenghth of J. We then make quadratic transformation
Qa,(s) along each A;(s). We see that our differential system has yet pole singularities on the

excetional divisor Dil)(s) = Qa,(s)(Ai(s)). Therefore we have to determine the accessible singular
points and make quadratic transformation again. After repeating such quadratic transformations
several times and auxiliary transformations, we can arrive at a holomorphic system, namely we can
obtain coordinate systems which separates infinitely many solution curves of the original system
H s passing through any point on A;(s).

Let E;(s) be the compact manifold obtained from ¥, x s by the composition of all the quadratic
transformations and auxiliary transformations. Then we obtain F;(s) by removing the inaccessible
singular points. The fiber space E; = | | .5, Es(s) is sometimes called defining manifold for the
system ;. The space is covered by finitely many charts which are isomorphic to C* x By. We
notice that the original polynomial Hamiltonian system is extended to each chart as a polynomial
Hamiltonian system.



We give here more remarks. The number of quadratic transformations along A;(s) is 2n;
where n; is a positive integer assigned to it as above. The first n; quadratic transformations
are simultaneous replacement of every point on curves by P? and the second n; transformations
are simultaneous replacement of every point on surfaces by P'. In the case where n; > 2, we
have to insert some simple change of variables after the n;-th transformation and make certain
change of variables after the last transformation by investigating carefully the fundamental 2-form
dq1 Ndp1+dge Adps in order to obtain good symplectic coordinate systems (¢*, p*) = (¢7, 41, p}, P3),
where we say that a coordinate system (¢*, p*) = (q¢7, ¢}, p}, p3) is symplectic if it satisfies

dqy N dp1 4 dgo A dpa = dqy A dpy + dgs A dp3.

Remark that the Hamiltonians H;, ¢ = 1,2 in the coordinate system (q,p,s) are changed to
H;(x), i =1,21in (¢*,p*, s) determined by

S dgindpi+ Y dH Nds; =Y dgi Adpf+ Y dHi(x) Ads;.

i=1,2 i=1,2 i=1,2 i=1,2

The pull back of A;(s) is a C2-bundle over P!. We also notice that there are Bicklund transforma-
tions which act on some parameters as permutations in the case where J has several elements of the
same integer. Since the transformations also act as permutations of the corresponding components
A;(s), a coordinate system for a component derives ones for the other. However some coordinate
systmes thus obtained are not good, which means that the relation between the coordinate system
and the original one is not of simple form, therefore we use the symmetries in the case where they
produce good coordinate systems.

This paper is organized as follows. In Section 1, we give the explicit forms of the Hamiltonians
of the two dimensional degenerate Garnier systems H;, J # 11111. In Section 2, we give symmetric
group actions on systems H ; for some J. In Section 3, we explain a compactification of the original
phase space C* > (q1, q2, p1,p2). In Sections from 4 to 10, we consturuct spaces of initial conditions
for two dimensional Garnier and all its degenerate systems. The results thus obtained are collected
in the last section, Section 11, as theorems. Each theorem gives the description of the spaces of
initial conditions for each H ;.

1 Hamiltonians of the systems other than Hii111

We give explicitly the forms of the Hamiltonians H j; and H jo (abbreviated as H; and Ho respec-
tively) of Hy (J # 11111):

Hit1z:

sTHy = ¢i(q1 — s1)p? + 263 q2p1p2 + 11q2(q2 — $2)p3
—{(a0 + a2 — 1)g} + a1qi(q1 — s1) + (g1 — s1) + ns1q2}p1
—{(ao + a1 — 1)q1g2 + a2qi (g2 — s2) — n(s2 — 1)g2}p2 + v(v + aco) @1,

s2(s2 — 1) Hy = ¢qop? + 2q1g2(q2 — $2)p1p2
52(52 — 1)
+{(J2(QQ —1)(g2 — s2) + 57(]1(]2}293
—{(ao + a1 — 1)q1g2 + a2qi(g2 — s2) — n(s2 — 1)g2}p1

—{ (@0 = 1)a2(a2 = 1) + 12 (g2 — 52) + a2(g2 = 1) (g2 — 52)

So(so — 1
+%(a2q1 + 77(]2)}292 + (v + aoo)ge,
1



1
(V:_§(a0+041+042_1+0400))a

Hia:
S1 1
7+ —)ql}p§

Hl—qlp1+2(h(Q2+ )p1p2+Q1{QQ(Q2+ ) ( >

{(ao+a1 —1)g} +77(ql + )}

{(ao +oa1 —1)qig2 + —q1 ( - _)QQ + — }pQ + (v + aco)qi,

1 1 S 1
Hy = ¢} (Q2 + S—)p% + 2(]1{(]2((]2 + S—) — (s_; + 5)(]1}2?12?2
2 2 2
1 2 sy st 3 q
2 L 51 82\ o (S1 9 @1 9
+{QQ(Q2 + 52) + (sg 1 )ql (s% + 2)(]1(]2 5 }pQ
a S 1
—{(ao +ar—1)qiga + —q1 — n(—; — —)QQ + Q}pl
S2 s5 2 52

s 1
—[(0404-041 —1)g3 - {Oéo - 1+041(—§+ —)}(h
s5 2

(8- 2) + Do (% 4 3) ]+ vl o)
775% 1 q2 775% 2 b2 0042,

1
(1/: —§(Ozo+oz1 — 1+ozoo)),

Hi2o:
stH1 = i (q1 — $1)P% + 263 2p1p2 + (14503
—{(co — 1)gi + a1qi(q1 — s1) +mi(qr — 1) + Mmsi1q2}p1
—{(ap + a1 — 1)q1g2 + mos2q1 + Mge}p2 + v(V + @)@,

—soHy = 3 q2p? + 2143102 + 63(q2 — 1)p3
—{(ap + a1 — 1)q1q2 + M0S2q1 + M1q2}p1

s
—{(Oéo —1)ga(g2— 1) + Oé1q§ + 772—2(]1 +nos2(g2 — 1)}2?2 + vV + ax)q2,
1

1
(1/: —§(a0+a1 - 1+ozoo)),

H14:
L) — {q1(q1 + s2) — q2}p1,

Hy = p? — 2s9p1p2 — (g2 + s2q1 + 81 — 553
—{q1q2 + (s1 — 383)q1 + s2q2 + 1 — g }p2 — vau,

Hy = —sop? — 2(qa + s2q1 + 51 — 253)p1p2
—{52(]% + q1q2 + (51 — 152)(]1 — S2q2 — S2(s81 — )}an

—{q1g2+ (s1 — 353)q1 + $2g2 — g + 1}py
—[g3 — {0 — 1+ s2(s1 — 53)}q1 + (s1 — §53)q2)p2 — Vo,

(= ax).



Hggl

Hi = (¢1 — $1)p? + 2q2p1p2 — 3{q1(q1 — s1) — @2 + 2(co — 1) }p1 — 2(quq2 — 2ns2)p2 — 3vau,

—s2Hy = q2p} — 3p3 — 5(q1g2 — 2ns2)p1 — 3{a3 — 2ns2(q1 — s1) — 2(0 — 1)g2}p2 — 3742,

(v=ax).

Hi = (¢3 — q1 — 51)p? +2qap1p2 + p3 + 2(¢3 — 53 + 52q2)p1 + 2(q1q2 + 512 + s2)p2 + 2vqy,

H5:

Hs = qop? + 2p1p2 + 2(q1q2 + s1G2 + s2)p1 + 2(¢3 — q1 + s1)p2 + 2vq2,

(r=ash)

Here q1, g2, p1, p2 and s1, so are complex variables and «g, a1, ... are complex constans. We notice
that Hamiltonians H; = Hj; and He = H j are polynomials of ¢ = (¢1, g2) and p = (p1, p2) whose
coefficients are rational functions of s = (s1, s2) holomorphic in B; where

Bi112 = C?2\ U{s1s2(s2 — 1) =0}, Bi1z3 =C?\ {s2 =0},
Bias = C?\ {s1 =0}, Biy = Ba3 = Bs = C2

2 Symmetric group actions

The systems Hy for J = 11111,1112,113 and 122 admit symmetric group actions of degree 5, 3, 2
and 2 respectively. The actions are realized by certain rational symplectic transformations each of
which preserves the form of the system while it changes some parameters as a permutation.

As we make use of the transformations in order to avoid analogous calculations of blowing up,
we give here the explicit forms of the generators of the transformation groups.

2.1 S5 action on H11111
Let us consider the following symplectic transformations

/ q_l /_(ZQ

ql:Sl, q2_ga
o1 : p/lzslpla p/2:52p2a
1 1
5/1:_5 5/2:_5
S1 S92
S
q/lz ! (1_q_1_q_2)5
51—1 S1 S92
. (51— 52)q2
2 52(51—1),
09 .
52(51—1) S1
R )]
P (s1 )p1, P 51— 59 p2 52291
s — 51 5,251—52
! 51—1, 2 51—1,



’ (52 —51)(]1 , 52 ( q1 q2)
=, = 1———— s
N 51(52 —1) © S9 — 1 S1 S92
. S1 52—1 S92
03 : Py = g(])l - —pz), Py = —(s2 — 1)pa,
S9 — S1 S1
5,_52—51 sl — 52
1 52_15 2 52_15
q/ _ q1 q/ — q2
et e-1 P gt -1

pi= (@1 + g2 = 1)(p1 +v = qipr — g2p2),
[0/
Py = (1 +q2 — 1)(p2 + v — q1p1 — q2p2),
S1

— [
=—, Sy =
51—1

52

S9 — 1 '
We can verify that each transformation o,,, 1 < m < 4 changes the system H;1111 in variables

q1, 92, P1, P2, S1, S2 with parameters o = (ag, a1, a2, a3, @oo) into the same system in variables
41, gb, Py, Db, 81, 85 with parameters o’ = (af, o}, ab, of, al ) denoted by o, () where

o1(a) = (a1, a0, az, a3, o), o2(a) = (a2, a1, ap, a3, o),
os(a) = (as, a1, ag, ap, Qo) oa(a) = (o, oo, A2, (i3, 7).

The transformation group generated by o,,, 1 < m < 4 is algebraically isomorphic to the symmetric

group Ss.

2.2 S5 action on Hii12

The symplectic transformations

¢ = — 0 0 = 52 (1 (h_@)
! S9 — 1, 2 S9 — 1 S1 S92 ’
52
o { =D (p - 2e) ph= (e - e
/ 51 / 52
s = — , 89 = ,
1 S9 — 1 2 S9 — 1
;o q1 ,  s2—1 qo
ql 1 q1 q2 q2 So 1 q1 _ g2
S1 S2 S1 S2

02




change the system Hi112 in variables ¢, g2, p1, P2, $1, S2 with parameters o = (ag, a1, a2, @) into
the systems in variables g}, ¢5, P}, Ph, 81, sh with parameters o = (ag), o}, o, o) denoted by 0., ()
where

0'1(0() = (042, a1, (o, Oéoo), UQ(Q) = (Oéoo, a1, a2, Oé()).

2.3 Sy action on Hjjs

The transformation

q1
q = :
! (s1+ %5%)(]1 +82q2 +1
¢, = — S2q1 + g2
2 (s1+ %53)(]1 + s2q2 + 1
o ’ 1, L, L,
D= {(51 + 552)(]1 + S2q2 + 1} [{ (51 - 552)(]1 + 1}]?1 + {(51 — 552)(]2 - 52}132},
1
Py = —{ (51 + 55%)% + s2q2 + 1}{52q1p1 + (52g2 + 1)p2},
S| = —s1, S$Hh=9

changes the system Hj13 in variables ¢, g2, p1, P2, $1, S2 with parameters o = (g, a1, a2, (o) into
the system in variables ¢, ¢4, P}, ph, 81, sh with parameters o = (), &, ab, ol ) denoted by o(a)
where

o1(a) = (@eo, 01, i, Q).

2.4 S5 action on Hjae

The transformation

/o q2 ’ q1
g1 =——"— 4= —,
52 S1
;o I
o P1 = —S2P2, P2 = S1P1,
1
/ /
51 :—52, 52:—_
S1

changes the system Hios in variables ¢1, g2, p1, P2, $1, $2 with parameters o = (g, @1, (s ) into the
system in variables ¢}, ¢5, P}, Ph, S}, S5 with parameters o = (o), o}, o) denoted by o(a) where

ola) = (a1, ag, Qo).

3 Compactification of the original phase spaces

We construct spaces of initial conditions F;(s), s = (s1,s2) € By for each system H; by com-
pactification of the complex spaces C* and by successive quadratic transformations. We choose a
compact complex manifold ¥, v being a complex constant depending on the system Hj, as an
compactification of the fibers C*.



The manifold £, is a P2-bundle over P? defined as flows. Let & := (&, £1, &) be the homogeneous
coordinates of P2, U; := {(£0/&:, &1/, &2/&) | & # 0} =~ C? be the i-th affine chart. Set W; :=
U; x P2(i = 0,1,2) and let n; := *(n:0,7i1,7i2) be the homogeneous coordinates of the second
component P? of W;. Then we define ¥, to be the quotient space of [lp<;<2 Wi by the relations

i = gio " 1o,
]
& 0 0 & 0 0
go=| —v&& —-& —&& |, g20= 0 §oé2 0
0 0 §oé1 —véole —&i&e —&

up to multiplication of nonzero constant. Set

Wij = {(€0/& €1/&, €2/ € mio/Migs i /migs iz /i) | &ismig # 03 = C*, - 0< 1,5 <2,
then we see that {W;;}o<i j<o form an atlas consisting of affine charts of the manifold ¥, and
wi= |J Wi
0<j<2

We notice that X, is isomorphic to T*P? L (P2 x P') if v = 0 and to P? x P? if v # 0.
_ Let us extend the original system H; defined on C* x By > (q1,q2,p1, D2, 51, 52) to that on
>, X By assuming that (¢, p) = (q1, g2, p1, p2) is the coordinate system of Wy namely

& & Mot _ No2
=, @@=, p1=—, p2=_—.
€o €o 100 100

Denote by 'Hf,o) the extended system on 3, x Bj. Notice that the patching matrices gio,7 = 1,2
are given by

q1 q2

1 0 0 1 0 0
go=| —var - -@ae |, go= 0 g2 0
0 0 q1 —Vq2 —qi1492 —q%

up to nonzero constant multiplication.
We see that the transformations from the original chart Wy to the charts Wjg,i = 1,2 are
symplectic. In fact, by setting

q1:§_0 q1:§_2 plzﬂ ple
Pog? g Y e TP mo)
2 &1 2 o 2 721 2 722
G1=7 Q=7 P1=——, Po2=—"),
Py g T ) TR
we have
1 ) 1 1.1 1.1 1.1
(3-1) (h:q—la q2:q_1; plz—Q1(V+Q1p1+QQp2)a P2 = q1P3;
1 1
q 1
(3.2) qr=?,qm—?,pr=ﬁﬁ,p2=—ﬁ@+ﬂ%%+ﬁ£%
2 2

which yields

dpy A dqy + dpy A dgz = dpy A dgy + dpy A dg = dp? A dg; + dp3 A dgs.



Therefore the original Hamiltonian system is written also as a Hamiltonian system on each W;o 3
(qi, g%, pt,pb), i =1,2. Moreover, we can verify that the Hamiltonians become polynomials of the
dependent variables (¢, p*) = (qi, ¢4, pt, pb) whose coefficients are rational functions of s = (s1, s2)
holomorphic in By if the values of v = v; are chosen as

1 1
V11111 = —5(040 +artaztas—1+ax), Viie= —5(040 +ar+az—1+ax),

1
V113 = V122 = —5(040 +ar—1l4ax), Via=ro3=—0x, Vs=a-+ 3

However, we see that the differential systems on W;; x B, j # 0 are not Hamiltonian systems
and have pole singularities on W;;\Wio.
Setting

2
wo = | Wi,
=0

we state these facts as

Proposition 3.1. For every J, the extended differential system 'Hf,o) on ¥, x By is a polynomial
type Hamiltonian system on W° x By with coefficients holomorphic in By > s = (s1, 52) but it has
pole singularities on D x By where

D =%, \W°

In the following sections, we will find suitable coordinate systems which express the fami-
lies of solutions passing through D by successive quadratic transformations in all cases of J =
11111,1112, 113,122, 14,23, 5.

4 Spaces of initial conditions for H111

Remind that
1
v= —§(a0+a1+0z2+0z3—1+0zoo)

in the present case. In this section, we often omitt the label 11111.

4.1 Accessible singularities on D x B

Let us determine the set of accessible singular points of the system H(® on 3, x B (B = Bi1111)-
Notice that the system is a holomorphic Hamiltonian system on W°x B. By definition, an accessible
singular point is a point through which (potentially infinitely many) solutions of the system ()
in W° x B passe holomorphically.

Let us investigate the form of the system on Wy x B(C Wy x B), for example. By setting
&0 = no1 = 1, we take (&1, &2, 100, M02) as the coordinates of Wyy. By the use of them, the system



is written as

e(s)moodét = > Pil&r, €2, 700, 102, 8)dsi,

i=1,2

e(s)noodée = Y Qi(&1,&2,m00, Moz, 5)dsi,

i=1,2

e(s)moodnoo = Y, Xi(&1, 2,700, 02, 5)dss,

i=1,2

e(s)noodnoz = Y Yi(&1, &2, moo, oz 5)dsi,

i=1,2

where e(s) = s152(s1 — 1)(s2 — 1)(s1 — s2) and P;, Qs, X5, Y; € C[&1, &2, 100, 02, 51, 2] (polynomial
ring) are given by

P = 0(7700) + 252(52 —

D& [{(s1 = s2)&1 + s1(s2 — 1) }E2moz
+ (& = 1)(& = s1)

)
(51 - 52) - 51(51 - 1)§2];

Ye1&a[{(51 — 82)& — s2(51 — 1) }mo2 + (51 — s2)&1 + s1(52 — 1)],
)

)

)

(7700) =+ 251(51 1
Q1 O(noo) + 2s2(s2 — 1)6162[{(51 — 52)82 — s2(s1 — 1) }no2 + (51 — 52)&1 + s1(s2 — 1)],
Q2 = O(noo) + 2s1(s1 — 1

Ea[{(s2 —s1)&2 + s2(s1 — 1)}&u
+{(& — 1)(& — s2)(s2 — s1) — s2(s2 — 1)&1}n02),
X1 = O(100),
X2 = O(100),
Y1 = O(100) + sa(s2 — D[{(s1 — s2)€2 — s2(s1 — 1) }arige + {2(s1 — 82)€162 + s2(s1 — 1)&1

+2s1(s2 — 1)&}gy + {(s1 — 52)&7 — 2(s7 — s2)&1 — s1(s1 — D& + s1(s1 — s2)}102
+ s1(s1 — 1)&i],
Yo = O(100) + s1(s1 — 1)[s2(s2 — 1)€amiy — {s2(s2 — &1 + (s1 — 82)&5 — 2(s1 — 83)2
+ s2(51 — 52) }15y — {261&2(51 — s2) — 2E182(s1 — 1)
—s1(s2 — D)éa}noa — (51— $2)€5 — s1(s2 — 1)&u],

where O(noo) denotes a polynomial of &1, &2, 100, 02, S1, S2 with a factor 79g. Therefore, accessible
singular points are the points satisfying the equations

7700—0 P Qz— —0 (i=1,2),
We see that the equations have the following three solutions

Noo = 0, s1852 — 5261 — 5162 =0, 51 — s2m02 = 0;
no=0, 1-&6&—& =0, 1—mny=0;
Moo =0, & =0, mn2=0.

Observing the system H(®) on all Wij, j # 0, we can verify

Proposition 4.1. The set of accessible singular points of the system ’H(ﬁ)ln for each s = (s1,s2) €
Bii111 45 a disjoint union of five connected components Ag(s), A1(s), Aa(s), Az(s), Ao (s) ~ P!
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given by

Ao(s) = {(& 1m0, 5) € Wy x Blsis2€g — 5261 — 5162 = 0,100 = 0, 51701 — S2702 = 0}
U{(&m1,s) € Wi x Blsis2&o — s2&1 — 5162 = 0,110 = 0,711 + s2m2 = 0}
U{(& m2,s) € Wa x Blsis26o — s261 — 5162 = 0,120 = 0, 51721 + 122 = 0},
Aq(s) ={(&mo,8) € Wo x Bl§g — &1 — & = 0,100 = 0,101 — 102 = 0}
U{(&ni,s) € Wi x Bléo — & — & =0,m0=0,711+m2 =0}
U{(&, m2,s) € Wa x Bl&y — & — &2 = 0,120 = 0,121 + 122 = 0},
As(s) = {(& 1m0, 8) € Wo x Bl&r =100 = 102 = 0} U {(&, 12, 5) € Wa x B|& = n20 = 122 = 0},
Az(s) = {(&§,m0,5) € Wy x Bl§&2 =100 =101 = 0} U {(§,m1,5) € W1 X Bl& = n10 = 11 = 0},
Aoo(s) = {(& m,s) € Wi x Bl§o = nio = ma2 = 0} U{(§, 2, 5) € Wa x Bl& = 120 = 121 = 0}

We study here some actions of the Backlund transformations given in Section 2.
Every o € S5 changes the system H(«) in the variables (g, p,s) to the system H(a') in the
variables (¢',p’, s') with o’ = o(«). Noting that

1
Vi=o(v)=—glag+ar+ay+az—1+ai)=v

construct the manifold E; for the system H(c') in the variables (¢/,7’, s') in the same way as %,,.
It is covered by the affine charts {W/; }o<i j<2 where

3 & o1 Moz
/ / / /
Q=5 9= 55 P1= =

' 0 ? 0 ' Moo ? Moo

"o, M1 Mia) = Gio - "(M00s Mo1, Mo2)> 7= 1,2.

Here g}, ¢ = 1,2 are matrices of the same form as g;o, ¢ = 1,2, ¢1, g2 being replaced by ¢}, ¢5.

Then we can verify that the transformation o defines a biholomorphic mapping from %, to
f;, which is also denoted by o. Moreover, let A(s"), i = 0,1,2,3, 00 be the components of the
accessible singular points of the system H(©)' (/) on f;, then o(A4;(s)) = A;(i)(s’) for every i as
sets, namely not pointwise. For simplicity, we say that the Backlund transformation ¢ act on the
componets {A4;(s)} as a permutation. The following proposition holds.

Proposition 4.2. The Backlund transformation group Ss acts on the components of the accessible
singular points of Hi1111 according to the following diagram

Ag | A1 | Ay | A3 | A
o1 | A1 | Ao * * *
o9 | As * Ap * *
o3 | As * x | Ap *
o4 | * | Ao * * Ay

Here the diagram should be read as o1 transposes Ag(s) and A1(s), more precisely o1(Ap(s)) =
Ai(s'), 01(A1(s)) = Ap(s'), 01(Ai(s)) = Ai(s),1 = 2,3, 00, and so on.

In the following subsections, we obtain coordinate systems corresponding to 4;(s), s = (s1,82) €
B = Bj1111 which separate completely the solution curves passing through A;(s). The systems for
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Aa(s) and Ajz(s) are obtained by quadratic transformations, while the other systems are obtained
from that for As(s) by the use of Bicklund transformations given in section 2. Notice that we can
obtain coordinate systems for As(s)(or Az(s)) from those for As(s)(or As(s)) and Bécklund trans-
formations. But the coordinate system obtained by the procedure is not good, namely the form of
the relation between the coordinates and the original ones is not good. Therefore we perform the
quadratic transformation to obtain good coordinate system for As(s) and As(s).

The quadratic transformation along a set A is denoted by Qa, and the superscript (k) of a
letter indicates that it is concerned with a k-th quadratic transformation.

4.2 Coordinate systems for As(s)

We make successively the quadratic transformations along As(s) N Wy, Az2(s) N Ws and find coor-
dinate systems for As(s).

4.2.1 Coordinate system for As(s) N Wy
The first quadratic transformation along As(s) N Wy. Note that As(s) N Wy C Woy and

As(s) N Wo = {(&1, €2, m00, n02) € Wor = C* | & € C, &1 = noo = 102 = 0}

We replace every point (£1,&2,700,M02) = (0,&2,0,0) with & € C by P? simultaneously. Let
1 1 (1) 4 (1 (1) (1) 4 (1 1) (1) 4 : _
(&2, 50 s Usg s 239 ) € C*, (€2, T31 s Usy s 231 ) € C* and (€2, %5y, Ysg 5 235 ) € C* be coordinate sys
tems of ‘/'2(11)(5) = Qa,(s)nw, (Wo1 X s) defined by
1 1) @ 1)@
&= 33(20), Noo = $(20)y§0), No2 = x(QQ)Zé());

1 1 1 1 1
&= $(21)y§1), oo = yél)a No2 = yél)zél)’

1) (1 1) (1 1
&= x(22)zé2)a Moo = yéQ)ZéQ)a No2 = ZéQ)a

then the exceptional divisor Déll)(s) = Qa,(s)nw, (A2(s) N Wy) is given by

1 1 1 1 1 1 1 1 1 1 1 1
{(§25x(20)’y§0)’ Zéo)) | 37(20) =0} U {(§Q,$(21),y§1), Zél)) | yél) =0}u {(§2a$(22)ay;2)a ZéQ)) | ZéQ) =0}.

Let us write our system in the three coordinate systems near the exeptional divisor. In the first
coordinate, it is written as

o | (o<x;t’> L 2si(s2 = 1>§2)
= — — 1 1 ’
ds1 s1(s1 —1)(s1 — s2) x(QO) yéo)
1 1
0% _ 1 (0(3?(20)) n P1(§2,Z§o)))
Jsy  sa(s2 —1)(s1 — s2) 37(2%)) y%) ,
oy 1 (0<xét’> 2516 — 51 + 51 — 52>)
0s1 s1(s1 — 1)(s1 — s2) x(QB) yé%)) ,
oxy) 1 (o<x§t’> 4 2o — Dy
= — — 1 1 )
0so s2(s2 — 1)(s1 — s2) x(go) yéo)
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1 1 1
dyty _ Olws)) + Pa(&)(aayhy) = 1) Dy _ Olasy)) + s1&a(cayy) — 1)

0s1 s1(s1 —1)(s1 — 52)33%) " 0so sa(s1 — 52)33%) ,
1 1 1 1
Oz _ ! (0<x;o’> + oG 25 )z = 1/ye)) | Pa(Ge z§0’>)
0s1 51(51 — 1)(51 — 52) 37(2%)) yéé) ’
1 1 1 1 1
Oz _ ! (0<x;o’> + Po(Ga. 25 )z = 1/u)) | Pl z§0’>)
O0sa 52(52 — 1)(51 — 52) 37(2%)) yéé)

in a neighborhood of Déll)(s) = {x(QB) = 0}, in the second coordinate system, it is written as

% ) 9 o0@s))

051 s1(s1—1)(s1 — so)ysy 052 sa(so — 1)(s1 — s2)y5)

1
oy ) ayy )

051 s(s1—1)(s1 —s2)ys) 952 sa(sy — 1)(s1 — s2)y5)

0250 _ O(ys) + {(s1 = )& — 51+ 52} (0 — 2}))

0s1 s1(s1—1)(s1 — 52)y§11)

dry)  O@sy) + s1(so — Déa(al) — aw)

052 s2(s2 —1)(s1 — 52)991) ,

0257 _ Oys)) +s1(s1 = D(@h) —an) 9251 O(y)) +s1(s5 — 1) () — )

051 si(s1 —1)(s1 — sa)ysy 02 s2(s5 — 1)(s1 — s2)ysy

in a neighborhood of DY (s) = {8} = 0}, and in the third coordinate system it is written as

9% _ 1 (O(Zéé)) n 251 (s2 — 1)523?(212))
051 51(51 - 1)(51 - 52) Zéé) y§12) ’
s _ 1 (O(Zéé)) n P7(§2,3?(212)))
852 52(52 - 1)(51 - 52) zéé) y§12) ,

Oz 1 ( O(ep))  s1lsn = Dy —&) = s191)
Os1 sis1 = 1) V(s) — 5)28) vsy ,
02y _ ! (0<z§?> L 102 = Di(s1 = 2)(6 - x§§’>)

- _ _ 1 1 ’
852 52(52 1)(51 52) Zég) yég)
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dayy) 1 (0<z§;> + Ps(Ea, a0 (a5 [ysy) — a2>)

851 51(51 — 1)(51 — 52) Zéé) !
1 1 1

O5) _ 1 (0<z§;> + Py(&, o)) (@l /yby) — a2>)

852 S92 (52 — 1)(51 — 52) Zéé) !

Bysy  O(28) +s1(s1 — 1)(aayby) — i) dysy)  O(2) + s1(s2 — 1)(wsy) — aaysy)

0s1 s1(s1 —1)(s1 — 52)359 T Osy sa(s2 —1)(s1 — 52)352)

in a neighborhood of D(l)( )= {zé? = 0}. Here P;(x) denotes a polynomial of *. In the following,
P;(x) always denotes a polynomial of some variables *. Investigating carefully these systems in a

neighborhood of Déll)(s) in the same way of deriving Proposition 4.1, we can verity that the set of
accessible singular points A(Qll)(s) is given by

1 1 1 1 1 1
AR (5) = {(&2, 2, 1), 250) = (€2, 2,0, 250)} € DS (s),

which means that A(Qll)(s) is included in a coordinate neighborhood of the coordinates (&2, 1:(211),
(1 (1)
Yo' s 21 )-

(1)

)

The second quadratic transformation along Aéll)(s) We next replace the points (€2, s,

yéll), zéi)) (&2, @, 0, zél ) with (&2, 221 ) € C? by P! simultaneously. Let (&3, zé?,x%},y%}) e C?

and (&, zél), 1:(221), yg)) € C* be coordinate systems of ‘/'2(12)(5) = QA(l)(g)(‘/Q(ll (s)) defined by
21 \¢

1 2 1 2) (2
JU(21) =+ x(QO)’ yél) = x(QO)yéO)’

1 2) (2 1 2
JU(21) =+ x(l)yél)’ yél) = y;l)a

then the exceptional divisor D( )( ) = QAgll)(s)(A(;l)(s)) is given by

1 2) (2 2 1 2) (2 2
{(&, Zél)’x(QO)’yéo)) | J’7(20) =0} U {(&, Zél)ax(m)ayé;) | yél) = 0}.

We can verify that our system is written in the second coordinate system as

sisa(s1— 1)(s2 — 1)(s1 — s2)d€a — > Pa(€a, 287, 257,457, s)ds; = 0,

1=1,2

s159(s1 — 1)(s2 — 1)(51 — s2)d2sy) — D Qi 25y, w5 sy s)dsi = 0,
1=1,2

s1s2(s1 — 1)(s2 — 1)(s1 — sa)dasy — > Xog(Ea, 25y, w5y, 457, s)dsi = 0,
1=1,2

sisa(s1— 1)(s2 — 1)(s1 — s2)dyd) — > VailEa, 25y, a5y b7, s)dsi = 0.
i=1,2

Here Py;, Q2i, X2;, Yo; in the second differential system are certain polynomials of &5, zél), 1:(221), yg)

and s. This means that the foliation has no singular points in (&2, zéi), x(221), yg), s)-space C* x B
and every leaf in the space is transversal with fibers. On the other hand, we can verify that the

14



points (&2, Zéi);x(g?;yé%))) = (&, Zéi), 0,0) are inaccessible singular points, because our system is

written as

% 0(3) 9% O(5)

051 s1(s1 —1)(s1 — 52)33(2%), Ds2 sa(s2 —1)(s1 — 52)33(2%),

Oz _ ! (0@%)+&®1—U)
851 S1 (51 — 1)(51 — 52) 33(2%) yé%)) ’
8z§i) _ 1 (O(xé%)) ~si(s2 — 1))
0s9 52(52 — 1)(51 — 52) 33(2%) yé%))
dr5e _ 1 (0(3?(2%)) Lodls -1 — s + 52})
851 51(51 — 1)(51 — 52) 33(2%) yé%)) ’
2 2
835‘20) _ 1 (0(37(20)) + 51§2)
059 52(51 - 52) 33(2%) yé%)) ’
2 2 2
sy _ O(x53)) Dy _ O(5))
051 s1(s1 —1)(s1 — 52)33%) 0s2 s2(s2 — 1)(s1 — 52)33%)

in a neighborhood of (&2, zéi), x(Q%)) yé%)) = (&, zé?, 0,0).
Thus we have obtained a coordinate system (§2,z§i),xg21),y§21)) € C* which separates the
solutions passing through As(s) N Wy = Aa(s) N Wyi. It is related to the coordinate system

(§1a§2,7700,7702) € Wy1 by

2 2) (2 2 2 (a
&= yél) (a2 + x(Ql)yél))a §2 = &2, Moo = yél), No2 = yél)zél)

and then
2 2) (2 1 1
q1 = yél)(OéQ +$é1)y§1)), g2 =§&2, p1= @) b2 = Zél)-
Y21
If we set
2 2 1
G =—asy), 3 =6, p =y, pi =2l
then we have
1
(4.1) g1 = pgl(az - qglpfl)a q2 = q%l, p1 = F, p2 = pgl
1

and

dqi A dpr + dga A dpy = dg?t A dp3t + dg3t A dp3t.

We should notice that the transformation from (q,p) to (¢g*%, p?!) is symplectic and then our
system Hji111 is also written as an Hamiltonian system in the variables (¢%!, p?!). In our teminol-
ogy, (¢*', p?!) is a symplectic coordinate system. We can verify that the Hamiltonians in (¢?*, p?!)
are polynomials of the variables whose coefficients are rational functions of s = (s1, $2) holomorphic

in B.
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4.2.2 Coordinate system for As(s) N Wy
The first quadratic transformation along As(s) N Ws. Note that As(s) N Wy C Way and
Az () NWo = {(€0, &1, m20,m22) € War ~ C* | & € C, & = 190 = 1722 = 0}
We replace every point (£o,&1,720,722) = (£0,0,0,0) with & € C by P? simultaneously. Let
(&0, X é(l)), 2(3), é(l))) e CY (&%, X éi), 2(11), (1)) € C* and (&, X éé),YQ(QD,Z(l)) € C* be coordinate
systems of VQ(Q)( ) = Qay(s)nw, (Wa1 x s) defined by
1), (1 1) (1
§1 XQO)a 7120 —XéO)Yé(O), 7122 _Xé())Zé())a
1 1 1
&= Xél)yé(1)a 20 = YQ(1)a N22 = YQ(1)Z§1),
1) (1 1) (1 1
&= XéQ)Z§2)a 20 = YQ(Q)Z§2)a N22 = ZéQ)’
then the exceptional divisor D( )( ) = Qa,(s)nws (A2(s) N Wa) is given by
(X5 =0y u vy =0y u{zy =0},
We can verity that the set of accessible singular points A(212)(s) is given by

1 1 1 1 1 1
AR (s) = {6, X5, Yar), Z5)) = (61, 00,0, Z3))} € DS (s).

The second quadratic transformation along ASQ)(S) We next replace the points (&1, Xé}),

Y2(11), Zé})) = (&, 2,0, Zé})) with (&, Zé})) € C? by P! simultaneously. Let (&1, Zé}), Xé?)), YQ((?)) €

C* and (&1, Zé}), Xg), Y2(12)) € C* be coordinate systems of ‘/'2(22)(5) = QA(l)(g)(‘/Q(Ql)(S)) defined by
22 \*

1 2 1 2)< (2
Xél) = a2+ Xéo)a YQ(1) = Xéo)YQ(O)a

1 2)<-(2 1 2
Xél) = a2+ Xél)YQ(l)a YQ(1) = YQ(1)a

then the exceptional divisor D( )( ) = QA(l)(g)(A(;Q)(s)) is given by
22 \©
{(x =oyu{viP =0}

We see that, in the (&, Zé}), Xg), Y2(12), s)-space C*x B, the Pfaffin system has no singular points
and every leaf is transversal with fibers, moreover, the points (&, Zé}), Xé?)), YQ((?)) = (&, Zé}), 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (&1, Zé}),Xg),YQ(f )) € C* which separates the
solutions passing through As(s) N Wo = Aa(s) N Wa1. We see that the system is related to
(0, &1, m20, m22) € Way by

fo=C, &=Y3 (02 +X3VoD), mao=Yar), ma2=Yy Z)

and then we have
(2)

Y. 1 &o
q1 = 2; (a2 +X(2)Y(2))a G2 = & p1= @ p2=—6o(v+az+ §0Z§P +X(2)Y(2))
which is equivalent to
2 2) (2 1
= YQ(1)(042 +X§1)YQ(1)), qg = &o, p% = W, p% = Zél)
21
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by means of (3.2). If we set
2 2 1
q%Q = _Xél)a qgQ = &o, p%Q = Yé(l)a p%Q = Zél)a
then we have

1
(4.2) qi = p3* (a2 — ¢i%p1?), 43 =¢3*, pi= vl p3 = p3?
1

and
dqi Ndpy + dga A dpy = dgi A dpT + dgs A dp3 = dqi® A dp3® + dg3® A dps?.

Thus we have obtained a symplectic coordinate system (g*2, p??) for As(s) N Wo. We can verify
that the Hamiltonians with respect to the coordinates are polynomials of these variables.

4.3 Coordinate systems for Aj;(s)

We make successively the quadratic transformations along As(s) N Wy, As(s) N Wi and find coor-
dinate systems for As(s).

4.3.1 Coordinate system for A3(s) N Wy
The first quadratic transformation along As3(s) N Wy. Note that As(s) N Wy C Woe and

As(s) N Wo = {(&1, &2, m00,m01) € Woz ~ C* | & € C, & = mo0 = 101 = 0}

We replace every point (£1,&2,700,m01) = (£1,0,0,0) with & € C by P? simultaneously. Let

(61,250, w50, 250) € 1 (6,28 0y 241)) € CF and (€, 28y, 5, 25)) € € be coordinate sys-

tems of V;ll)(s) = Qa,(s)nw, (Wo2 X s) defined by

1 1) (1 1) (1
&= 33(30), Moo = JTS?,o)yéo), o1 = J?go)zéo),

1) (1 1 1) _(1
&= $§1)y§1)a Moo = yél), No1 = yél)zél),

1 1n_(1 1
&2 = J?élg)zég), Noo = y;(gg)zég)a No1 = Zég),
then the exceptional divisor Déll)(s) = Qa,(s)nw, (A3(s) N W) is given by
1 1 1
{5 = 0} U {w)) = 0} U {=5) = 0},
We can verity that the set of accessible singular points Aéll) is given by

1 1 1 1 1 1
Al(ﬂ)(s) = {(glaxl(%l)’y:(ﬂ)’ Zél)) = (&1, 03,0, Zél))} C DL(H)(S)'

The second quadratic transformation along Agll)(s) We next replace the points (&1, 1:(311),

yéll), zéi)) = (&, a3,0, zéi)) with (&1, zéi)) € C? by P! simultaneously. Let (&1, zéi), xé%), yé%)) eC?t

and (&, zép, 1:§21), y§21)) € C* be coordinate systems of V3(12)(s) = QA(l)(g)(Vé(ll)(s)) defined by
31 ¢
1 2 1 2) (2

o =as+ 2y, vl =2,

1 2) (2 1 2
x(31) =az+ xél)yél)’ yél) = yél)a
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then the exceptional divisor D( (s) = QA(l)(g)(A( )( )) is given by

2 2
{xgo) =0} U {yél) =0}.

We can verify that our system has no singular points, every leaf is transversal with fibers in

(&1, 231 ,xgl),yél), s)-space C*x B. On the other hand, the points (£1, 231 ,Jz‘é%),yé%)) (&1, 2’31), 0,0)

are inaccessible singular points,
Thus we have obtained a coordinate system (§1,z31 ,£§21),y§2)) € C* which separates the

solutions passing through As(s) N Wy = As(s) N Wye. It is related to the coordinate system
(§1a§2,7700,7701) € Wys2 by

1
=58, &= y31 Mz + xél)yél)) Moo = yél), No1 = y( )Zél)

and then
1
2 2 1
ql = §1) q2 - yél) (ag + xél)yél)), pl = Zél)’ p2 (2)
Y31
If we set
2 1 2
=&, QQ = —xél), p?l = Zél), p2 yél),
then we have
1
(43) a=al's a2 =pi'las —ai'p3"), p=pl"s p2= .
2

Thus we have obtained a symplectic coordinate system (¢3!, p3!) € C* for Az(s) N W.

4.3.2 Coordinate system for A3(s) N W;
The first quadratic transformation along As(s) N W;. Note that As(s) N Wy C Wiy and

As(s) N Wy = {(€0, &2, 110, m11) € Wia =~ C* | & € C, & =119 = 11 = 0}.

We replace every point (£o,&2,m10,m11) = (£0,0,0,0) with & € C by P? simultaneously. Let
(§0;X§(1)),Yg%), Zé(l))) e CY, (§0,X§}),Y3(11), Zé})) € C* and (§0,X§§),Y3(21), Zéé)) € C* be coordinate
systems of ‘/})(21)(5) = Qa,(s)nw, (W12 X 5) defined by

&2 = Xgo)a no = X(l)Y})(ol)a nm1 = X(l)Zé(l))a
1 1

§o = ( )Y3(1)a o = Y3(1), M1 = Y:%(l)Zél)a
1 1 1 1

&2 = ( $2%), mo=Y'Z5), nu=25,

then the exceptional divisor Dé;)(s) = Qa,(s)nw, (A3(s) N W) is given by
1 1 1
{Xg0 = 0y U {Yay) = 0}u{Zg) =0},
the set of accessible singular points A§12) is given by

1 1 1 1 1 1
AgQ)(S) - {(go’Xél)aYé(l)’ Z’él)) = (50, ag, 0, Zél))} C DéQ)(S)-

18



The second quadratic transformation along A(312)( ).  We next replace the points (&, X. 31),
Y3(11), Zé})) (&0, a3, 0, Z ) with (&, Zé})) € C? by P! &umultaneously Let (&, Zé}),Xég),Yé(g))
C* and (&, Zé}), Xg), Y3(12)) € C* be coordinate systems of V32 ( )= QA(l)(g)(‘/})Q (s)) defined by
32 \*
1 2 1 2) (2
Xél) =az+ Xéo)a Y3(1) = Xéo)yé(o)a

X = s XV D =

then the exceptional divisor D( (s) = QA(l)( )(A( )( )) is given by
(x5 = 0pu vy =0},

We see that, in the (§0,Zé}),Xg),Yé(f),s)—space C* x B, the Pfaffian system has no sin-
gular points, every leaf is transversal with fibers, moreover, the points (§0,Z§}), Xég),Yg(g )) =
(o, Zé}), 0,0) are inaccessible singular points.

Thus we have obtained a coordinate system (o, Zé}),Xg),Y}le )) € C* which separates the
solutions passing through As(s) N Wy = As(s) N Wie. It is related to the coordinate system
(€0, &2, m10,m11) € Wo2 by

€=, & =Y oz + XDV, mo=Yay, mi=Ys Z)
and then we have

1 Y(Q)
= @ = (s + XJPVY), pr= -G+ as+ &) + XV, po= S
€o €o vy

which is equivalent to

q; =

2 2 2 1
a1 :§05 q2 Y})(l)(a?) +X( )Y( ))a p% = Z’él)a p% =

(2)
Y3;
by means of (3.1). If we set
2 1 2
= &1, qSQ = _Xél)a piﬂ = Zél)a ng Yé(l)’

then we have

1
(4.4) a =ai% = (as—¢3’p3), pl =0, py= o

2

32

The system (¢>2, p32) € C* is a symplectic coordinate system for As(s) N Wj.

4.4 Coordinate systems for Ay(s)

We obtain the coordinate systems for Ag(s) from those for A3(s) by the use of Béicklund transfor-
mations given in Section 2. Let H(«a') be the transform of H(a) by o3 and X, be the Hirzebruch
manifold for H(a/).

4.4.1 Coordinate system for Ay(s) N Wy

We derive a coordinate system for Ag(s) Wy from that for A3(s) MWy and the Bécklund transfor-
mation o3 given in Section 2. We can verify o5(Ag(s) N Woya) = A5(s") N Wy. As we have shown,
there exists a coordinate system (¢/5", ¢/3", p/3", p/s") for A(s') N W{, with
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fo_ 31 g3l 431 431 P |
91 =q1 QQ—pz(ag—QQPQ)a P1=P1, P2= 37

Observing the relations between (g1, g2, p1,p2) and (q’i’l, q’gl,p’i’l,p’gl) we take (g9, ¢9%, p9t, p9t)

as a coordinate system for Ag(s) N Wy where

73— s1(s2 — 1)gy" 7O = sy — D)L, PP = (s2—s)pt' s P
! S9 — S1 ’ 2 27 L 51(52—1) ’ 2 52—1.
We note that
01
S241 52 01 1
45 a1 =qY, go =3t (a0 — g3 pyt) — =t se, pr = ——o7 DV, P2 = 7
(4.5) i 2 ( 5 D) st S0t T 0

Thus we have obtained a symplectic coordinate system (¢!, p°!) for Ag(s) N W.

4.4.2 Coordinate system for Ay(s) N W

A coordinate system for Ag(s) N Wi is obtained from that for As(s) N Wi and the Bécklund

transformation o3. We see o3(A4p(s) N Wia) = A5(s’) N W{,. There exists a coordinate system

(@2, ¢35, 03,03 for Ay(s') N W], with

A 432 1 432, /32 432 A 432 a1
a,=9491, q2_p2(a3_q2p2)a P1=D1, p2—p,32-
2

Observing the relations between (g1, g3, pi, p3) and (q’i’Q, q’gQ,p’i’Q,p’gQ) we take (¢92, 92, p%2, p9?)

as a coordinate system for Ag(s) N Wy where

a2 si(s2 —1)g?? 50 D02 32 (s2 —s)pY? 32 Py’
(7 = ———, ¢y = (52— 1)gz%, Py =, 2 == .
So — 81 51(52 — 1) So — 1
We note that
(4.6) 1_ 02 1_ 02( _0202>+ 02 52 1 52 02 1_ 1
. 1 =41, 42 = P2 (&0 — g4z P2 5241 5 P = _ng +D017, Py = ng'

02 02)

The system (¢°2, p"2) € C* is a symplectic coordinate system for Ag(s) N Wj.

4.5 Coordinate systems for A;(s)

We obtain the coordinate systems for A;(s) from those for A3(s) by the use of Bicklund trans-
formations. Let H(ca') be the transform of H(«) by o301 and ¥, be the Hirzebruch manifold for
H(o).

4.5.1 Coordinate system for A;(s) N Wy

We derive a coordinate system for A;(s) N Wy from that for Az(s) N Wy and the Backlund trans-

formation ozoq1. We can verify oso1(Ai(s) N Woye) = AL(s’) N W{,. Observing the relations
between (g1, g2, p1, p2) and (q’i’l,q’gl,p’i’l,p’gl) we take (¢it, g3t pit, pil) as a coordinate system

for Ao(s) N Wy where

/31 _ (s2 — s1)qf! @3 = (5o — 1)gil, pPl = s1(s2 — 1)pit P ps'
! 51(52—1) ’ 2 2> ! (52—51) ’ 2 52—1
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We note that

1 1
(4.7) a=a' @=piar—ga'p) - +1, p= " +pit, po= e
2 2

Thus we have obtained a symplectic coordinate system (g'!, p'!) € C* for A;(s) N W.

4.5.2 Coordinate system for A;(s) N W,

A coordinate system for Aj(s) N W; is obtained from that for As(s) N Wi and the Bécklund
transformation o3o1. We see o301 (A41(s) N Wia) = A5(s") N W{,. Observing the relations between
(g1, a3, p1,p3) and (¢'7%, ¢'5°, p'y", p'5") we take (g1, g2, p}?, pb?) as a coordinate system for Ag(s)N

W1 where

32 _ (52 — s1)qi> 132 _ (5o — 1)gi2 p’32 _ s1(s2 — 1)p}? p,32 _ Py’
! 51(52—1) ’ 2 27 ! (52—51) ’ 2 52—1
We note that
1 1
(4.8) @ =ai?, @2 =p3 (a1 —@3*p3?) + 12 =1, p1 = o +p1%, p2= el
2 2

The system (q'?,p'?) € C* is a symplectic coordinate system for A (s) N W;.

4.6 Coordinate systems for A(s)

We obtain the coordinate systems for A (s) from those for Az(s) by the use of Béicklund transfor-
mations. Let H(a’) be the transform of H(a) by 7 = (6403)01(0403) " and X, be the Hirzebruch
manifold for H(a/).

4.6.1 Coordinate system for A, (s) N W

We derive a coordinate system for Ao (s) N Wi from that for As(s) N Wi and the Bécklund trans-
formation 7 = (0403)01(0403)"!. We can verify 7(Ax(s) N Wi1) = A4(s') N W{,. Observing
the relations between (ql,qd,pt,pd) and (¢/32, ¢/3%, /5%, p'3%) we take (¢5°F, ¢3°%, p5°t, pt) as a

coordinate system for A (s) N W; where

32 32 32 32
7 =—q¢, ¢y =¢t Py =-pt, Py =p5,
We note that
1
(4.9) a1 =7 (e — q°'p°Y), @3 =t pl = T py = p3°t
1

Thus we have obtained a symplectic coordinate system (¢>!, p>°!) € C* for A (s) N Wj.

4.6.2 Coordinate system for A (s) N Wy

A coordinate system for A, (s) N Wy is obtained from that for Asz(s) N Wy and the Béacklund
transformation 7 = (0403)01(0403)7 . We see 7(Ax(s) N Wag) = A4(s') N W, Observing
the relations between (ql'q25p15p2) and (q/ilaq/glap/i)lap/gl) we take (q%OQaqSOQap?OQapSOQ) as a
coordinate system for A (s) N Wy where

131 002 131 02 31 502 3l 502
91 =417 49 =43, P11 = P15 P =DP3 7,
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We note that

1
(4.10) @ = a6 =3 (0 a3, pi=0 P=

2
The system (¢>°2, p>?) € C* is a symplectic coordinate system for A (s) N Wa.

Thus we have obtained ten symplectic coordinate systems (¢, ¢3, p}, p5) each of which separates
solution curves passing through the accessible singular points (see (4.1)-(4.10)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coefficients are rational
functions of s holomorphic in B.

D) DY) D) D) DG

Figure 1. J=11111

5 Spaces of initial conditions for Hi19

In the present case,

1
1/=—§(ozo+oz1+oz2—1+ozoo).

In this section, we omitt the label 1112.

5.1 Accessible singularities on D x B

Observing the system H(®) on all Wij g # 0, in the same way of deriving Propotison 4.1, we can
obtain

Proposition 5.1. The set of accessible singular points of the system ’H(l(i)u for each s = (s1,82) €
Bi112 is a disjoint union of four connected components Ag(s), A1(s), A2(s), Aso(s) ~ P! given by
Ao(s) = {(& m0, 5) € Wo x Bls15280 — 5261 — 5182 = 0,700 = 0, 51701 — 527702 = 0}

U{(& m1,5) € Wi x Blsi1s260 — 5261 — 5162 = 0,110 = 0,111 + s2m12 = 0}
U{(& m2,5) € Wa x Blsis2§0 — 5261 — 5162 = 0,120 = 0, 51721 + 122 = 0},
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A1 (S)
A2 (S)
Ao

{(& 1m0, 5) € Wo x Bl& = 100 = 102 = 0} U {(§, 12, 5) € Wa x B|& = 120 = 122 = 0},
{(&,m0,5) € Wo x Bl& =100 = 101 = 0} U{(§,m1,8) € W1 x Bl&a = n10 = m11 = 0},

(s) ={(&m,s) € Wi x Bl& =m0 =12 =0} U{(§, 12, 5) € Wa x B|& = n20 = 121 = 0}.

Moreover, we can verify

Proposition 5.2. The Backlund transformation group Ss acts on the components of the accessible
singular points of Hi112 according to the following diagram

Ao | Ay | A
01 A2 AO *
o2 | Aso * Ap

where A1(s) is invariant under the action of this group.

In the following subsections, we obtain coordinate systems for A;(s). The systems for A;(s)
and Az(s) are obtained by quadratic transformations, while the systems for Ag(s) and A (s) are
obtained from that for As(s) by the use of Bicklund transformations.

5.2 Coordinate systems for As(s)

We make successively the quadratic transformations along As(s) N Wy, Az2(s) N Wi and find coor-
dinate systems for As(s).

5.2.1 Coordinate system for Ay(s) N W

The first quadratic transformation along As(s) N Wy. Let

then

1 1) (1 1) (1
&= 33(20), Moo = $(20)y§0), No1 = x(Q())ZéO)a

1 1 1 1 1
§a = $(21)y§1), oo = yél)a No1 = yél)zél)’

1) (1 1) (1 1
§o = x(22)zé2)a Moo = yéQ)ZéQ)a No1 = ZéQ)’

DSY (5) = Qay(s)nwy (A2(s) N Wo) = {asy) = 0} U {yy) = 0} U {={y) = 0},

the set of accessible singular points A(Qll) is given by

1 1 1 1 1 1
AR (s) = (&1, 25, 9, 280) = (61, 2,0, 28)} € DSV (s).

The second quadratic transformation along Aéll)(s) Let

then

1 2 1 2) (2
JU(21) =+ x(QO)’ yél) = x(QO)yéO)’

1 2) (2 1 2
JU(21) =+ x(Ql)yél)a yél) = yél)a

2 1 2 2
DY (s) = Q 0, (AL (s)) = {55 = 0} U {7 = 0}.

We can verify that our system has no singular points, every leaf is transversal with fibers in

(2) (1

(&1, zé?, x(221), yg), s)-space C*x B. On the other hand, the points (£1, zé?, x(Q%), Yso ) = (&1, 221), 0,0)
are inaccessible singular points.
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Thus we have obtained a coordinate system (&1, zél), x(Ql), yg)) € C* which separates the solu-

tions passing through As(s) N Wy = Az(s) N Woa. If we set

2 1 2)
= &1, QQ = _$g1)a p1 = Z§1)a pz = Y21
then we have
1
(5.1) a=q¢" @=p(0s—a¢p3), pL=pi", p2= i
2

Thus we have obtained a symplectic coordinate system (¢!, p?!) € C* for Ay(s) N Wy.

5.2.2 Coordinate system for Ay(s) N W,

The first quadratic transformation along As(s) N W;. Let
§a = 20 » Mo = X( )YQ(O)a i = X( )Zé(l))a
§2 = X(l)Yé(ll)a o = Yé(ll)a 1= Y(l)Zéi)’
&= X525, mo=Y 2%, mi=25),

then
Déz (8) = Qay(s)nw, (A2(s) N W) = {Xé(l)) 0} U {y(l) =0} U {Z(l) 0,

the set of accessible singular points A(212) is given by

1 1 1 1 1 1
AR (s) = {(€0, X5, Yar), Z5)) = (€0, 2,0, Z3))} € DS (s).

The second quadratic transformation alongA(212)(s). Let

1 2 1 2)y-(2
Xél) =az+ Xéo)a YQ(1) = Xéo)YQ(O)a

1 2)y,(2 1 2
Xél) =az+ Xél)YQ(l)a YQ(1) = YQ(1)a

then
2 1 2 2
Di3)(s) = Q u (Al () = {X35) = 0y U {3} = 0},

We see that, in the (&, Zé}),Xg),YQ(f), s)-space C* x B, the Pfaffin system has no singular
points, every leaf is transversal with fibers, moreover, the points (£, Z. é}), Xé?)), Y(Q)) (o, Zé}), 0,
0) are inaccessible singular points.

Thus we have obtained a coordinate system (o, Zé}),Xg),YQ(f )) € C* which separates the

solutions passing through As(s) N Wy = As(s) N Wia. If we set
2 1 2
= &1, qu = —X§1)a p%Q = Zél)a p%Q YQ(1)a

then we have

1
1 22 22 22 1 22 1
(5.2) at =, @ =p32(az — ¢3*p3%), pi=pi’ P = o
2

22

The system (¢?2, p?2) € C* is a symplectic coordinate system for Ay (s) N Wj.
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5.3 Coordinate systems for Ay(s)
We obtain the systems for Ag(s) from those for As(s) and oy.

5.3.1 Coordinate system for Ay(s) N W

We derive a coordinate system for Ag(s) N Wy from that for As(s) N Wy and o1. We can verify

01(Ap(s)NWh2) = AL(s")NW],. Observing the relations between (g1.¢2, p1, p2) and the coordinate
system (q’%l, q’gl, p’%l, p’gl) for A)(s"), we take (g9, ¢9*, p9t, p3') as a coordinate system for Ag(s)N

Wy where

21 q(l)l 21 21 21 pgl
q¢7 =— , ¢y =—(s2-1)g8", P71 =—(s2-1)pY", py = ——"—.
S92 —1 S92 —1
We note that
(5 3) g = q01 go = pm(a qmpm) 52(](1)1 +s pL= 52 +p01 Dy = 1
. 1= , 2 = 0— - 2, P1= —%7 , P2 = —757-
1 2 2 P2 s1 51p31 1 pgl

Thus we have obtained a symplectic coordinate system (¢!, p°!) € C* for Ag(s) N W.

5.3.2 Coordinate system for Ay(s) N W,

A coordinate system for Ag(s)NW is obtained from that for As(s)NW; and o1. We see o1 (Ag(s)N

Wia) = Al(s') N W{,. Observing the relations between (¢l.q}, pl,pd) and (¢'2%, ¢3%, p'3, p/32) we

take (92, ¢3%, p92,p9?) as a coordinate system for Ag(s) N W where

22 q(1)2 22 22 22 ng
q¢7=— , 4y = (2= 1), P17 =—(s2 - 1)pY? Py =———.
S92 —1 S92 —1
We note that
1 02 1 02 01,01 02 52 1 52 01 1 1
(5.4) @1 =a1" =3 (0—q Py )+ s2q)" — 5 T +p1, Py = P
2 2

02 02)

The system (¢°2, p"2) € C* is a symplectic coordinate system for Ag(s) N Wj.

5.4 Coordinate systems for A, (s)
We obtain the systems for A, (s) from those for As(s) and 7 = (02)o1(02) L.

5.4.1 Coordinate system for A, (s) N W,

We derive a coordinate system for A, (s) N Wy from that for As(s) N Wy and 7 = (02)01(02) L.

We can verify 7(Ax (s) N W11) = A5(s") N W/,. Observing the relations between (gi.q3, pl, pi) and

(q’?, q’§2,p’§2,p’32) we take (¢$°1, ¢5°1, p§°l, ps°l) as a coordinate system for A (s) N Wy where

22 22 22 22
77 =—q¢, ¢35 =¢t p'v =, Py =p3,
We note that
1
(5.5) a1 = P (aee — ¢°'p°Y), @3 = @3, pi=ﬁ, py = p3°t.
1

Thus we have obtained a symplectic coordinate system (¢>!, p>°!) € C* for A (s) N Wj.
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5.4.2 Coordinate system for A (s) N Ws

A coordinate system for A..(s) N Ws is obtained from that for As(s) N Wy and 7 = (02)01 (02) L.

We see T(Asxo(s) N Wao) = AL(s’) N W{y. Observing the relations between (qi.g2,p1,p2) and
3 02

(q’?l, q’gl,p’fl,p’gl) we take (¢$°2, ¢5°%, p§°2, p5°?) as a coordinate system for A (s) N Wa where

21 21 21 21
7 =—a7?, d5 =¢% Py =t Py =t
We note that
1
(5.6) =% @3 =5 ase — 5°°p57), PE =p37, ph = e
9
The system (¢>°2, p>?) € C* is a symplectic coordinate system for Ay (s) N Wa.

5.5 Coordinate systems for A;(s)

In this subsection, we obtain coordinate systems for A;(s) by making quadratic transformations
four times. In order to get good symplectic coordinates, we insert a simple change of variables
after the second quadratic transformation and make a suitable change of variables after the last
quadratic transformation. The last procedure is very important because it not only produces
symplectic cordinates but also resolves a kind of singularity £&; = 1 in the present case.

5.5.1 Coordinate system for A;(s) N W
The first quadratic transformation along A;(s) N Wy. Note that A;(s) N Wy C Woy and

A (s) N Wo = {(&1, &2, m00,m02) € Wor ~ C* | & € C, & = mg0 = m02 = 0}

We replace every point (£1,&2,700,m02) = (0,&2,0,0) with & € C by P? simultaneously. Let
(&, 210, vl #10) € CY, (&,28), i), 21)) € CF and (&, 213,57, 213) € € be coordinate sys-
tems of Vl(ll)(s) = Qa,(s)nw, (Wo1 x s) defined by

1 1) @ 1)@
&= 33(10), Noo = $§o)y§o), No2 = x(10)2§0))

1 1 1 1 1
&= 37(11)I‘J§1)a 100 = yh)a No2 = y§1)2§1)a

1) (1 1) (1 1
&= x(12)2§2)a Moo = y§2)2§2)a No2 = 2’{2)’

then the exceptional divisor Dﬁ)(s) = Qa,(s)nw, (A1(s) N Wy) is given by

1 1 1
{2l =0} U {y) = 0y u {=1) = 0}.

Let us write our system in the three coordinate systems near the exeptional divisor. In the first
coordinate, it is written as

0 _OWl) de_ 106 Py
0s1 5%33(1%)) T 0sy s182(s2 —1) 37(1%)) yﬁ)) ,
1 1 1 1
81;(10) _ O(x(lo)) 81:(10) _ 0(33(10))
91 227 02 sy(sy— )2l
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Mg _ O@(R) +nsimig (@ — 1) dyly _ 0@y — néayly)
851

(1) ’ B (1) ’
53210 Os2 81827 ¢

82'%) _ O(xgo)) +ns1{l+ (& — 1)z10)}

Os1 staly
1 1
029 1 (OG)+ Pal&,210)) |, Palée,2A0)
dsy  s152(s2 — 1) (1) + )
2 122122 Ti0 Y10
in a neighborhood of Dﬁ)(s) = {x(lt) = 0}, in the second coordinate system, it is written as
1 1
% _OoWh) 9% _ O
Osi styl) 0% sisa(s — 1)
1 1 1 1
oy _ow) oY o)
0s1 S%yﬁ) ’ 0s9 5152(52 — 1),

027) _Ow) —nsi@—1) oxY _ O@iY) +ne

Os1 51991) " Os 529§1) ,
1 1 1 1
02y _ OWi) +ms 02 _ O@) —msi(s2 — 1)

051 sty Os2 s1s2(s2 — 1)y
in a neighborhood of Dﬁ)(s) = {yﬁ) = 0}, and in the third coordinate system it is written as

0 _OW) d___L__(OGY), Al
0s1 s%zg) " 0sy s1sa(s2 — 1) zg) yﬁlz) ,
1 1 1 !
82{2) _ O(z ( )) 82{2) _ O(Z§2))
0s1 S%Zﬁl) sz 5152(s2 — 1)2%)
02ty O(Y) — i —1+2)
851 Slzg) ,
PYEY 1 oY+ P P,
iy _ ( (219)) + Pa(&2, 3312 ) 5(62, 3312 ))
dsy  s1s2(s2 — 1) 2y v |

1 1 1 1 1
oty _ O —nsinty  uy _ O(y) — sa(s2 — Dyl
851 S%Z(l) ’ 852

5152(52 — 1) (1)
in a neighborhood of Dﬁ)( )= {z(l)

212

0}. Investigating carefully these systems in a neighborhood
of D%l)(s), we can verity that the set of accessible singular points A11 (s) is given by

AR (s) = {(&0, 288, 188, 28)) = (€2,0,0,-1/(&2 — 1)} € DIV (s).
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The second quadratic transformation along Agll)(s) We next replace the points (&o, x(lt),

y%), z%)) = (&,0,0,—1/(& — 1)) with & € C\ {& = 1} by P? simultaneously. Note that & = 1

is excluded. Let (§2,x(1%),y%), z%)) e C4, (§2,x(121),y§21), zﬁ)) € C* and (§2,x(122),y§22), zg)) € C* be

coordinate systems of V1(12 )(s)=Q V1(11 )(5)) defined by

AW (s
1 2 1 2) (2 1 2) (2
JU(10) = JU(10)a y%o) = x(lo)yﬁo)a Z%o) =-1/(&a—-1)+ x(lo)zﬁo)a

1 2) (2 1 2 1 2) (2
JU(10) = x(ll)yﬁl)’ y%o) = y§1)a Z%o) =-1/(&-1)+ y§1)Z§1)’

1 2) (2 1 2) (2 1 2
JU(10) = x(12)z§2), y%o) = y§2)2§2)a Z%o) =-1/(& -1+ Z§2)’
then the exceptional divisor Dﬁ)(s) = QA(l)(g)(A(lll)(S)) is given by
11 \*

2 2 2
(22 =0y u{yY =0y u{=y) =0}

Let us write our system in the three coordinate systems near the exeptional divisor. In the first
coordinate, it is written as

% _ 1 (O(xfo)) 2(sg — 1)§2) 9% _ 1 (0(33%)) P1(§2,Z%)))
Os1 si(&—1)\ gl y@ ) 052 sisa(s2—1)(& -1\ LY NN
ouiy) 1 (0<x§%3> 2l — 1)
ds1 s2(& — 1) x(lt) y%) ;
833%) _ 1 (O(x(lt)) . 285(s2 — 1))
O0sa 5152(52 — 1)(§2 — 1) x(li)) yﬁ)) !

0yY  0@)) +281(6 — D1+ (& — Dyl

D51 36 — 1)22})

oY) O(a) — 251(s2 — 1)(€2 — D&{1 + (& — Dyly)}

Os2 s189(s2 — 1)(&2 — 1)22()
2 2 2 2
82{0) _ 1 (0(37(10)) Py (&, Z%o)) Ps3(&, Z%o)))
o RGN L T A e )

1 2
82{0) _ O(xgo))

D52 s1s(s2 — 1)(&2 — 1)3(a7)?

in a neighborhood of Dﬁ)(s) = {x(l? = 0}, in the second coordinate system, it is written as

9% _ Lﬁ)) & _ OyY) — 2516(& — 52)

051 s2(&—1)y2" 052 sysp(s2— 1)(&2 — 1)ylT
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wmy 1 (mﬁhgm@—m)

0s1 s2(& —1)2

2 2
?A 1) JU(11)

oy _ 1

852 - 5152(§2 — 1)2

(O(yﬁ)) _ ns1&a(wiz — 1)2)

2 2
?A 1) JU(11)

2 2 2 2
9217 _ Ow?) + Pi(&e, #)) n(& — 1) + 217}
2 )
051 (& —1)%y7

021 _ O + Pa(&, i) {n(&2 — 1) — 217}
Os2 s152(s2 — 1)(1 — &)y}

2
027 oY) 047 O@Y)

051 2(g — 137 052 s1s9(s0 — 1)(&2 — 1327 (117)?

in a neighborhood of Dﬁ)(s) = {yﬁ) = 0}, and in the third coordinate system, it is written as

o _ 1 (owgh+2@2—m@x3)

0sy S% (§2 — 1) Z%g) y§22)
% _ 1 @%% H@A%)
852 5152(52 — 1)(§2 — 1) Z%g) y§22) ’
2 2 2 2
oy _ 1 (m%hmadb &@ww)
91 si(& =17\ ) 2l vy
2 2 2
0213 _ ! (mah+&@>+%@éb)
059 S$182 (52 — 1)(§2 - 1)3 Z%g) $(122)Z§3) y§22)2§3)
92ty 1 (mﬁh &@A%)
Os1  silea—1P\ D 95 S
2 2 2 2
8$§2) _ 1 (O(zﬁz)) Py (&2, 2’{2)5 x(12)))
Os2  smism(s2— D& 1% 2 iy (:3)7
2 2 2 2 2 2
oy _ Pol6o,xil viy) oyt _ Pio(&, 213, 413
051 SB(&—1027 952 sisa(sr — (€ — 1)P2{3 27

in a neighborhood of D{?)(s) = {2{2) = 0}. Investigating carefully these systems in a neighborhood
of Dﬁ)(s), we can verity that the set of accessible singular points Aﬁ)(s) is given by

AP (5) = {(£2, 23, 42, 28D) = (62,0, =1/ (n(&2 — 1)), 2)} € DD (s).
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The third quadratic transformation along Aﬁ)(s) Here we insert a change of variables

2 2 2 2 2 2
§2 = &2, 15(10) = x(lo)’ y%o) = 1/U§O)a Z%O) = Z%O)’
namely, a change of local coordinates of a neighborhood of the set Aﬁ)(s) The change of variables
is necessary for obtaing a symplectic coordinate system.

We next replace the points (&2, z%),x%),v%)) = (&, z%), 0, —n(& — 1)) with (&, z%)) e C?\
{& = 1} by P! simultaneously. Let (§2,z%),x§%),y§%)) € C* and (§2,z%),x(131),yﬁ)) € C* be
coordinate systems of ‘/1(13)(5) = QA(Q)(S)(VS)(S)) defined by

11 \©
2 3 2 3) (3
JU(10) = J’7(10)a U%o) =-n(&-1)+ xgo)i‘Ao)a
2 3) (3 2 3
JU(10) = x(ll)yﬁl)’ U%o) =-n(&-1)+ y§1)a

then the exceptional divisor Dﬁ)(s) = QA(Q)(S)(A(121)(S)) is given by
11 \*

3 3
() =0yu{y} =0}

Let us write our system in the two coordinate systems near the exeptional divisor. In the first
coordinate, it is written as

% o@l) 06 O(«\y)

051 (& — )zt 952 sisa(sy—1)(& — Daly)

2 2 3 3
8Z§O) _ Pl (§25 Z%O)a .13(10), y%o))

Os1 (g — 13Dyl —n( — 1)}

2 2 3 3
az§0) _ P2 (§25 Z%O)a 33(10), y§0))

052 s185(s5 — 1)(€2 — 1325 {23y —n(ea — 1)}

orfy _ O@l)  owly) O(xi7)

0s1 53(&2 — 1)3?(1%), 0s2 s2(s2 —1)(&2 — 1)37(1%),

9y 0@ + (1 —yiPs(&)  0yld) 0@ + (a1 — g\ Pi(&2)

Os1 (6 — 1)y " Os2 s189(62 — 1)22y)

in a neighborhood of DY (s) = {33%) = 0}, in the second coordinate system, it is written as

9% o) 06 o)

051 s2(&— Dy 052 s189(s2 — 1)(E2 — Dty

921y _ oY)
051 (& — 13{yY — n(&a — 1)}
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021y _ Owy) + Pi(&, 410, 21Y)
Os2 sysp(s2 —1)(&2 — 13T —n(& — DYty (@)?
89(3) _ 1 (O(yﬁ)) P2(§2a 3511 ))
0s1 5% (§2 - 1)2 yﬁ) 33(1?1) ’
89(3) _ 1 (O(?Al)) P3(§2a 3511 ))
852 5152(52 — 1)(§2 — 1)2 yﬁ) 33(1?1) ’
0217 _ OwY) —nsi1(& — 1) (enafl — 1)
01 s2(& — 1)2yY) ’
0217 _ OWY) + néesi (€ — D (enaf) — 1)
Os2 s182(&2 — 1)2y59)

(3 _
1 =

in a neighborhood of D(B)( ) ={y 0}. Investigating

carefully these systems in a neighborhood

of Dﬁl)( ), we can verity that the set of accessible singular points Aﬁ)(s) is given by

3 2) (3) (3 2 3
AT (8) = {(&2, 210 210 1)) = (€2, 217, 0,00)} € DT (s).
The fourth quadratic transformation along A(l‘?( ).  We next replace the pomts (&2, 210 , 1:(1%),
y%)) = (&, zlg), 0, 1) with (&, z%)) € C?\{& = 1} by P! simultaneously. Let (§2, 210 ,x(f(l)), y%))
C* and (&3, z%), 1:(1?, yﬁ)) € C* be coordinate systems of Vl(l)( )= QA(3>(9)(V11 (s)) defined by
11 \*
3 4 3 4) (4
oy =aly, uy) = o1 +2{uly,
3 4) (4 3
x(l ) = x(l)yﬁl)’ y%o) = a1 +y§1),

then the exceptional divisor is given by

D (s) = Q 4 (o (A10 () = {arig) = 0} U {y1)) = 0}.
We can verify that the Pfaffian system is written as
stsa(s2 — 1)(& — 1€ — Y Pli(&, 217,280, {0, s)ds; = 0,
i=1,2
stsa(s2 — (& — )& — 1) + O }dzls) — > Q& 217, 21, 115, s)dsi = 0,
1=1,2

stsa(s2 — 1)(& — Ddaly — > X{,(&, 240 21¢, 11y, s)dsi =0,

1=1,2
sTsa(s2 — 1)(& — D2yt — D Viy(&a, 21 28d) iy, s)dsi = 0

1=1,2
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in the coordinates (§2,z%),x%),y%)) and s where P{;,Q};, X1,,Y]; are certain polynomials of
&a, z%),x(l%)),y%) and s. Therefore the differential system in the cordinates (2, z%),x(l%)),y%)) is

holomorphic in a neighborhood of {x(f(l)) = 0} except for & = 1. On the other hand, we can verify
that

2) (4) (4 2) (4) (4
% _ Py (&2, Z§0)5x§1)5y§1)> % _ Py (&2, Zfo),l‘(n),yﬁl))
Js1 51(&2— 1) T 0sy s1s2(s2—1)(§2— 1)

2 2 4 4
az§0) — P3(§2,Z§0),$(11),y§1))
051 2(& — 132t PylY (ar +91Y) — (& - 1)}

0280 0@)) +0@@)) + 4nsi{(& — 1)% + 5262(2 — &)}

052 s185(s0 — 1)(€2 — 13 PiY (1 + 9iY) — n(&2 — 1)}al?

oy\) o)) + s -1 9ylY  OWD) + nsibalte — 1)

Os1 S -2 9% sis(s—1)(& —1)22(])

4 2 4) (4 4 2 4) (4
81'%1) P4(§25Z§0)’x(11)’y§1)> 81'%1) _ P5(§25Z§0)’x(11)5y§1)>

851 B 5%(§2 — 1)2 ’ 852 n 5152(52 — 1)(§2 — 1)2
in a neighborhood of (&2, z%), 1:(1?, yﬁ)) = (&, z%), 0,0) with & # 1, which shows that the points
(&2, z%), Ji(ﬁ), yﬁ)) = (&2, z%), 0,0) are inaccessible wit(h)§2 (75) 1.( :
2) (4) @

Thus we have obtained a coordinate system (&2, 215, 10, Y19 ) € C* which separates the solu-
tions passing through A; (s)NWy = A1 (s) NWoy with & # 1. Tt is related to the coordinate system
(€1, €2, M00, M02) € Wor by

@ (2{0)? w1
gl = T10 §2 = §25 Moo = (4) ) (4 s Mo2 = Xig (3710 215 — §—_1)
Ty0 (01 + 219y ) — (&2 — 1) 9
and then
-1 a
=20 =6, p= _n—1) T )

4 4
(@02 oy
(4)
n ) aq 9 Yy 4 2) (4), (4
P2 = MO n(& — 1)Z§O) &1 + (alzﬁo) N §21—E1)x(10) + Z%o)y§o)($(10))2-
10

Here we notice that this coordinate system is not symplectic and the form of the differential
system is very complicated. Therefore we proceed to finding another good coordinate system. For

this purpose, let us calculate the 2-form dg; A dpy + dge A dps in the coordinates (€2, z%), 1:(1‘(1)), y%))'

dgi A dp1 + dga A dp
4 4 4 4) 2
= dx(lo) A d?Ao) +{-né-1)+ 37(10)(041 + x(lo)yﬁo))}d@ A dzﬁo)
(4)
+ (et + 22 {0f) — 10 Jdea iy
(2)(..(4)y2 3?(14(1)) (4)
+ (310 (z10)” = &—_1)d§2 Adyy
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= dx(f(l)) A dy(4)
(4) (4), (4) (2) x(lo)y§o)
+d§2/\d{{—77(§2 — 1) +ziy (a1 + 210 Y10’ ) } 210 € —1 }
= dx(f(l)) A dy(4)
), (4)

(4
—+ T «
déa 1 d{{ n(& = 1) + 25y (a1 + g vi0) =10 — glo—yli) &2 —1 1 }

Therefore, setting

(4), (4)
2 4) (4 2) _ Ti0¥ all
wip = {=n(& — 1) + 2 (a1 + 2§ y1e)} =10 — §10—1f G
(2) (4 (4

we have symplectic coordinates (&2, wyy , 10, Y1o )- Futhermore, in this coordinate system, we can
verify that the our system is written as

s1s2(sy — 1)dé — Z Pri(€2, wiy, iy, iy, 5)dsi = 0,
1=1,2

5%52(52 -1 dw(Q) Z Ql’L §2; w%%))a x(lé(l))a yY(l))a )ds’t = 0)
1=1,2

s1s9(sy — 1 dx(4) Z Xai( §2,w%),x%),y%), s)ds; =0,
i=1,2

s3sa(s2 — D)dyty — Y Yii(Ee,wiy, 2ig, yig), s)ds; =0,
1=1,2

where Py;, Q14, X14, Y1; are certain polynomials of &5, wﬁo), 1:(1‘(1)), y%o) and s. This means that the

foliation has no singular points in (&3, wlo), x(lo), yﬁo), s)-space C* x B and every leaf in the space is

transversal with fibers. Remark that the system has no singularity on &, = 1. We write this affine
symplectic coordinate system as (qil, gil, pit, pit), namely

4 4 2
a1 :x(lo)a @' =&, pi :?Ao)a P —wﬁo)

The relation between it and the original coordinate system is given by

ngy' —1) | o n
(57) q1 = qila q2 = qéla p1=— 211 2 + 11 +p%15 P2 = 3 +p%1
(a1") 41 a1

5.5.2 Coordinate system for A;(s) N Ws
The first quadratic transformation along A;(s) N Ws. Note that A;(s) N Wy C Way and
A1 (s) NWa = {(&, &1, n20, 22) € War = C* | &4 € C, & = 120 = 22 = 0}.
We replace every point (£o,&1,720,722) = (£0,0,0,0) with & € C by P? simultaneously. Let
(60, X10, Yo', Z{5)) € T, (60, X{1, Vi, Z1)) € € amd (&, X{3), V5, 213)) € C* be coordinate
systems of Vl(Ql)(s) = Qa,(s)nw, (Wa1 X s) defined by
1,01
&= 10 y Tl20 = Xf(l))Yl(ol), N2s = X\ )Zio),
& = (1)Y1(11), 120 = Yl(ll)a Moo = Y(l)Zﬁ),
1
§1 X( )Z§2)a Y( )Z§2)a T22 = ZiQ)a
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then the exceptional divisor Dg)(s) = Qa,(s)nws (A1(s) N W) is given by
(X{y) =0 u{v =0tu{zyy) =0},
the set of accessible singular points Aﬁ)(s) is given by

A (s) = {(&0, X VD, 28 = (€0,0,0,1/(60— 1)} € DY (s).

The second quadratic transformation along Ag)(s) We next replace the points (&, Xf(l)),
Yl((}), Zf(l))) = (£,0,0,1/(&—1)) with & € C\{& = 1} by P? simultaneously. Let (X%), Yl(g), Z%)
e C3, (Xg),Yl(f),Zﬁ)) € C3 and (Xg),Yl(QQ),Zg)) € C? be coordinate systems of ‘/1(22)(5) =
QA%)(S)(Vl(Ql)(s)) defined by

1 2 1 2)1 (2 1 2) (2
X =X, v = x@v@ . 2 =1/ -0+ xPz?),
1 2)1 (2 1 2 1 2) (2
Xio) = Xil)yi(l)a Y1(0) Y1(1)a Zio) 1/(&— 1)+ Yi(l)Zil)a
1 2) (2 1 2) (2 1 2
Xio) = XiQ)Z§2)a Yl(o) = Yi(Q)Z§2)a Zio) =1/(%—1)+ ZiQ),
then the exceptional divisor Dg)(s) = QA(l)(g)(A(lé)(S)) is given by
12 \*
2 2 2
{xio =0pu Y =0y u{zy =0},
the set of accessible singular points Ag)(s) is given by
2
AT (5) = {60, X35 Y5\, Z15)) = (60.0.1/(n(& — 1), 2{)} € DI (9)-
The third quadratic transformation along Ag)(s) Here we insert a change of variables
2 2 2 2 1 1
o = o, Xio) = Xio)a Y1(0) 1/Vl(o)a Zio) = Zfo)
namely, a change of local coordinates of a neighborhood of the set Ag)(s) The change of variables
is necessary for obtaing a symplectic coordinate system.
We next replace the points (£, Z%), X%), Vl(g)) (o, Zfo ,0,m(& — 1)) with (&, Z%)) e C?\

{& = 1} by P! simultaneously. Let (§0,Z§(2)),X§g),Yl(g)) € C* and (§0,Z§(2)),Xﬁ),Yl(f)) € C* be
coordinate systems of Vl(s)(s) = QA(Q)(S)(Vl(QQ)(s)) defined by
12 \©

2 3 2 3)+(3
Xio) :Xio)a V1(o) =n( — )+X( )Y1(0),
2 3)+(3 2 3
Xio) = Xil)yi(l)a V1(o) =n( —1) +Y1(1),

then the exceptional divisor D( )( ) = QAEQQ)(S)(A(lé)(S)) is given by
3 3
{xio) =0yu v}y =0},
the set of accessible singular points Ag)(s) is given by

3 2 3 3 3
A () = {(60, 280, XD VD) = (€0, 23),0,01)} € D) (s).
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The fourth quadratic transformation along Ag)(s) We next replace the points (&g, Z 10),
ng), Yl(g’)) = (&, Z%), 0, 1) with (&, Z%)) € C?\ {& = 1} by P! simultaneously. Let (&2, Z%),
Xié), Yl(g)) € C*and (&, Zig), Xﬁ), Yl(f)) € C* be coordinate systems of Vl(;l)(s) = QA(3>(S)(V1(23)(5))
defined by "

3 4 3 4)1,(4
Xio):Xio)a Y1(0)_a +X( )Y1(0),
3 4) (4 3
Xio) :Xil)yl(l)a Yl(o) :041“‘Y1(1)a
then the exceptional divisor D( (s) = QA(J)( )(A( )( )) is given by
4 4
{Xig = 0yu vy =0},

We see that, in the (&, Zig), X ié), Yl(é ), s)-space C* x B, the differential system is holomorphic
in a neighborhood of {Xfé) = 0} except for £ = 1, moreover, the points (&, Z%),Xﬁ),Yl(f)) =
(&0, Zig), 0,0) are inaccessible with & # 1.

Thus we have obtained a coordinate system (&, Zig), Xié), Yl(g )) € C* which is separates the
solutions passing through A;(s) N Wa = Ay (s) N Way with & # 1. Tt is related to the coordinate

system (o, &1, M20, M22) € Way by
(X10)?

4 4) (2 1
§o=2¢&, &1 = 10 ;M2 = y M22 = Xio) (Xio)Zio) - —)

X{o (e + X{o'Vig)) + (& — 1) §o—1
and then
—1 o
=X\, d=6& &= 77(&24) 2) + 5+ Y0
(z10) X0
)
«
@ = ——l5 + 6~ V2 - ==+ (2l - 22X + 2V ()
x{y o — 1 §o

Here we notice that this coordinate system is not symplectic and the form of the differential
system is very complicated. Therefore we proceed to finding another good coordinate system. For
this purpose, let us calculate the 2-form dg? A dp? + dg3 A dp3 (= dqi A dpy + dga A dps) in the
coordinates (&, Zig), Xié), Y(4)).

dg; A dp? + dgs A dp3
= dX{y AdY) + {n(& — 1)+ X<4>(a1 + X deo ndz)

+ (ole( ) 427 xWy @ g )d§ ndxd
0 —
@
+ (2K - S e n vy

- i na
(4) W@ o2  XoYy
+d€oAd{{n(§o—1)+X (o1 + X vy z2) g(?_llo}

= Xy ndvy

) @y, o XY o
+déo A d{{n(ﬁo — 1)+ Xig (a1 + X419 Y19")} 21 — -1  &- 1}
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Therefore, setting

2 4 4) (4 2
Wl(O) ={n -1+ Xfo)(al + Xfo)Yl(o))}Zfo) -

we have symplectic coordinates (&, Wl(g), X%), Yl(gl )). Writing

4 4
X{o'Yiy’

§o—1

4 4 2
q%Q = Xf())a q%Q = gOa p%Q = Yi(o)a p%Q = Wl(())a

we have
n(g3> =1)
(5.8) G =0’ B=a" G= "yt o, 6=
(a1°) a
The system (¢'2, p'?)

have no singularity on & = 1.

Thus we have obtained eight symplectic coordinate systems (g7, g5, p}, p3) each of which sepa-
rates solution curves passing through the accessible singular points (see (5.1)-(5.8)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coefficients are rational

functions of s holomorphic in B.

1

€ C* separates solution curves passing through A, NW> and the Hamiltonians

Dy (5) D (s) Dy (s) DL (s)
2 2 2
D(s)| D(s)| Q)|
D
DY (s)
3 :
DP(s)|
1
D{(s)

Figure 2. J=1112

6 Spaces of initial conditions for H;3

In the present case,

1
v= —§(a0+0z1—1+aoo).

In this section, we omitt the label 113.

6.1 Accessible singularities on D x B

Observing the system H(®) on all Wij; 7 # 0, we can obtain
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Proposition 6.1. The set of accessible singular points of the system H(l(i)?; for each s = (s1,82) €
Bi13 is a disjoint union of three connected components Ag(s), A1(s), Aso(s) =~ P! given by
Ao(s) = {(&,m0,5) € Wo x B|26o + (251 + 53)&1 + 25262 = 0,100 = 0, 282101 — (281 + 55)m02 = 0}
U{(&m,s) € Wi x B|28o + (251 + 85)&1 + 28528 = 0,10 = 0, s2m11 — 12 = 0}
U{(& 12, 8) € Wa x B2y + (251 + 83)&1 + 25262 = 0,720 = 0, 2121 — (251 + 83)122 = 0},
Ai(s) = {(& n0,8) € Wo x Bl&r =100 = 102 = 0} U {(&, 12, 5) € Wa x B|& = n20 = 122 = 0},
Aco(s) = {(&§,m, s) € W1 x Bl§o = m10 = m2 = 0} U{(£,m2,5) € Wa X B[§o = 120 = 121 = 0}.

Moreover, we can verify

Proposition 6.2. The Backlund transformation group So acts on the components of the accessible
singular points of Hi1s according to the following diagram

AO Aoo
g Aoo AQ

where A1(s) is invariant under the action of this group.

In the following subsections, we obtain coordinate system corresponding to A;(s) which separate
completely the solution curves passing through A;(s). The systems for all A;(s) are obtained
by quadratic transformations. Notice that we can obtain the coordinate systems for Ag(s)(or
Aso(8)) from those for Ao (s)(or Ag(s)) and Bécklund transformation o. But the coordinate
system obtained by the procedure is not good. Therefore we perform the quadratic transformation
to obtain good coordinate system for Ag(s) and A (s).

6.2 Coordinate systems for Ay(s)

We make successively the quadratic transformations along Ag(s) N Wy, Ag(s) N Wi and find coor-
dinate systems for Ag(s). Note that although Ag(s) is expressed by the three coordinate systems
Wo, W1 and Wy, it can be done by two of them. In this paper, we choose Wy and W;.
6.2.1 Coordinate system for Ay(s) N W
We choose the coordinate system Wye C Wy. By setting &y = no1 = 1, we take (&1, &2, 700, M02) as
the coordinates of Wys.
The first quadratic transformation along Ag(s) N Wpe. Let

(1) (1)

2= —(s1/52 + 52/2)&1 — U/so + 28, 100 = 1250588, 101 = (251 + 83) /250 + 2 285

£ = —(s1/50 +52/2)&1 — /50 + 2y, 100 = 4y, mor = (281 + 83) /252 + y$V 25Y,

2= —(s1/52 +52/2)61 — 1/59 + 20525, moo =y 28, 101 = (281 + 3) /280 + 283,

then
1 1 1 1
DY (5) = Qug(s)nwos (Ao(s) N (Woz x B)) = {wfg = 0} U {ys;) = 0} U {z =0},
the set of accessible singular points is given by

1 1 1 1 1 1
Aél)(s) = {(§2ax§)1)ay(()1)a Z(()l)) = (&2, 0,0, Z(()l))} C D(()l)(5>'
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The second quadratic transformation with Aéll)(s). Let
1 2 1 2) (2
3781) =ap+ xéo)a y(()l) = xéo)y(()o),
1 2) (2 1 2
xél) =ap+ xél)y(()l)a y((n) = y((n)a
then (2) (1) (2) (2)
2 1 2 2
Dyy'(s) = QA(()11>(S)(A01 (s)) ={zog =0}U{ys, =0}

We can verify that our system has no singular points and every leaf is transversal with fibers in
(&1, z((ﬁ), xgi), y(()Ql), s)-space C*x B. On the other hand, the points (£1, z((ﬁ), xé%), y(()%)) = (&, z((ﬁ), 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (&1, z((ﬁ), xgﬁ), y(()Ql)) € C* which separates the solu-
tions passing through Ag(s) N Wos. If we set

2 1 2
@' =6, Q' =—aiy, P =25, PO =y,

then we have

281 + $2 1 281 + §2 1
(6.1) ¢ =¢, g2 =p3 (a0 — q3'p3) — (72) V- — =S — s P =
289 So 2s9p5 Dy

Thus we have obtained a symplectic coordinate system (¢!, p°!) € C* for Ag(s) N Wos.

6.2.2 Coordinate system for Ay(s) N W,

We choose the coordinate system Wis C Wi. By setting & = n12 = 1, we take (€0, &2, m10,m11) as
the coordinates of Wis.

The first quadratic transformation along Ag(s) N Wi, Let

£y = —&o /52 — (251 + 53) /259 + X(()(l)), T20 = X(()(l))Yo((}), N1 = 1/s2 + X(()(l))Z(()(l)),
€= —Eo/s2 — (251 + 52) /282 + XUV, 20 = Yo', mor = 1/so + Yo' Z5),
€= —€o/s2 — (251 + 53) /252 + X$3 233, Moo = Vo5 28y, ma1 = 1/s2 + 25,

then
1 1 1 1
D) (5) = Qug(errmas (Ao(s) N Wiz x B)) = {XGy) = 0} U (¥ = 0} U {25 = 0},
the set of accessible singular points is given by

1 1 1 1 1 1
ASQ)(S) - {(go’X(()l)aYb(l)’ Z(()1)> = (50, ag, 0, Z(()l))} C D(()Q)(S)'

The second quadratic transformation along Aé;)(s). Let
1 2 1 2) (2
X5 = a0+ X5, Vo = XV,
1 2) (2 1 2
X(()l) =ao+ X(()l)Yo(l)a Yo(l) = Yo(l)a
then (2) (1) (2) (2)
2 1 2 2
Doy (s) = QA(()};(S)(AOQ (s)) ={Xoy' =0} U{Yy” =0}
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We see that, in the (&, Z(()}),X(()?),Yo(f), s)-space C* x B, the Pfaffin system has no singular
points, every leaf is transversal with fibers, moreover, the points (&, Z((ﬁ), X(()(Q)), YO((?)) = (&, Z((ﬁ), 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (&1, Z(()}),X(()?,Yo(f )) € C* which separates the
solutions passing through Ag(s) N Wia. If we set

2 1 2
q(l)2 = §O; q(2)2 = _X(()l)a p(1)2 = Z(()l)a ng = Yz)(l)a

then we have

02 2
1 02 1 02 02 02 di 251 + 53 1 02 1 1
(6.2) G=a, @=p2 (@0 —pa) -~ — - PI= TP, 2=
S2 S2 S2Po Dbo

02 02)

The system (¢°2, p"2) € C* is a symplectic coordinate system for Ag(s) N Wis.

6.3 Coordinate systems for A, (s)

We make successively the quadratic transformations along A (s) N Wy, As(s) N Wy and find
coordinate systems for Ao (s).

6.3.1 Coordinate system for A (s) N W,

The first quadratic transformation along A..(s) N W;. Let

1) ), (1) N

§0 = Lo0s M0 = Too0Yoc0s M2 0007000
1) (1 1 1) _(1

§o = 33<(>o)19<(>o)1a o = yfx,)p mea = yéo)lzc(x,)p
1) (1 1) _(1 1

§o = Jﬁfx,)gzéo)g, o = yéo)gzc(x,)g, ma = Zéo)Qa

then
DI (5) = Q. sy (As(5) N W) = {2l = 0} U {5 = 0} U {24} = 0},

the set of accessible singular points is given by
1 o1 . 1 1
AL (5) = {62, 750 vk 7a1) = (€200, 0,200)) © DL (s).

The second quadratic transformation along Ag})l(s) Let

1 2 1 2) (2
T = Goe T2y, YSe) = Telplsep:
1 2) (2 1 2
T = oo T Yser = Yns

then
2 1 2 2
D) (5) = Q0 (o (A5 () = {2 = 0} U {42} = 0},

We can verify that our system has no singularity, every leaf is transversal with the fibers in
(&2, zéi)l, xg)l, yg)l)—space C*x B. On the other hand, the points (£2, zéi)l, xg)o, yg%) = (&, zéi)l, 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (§2,Zéi)1,ﬂcg,)l,yg)l) € C* which separates the
solutions passing through A (s) N W1 = A (s) N Wiy, If we set

2 2 1
0t = -2l =6, et =y, pet =2,

39



then we have

1
(6.3) a1 =P (@ — '), @3 = 457, pi=ﬁ, py =p3t.
1

Thus we have obtained a symplectic coordinate system (¢>!, p>°!) € C* for A (s) N Wj.

6.3.2 Coordinate system for A (s) N Ws

The first quadratic transformation along A, (s) N W5, Let

g =X4b, moo =XV, m = X020

000 0007 0007
1 1 1 1 1
§o = Xéo)lyo(ol)a N20 = Yo(ol)’ N21 = Yo(ol)Zéo)l’

1 1 1 1 1
¢0=XU2Z0 0 oo =Y 120, oy =2,

then
DEL(5) = Qa (9w (Ass(s) N W) = {X ) =0y u v =0y U {Z) =0},

the set of accessible singular points is given by

1 1 1 1 1 1
AL s) = {6 x0 v, Z8) = (61, ae, 0, 2800)) € DY (s).

ool “ool>

The second quadratic transformation along Agé(s) Let

X =+ X%, ¥ = Xy

0007 000
1 2 2 1 2
K0 = ot XOYE) Y SV,

then
2 1 2 2
DE)(s) = Q0 (o (AN (s) = {X ) = 0} U{YE) = 0}

We see that, in the (&1, z3 x®

ool Kool Yo(fl) )-space C* x B, the Pfaffian system has no singularity,
every leaf is transversal with the fibers, moreover, the points (&1, Zéi)p ng)a Yéfg) = (&, Zéi)l, 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (&1, z8 x? Yéfl)) € C* which separates the

ocol? “*ool»

solutions passing through A (s) N Wa = A (s) N Was. If we set

2 1 2
q?ﬂzgla qSOQZ_Xéo)la p(fOQZZéo)la 802:Yo(ol)a
then we have
1
(6.4) @ =0, @ =0 (e —a5p5?), Pl =% ph= sl
2

002 002)

The system (¢4, p € C* is a symplectic coordinate system for A, (s) N Wa.

6.4 Coordinate systems for A;(s)

We obtain coordinate systems for Aj(s) by making quadratic transformations six times along
Al(s) n WQ, Al(s) n WQ.

6.4.1 Coordinate system for A;(s) N W

The first quadratic transformation along A;(s) N Wy. Let
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1 1 1 1 1
&= 3?(10), Moo = J?(lo)ZAo), To2 = 3?(10)2%0),

1) (1 1 1 (1
&= 37(11)I‘J§1)a 100 = yh)a No2 = y§1)2§1)a

1) (1 1) (1 1
& = x(12)z§2), oo = y§2)2’§2)a No2 = Z%Q)’

then
1 1 1 1
DY (s) = Qa,(sywwy (A1 () NWo) = {arjg) = 0} U {u)) = 0} U {15’ = 0},
the set of accessible singular points is given by

1 1 1 1 1
A (5) = {(&2, 238,150, 20) = (£2,0,0, -1/&)} € DY (s).

The second quadratic transformation along Agll)(s) Note that & = 0 is excluded. Let

1 2 1 2) (2 1 2) (2
1"(10) = J’3(10)a y%o) = x(lo)yﬁo)a Z%o) =-1/6&+ J’7(1())Z'§())a
1 2) (2 1 2 1 2) (2
15(10) = x(ll)yﬁl)’ y%o) = y§1)a Z%o) =-1/6&+ y§1)Z§1)’
1 1) (2 1 2) (2 1 2
15(10) = x(12)z§2), y%o) = 37(12)y§2)a Z%o) =-1/&+ Z§2)’

then
2 1 2 2 2
DY (s) = Q u (A1 () = {27 = 0} U {yiY = 0}y U {213 = o},

the set of accessible singular points is given by

2 2 2 2 2
AR (s) = {(&2, 280,47 218) = (62,0,0,-1/€3)} € DY(s).

The third quadratic transformation along Aﬁ)(s) Let

2 3 2 3) (3 2 3) (3
J’7(10) = J’3(10)a y%o) = x(lo)yﬁo)a Z%o) = _1/§S + x(lo)z§0)’

2 3) (3 2 3 2 3) (3
15(10) = x(ll)yﬁl)’ y%o) = y§1)a Z%o) = _1/§S + y§1)Z§1)’

2 3) (3 2 3) (3 2 3
JU(10) = x(12)z§2), y%o) = y§2)2§2)a Z%o) = _1/§S + Z§2)’
then
3 2 3 3 3
DY (s) = Q u (AT (5)) = {3 = 0} U {yiY = 0} U =13 = 0},

the set of accessible singular points is given by

3 3 3 3 3 3
A () = {(&2,2), ), 23)) = (62,0, -1/(ne2), =)} € DY (s).

The fourth quadratic transformation along Aﬁ)(s) Here we insert a change of variables

=6, 2@ =2® O 1@ O _.®

Ti0 = 10> Y10 100 #10 = *10 -
Let
3 4 3 4) (4
x(lo) = x(lo)a U%o) = _77§§ + x(lo)y§o);
3 4) (4 3 4
1"(10) = x(ll)yﬁl)’ U%o) =-—n& + y%l),
then

4 3 4 4
D (s) = Q0 (AP (5)) = {alt) = 0} U {ui} = 0},

the set of accessible singular points is given by

4 3 4 4 3 4
AV (s) = (&2, 250, 288, 0 = (€2, 28, 0,m)} € DIV (s).
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The fifth quadratic transformation with A(ﬁ)(s). Let
4 5 4 5) (5
2o =21, uie =0+,
4 5) (5 4 5
1"(0) = x(ll)yﬁl)’ y%o) n+ y§1)a

then
5 4 5 5
DY (s) = Q uuv (A1 (5)) = {21 = 0} U {y = 0},

the set of accessible singular points is given by

5 3 5 5
AT () = {(&2, 25,2, 4Y) = (&2,21),0,a1)} € D (s).

The sixth quadratic transformation with A(5)( ). Let

5 6 5 6
5 6 6 5

then
DY (s) = Q u0 (A1 () = {ag = 0} U {yi} = 0}.

We can verify that the differential system in the cordinates (2, zfo), 1;(10), y§0)) is holomorphic in
a neighborhood of {3510 = 0} except for & = 0 and the points (2, zfg), 2O ) = (&, zlo), 0,0)
are inaccessible with &, # 0.

Thus we have obtained a coordinate system (o, Z%?,ﬁ?,yﬁ?) € C* which is separates the
solutions passing through A;(s) N Wy = Ai(s) N Wy with & # 0. It is related to the original
coordinate system (q1, ¢2, p1, p2) by

6 77§2 n 6
q1 = .13(10), q2 = §25 P1=— (6? 3 + (6) + (6) + %O)a
(3310 ) (3310 )2
(6)
né2 2.(3) _ Q1 _ ( (3) Yo (6)
. ST A SO
(x(l%)) 2% 10 §2 3 10 §2 §3
(3) y%%) (6)\2 (3),(6)/,.(6)\3
+(041210 & )(3710) + 210 Y10 (730)°-

Now we calculate the 2-form dg; A dpy + dga A dps in the coordinates (&, zfg), 1:(1%), yﬁ%))

dqy N dpy + dgy A dpy
= nad

+ {9 @) + a1 (@$9)? + nal) — ne2ydes A dzy)

(6) (6)
+ {32000 @) + 2(anx)) - B2 )alf) +maff) — L0 - D lags ndall)
§2 §2 §2
©z 6
X J?
+(z§g>(x§%>)s (@10)? )d§ A dy®
& &2
= dx(l%)/\dy(ﬁ)
6), (6)\3 (6)\2 6) @ (@9 29 @ (0
—|—d§2/\d[{y (z19)% + o1 (21g)® + nzyy — €3}z, { &3 +§—2}y10 §3 19
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= dx(lg)/\dy(ﬁ)
+ g Ad[{y) @8 + aa (29 + el — )oY
{)? @19) |, =10 by - @ w1
§2 &2 10 §2 &2 §S .
Therefore, setting

(6 )) (6)

3 6 6 6 3 (v z 6 6 aq n
w%o) {y( )( (10))3 + 041(37(10)) + 7735 77§2}Z( ) 1% + y%o) 73 (10) - —
& &2 § & &
we have symplectic coordinates (&3, w%), x(l%), yﬁ%)) Writing
6 6 3
(h —J?go), 11 = &2, p1 —?Ao)a pz _wﬁo);
we have
n(g3")? 1 o ngs"

(6.5) Q1:(Z%1a QQ:(]%la pl:_(q‘f’%)?’ W—F(]?—F])%l, pQZﬁ—Fp%l-

11

Thus we have obtained a symplectic coordinate system (q'!,p'!) € C* in which the Hamiltonians

have no singularity on &£ = 0.

6.4.2 Coordinate system for A;(s) N Ws
The first quadratic transformation along A; N W;. Let
1)y(1
& =X, mo =XV, ne = X102,
1 1 1) (1
§1 = Xil)yi(l)a 20 = Yi(l)a 22 = Yi(l)Zil)a
1) (1 1) (1 1
&= XiQ)Z§2)a 20 = 5/1(2)Z§2), 22 = ZiQ)’

then
D (s) = Qua, () (A1(s) N W) = {X{g) = 0} U (Y =0} u{z}y) =0},

the set of accessible singular points is given by

A (s) = {60, X1, Y, Z8)) = (£,0,0,0)} € DY (s).

The second quadratic transformation along Ag)(s) Let
1 2 1 2)y-(2 1 2) (2
Xio) = Xfo)a Yl(o) = Xio)Yl(o)a Zio) = Xio)Zio)a
XV = x@y @y _y@ g0 @) @)
1 1) (2 1 2)y-(2 1 2
X = XD, Vi = XV, 2 = 2,

)

then
D (s) = Q 4,y (412 (5)) = (X1 = 0} U (Y, = 0} U {733 =0},
(s)

the set of accessible singular points is given by

2 2 2 2 2
AR (s) = {60, X3V, 28)) = (£,0,0,1)} € D (s).
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The third quadratic transformation along Ag)(s) Let

X@ = x9. v - xPv, 23 =1+ x920).
2 3)+(3 2 3 2 3) (3
Xio) = Xil)Yi(l)a Y1(0) Y(1)a Z( =1 +Y( )Zil);
2 3) (3 2 3) (3 2 3
Xio) = X§2)Z§2)a Yl(o) 5/1(2)Z§2), Zfo) 1+ Z§2)a

then
3 2 3 3
D3 (s) = Q0 (A2 () = {X1p = 0y U {1 = 0} u {23 =0},

the set of accessible singular points is given by

3 3 3 3
AR (s) = {(60, XD, S, Z()) = (€,0, —1/n, Z(3))} € DY) (s).

The fourth quadratic transformation along Ag)(s) We insert here the transformations
3 3 3 3 3 3
€0 = &, Xio) Xio)a Y( ) 1/‘/1( ), Zio) Z( )
Let

3 4 3 4) (4
Xio) = Xio)a Vl(o) =N +X§0)Y1(0)a
3 4)<-(4 3 4
Xio) = Xil)yi(l)’ Vl(o) = —77—|-Y1(1),

then
4 3 4 4
D13 (s) = Q 40 (o) (412 () = {19 =0} U{Y,}’ =0},

the set of accessible singular points is given by

AP (5) = {(60, 2, X, Vi) = (&0, 25),0,n&0)} € DY (s).

The fifth quadratic transformation with A(é)(s). Let
4 5 4 5)y-(5
Xio) _ Xio)a Yl(o) = +X§0)Yl(0)a
X9 = XOHP. ¥ =0+ 1.

then
5 4 5 5
DE(s) = Q uun (A2 () = {X1 = 0y U {1 = 0},

the set of accessible singular points is given by

3 5 5 3 5
A (s) = {(60, 20, X3, Y)) = (€0, 23),0,a1)} € D) (s).

The sixth quadratic transformation with A(5)( ). Let
XY = X9, Vi = a0 XV,
5 6)y,(6 5 6
Xio) = Xil)Yi(l)a Yl(o) ar + Y1(1)a

then
DIY(s) = Q y0 ) (AD(s) = {X) =0} U (v =0},
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We see that, in the (&, Zig), X fg), Yl(g ), s)-space C* x B, the differential system is holomorphic
in a neighborhood of {ng) = 0}, moreover, the points (&, Zig),Xﬁ),Yl(lﬁ)) = (&, Zig), 0,0) are

inaccessible.
Thus we have obtained a coordinate system (&, Zig), ng), Y(ﬁ)) € C* which is related to the

coordinate system (q?, g3, p?, p3) as

6 2 2 7 néo aq (6)
=X, @2 =%, pI=— S G o T Yo
(X5 (xioh?2  xy)
n 3 3 6 3 6 6 3 6 6
p% =700 +néo — Uzio) + (77§0Z§0) + al)Xio) + (alzio) + Yl(o))(Xio))Q + Zio)Yl(o)(Xio))S-

10
Now we calculate the 2-form dg? A dp? + dg3 A dp3 in the coordinates (&, Zig), ng), Yl((?)):
dg; A dp? + dg3 A dps
= dXjg ndvyy)
+ {5 (XD + an(X[0)? + & X 1o — n}dgo A dZy)
+ 32079 (x{9)? + 20, 23 + VIO X + ngoz3) + an}dgo ndx(Y
+(Z(XQ) + (x5)?)dgz n vy
= dXj) AdY,)
+déo A d[{Y (X(D)? + an(X10)? + & X () —n}2(5) + (X(0)V§) + an X{7)]
= dXjg AdYy
+déo Ad[{Yig (X10)® + an(X19))? + néoX1g) —ny 2% + (X15))?YS5) + aa X1 +méo).
Therefore, setting
WYy = {110 (X10)? + a1 (X102 +méoX(s —m}Zyg + (Xio )2YSy) + X5 +néo,

we have symplectic coordinates (&, Wl(g), ng), Yl(g )).

1 3 1
DV (s) D¥(s) DY (s)
D(s)| DRs)|
D
D (s)
DY (s)
Wis)
2 6
DY (s) DY)

Figure 3. J=113
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Writing

6 6 3
q%Q = Xi())a q%Q = gOa p%Q = Yi(o)a p%Q = Wl(())a

we have
12
n N4z a1 12 2 n 12
6.6 0 =a’ =06 pi=- + + 5+ Pi=——3 + b
( ) 1 1 2 2 1 (q%2)3 (q%2)2 q%Q 1 2 q%g 2

The system (q'2, p'2) € C* separates solution curves passing through A;(s) N Wa.

Thus we have obtained six symplectic coordinate systems (g7, g5, p%, p5) each of which separates
solution curves passing through the accessible singular points (see (6.1)-(6.6)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coefficients are rational
functions of s holomorphic in B.

7 Spaces of initial conditions for Hio

In the present case,

1
1/:—§(ozo+oz1+oz2—1+ozoo)

In this section, we omitt the label 122.

7.1 Accessible singularities on D x B

Observing the system H(®) on all Wij; 7 # 0, we can obtain

Proposition 7.1. The set of accessible singular points of the system Hﬁ%@ for each s = (s1,82) €
Bias is a disjoint union of three connected components Ag(s), A1(s), Aso(s) =~ P! given by

Ag(s) = {(&§,m0,5) € Wy x Bl§&2 =1n00 =101 = 0} U {(&,m1,5) € W1 X Bl& = n10 = n11 = 0},
Ai(s) = {(&m0,8) € Wo x B|&1 = 1n00 = no2 = 0} U{(&,m2,5) € Wa x Bl& = 020 = 122 = 0},
Ao () ={(&,m,8) € Wi x Bl§o = n10 = ma = 0} U{({,m2,5) € Wa x B|§ = 120 = 121 = 0}.

Moreover, we can verify

Proposition 7.2. The Backlund transformation group So acts on the components of the accessible
singular points of Hiso according to the following diagram

Ao | Ay
g A1 AQ

where Aso(8) is invariant under the action of this group.

In the following subsections, we obtain coordinate systems corresponding to A;(s) which sep-
arate completely the solution curves passing through A;(s). The systems for A;(s) and A(s)
are obtained by quadratic transformations, while the systems for Ag(s) are obtained from that for
A1(s) by the use of Biacklund transformations.
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7.2 Coordinate systems for A, (s)

We make successively the quadratic transformations along A (s) N Wy, As(s) N Wy and find
coordinate systems for Ao (s).

7.2.1 Coordinate system for A (s) N W,
The first quadratic transformation along A, N Wi. Let
(1) (1), (1) (1) (1)

§o= Loo0s M0 = TogoYoo0r T2 = Loo0%000>

1) (1 1 1) (1
§o = 33<(>o)19<(>o)1a o = yfx,)p M2 = yfx,)lzc(x,)p

1 1 1 1 1
§o = J?fx,)gzéo)g, o = yéo)gzc(x,)g, M = fo,)g,
then (1) (1) (1) (1)
1 1 1 1
Dool(s) = QAaclﬂVVl (AOO N Wl) = {xooO = 0} U {yool = 0} U {Zoo2 = 0}’

the set of accessible singular points is given by
1 o1 . 1 1
AL (5) = {62,750 vk 75a1) = (€200, 0,20))) © DL (s).

The second quadratic transformation with Ag})l(s) Let
1 2 1 2) (2
T = oo + T, Yot = ToopUsen,
1 2) (2 1 2
i) = ase T2l v = v,

then
2 1 2 2
D) (s) = Q0 (o (A% (5)) = {2y = 0} U {y2) = 0}.

We can verify that our system has no singularity and every leaf is transversal with the fibers in
(&2, z(()i)l, xg)l, yg)l)—space C*x B. On the other hand, the points (£2, z(()i)l, xg)o, yg%) = (&, z(()i)l, 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (&, Zéi)l, ch,)l, yg)l) € C* which separates the
solutions passing through A (s) N W1 = A (s) N Wiy, If we set

2 2 1
q%01 = _xf)o)la q801 = §25 p(1X>1 = yéo)la p801 = Zéo)la
then we have
1
(7.1) a1 =P (e — ¢ pY), @ =57, pr = ST ps =p5t
1

Thus we have obtained a symplectic coordinate system (¢>!, p>°!) € C* for A (s) N Wj.

7.2.2 Coordinate system for A, (s) N W,

The first quadratic transformation along A..(s) N W5. Let

€= X4, moo =XV, m = X020

0007 000 000>
1 1 1 1) (1
§o = Xc(>o)1Yo(<>1)a N20 = Yo(ol)’ N21 = Yo(ol)Zc(w)l’

1 1 1 1 1
¢0=XU70 o =v120, noy =2,
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then
D (5) = Qaows (Ao NW2) = (X0 = 0} U{Y.L) = 0} U {20 = 0},
the set of accessible singular points is given by
1 1 1 1 1 1
AL (s) = {6 XY, Z80) = (6,000, 0. Z800)} € DL)(s).

ool “ool>

The second quadratic transformation with Ag}é(s) Let

X0 = aw+ X3, v =xB v

000> ocol 000
X —a +x2y@ yO) _y®

ool *ool? ool T “ool>»
then
2 1 2 2
D2)(s) = Q0 (454 (s) = (X5 = 0} U{YE) = 0}.
We see that, in the (&1, 7z x®

ool Kool Yo(fl) )-space C* x B, the Pfaffian system has no singularity,
every leaf is transversal with the fibers, moreover, the points (&1, Zéi)p Xézz), Ygg) = (&, Z(g)l, 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (&1, 78 x? Yéfl)) € C* which separates the

ool?r “*ool»

solutions passing through A (s) N W = Ao (s) N Was. If we set

p<1><>2 — X(Q) po<>2 _ Y(l)

ocol? 2 T fool»

=&, 5 =-XG)

ool
then we have

1
(7.2) =%, @& =P (as — ¢57p3?), pl=pi?, pi= =
2

The system (¢>°2, p>?) € C* is a symplectic coordinate system for Ay (s) N Wa.

7.3 Coordinate systems for A;(s)

We obtain coordinate systems for A;(s) by making quadratic transformations four times along
Al(s) n WQ, Al(s) n WQ.

7.3.1 Coordinate system for A;(s) N Wy

The first quadratic transformation along A;(s) N Wy. Let

1 1) (1 1) (1
1= 33(10), Moo = $§o)y§o), No2 = x(10)2§0))

1) @ 1 1 (1
&= 37(11)I‘J§1)a 100 = y§1)a No2 = y§1)2§1)a

1) (1 1) (1 1
&= x(12)2§2)a Moo = y§2)2§2)a No2 = Z§2)

then
1 1 1 1
DY (5) = Qua, (snw, (A1 (s) N Wo) = {aly) = 0} U {ui} = 0} U {21y =0},

the set of accessible singular points is given by

A () = {(&2, 20,415, 2) = (€2,0,0,-1/(&2 — 1)} € DX (s).
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The second quadratic transformation along Agll)(s) Note that & = 1 is excluded. Let
1 2 1 2) (2 1 2) (2
JU(10) = JU(10)a y%o) = x(lo)yﬁo)a Z%o) =-1/(&—-1)+ 33(10)240),
1 2) (2 1 2 1 2) (2
JU(10) = x(ll)yﬁl)’ y%o) = y§1)a Z%o) =-1/(&-1)+ y§1)Z§1)’
1 2) (2 1 2) (2 1 2
JU(10) = x(12)z§2), y%o) = y§2)2§2)a Z%o) =-1/(&—-1)+ Z§2)

then
2 1 2 2 2
DY (s) = Q0 (A1 () = {27 = 0} U {yiY = 0}y U {213 = 0},

the set of accessible singular points is given by
2 1 (1) (1 2 2
AT () = {6225 pins 210)) = (62,0, =1/ (m(& — 1)), 2()} € DY (s).
The third quadratic transformation along Aﬁ)(s) Here we insert a change of variables

2 2 2 2 2 2
§o = &a, 15(10) = J’7(10)a y%o) = 1/v§0), Z%o) = Z(O)'

Let
2 3 2 3) (3
JU(10) = x(lo)’ U%o) =-—m(§—1)+ x(l())yﬁ())a
2 3) (3 2 3
oiy =Py, o) = -m& - 1)+
then

3 2 3 3
DiY(s) = Q 4 (A7 () = {aig) = 0} U {w1) = 0},

that the set of accessible singular points is given by
3 2) (3 (3 2 3
AR () = {(€2, 210210 w10) = (&2, 710, 0. an)} € DY (s).

The fourth quadratic transformation along Aﬁ)(s) Let

3 4 3 4) (4
J’7(10) = x(lo)’ y%o) =1+ x(lo)yﬁo)a
(3) (4), (4) (3) (4)

Tig = Tii Y1y Yo = Q1 T Y

then the exceptional divisor is given by
4 3 4 4
DiY () = Qo (A7 () = {ig) = 0} U {i? = 0}.

We can verify that the differential system in the cordinates (2, z%), 1;(1‘(1)), y%)) is holomorphic in
a neighborhood of {x(l%) = 0} except for &2 = 1 and the points (&, z%), x(ﬁ), yﬁ)) = (&2, z%), 0,0)
are inaccessible with & # 1.

Thus we have obtained a coordinate system (o, z%),x(lé),y%)) € C* which is separates the
solutions passing through A;(s) N Wy = Ai(s) N Wy with & # 1. Tt is related to the original
coordinate system (g1, g2, p1, p2) by

Uit §2 -1 a1
@ = x(l%))a g2 = &2, p1= _((Tz) + o) +yY(1))’
(3710 ) an
(4)
un 2 a1 2 Y 4 9 4 4
2= iy (e = D = g (ol = g A )
T10



Now we calculate the 2-form dg; A dpy + dga A dps in the coordinates (&, z%), 1:(1‘(1)), y%)):

dqy N dpy + dgy A dpy
4 4 4 4) (4 2
dx(lo) A d?Ao) +{-m(& —-1)+ JU(10)(041 + x(lo)yﬁo))}d@ A dzﬁo)

(4)
+ (alz%) + 22'%)33(1%)3;%) S )d§2 A dx(f(l))

§r—1
(2) 7, .(4)\2 x(f(l)) (4)
+ (310 (T19)" — —)d§2 A dypo
& —1
— e
(4), (4)
Zi0 Y
e Na{{=n(E = 1) i) (o + o) oA — 200}
4 4
= daly) ndyly
(4) (4), (4) (2) x(lé(l))yY(l)) a1
+ dés A d{{—n(@ — 1)+ iy (@1 + 230 Y10 ) t 210 — — }
-1 &-1
Therefore, setting
(2) (4) (4), (4) (2) x(lé(l))y%) ai
wyy = {2 — 1) + z19 (a1 + z15'y10’ ) } 210 — -1 &1

we have symplectic coordinates (&3, w%), x(f(l)), y%)). Writing
4 4 2
' =z, @' =&, pi' =y, pi=wiy,
we have
11 11 mg'—1) o 11 n 11
(7.3) N=¢, @2=4¢, P1=—"""F"Tr5 t TP, P2= 7 tP2.
(a1") a1 a1

Thus we have obtained a symplectic coordinate system (¢'!, p'!) € C* in which Hamiltonians have
no singularity on & = 1.

7.3.2 Coordinate system for A;(s) N W,

The first quadratic transformation along A;(s) N Ws. Let
1 1)+-(1 1) (1
Sh Xfo)a 20 = Xio)Yl(o)a 22 = Xio)Zio)a
1)y-(1 1 1) (1
&1 = Xil)yi(l)’ 20 = Yl(l)a N22 = Yi(l)Zil)’

1) (1 1) (1 1
&= XiQ)Z§2)a 20 = 5/1(2)Z§2), 22 = ZiQ)’

then
1 1 1 1
D (s) = Qua, () (A1(s) N W) = {X{g) = 0} U (Y =0} u{z}y) =0},

the set of accessible singular points is given by

A (s) = {(&0, X, YD, ZW)) = (€0,0,0,1/(69 — 1)} € DY (s).
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The second quadratic transformation along Ag)(s) Let
1 2 1 2)+-(2 1 2) (2
X =X17), v =x@vS, Zi) =1/ -1+ x5 2,
1 2)+-(2 1 2 1 2) (2
Xio) = Xil)Y1(1)a Yl( )= Yl(l)a Zfo) =1/(&%—1)+ Yi(l)Zil)a
1 2) (2 1 2) (2 1 2
Xio) = XiQ)Z§2)a Yl(o) Yi(Q)Z§2)a Zfo) 1/(6—1) + Zig)a

then
2 1 2 2
D3 (s) = Q0 (AZ () = {X1g = 0y u {1 = 0y u{Z3 =0},

the set of accessible singular points is given by

A (s) = {60, X2, V2, 23)) = (60,0, 1/(mi(&0 — 1), Z3)} < D (s).

The third quadratic transformation along Ag)(s) We insert here the transformations
2 2 2 2 1 1
€0 = &, Xio) Xio)a Y( ) 1/‘/1( ), Zfo) Z( )
Let
2 3 3)y-(3
X1y =X, v =m -1+ x5y,
2 3)y(3 2 3
X1y =xPvY, Ve =m& -1+ v,

then
D3 (s) = Q u (A2 () = {X1g) = 0y u {1} = 0},

the set of accessible singular points is given by

3 2 3 3 3
AR (s) = {(60, 23, XD, YD) = (&, 2(3),0,a1)} € DY) (s).

The fourth quadratic transformation along Ag)(s) Let

3 4 3 1)+ (4
Xio) = Xio)a Yl(o) =ay+ Xfo)Yl(o)a
3 1)< (4 3 4
Xio) = Xil)yi(l)’ Yl(o) =ay+ Yl(l)a

then
D () = Qo (AR () = (X1 =0y u (v = 0}.

We see that, in the (§0, Z%), Xfé), Yl(é ), s)-space C* x B, the differential system is holomorphic
in a neighborhood of {X 10 = 0} except for §y = 1, moreover, the points (&, Z f?)),Xﬁ),Yl(f)) =
(o, Zlo), 0,0) are inaccessible.

Thus we have obtained a coordinate system (&, Z%),Xfé),Yl(g)) € C*\ {& = 1} which is

related to the coordinate system (q?, g3, p?, p3) as

77(§0 — 1) aq

(4)
+Y,

4 4 10 »
(xo)?  x{y

4
q% = Xi())a qg = §O; q% =

)
[~}

(4)
9 2) Q1 ( @ Yo ) (1) | 7@y ) x5y
= X(4) tmo = D2 — g + (@Zi - 7)) X' + 2 Yo' (Xip)*.
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Now we calculate the 2-form dq? A dp? + dg3 A dp3 in the coordinates (£, Z%), X ié), Yl(g )):
dgi A dp} + dg3 A dp)
= dXjg AdYYQ) + (€ — 1)+ X (a1 + XV o A dZf7)

(1)
Y,

+ (a2 + 22 x (v - - )dgo A dx{y)
-

4
> Xig

(2) (1)
+ (Z X
10 (Xi0') & —1

)dgo n vy
= dX{y AdY)
x®y 4
+dgo A d{ {6 — 1)+ X{3 (o + XV 20 - S0

= Xy ndvy

(4) Wy 72 XY .
+d§0/\d{{771(§0 — 1)+ Xy¢' (a1 + X3 Y )} 210 — 1 }
§o — S —1
Therefore, setting

(2) (4) Wy @) XY ai
Wio" = {m( — 1) + Xjg (o1 + X3¢'Y1y )} 210" —

§o—1 §o— 17
. . (2) +(4) (4) -
we have symplectic coordinates (§o, Wiy, X1¢'» Y1o ). Writing
4 4 2
2= X{g, a?=¢, p2=1y), pP=w),

we have

12
mig®—1)  a m

(7.4) G =a’, G=a¢° 4= TTE S+ 3 1% @ =——5 Py
4y ) qy qy

The system (g*2, p'?) € C* separates solution curves passing through A;(s) N W5 and the Hamil-
tonians have no singularity on & = 1.

7.4 Coordinate systems for Ag(s)
We obtain the systems for Ag(s) from those for A;(s) and o.

7.4.1 Coordinate system for Ay(s) N Wy

We derive a coordinate system for Ag(s) N Wy from that for A;(s) N Wy and 0. We can verify
o(Ao(s) NWoe) = Aj(s") N W{,. Observing the relations between (g1.g2, p1, p2) and the coordinate
system (q’ll, q’%l, p’il, p’%l) for A ("), we take (91, ¢3', p91, p9!) as a coordinate system for Ag(s)N
Wy where

11 q2 11 q 11 11
q/l - — 5 q/2 - ! ) p/l = _52pgla p/2 = Slp(l)l'

So S1

We note that
01
MNoS2 01 77052((]1 _51) Qo 01

(7.5) a=a", @=d¢" p= +p, py= L UL 0 pot

2 sigdt Tt s1(q3")? gt

Thus we have a symplectic coordinate system (¢°%, p°*) € C* for Ag(s) N Wy.
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7.4.2 Coordinate system for Ay(s) N W,

A coordinate system for Ag(s) N is obtained from that for Ay (s) N W5 and 0. We see a(Ag(s)N
Wha) = Aj(s') N W4,. Observing the relations between (qi.g2, p1,p2) and (q’iQ, q’%Q,p’iQ,p%Q) we

take (¢92, ¢392, p¥2, pY?) as a coordinate system for Ag(s) N W; where

12 q(2)2 12 q(1)2 12 12
¢ = e qy = o1 Py =509, Py = s1plZ.
We note that
01
7052 nos2(s1¢;" —1) | ap
(7.6) =0 =067 pi=—"5-+0 Py= 55—+ o5 +P5 -
ds s1(q9") ds

The system (¢°2, p"2) € C* is a symplectic coordinate system for Ag(s) N Wj.

Thus we have obtained six symplectic coordinate systems (¢7.¢5, p}, p3) each of which separates
solution curves passing through the accessible singular points (see (7.1)-(7.6)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coefficients are rational
functions of s holomorphic in B.

1 2 1
DY (s) D (s) DY (s)
DRs)|
D
4
D (s) DM (s)
: 3 :
D(()B) (s)| D§ )(s)
1 1
D" (s) D (s)

Figure 4. J=122

8 Spaces of initial conditions for H,
In the present case,

V= —0
In this section, we omitt the label 14.

8.1 Accessible singularities on D x B

Observing the system H(®) on all Wij; 7 # 0, we can obtain
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Proposition 8.1. The set of accessible singular points of the system 'H(la) for each s = (s1,$2) €
Biy is a disjoint union of two connected components Ag(s), Ao (s) =~ P

Ao(s) = {(&.m0,5) € Wo x Bl(s1 + 55/2)& + 5261 + & = 0,100 = 0,701 — 52702 = 0}
U{(&,m,s) € W1 x Bl(s1 + 53/2)€ + 5261 + &2 = 0,710 = 0,711 — (51 + 83/2)m2 = 0}
U {(& 2, 8) € Wa x B|(s1 + 55/2)€0 + s261 + €2 = 0,720 = 0, (51 + 85/2)1m21 — s2122 = 0}
Aoso(s) = {(§;m, 8) € Wi x Bl€o = n10 =112 = 0} U{(§,m2,8) € Wa X Bl§ = 120 = 121 = 0}

In the following subsections, we obtain coordinate systems corresponding to A;(s) which sepa-
rate completely the solution curves passing through A;(s). The systems for Ag(s) and A (s) are
obtained by quadratic transformations.

8.2 Coordinate systems for Ay(s)

We make successively the quadratic transformations along Ag(s) N Wy, Ag(s) N Wi and find coor-
dinate systems for Ag(s). Note that although Ag(s) is expressed by the three coordinate systems
Wo, W1 and Wy, it can be done by two of them. In this paper, we choose Wy and W;.

8.2.1 Coordinate system for Ay(s) N W

We choose the coordinate system Wye C Wy. By setting &y = ng2 = 1, we take (&1, &2, 100, M02) as
the coordinates of Wys.

The first quadratic transformation along Ag(s) N Wy. Let

€2 = —sp€1 — (51 +53/2) + 20y, 100 = ToG Yo' o1 = 52 + 20 250

€ = —s261 — (s1+53/2) + 25y, oo =y, mor = s2 +yi 2

& = =261 — (s1+53/2) + 225y, oo = vy 2y, Mot =2+ 2y,
then

DY (s) = Quag(s)mwo (Ao(s) N (Wo x B)) = {aly) = 0} U {y}) = 0} U {25y = 0},

the set of accessible singular points is given by
1 n o1 (1 1 1
Aél)(s) = {(glaxg)l)’y(()l)’ Z(()l)) = (&1, a0, 0, Z(()l))} - D(()l)(s)'

The second quadratic transformation with Aéll)(s). Let
1 2 1 2) (2
oy = a0+ iy, uh =25 usy
1 2) (2 1 2
oy = o0+ 2 Usy s v = s
then (2) (1) (2) (2)
2 1 2 2
Dy (s) = QA(()ll)(s)(Am (s) = {3700 =0} U {901 =0}.
We can verify that our system has no singular points and every leaf is transversal with fibers in
(&1, z((ﬁ), 1:821), y(()Ql), s)-space C*x B. On the other hand, the point (£1, z((ﬁ), 1:8%), y(()%)) = (&, z((ﬁ), 0,0)
are inaccessible singular points.
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Thus we have obtained a coordinate system (&1, z((ﬁ), xgi), y(()Ql)) € C* which separates the solu-

tions passing through Ag(s) N Wos. If we set

2 1 2
q(l)l = gla q(Q)l = —3781); p(l)l = Z(()l)a pgl = y(()l)a
then we have
281 + $2 So 1
(8.1) a1 =q", g2 =05 (0 —q3'pY") — s2q)" — TQ 1= or +p7", p2= T
2 2

Thus we have a simplectic coordinate system (¢!, p°!) € C* for Ag(s) N Wy.

8.2.2 Coordinate system for Ay(s) N W,
We choose the coordinate system Wis C Wi. By setting & = n12 = 1, we take (&1, &2, 00, M02) as

the coordinates of Wys.

The first quadratic transformation along Ag(s) N Ws. Let
§2 = —(s1+53/2)60 — 52+ X', mo = Xoo' Yoo, M= 1+ 53/2+ Xo Zo
& =—(s1+53/2)6 — 52+ XWVo1), mo =Yg, mu=s1+53/2+ Y25,
€2 =—(s1+53/2)6 — 52+ X5 265, mo=Yo2 253, mu=s1+53/2+ 25,

then
1 1 1 1
D3 (5) = Quag(myrw (Ao(s) N (W1 x B)) = {Xg) = 0} U {5 = 0} U {Zg;) = 0},
the set of accessible singular points is given by

1 1 1 1 1
A§)12)(5) - {(go’X(()l)aYb(l)’ Z(()1)> = (50, ag, 0, Z(()l))} C D(()Q)(S)'

The second quadratic transformation along Aéé)(s). Let
1 2 1 2)1-(2
X5 =a0+ X5, Y = X{v,
1 2)1-(2 1 2
X(()l) =ao+ X(()l)Yo(l)a Yo(l) = Yo(l)a
then ) ) @ @
D7 (5) = Q0 () (A5 () = {X55 = 0} U {Y57) = 0}.

We see that, in the (&, Z(()}),X(()?),Yo(f), s)-space C* x B, the Pfaffin system has no singular
points, every leaf is transversal with fibers, moreover, the points (&, Z((ﬁ), X(()(Q)), YO((?)) = (&, Z((ﬁ), 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (o, Z(()}),X((ﬁ),YO(f )) € C* which separates the
solutions passing through Ag(s) N Wia. If we set

2 1 2
q(1)2 = §O; q(2)2 = _X(()l)a p(1)2 = Z(()l)a ng = Yz)(l)a

then we have

251 + 52 251 + 53 1

1 02 1 02 0202 2\ 02 1 2 02 1

(82) ¢1=aq", @@ =p (w0 —q3°p3°) — (72 )(h — 82, p1 = 2p02 tp15 P2 = P02
2 2

The system (¢°2, p"2) € C* is a symplectic coordinate system for Ag(s) N Wj.
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8.3 Coordinate systems for A, (s)

We obtain coordinate systems for A, (s) by making quadratic transformations eight times along
AOO(S) n Wl, AOO(S) n WQ.

8.3.1 Coordinate system for A, (s) N W,

The first quadratic transformation along A..(s) N W;. Let

1 1) (1 1) (1
§o = J?fx,)o, o = J?éo)oyéoz), N2 = xéo)ozioé,

1) (1 1 1) (1
§o = 33<(>o)19<(>o)1a o = yfx,)p Mm2 = yfx,)lzc(x,)p

1) (1 1) (1 1
§o = J?fx,)gzéo)g, o = yéo)gzc(x,)g, ma = fo,)g,

then
DI (5) = Q. sy (As(5) N W) = {2l = 0} U {u') = 0} U {24} = 0},

the set of accessible singular points is given by

1 1 1 1 1
AL (s) = {(&2, 20y, 250 = (62,0,0,0)} € D) (s).

The second quadratic transformation along Ag})l(s) Let
(1) (2) (1) 2),(2) (1) 2) (2
Loo0 = Loo0r Yoo = Too0¥Yo00r  Zo00 = Loo0Zoc0>

1 2) (2 1 2 1 2) (2
Top = TEAYsels Yoo = Yoets Foad = Yot Zeet

1 1 2 1 2 2 1 2
M- R

then
2 1 2 2 2
D) () = Q4 (AKL(5) = {ldh = 0} U {5} = 0y U (=) = 0},

the set of accessible singular points is given by

2 2 2 2 2
AL (s) = {(&2, 220,920, 220) = (€2,0,0,1)} € D (s).

The third quadratic transformation along A(()Z)l(s) Let
(2) (3) (2) 3),.3) (2) (3) (3)
Loo0 = L0 Yoo = Too0¥Yoc0r  Zocd = 1+xooOZooO’

2 3) (3 2 3 2 3) (3
Toh = ToyYers Ysed = Yoors Zoed = L y120N,

2 3) (3 2 3) (3 2 3
o0 = a7 Used = Yseataer: Zaep = L 20y,

then
3 2 3 3 3
DL () = Q0 o (AZh () = {idy = 0} U {y) = 0y U (=0, = 0},

the set of accessible singular points is given by

3 3 3 3 3
AD) (5) = {(&2, 2, 42, 212) = (€2.0,0,265)} € DY) (s).

The fourth quadratic transformation along Af)i)l(s) Let
3 4 3 1) 3 1) (4
ol 4= o latth, = 260+ 0l

3 4 4 3 4 3 4 4
o0 = Teilers Useb = Ysels b = 26 T U121,

3 4 4 3 4 4 3 4
)=o), o2 =l o =26+,
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then
DG (5) = Q40 (o (AL () = {2l = 0} U () =0} U =L = 0},

the set of accessible singular points is given by

4 4 4 4 4 4
AL (s) = {(&2, 250, 44, 20 = (62,0, -1, 28))} < DL\ (s).

The fifth quadratic transformation along A(4) 1(s). Here we insert a change of variables

4 4 4 4 4
=6 o) =@ @ @ @ @)

Lo = Loo0r Yool = 000
Let
4 5 4 5 5
0 =08, offh = 1420,
4 5 5 4 5
2l =2 DyQ, ol =1+,
then

D (s) = Q 40 (AL () = {25y = 0} U () =0},

the set of accessible singular points is given by

AD)(5) = {(€2, 20, &2, yCh) = (€2, 220, 0,262)} < D) (s).

The sixth quadratic transformation along A(5) 1(s).  Let
e (6) (5) (6),(6)
Lood = Too0r Yoo = 2§ + L 500Yo00>
5 6) (6 5 6
20 = 2D ulh =26+ 42,
then
6 6 6
DL (5) = Qo o (A2 (5)) = {alh = 0} U {40 = 0},

the set of accessible singular points is given by

6 4 6 6 4 6
A9 (5) = {(&0, 280, 200, 4%)) = (€2,21),0,0)} € D, (s).

The seventh quadratic transformation along A(G) 1(s).  Let
28 (7) (6) (7, (1)
Loo0 = Too0r Yoo = Too0Yc0>
6 7 (7 6 7
Toh = TRV Yo = Yo
then
7 7 7
D (5) = Q o o (A5 () = {alp = 0y U {40 = 0},

the set of accessible singular points is given by

7 4 7 7 4 7
AT (5) = {(&2, 24, 20, 4Dy = (€2, 212),0, 1 — ag + 2a00)} € DT ().

The eighth quadratic transformation along Am 1(s).  Let
7 8 7 8) (8
=08 1= 10+ 20+l
7 8) (8 7 8
Tiap = Torvhor yéoé =1 - ap + 200 + Y1,

then
DL (5) = Q0 (o (A5 () = {h = 0} U {4 = 0},
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We can verify that the differential system in the cordinates (£, ff.%, Si)oa ygé) is holomorphic in

a neighborhood of {x(()i)o = 0} and the points (&, 20,2 ) = (€2, 22),0,0) are inaccessible.

o0 4001’ Yool 25007
Thus we have obtained a coordinate system (&2, (()oz),xéi)o,y(g)) € C* which is separates the

solutions passing through A..(s) N Wy = Ay (s) N Wip. It is related to the coordinate system
(a1, a3, p1,p3) by

8 1 _ 11 262 1—ap+ 20 (8)
ql =T0, 92 = §25 P = (x(g) )4 + ( (8) )3 x(g) + Y00

ph =463 — 2+ (1 — o + 2000 + 2620))2 )
+{2(1 = ap+ 2%0)@ + o} h)?

8 8 4 8 10
+H{(1 = a0 + 20000) 200 + 2625 Haley) + 2ihulih (250"

4) (8 (8))

Now we calculate the 2-form dg} A dp} + dg3 A dp} in the coordinates (€2, 2o0p, Tongs Yoo

dqi A dpy + dgs A dph
= d® Ay
+{uSh @ + (1 — a0 + 2000) (x5)° + 26225 — 13déa A d2ll)
+ 42y (@ B)% + 3{(1 — ap + 2000)28) + 2655 12 5))?
+2{2(1 — ap + 2a0)&2 + y(g) }13(8) + 2§22(4) +1—ap+ 2a0]déa A dx(g)
+ {0 (@ 80) ! + 262(250)° + (2 50)7 6o A dySy
= dx(g) A dy(g)
+déa A d[{ySEh(@Sh) + (1= ao + 2000) (25))? + 2628 — 13218
+H26 () + ()2 +2(1 — a0 + 2000)Ea (2 <8>>
+(1 — ap + 2a50)z8))]
= de&)ndyS
+déa A d[{y‘8>< G0+ (1 = g + 2000) (254 + 2602 — 1}20)
+H26 () + ()2 ) +2(1 — a0 + 2000)Ea (2 <8>>
+(1 — ap + 2000)78) + 4€2).
Therefore, setting
with = (@) + (1 — a0 + 2000) (284)? + 26028} — 1}214)
+{262(250)% + (2502} ySh + 2(1 — a0 + 2000)E2(25h)?
+(1 — ag + 2000 )5 ® o +485,

we have symplectic coordinates (&3, w? S?O, ygé) Writing

0001 ¥
8 8 4
ql <(X>)O’ qgo :§25 p _yéoz)a p2 ( )
we have
=" =,
1 282 1—ag+ 204 1

D)t (@)’ g5 !

1 1

P g
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Thus we have a symplectic coordinate system (¢!, p>!) € C* which separates solution curves
passing through A, (s) N Wi.

8.3.2 Coordinate system for A (s) N Ws

The first quadratic transformation along A..(s) N W5, Let

€= X4 moo =XV, m = X020

000 0007 0007
1 1 1 1) (1
§o = Xc(>o)1Yo(<>1)a N20 = Yo(ol)’ N21 = Yo(ol)Zc(w)l’

1 1 1 1 1
¢0=XU7Z0 oo =Y120, noy =2,

then
DUL(s) = Qaenws (Ao () N W) = {X ) =0y U {v ) =0y u {2 =0},

the set of accessible singular points is given by

1 1 1 1 1
AL (s) = {(60, x300. Y. Z280) = (61,0,0,—1/61)} € D)y (s).

The second quadratic transformation along Ag}é(s) Note that & = 0 is excluded. Let

1 2 1 2 2 (1) (2) »(2)
x0=x3, vl =xQv®, 20 = -1/a + x2 23,
1 2) (2 1 2 1 2) (2
Xl = XY vl =y, 20 = 1/ + B2,

1 1) (2 1 2) (2 1 2
X0h = X025, Yoo =YR20), Zhy = -1/6+ 22,

then
2 1 2 2 2
DY (s) = Q4o (ASL(s) = (X5 = 0} UYL = 0} U {28} = 0},

the set of accessible singular points is given by

2 2 2 2 2
AR (s) = {(&1, X2, v 2, 28)) = (61,0,0,1/6})} € D) (s).

The third quadratic transformation along Agé(s) Let

2 3 2 3)+(3 (2) (3) »(3)
X8 = X9, v = xOYE, 28 = 18+ X929,
2 3) (3 2 3 2 3) (3
X2 = xOv, v® v, 28— 178 +v )29,
2 3) (3 2 3) (3 2 3
X&) = X979, v = v878), 78 = 16+ 29,

then
3 2 3 3 3
DY (s) = Q40 (AZA(5) = (X5 = 0} U (YY) = 0} U {28} = 0},

the set of accessible singular points is given by

3 3 3 3 3
AP (s) = {(6, X2, v, 28y = (61,0,0,-2/€D)} € DY) (s).

The fourth quadratic transformation along Agé(s) Let

3 4 3 4 4 (3) (4) ~(4)
X0 = X, Y8 - XAy, 28) - —o/eh + X928,
3 4) (4 3 4 3 4) (4
X0 = xOYE, vO) v, 28) - /g + VA2,
3 4 4 3 4 4 3 4
X0 = x828, v8 =y W0, 26) = o/t + 29,
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then

co2 T

4 3 4 4 4
DE(s) = Q ), (ATh(s)) = {x & = 0y U {v L) = 0} u{Z{Z =0},
the set of accessible singular points is given by

4 4 4 4 4 4
AL (s) = {6, X0, v, 28 = (61,0, -1/€3, Z2)} < DL (s).

The fifth quadratic transformation along A((:é)Q(s) We insert here the transformations

G, XW o x@ y@W @ g g

ool T “too02 000 ool T “oo
Let
4 5 4 5 5
X0 = X8, VI = -+ X,
4 5 5 4 5
X = XQ¥Q, V) = 6+ v
then

5 4 5 5
D) = Q0 (AL (5) = (X = 0} U (L) =,
the set of accessible singular points is given by

5 4 5 5 4 5
A9 (5) = {(&1, 25, x20, v ) = (&1, 22),0,261)} € DE)(s).

0007 “* 000>

The sixth quadratic transformation along Af;z)Q(s) Let

(5) (6) (5) (6)y-(6)
XooO - XooO’ YooO =26+ XooOYooO’
5 6 6 5 6
X0 =x0vE) v =26 + v,

then
6 5 6 6
DXY(5) = Q o o) (A% (5)) = (XS = 0} U{YE) = 0},

the set of accessible singular points is given by

A9 (s) = {(&1, 24, xO,¥9) = (&1, 22),0,00} € DE)(s).

0007 “* 0007 * oo 0007

The seventh quadratic transformation along Agé(s) Let

(6) (7 (6) (M) (1)
Xoo - XooO’ YooO - XooOYooO’
6 7 7 6 7
X9 = xOv @, v =y

then
7 6 7 7
D (5) = Q o o) (454 (5)) = {X Ty = 0} U{YL) = 0},

the set of accessible singular points is given by

7 4 7 7 4 7
AT (s) = {(€0, 28, xT vy = (&1, 288),0,1 = ap + 2a00)} € DT (5).

The eighth quadratic transformation along A(()?Q(s) Let

X0 =x8), Y8 =1 ag+ 200 + XV,
X0 =xByv® v =1 g+ 200 + Y,

then
8 7 8 8
DEY(s) = Qo (ASh(5)) = (X8 = 0} U{YE) = 0}
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We see that, in the (&, Zé;%, X g%, Yéfg, s)-space C* x B, the differential system is holomorphic
in a neighborhood of {ng) = 0} except for & = 0, moreover, the points (&1, Zéig),Xg)l,Ysl)) =
(o, Zé;%, 0,0) are inaccessible with & # 0.

Thus we have obtained a coordinate system (&1, Zéig), X g%, yg}%) € C* which is related to the
coordinate system (¢?, g5, p?, p3) as

8
=&, @ =X0,
1 & 1

4 l—ag+20 4
1= — —ogdz ) 2 T
ol x e T & !
(4) Yo(ol(?) 1 — Qo —|— 20{00 (10) Yo(fg 2(1 — Q) —|— 20{00) (10) 2
+(2§1Zo<>0 - § - §3 )XooO - ( §3 + §5 )(XooO )
1 i i 1
@) 2V 1 ®)3 )18 () 14
~{1 = ag+20.)28) + 5 FE)? + 20 v (xS,
1 2&4 1—ag+ 204 (8)
2 _ _
Pr= (X(8))4 + (X(8))3 x®) + Y0,
10 10 000

We calculate the 2-form dq? A dp? + dg3 A dp3 in the coordinates (£1, zW x® YS&):

o000 000>
dqi A dp? + dg3 A dp3
= dx® rnav®
8 8 8 8 4
VXS + (1 - a0 + 2000) (XE)? + 26 X5 — €3 }dey 1 dZ)
®)
2y %)

+ [128v e +3{(1 — a0 + 200020 - =52 JXE)Y?
1
Yéfg 2(1 — ao + 2ax) (8) (4) Yéfg 1—ap+ 20 (8)
_2{ 3 T 5 }XooO + 2625 — 3 5 dé& N dX o
1 g g g
2 X(s) 3 X(s) 2 X(g)
{2y - 2ol Bl b avy
1 1 1

= dx® nav®
+dga A d[{YS)XE) + (1= a0 + 200 (XE))* + 26 X T} - €112

2x8)? L x&)?  x8) y® 20— a0 +2000) (5)\2
- 5 + 3 +— o0 5 ( ooO)
& & & &
1-— ag + 2c 8
_TOOXC(”%}
8 8
= dal ndySh
+dga A d[{YS)(XE)* + (1= a0 + 200 (XE))* + 26 X T} - €112
2x8)? L x&)?  x8) y® 20— a0 +2000) (5)\2
- 5 + 3 +— o0 5 ( ooO)
& & & &
l—ao+ 200 8y 1—ap+ 20 4
X0 T —4]-
§1 §1 §1
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Therefore, setting

4 8 8 8 8 4
W = (Y (XED) + (1 - ap+ 2000) (X))? + 26, X8) — 812

AXL) | (X0, XS0y 2(1— a0+ 200) ym) 2
_{ 5 + 3 + 5 o0 5 ( ooO)
& & & &
l-aot2a0 o3 l—apt200 4
3 o0 &1 &

we have symplectic coordinates (&1, Wéj()), X g%, Yéfg). Writing

8 4 8
2 =6, ?=X5), =W, =Y.
we have
a =, @ =q?
(QfOQ)Q 1 2
8.4 pi = - + 32,
(54 e @
pro P 207 100+ 200
() ()P g5 2

The system (g™2,p>?) € C* separates solution curves passing through A, (s) N Wy and the
Hamiltonians have no singularity on & = 0.

Thus we have obtained four symplectic coordinate systems (g7, g5, pf, p3) each of which sepa-
rates solution curves passing through the accessible singular points (see (8.1)-(8.4)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coefficients are rational
functions of s holomorphic in B.

1 4
D" (s) D (s)
2
D(s)|
D
(s)
DY) (s)
DY) (s) DX (s)
DY) (s) D (s)| i
DE)(s)

Figure 5. J=14
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9 Spaces of initial conditions for Ho;

In the present case,
V= —0c

In this section, we omitt the label 23.

9.1 Accessible singularities on D x B
Observing the system H(?) on all Wij; 7 # 0, we can obtain

Proposition 9.1. The set of accessible singular points of the system 'H(Q%) for each s = (s1,$2) €
Bss is a disjoint union of 2 connected components Ag(s), Aoo(s) ~ P!

Ao(s) = {(& o, 8) € Wo x B|&2 = moo = no1 = 0} U{(&,m1,5) € Wi x Bl& = n1o = i1 = 0},
Ao (s) = {(§,m, s) € W1 x Bl§o = m10 = m2 = 0} U{(£,m2,5) € Wa X B|§o = 120 = 121 = 0}.

In the following subsections, we obtain coordinate systems corresponding to A;(s) which sepa-
rate completely the solution curves passing through A;(s). The systems for Ag(s) and A (s) are
obtained by quadratic transformations.

9.2 Coordinate systems for Ay(s)

We obtain coordinate systems for Ag(s) by making quadratic transformations four times along
AQ(S) n WQ, AQ(S) n Wl.

9.2.1 Coordinate system for Ay(s) N W

The first quadratic transformation along Ag(s) N Wy. Let

1 1) (1 1) (1
& = J?éo), Moo = 3?80)9(()0), o2 = xéo)z(()o),

1) (1 1 1) (1
&= 3?81)9(()1); Moo = y((n), No2 = y(()l)z(()l),

¢! 1 1
&= 3382)2(()2), Tloo = y(()Q)Z(()Q)a Tlo2 = Z(()g),
then
1 1 1 1
DY (5) = Qug(s)owo (Ao(s) N o) = {ay) = 0} U{yly =0} U{={y = 0},

the set of accessible singular points is given by

1 1 1 1 1
A5V (s) = {(€0, 258, 05, 2500 8) = (€1,0,0,—1/(€1 = 1), 8)} € DS} (s).

The second quadratic transformation with Aéll)(s). Note that & = s7 is excluded. Let
(1) (2) (1) (2),(2) (1) _

2) (2
Tog = Togs Yoo = Too Yoo » Zoo = —1/(§1—s1) + xéo)z(()o),
1 2) (2 1 2 1 2) (2
xéo) = xél)y(()l)a y(()o) = y((n)a Z(()o) =—1/(§& —s1) + y((n)z(()l)a
1 2) (2 1 2) (2 1 2
xéo) = 3782)3(()2), y(()o) = y(()Q)Z(()Q)a Z(()o) =—1/(§& —s1) + Z(()Q)a

then
2 2 2 2
DG () = Qaon(o)(Aon(s)) = {ag) = 03U {7’ = 0} U {3’ = 0},
the set of accessible singular points is given by

AR (5) = {(61,25), 553 750)) = (61,0, 1/ (sa(&1 — 1)), 258)} € DSY ().
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The third quadratic transformation with Ag)(s). Here we insert a change of variables

2 2 2 2 2 2
&1 =&, 1:80) = xéo)a y(()o) = 1/0(()0), Z(()o) = Z(()o)a

Let
2 3 2 3) (3
1580) = xéo)a U(()o) =ns2(&1 — 1) + xéo)y(()o),
2 3) (3 2 3
3780) = xél)y(()l)a U(()o) =ns2(§1 —s1) + y(()l),

then
3 2 3 3
DY (s) = Q g () (A()) = {ol) = 0} U {u? = 0},

the set of accessible singular points is given by
3 2) (3 (3 2 3
A5 (5) = {61, 200 20060 ) = (61,200 0, 00)} € DG ().

The fourth quadratic transformation with Agﬁ)(s). Let

3) _ .(4) 3) _ (4), (4)
Too = Toos Yoo = @0+ Tog Yoo

3 4) (4 3 4
1580) = xél)y((n)a y(()o) = oo + y((n)a

then
4 3 4 4
DGy (s) = Qo (467 () = {rl) = 0} Uy’ = 0}

We can verify that the differential system in the cordinates (&1, zég), 1;&1)), y((;é)) is holomorphic in

a neighborhood of {xg(l)) = 0} except for &, = s1 and the points (&1, zég), xéﬁ), y((ﬁ)) = (&, zég), 0,0)
are inaccessible with & # s1.

Thus we have obtained a coordinate system (o, Zég),xé%),yéé)) € C* which is separates the
solutions passing through Ag(s) N Wy = Ag(s) N Wy1 with & = s;1. It is related to the original

coordinate system (Q1, QQ;pl,pQ) by

4
g =&, g2= J?éo),
(4)
7152 2 (e7s] 2 Y, 4 2) (4 4
= +ms2(&1 — 51)2(()0) - H + (aoz(()o) - glofosl)xéo) + Z(()o)y(()o) (xéo))z,
Loo
ns2 (&1 — s «
D2 = 72( (14) . ) + TO) —l—y((;(l)),
(zoo') Loo

Now we calculate the 2-form dg; A dpy + dga A dps in the coordinates (&, zég), xg(l)), y(()é)):
dqy A dpy +dgy A dp,
4 4
= dxéo) A dy(()o)
2), (4 4 2
+ {0 (200)” + oz’ +ns2(61 — s1)}dér A dzgg)

(4)
2) (4) (4 2 Y 4
+ (23(()0)9(()0)3780) +aozly — glofosl)dgl A dzfy)

(4)
x
+ (28 @l)? = 22 )der A dyly)

&1 — 51
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= dxg(l)) A dy(4)

(4)
X
ey A d|{y (740 + 0w+ msa(n = )i — =2yl |

- w

(4)
x a
+dé A d[{ym(aﬁé%)) + ozox( ) + ns2 (& — 51)}2(2) —0— yc(;(l)) - - }
§1— 51 §1— 51

Therefore, setting

(4)
2 2 4 2 € 4 aq
w(()o) _ {y( )( 80))2 —l—ozox( )+7752(§1 _51)}2,( ) 00 y(()o) _ ,
&1 —s1 &1 — 851
we have symplectic coordinates (&1, w(()%), xg(l)), y((;é)) Writing
4 2 4
@ =, @ =aly, P =why, p3 =yl
we have
_ 01 _ 01 __Nns2 01 _ 7752((1(1)1 — 52) Qo 11
(9.1) gi=4q1, 2=¢qy, P1=—"p7 +P1» P2="—"—"ong T o1 TP2 -
ds (QQ ) ds

Thus we have obtained a simplectic coordinate system (¢°!,p°) € C* in which the Hamiltonians
have no singularity on & = s;.
9.2.2 Coordinate system for Ay(s) N W,
The first quadratic transformation along Ag(s) N W;. Let
1 1)y (1 1) 1
&= X(()O)a o = X(()O)Yo(o)a mi = X(()O)Z(()o)a
1)y (1 1 1) (1
& = X(()1)Y0(1)a o = Yo(l)a M1 = Yo(l)Z(()l)a
1 1) 1 1
€0=X3$Z5), mo=Yy'25, mi= 2,

then
DEY(5) = Qugsynws (Ao(s) NW1) = {X§) = 0y U {Yy)) = 0y u{Z{y) = 0},

the set of accessible singular points is given by

A (s) = {(&0, X, Y, Z8) = (€0,0,0, —s1/(s160 — 1))} € DY (s).

The second quadratic transformation with Aéé)(s). Let
1 2 1 2)1-(2 1 2) (2
Xoo' = Xo0s Yoo! = Xi0'Yao s Zoo' = —s1/(s160 — 1) + XG5 255,
Xoo' = Xo Yo, Yoo =Y Zgo) = —s1/(s160 = 1) + 57 75,
XD = x@ 70y _y@z0) S0 e 1) 4 7@

then
2 2 2 2
D) (5) = Qapa(s)(An2(s)) = {X§) = 0} U{Ygy) = 0} U{Z) =0},

the set of accessible singular points is given by

2 2 2 2
AQ)(5) = {(60, XY, 28) = (60,0, =1/ (nsa(s160 — 1)), Z52)} < DS (s).
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The third quadratic transformation with ASQQ)(S). We insert here the transformations
2 2 2 2 2 2
&1 = &1, X(()o) = X(()o)a Y( ) 1/Vo(o)a Z(()o) = Z(()o)-
Let
3), (3
X5 = Xoos Vi) = —ns2(s160 — 1) + XG0 vl -
X5 = X5 Yo Vio) = —nsa(si6o = 1) + Yoy,

then
DE($) = @y (AZ () = (X5 =0} U (¥ = 0},

the set of accessible singular points is given by

3
AG)(5) = {(60, 25, X YD) = (€0, Z83),0,a0)} € DY (s).

The fourth quadratic transformation with A(B)( ). Let
3 4 3 (4)y,(4)
X(()o) = X(()o)a Yo(o) a0 + X Yoo
3 4) (4 3
X(()o) = X(()l)Yo(l)a Yo(o) =ap+ Yo(l)a
then (4) (3) (4) (4)
Doy’ (s) = QA(()%)(S)(AOQ (s)) ={Xoo =0}U{Y¥y =0}

We see that, in the (&, Z(()(Q)), X(()é), Yo(é ), s)-space C* x B, the differential system is holomorphic
in a neighborhood of {ng) = 0} except for §, = 1/s1, moreover, the points (&, Z, (()(2)), X(()é), Yo(g)) =
(o, ng), 0,0) are inaccessible with £, = 1/s1.

Thus we have obtained a coordinate system (&, Z(()(Q)), X(()é), Yo(g )) € C* which is related to the
coordinate system (qi,qs,pi,pl) as

4
q% = §O; q% = X(()O)a

(4)
715152 2 S1Q0 2 51Y, 4 2 4 4
p=-— —ns2(s160 — 1)Z(()o) -+ ( OZ(()O) —0 )X(()o) + Z(()O)Yo(o)(X(()o))Qa

X(()é) 51§0 —1 51§0 -1
nsa(s1&1 — 1) Qo (4)
P= T i T Y
(Xo0 ) Xoo

Now we calculate the 2-form dg} A dp} + dgi A dp} in the coordinates (&, Z(()(Q)), X(()é), Y()(g )):
dgi A dpy + dgs A dps
= X nan)
+ (Y50 (XG0 ) + a0 X5y —msa(sa&o — 1)}do A dZgg)

(4)
1Y,
+ (22873 X85 + aoZy) — 1§ 0 ) dgo A dx )
(1)
51X,
(20— 2 g avy
51§0 -1

= axgy )

(4)
51X,
+ ey N[ {Y0) (XG5 + a0 XG5 = msa(sabo — 1) 250 — 0
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= dx(()i)o A dy(g)

000
51X(()é) (4) _ S10
51§0 —1 00 51§0 —1I

+d&a A d[{YO(g)(X(()é))Q + OéoX(()é) —ns2(s1€o — 1)}Z(()(2)) -
Therefore, setting

SlX(()é) Y(4) _ S10

2 2 4
Wd) = (Y35 (X)) + aoX{y) — nsa(s1& — 1)}25) — b0 — ———,
51§0 — 1 51§0 — 1

we have symplectic coordinates (&, Wég), X(()é), YO(S1 )). Writing

4 2 4
@2 =6, =Xy, p=wW, 8=y

then we have

02
78182 nsa(s143 — 1) o

(9.2) G =07 @=4¢" p=-—g +00 pp=-—"——g35—"+ o5 + P
ds (q3%) d>

The system (¢%2, p°?) € C* separates solution curves passing through Ag(s) N Wy and the Hamil-

tonians have no singularity on £ = 1/s;.

9.3 Coordinate systems for A, (s)

We obtain coordinate systems for Ao (s) by making quadratic transformations six times along
AOO(S) n Wl, AOO(S) n WQ.

9.3.1 Coordinate system for A (s) N W,
The first quadratic transformation along A..(s) N W;. Let

1 1) (1 1) (1
§o = J?fx,)o, o = J?éo)oyéoz), N2 = xéo)ozioé,

1) (1 1 1) (1
§o = 33<(>o)19<(>o)1a o = yfx,)p mea = yfx,)lzc(x,)p

1) (1 1) (1 1
§o = J?fx,)gzéo)g, o = yéo)gzc(x,)g, ma = fo,)g,

then
DI (5) = Q. sy (As(5) N W) = {2l = 0} U {5 = 0} U {24} = 0},

the set of accessible singular points is given by

1 1 1 1
AW (5) = {(&2,28), 51, 20 5) = (£,0,0,0,5)} € DU(s).

The second quadratic transformation along Ag})l(s) Let

1 2 1 2) (2 1 2) (2
Tip = Ties Yied = Teoolises Zoed = TochZty

o)

1 2) (2 1 2 1 2) (2
Tieh = TRAYsels Ysab = Yoets Zaeh = Uer 2
1 1) (2 1 2) (2 1 2
Tioh = TeghTach Ysab = Todliseds 2o = Foch:

then
2 1 2 2 2
DZ)(s) = Q4 o (AZK () = {wiZy = 0} U {y) = 0y U (=2, = 0},

the set of accessible singular points is given by

2 2 2 2 2
AD) () = (&2, 220, 420, 230, 8) = (€2,0,0,1,5)} € D) (s).
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The third quadratic transformation along Ag)l(s) Let

(2) (3) (2) (3) (3) (2) 3) _(3)
000 = L5505 Yoo0 = Too0Yoolr Zocd = 1+ Tg0Z000s

2 3) (3 2 3 2 3) (3
Toh = Ty, Yoeh = Yers aeb = L+ ykrzi,
2 3) (3 2 3) (3 2 3
T 20 = ThT0s Yo = YrFaer Zaey = L+ 7,

then
3 3 3 3
DI () = Q0 (AD(5) = (=2 = 0} U (B2} = 0} U (=) = 0},

the set of accessible singular points is given by

AD () = {(€2.22,u, 220) = (€2.0,0,-2)} € DY) (s).

The fourth quadratic transformation along Af)i)l(s) Here we insert a change of variables

=6, 20 =@ 4B 1) 0 =)

ool 7 %000 0001 ool — Rool”
Let
25y = ol vl = —1/2+ 2y,
25 = ol o8 = 172+,
then
DS (s) = Qo (A2 (5)) = {rley = 0} U {yid) = 0},

the set of accessible singular points is given by
4 3)  (4) (4 3
AL (5) = (&2, 280, 28, us0) = (62,2580, 0,62/2)} € DE)(s).

The fifth quadratic transformation along A(4) 1(s).  Let
4 5 4 5) . (5
oy =28, o) = 6/2+ 2w,
4 5 (5 4 5
20, = 2Oy, o) = ea/2 410,

then .
5 5
D) (5) = Qe o (A5 () = {adh = 0y U {42 = 0},

the set of accessible singular points is given by

AP (s) = {(&2, w2}, 1), 42)) = (€0, w ), 0,1 — ap + 2a00)} € D) (5).

The sixth quadratic transformation along A(5) 1(s).  Let

5 6 5 6 6
= ol%, 2 =10+ 30 + 2T,

5 6) (6 5 6
b = 2bhyers Yoo = 1 — a0+ 2000 + 450,

then

6 5 6 6
D) (5) = Q0 o (AR (5)) = {lh = 0} U {52 = 0},
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We can verify that the differential system in the cordinates (£, ffié, ff,)o, ygé) is holomorphic in

a neighborhood of {xgi)o = 0} and the points (&, 2329y @) = (€2,22),0,0) are inaccessible.

0003 Lools Yool 25007
Thus we have obtained a coordinate system (2, zgé, (()2)0, ygé) € C* which is is separates the

solutions passing through A..(s) N Wy = Ay (s) N Wip. It is related to the coordinate system
(a1, a3, p1,p3) by

6 6 1—ap+2a 2 1
ql—xéo)o, 1 = &, pl_y()+ +© = 6)\g (6) 3’
T 500 2(17000) 2(‘77000)
(3)
1 & §az (©)
1_ §2  “oo0 o0 _

R=-mty o +( 2 ! a°+2a°°)

000

3 6 6 3), (6 6
H{(1 = a0+ 2000)2 % + yl Hredn)” + 210 v (00)”

@) .(6) (6))

Now we calculate the 2-form dg} A dp} + dg3 A dp} in the coordinates (€2, 2o0p, Toops Yoeo

dqy A dpi + dgj A dp)
= dx(ﬁ) A dy(ﬁ)

©
+ {500 + (1 - a0+ 2000)(@12)* + $27o00 _ }dﬁg/\dz(g)

2
(3),(6) (3) (6)

6 6
+ {380 @00 +2{(1 — a0 + a0e)2 + 55 }a )

622(3) ©
+1 — ag + 205 + —= }d§ Adz

+ {200 (@ 20)” + (@X0)? }dg A dy$Sh
= dx(ﬁ) A dy(ﬁ)

(6)
xT
+ o N[ {5 + (1 — a0+ 200) (@87 + 20 10

(@50 + (1 — a0 + 20)ay|

= dx(g) A dy(g)

(6)
x
s A d[{yS @) + (1~ o+ 2000) (@5)? + 220 10

Ha ) + (1 - a0+ 200)aly + 2],

Therefore, setting
w® (6) (.(6) 1 5 ©) wé?o R

Warhy = Yoo (Toep)” + (1 — g + 2000) (20)? + =20 5 _5 28

+@O)250 + (1 — ap + 2a00)z0) +§_2

we have a symplectic coordinates (&, wgé, gi)o, ygé) Writing

6 6 3
q! xgo)o ¢t =&, pf° —yfx,é ps° —w()
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we have
@ =a", =",
1 gol 1—agp+ 2
(93) pr=— <Ty3 T - 7+ . =
(ql )

2(g°h) gt
1 1
by = _2(]%01 +pgo .

1
+p7,

Thus we have obtained a symplectic coordinate system (¢>!, p>!) € C* which separates solution
curves passing through A (s) N Wj.

9.3.2 Coordinate system for A (s) N Ws

The first quadratic transformation along A, (s) N W5, Let

1 1 1 1) ~(1

§o = Xéog), n20 = Xéog)yo(og’ 21 = X;%Zéo%,
1 1 1 1) ~(1

§o = Xc(>o)1Yo(<>1)a N20 = Yo(ol)’ N21 = Yo(ol)Zc(w)l’

1 1 1 1 1
¢0=X0720 no=v828 ny =20,

then
DLL(s) = Qaenws (Ao () N W) = (X =0y U {¥ ) =0y u {2 =0},

the set of accessible singular points is given by

AL (s) = {(60, X320, Y9, Z00) = (61,0,0,-1/€1)} € D) (s).

The second quadratic transformation along Ag}é(s) Note that & = 0 is excluded. Let

1 2 1 2) 1 (2 1 2) (2
X0h=X3y Y = XQYiD, 280 = —1/6 + X223,
1 2) (2 1 2 1 2) (2
X0y = X2 YE, v =3, 2l = -1/a + YA Z3,
1 1) (2 1 2) 1 (2 1 2
X0o = X025, Yoo = XAV, Zhay = -1/6 + 22,

then
2 1 2 2 2
D) (s) = Q4 o (A%h(s)) = {wilh = 0} U {y$) = 0y U (=2, = 0},

the set of accessible singular points is given by

2 2 2 2 2
AR (s) = {(6, X2, v 2, Z28)) = (£,0,0,—1/6})} € D) (s).

The third quadratic transformation along Agé(s) Let

2 3 2 3 3 2 3 3
X2, = X0, ¥ = X0V, 20 = 1/ 4 X2

0007 ool 0007
2 3 3 2 3 2 3 3
X3 =x0v3, YR =Y, 25 =1+ vz,
2 3 3 2 3 3 2 3
X8 = X928, ¥ =vQ2S, 2= g+ 22,

then
3 2 3 3 3
DY (s) = Q4o (AZA(5) = (XS0 = 0} UYL = 0} U {25, = 0},

the set of accessible singular points is given by

3 3 3 3 3
AP (s) = {(6, X2, V%), 28y = (61,0,0,-2/¢%)} < DY) (s).
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The fourth quadratic transformation along Agé(s) We insert here the transformations

a=6, X8 =x9 v o1y 70 - @)

ool T “too0» 000 ool T “oo0>
Let
3 4 3 4 4
X0 = X0, V) = gt/ e XUy
3 4 4 3 4
X8 =xQY8, v =-gr2+Yy,
then

4 3 4 4
DL (5) = Q g o (A5 (5)) = (X5 = 0} U{YE) = 0},

the set of accessible singular points is given by

4 3 4 4 3 3
AL (s) = (61, 282, x0, v = (61,282, 0,1/2)y c DE)(s).

The fifth quadratic transformation along Af)i)l(s) Let

(4) (5) (4) (5)y-(5)
XooO = XooO’ YooO = 1/2 + XooOYooO’
4 5 5 4 5
xG = x0vE, v =12+,

then
5 4 5 5
DZ)(s) = Q i (o (ASh(s) = {X 5y = 0} U{YE) = 0},

the set of accessible singular points is given by

AQ)(s) = {(61, 23, X2

0007 “* 0007

Y8 = (61, 28),0,1 - ag + 2a00)} € DX (s).

The sixth quadratic transformation along Af;z)Q(s) Let

x8) = x8 vO) =1 - ap+ 200 + XV

ool — o009
X80 = xOvO v -1 ap+ 200 + YV,

then
6 5 6 6
DG (8) = Q y0 (AL (9) = (X = 0} U {(¥LY =0},

We see that, in the (&, ijg, X fﬁg, Yéfg, s)-space C* x B, the differential system is holomorphic
in a neighborhood of {Xéig) = 0} except for & = 0. moreover, the points (1, ijg, Xég)l, Yéfl)) =
(o, ijg, 0,0) are inaccessible with & # 0.

Thus we have obtained a coordinate system (&1, Z, @) x©

®) x© vy e €t which is related to the
coordinate system (q?, g3, p?, p3) as

6
q% =&, qg :Xcgog)’

) & 2780 1 g+ 200 1 220 v 11— a4 200 )
=G "3 ~ 53 (T - - 3 )XooOa
2(X2p)? &1 S &1 &1
@ Y @2 L ()61 (6) 3
{0 - a0+ 2000028 - 50 HXG + 2V
1
§2 1 1-— (7)) + 20[ 6
i 5 Kl ( Evias Gt Yao
2(Xo<>0) 2(Xo<>0) XooO
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Now we calculate the 2-form dq? A dp? + dg3 A dp3 in the coordinates (£1, Zézg), Xégg), Yéfg):

dqi A dp? + dg5 A dp3
= dxnavly

(6) 2
X
+ {VEDXEN + (1 = a0 + 2000) (X)? + =52 - %}dgl ndZ3)
373y O x©)12 4 5f q 26 _ Yo\ ()
+ 000 ooO( ooO) + ( —ao + Oéoo) 000 — ? 500
3 (6
ZooO YooO 1—a+ 20400} (6)
- & A dX
+ 2 §1 g'ig §1 oo0

6 6
s x&2 x8

ool) de; A dy'®
& &1 } & o0

3 6
+{28x9)
= ax8 nays

X(G) 2
+déy A d[{y;jg(xggg>3 + (1 — g + 2000) (X8 )2 4 2200 §_1}2<3>

2 2 oo0
6 6
_{ (Xéo%)Q + Xéog) }Y(s) 1 —ag+2a X(G)}
§ Ta ST TTg e

= ax@navrly

X(G) 2
ey A[{ YY) + (1 - a0+ 200) (XG)? + X0 E1170)

_{ (X502 N X8 }Ym) l1-aot200 6 l-aot2000 17
& & J0 & >0 & 267

Therefore, setting

@ 6)x(6)y3 @, X3 8,6
Woeo = {Yooo(Xow) + (1= ap + 2000) (X o0p)” + =22 — _}Z

ool — 92 92 o0
(X(G))2 x 1—ag+2a 1— a9+ 2a 1
_{ 500 + 500 }Y(Bg 0 ooX(Gg) o 0 © .
& ISR P > & 26}

we have symplectic coordinates (&1, Wéf()), X égg), Yégg). Writing

6 3 6
=6, > =X0), =W, p? =V,

we have
7 =% @ = a2,
2 qfOQ 2
— (o]
o4 P = gy T
g2 (¢5°%) " 1 1 —ap +2au 4 pee!
2 2(g5)® T 2(e?)? ¢5°° ?

The system (g™2,p>?) € C* separates solution curves passing through A, (s) N Wy and the
Hamiltonians have no singularity on & = 0.

002
)
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Thus we have obtained four symplectic coordinate systems (¢7, g3, p%, p3) each of which sepa-
rates solution curves passing through the accessible singular points (see (9.1)-(9.4)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coefficients are rational
functions of s holomorphic in B.

DP(s) £ (s)
D
:D((f) (s) DY) (s)
DP(s)| DL(s)
I DD (s)
)| DE(s) D)

Figure 6. J=23

10 Spaces of initial conditions for Hj;

In the present case,
v=a+ -
+ 2

In this section, we omitt the label 5.

10.1 Accessible singularities on D x B

Observing the system H(®) on all Wij; 7 # 0, we can obtain

Proposition 10.1. The set of accessible singular points of the system 'H(50) for each s = (s1,82) €
Bs is a disjoint union of 1 connected components Ay (s) ~ P! given by

Ao () = {(&,m1,8) € Wi x Bl§o = n10 = ma2 = 0} U{(§,m2,5) € Wa x B|§ = 120 = 121 = 0}.

In the following subsections, we obtain coordinate systems corresponding to A (s) which sep-
arate completely the solution curves passing through A, (s). The systems for A, (s) are obtained
by quadratic transformations.

10.2 Coordinate systems for A, (s)

We obtain coordinate systems for Ao, (s) by making quadratic transformations ten times along
AOO(S) n Wl, AOO(S) n WQ.
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10.2.1 Coordinate system for A..(s) N W,

The first quadratic transformation along A..(s) N W;. Let

1 1) (1 1) (1
§o = J?SX,)Q, o = xﬁo)oyéoé, N2 = xéo)ozéoé,

1) (1 1 1) (1
§o = xéo)lyéo)l, o = yfx,)p M2 = yéo)lzc(x,)p

1) (1 1) _(1 1
§o = Jﬁfx,)gzéo)g, o = yéo)gzc(x,)g, ma = Zéo)Qa

then
1 1 1 1
DR (5) = Quc(onw (Aso(s) N W) = {ep = 0} U {ule) = 0} U {=y = 0,
the set of accessible singular points is given by

1 1 1 1 1
AL (5) = {2 2l yilh. 21h) = (£2,0,0,—1/&)} € D (s).

The second quadratic transformation along Ag})l(s) Note that & = 0 is excluded. Let

1 2 1 2) (2 1 2) (2
Tip = Tier e = TeonUsebs Zoed = ~L/62 +2Cp70,
1 2) (2 1 2 1 2) (2
Tieh = oAUl Ysed = Yoot Zaep = —L/&2 + Y12

1 1) (2 1 2) (2 1 2
Tioh = TehFach Ysab = Toedlisers 2en =~/ + 20,

then
2 1 2 2 2
DZ)(5) = Q4 o (AZK(5)) = {idy = 0} U {y) = 0y U (=2, = 0},

the set of accessible singular points is given by

2 2 2 2 2
AP (s) = {(&2, 220,42, 22)) = (62,0,0,-1/€3)} € D\ (s).

The third quadratic transformation along Ag)l(s) Let

(2) (3) (2) (3),,3) (2) (3) ,(3)
Lo = Loo0r Yoo = Loo0Yc0s 000 — _1/§S+xooozo<>0’

2 3) (3 2 3 2 3) (3
Toh = TeyYers Yoed = Yoors Zhed = —1/€ + 120N,

2 3 3 2 3 3 2 3
2o = o2, y8 =300 28 = —1/8 + 25,
then
3 2 3 3 3
DL () = Q0 (o (AZL () = {aidy = 0} U {5} = 0y U =, = 0},

the set of accessible singular points is given by

3 3 3 3 3
AD) (s) = {(&0, 22,42, 212) = (€2,0,0,-2/€5)} € D) (s).

The fourth quadratic transformation along Af)i)l(s) Let

3 4 3 4) (4 3 4) (4
T3y = Ther Yon = TenUsers 20 = ~2/83 +2lp2lp,

e (4) y(4) [CORNPCO B C) R _2/§g+y(4) (4)

00 = Loo1Yo0lr Yoo = Yool> ool T co1%c0l)
3 4 4 3 4 4 3 4
T = Tehaleh Vsoh = Ysohiens Zseb = —2/65 + 2,

then
4 3 4 4 4
D () = Q40 o (ASh () = fidh = 0} U {ylh = 0} U £z, = 0},

the set of accessible singular points is given by

AW (5) = {(&, 22, y2), 2120) = (€2,0,0, —(5+ 513)/€)} € D) ().
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The fifth quadratic transformation along A(4)1(s). Let

o S ) (4) (6),(B) () _ (5) (5)

Toch = Tonhr Yood = Toct¥actr Zoe0 = — (5 +8183) /65 + 207000
4 5 (5 4 5 4 5 (5
ety =2 i = vl 2 = — 6+ 160 /el +y$10),
4 5 (5 4 5 (5 4 5
ooy =20he D)yl =928 2 =~ +s160)/€] + 25,

then
5 4 5 5 5
D) (s) = Q4 (ALK () = {ldh = 0} U {5} = 0y U =0, = 0},

the set of accessible singular points is given by

AD (5) = {(&2, 220, 420, 200) = (£2,0, —1/2¢4, 2500} < DY) (s).

The sixth quadratic transformation along A(5) 1(s). Here we insert a change of variables

£y = &, e (5) (5) 1/1)(5) 2 (5)

00 = Loo0> 5007 Poold — Poo0)
Let
(5) (6) (5) (6) , (6)
500 = Tog0s Vooo = 282 + T5oYoc0s
5 6) (6 5 6
2 =20, o8 = —2ed + 43,
then

D) (s) = Q40 ) (ASh(5)) = {2l = 0} U {5} = 0},

the set of accessible singular points is given by

6 5 6 6 5 6
AQ (s) = {(&2, 280,200, 4 = (62, 28),0,6¢2)} < DY) (s).

The seventh quadratic transformation along Agi)l(s) Let

zion = T Yieh = 663 + 2 Spuich,
ooy = a0, vy =663 +y),

then
D (s) = Q 0, o (A (5)) = {ly = 0} U {yT) = 0},

the set of accessible singular points is given by

7 5 7 7 4 7
AD (5) = (2,28, 200, yTh) = (€2, 28,0, -2)} € DD (9).

The eighth quadratic transformation along Ag))l(s) Let
7 8 7 8) (8
o =% Yaoh = —2 + 2Khvien,
7 8) (8 7 8
2 =20l v = —2+9%),
then (8) (8) (8)
8 8 8
D (5) = Q y, ) (AT () = (25 = 0} U () = 0},

the set of accessible singular points is given by

8 5 8 8 8
AR (5) = {(&2, 250, 280 yEh) = (€2, 280, 0, 2(s262 + 1))} € D) ().
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The ninth quadratic transformation along Af)i)l(s) Let

8 9 8 9 9

8 9 9 8 9
( &b = xgo)lyéo)l’ yf)o%) = 2(s2€2 + 51) + Y,
then
9 9 9
D (5) = Q o, o (A%1 () = {alh = 0y U {40} = 0},

the set of accessible singular points is given by
9 5 (9 (9 5 9
A (5) = (&2 250,220, 5%0) = (€2, 220,0. —20)} € DL, (5).

The tenth quadratic transformation along Ai‘z)l(s) Let

9 10 9 10 10
40, =09, 4% = 20+ 20D
9 10 10 9 10
L N

then
DLY(s) = Q 40 (o (ADh (9)) = {aled) = 0} U {ye = 0}

We can verify that the differential system in the cordinates (&2, z ©) 10,0 O)) is holomor-

25007 L0 1 Y00
phic in a neighborhood of {1:(10) 0} except for & = 0 and the points (&2, 2 ) 210 (10)) =

25007 Tool » Yool
(&2, Ooz), 0,0) are inaccessible with & # 0.

Thus we have obtained a coordinate system (&2, zgé,xg%),ygg)) € C* which separates the

solutions passing through A..(s) N Wy = Ay (s) N Wip. It is related to the coordinate system
(41, 42, p1,p3) by

10
ql - xf)o())a q% = §25
pl _ 2§2 6§% 2 2(s2&2 + 51) 2c " y(lo)
1= 10 10 10 10 10 000 »
N T T C R G CR
2e3 4e 2s 200 2s 8s 26
1 2 2 2 4 _(5) 2 1
P11 = - - 25200t % 3 &
BRI A

2
T, TE T g8 g
(10) 2
) | Yooo . 25152  2(s] —2a)  10s 1051) (10)\2
22500 t + + ( )
( 34 & & & &

), 2as1 — i) 100y, (103
+{2(52§2 +51)2000 T 8 + g}(ﬂ?ooo )

5 5\ (10 10 5) (10), (10
—{2042(()02) + (§5 + §7) ( )}(xgoo))4 + Zioéyéoo)(xioo)P-

Now we calculate the 2-form dg} A dp} + dg3 A dp} in the coordinates (&2, 20 10 y(lo)):

0007 000 ? Joo0

dqi A dp] + dgs A dph
= 1) ndylY

) — 20(elI) 4 25+ s 2D ¢ 66300 26ty o)

2T 500
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(10)

(10)
5) (10), (10 5 S1Y oy 10
+ [3ahwied () = (202 + HE 4+ ) (00
2 2
(5) —y‘”é) S\, (10)\2
+6{(§252+51) + P +—7}(x o)
3 &
(10) 2
25152 2(51 — 20() 1052 1051 (10)
—2(2:8) + T+ 2 4 + e
P T e & & g & 0
(10)
Yoo 200 4s9 251 (10)
4662,0) Yoo | 2 TPz 2L }déz/\d
&2 & & £3 52
(10)y3 (10)y2 (10)
()0 (St 5\, o (Tx0)’  (Txo) (10)
+{ —( + ) = - }dg A dyL0
e A I VL B B
_ dx(lo)/\dy(lo)
+d& A d|{yl)) (2 0)° — 20(2 (L))" + 20526 + 51)(21L))? - 250 + 6632y — 268}
10 10 10
{(51 " 5)( (10)) n (J?éoo))g 4 (xéoo))Q " xgoo)}y(lo)
£ & £ &3 & J70
St Sa (10)\3 25152 2(5% — 20() 1052 1051 (10)\2
+2( + ) —( ) x
7))~ (g g g tg )=o)
2 4sy 251 10N (10
(G-t
3 8 g4
_ dx(lo)/\dy(lo)
+d& A d[{y5) (@507 — 20(2l0) + 2sae + 1) (050 — 2(280)? + 66500 — 2681204
10 10 10
{(51 n 5)( a0y (z5o0)? N (z5o0)? N $<(><>O)} (10)
£ & £ &3 & J70
QS Sa (10)\3 25152 2(5% — 20() 1052 1051 (10)\2
+2( + ) ( ) x
; tg )l o)’ & 35 g g )=o)
+(2_0‘_4ﬂ_251 10) <10>+_0‘_22_8i_§}
5 & & & & & &3 51
Therefore, setting
wilh = {55e0) (@80)° — 202 + 2(sa82 + 51) (210))? — 2(2{0)? + 66220 — 262323
10 10 10
_{(5_1+ 5 )( W01 (25e0))? . (250)? +x§>oo)} (10)
& & £ £ & S0
sy | B\ . (10)\3 25189 2(s? —2a) 10sy  10s; (10)\2
+2( + ) —( ) x
;g o)’ & 3 g e ) )
20 452 251 10 (10) 2 252 851 26
(____ 5 ) +___2__3__5’
& & & & & & & b
we have symplectic coordinates (&2, éié, g}%), yéog)) Writing
10 10 5
( ) 001 ga _yéoo)a p801 éoz)a

ool __
a1 = TLoo0 s
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we have

at =", @ =",
20014 60012 2 25+5 ool 20{
(10.1) pr=- (q<>2<>1 )5 + (q02<>1)4 ~ =iy T Lo 001232 ) T ool +p,
(g7°") (g7°") (g7°") (g7°") q5

o= 2(g5°)®  4gt 289 e
27 (gD (g3 gt P

Thus we have a simplectic coordinate system (¢°°!,p>!) € C* in which Hamiltonians have no
singularity on & = 0.

10.2.2 Coordinate system for A, (s) N W,
The first quadratic transformation along A..(s) N W5, Let

€= X4 moo =XV, mo = X020

000 000 000>
1 1 1 1) (1
f0=X0YS mo=Y"), m=v{z0,

1 1 1 1 1
¢0=XU7Z0 oo =Y120, oy =2,

then
DEL(s) = Qaenws (Ao () N W) = (X =0y U {v ) =0y u {2 =0},

the set of accessible singular points is given by

1
AL (s) = {(61, X320, Y0, Z80) = (£1,0,0,0)} € D) (s).

The second quadratic transformation along Ag}é(s) Let

1 2 1 2) (2 1 2) (2)
X0 = X8, V=X O, 28 = X7

ool T 000>
1 2 2 1 2 1 2 2
XU = X, v =y, A =y,
1 1 2 1 2 2 1 2
Xioh = X522y, Yoo = XY, 25y =20,

then
2 1 2 2 2
DZ)(s) = Q4 o (ASh(s) = {X 2 = 0} U{YZ) = 0} U{2E) =0},

the set of accessible singular points is given by

2 2 2 2 2
AR (s) = {(61, X2 V2, Z8)) = (£1,0,0,1)} € DE)(s).

The third quadratic transformation along A(()Z)Q(s) Let

)TQ )TS 572 }:3573 ZQ ] ):3 ZB
2 3 3 2 3 2 3 3
)TQ ):3 ZB 572 57323 ZQ ] ZB

then
3 2 3 3 3
DY (s) = Q4 (AZA(5) = (X5 = 0} U (YY) = 0} U {28, = 0},

the set of accessible singular points is given by

3 3 3 3 3
AL (s) = {(60, X2 Y, Z2)) = (61,0,0,26)} € DE)(s).
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The fourth quadratic transformation along Agé(s) Let

(3) (4) (3) (4)y,(4) (3) (4) »(4)
XooO - XooO’ YooO - XooOYooO’ ZooO =26 + XooOZooO’
3 4 4 3 4 3 4 4
xG = xQvE, v =vE, 28 =26 +v 28,
3 4 4 3 4 4 3 4
xG = x8z8, vE =v3z0, 28 =26+ 25,

then
4 3 4 4 4
D2 (s) = Q40 (ASh(s) = {X 1 = 0} U{YL) = 0} U {2, =0},

the set of accessible singular points is given by

4 4 4 4 4
A (s) = {(&, X, v 20 = (61,0,0,562 + 51)} € DL (s).

The fifth quadratic transformation along Af)i)Q(s) Let

4 5 4 5) (5 4 5) (5
X = X350, Yoo = XQYS, 25 =56 + 51+ X525,

X8 =xPy0) v —vB) 728 52 45+ V) 20)

ool ocol» oo T “ool>» 000 — ocol?
4 5 5 4 5 5 4 5
Xih = X220y, Yoo =YaR2%y, 25y =56 + 51+ 230,

then
5 4 5 5 5
D2 (s) = Q 40, o (ASh(s) = {X 2 = 0} U{Y) = 0} U{2E, =0},

the set of accessible singular points is given by

5 5 5 5 5 5
A% (s) = {61, X8, V), Z8)) = (€1,0,-1/2, 28))} < DE)(s).

The sixth quadratic transformation along Agé(s) We insert here the transformations

a=&, X0 =x0 vO _1v0) 70— 70

ool T “too0» 000 ool T “oo0>
Let
5 6 5 6 6
Xéo) = Xcgog)a Vo(og =2+ Xéog)yéoga
5 6 6 5 6
X8 = XOYE, VG =24y
then

6 5 6 6
DEY(s) = Q 0, o (A (5)) = {X &y = 0} U{YE) = 0},

the set of accessible singular points is given by

6 5 6 6 5 6
AL (5) = (61, 2820, x8. YD) = (61, 22),0,661)} € D) (s).

The seventh quadratic transformation along Agé(s) Let

6 7 6 7 7
X0 = X0, v =66+ XY
X0, - X0, ¥ 6+ v

then
7 6 7 7
D (5) = Q v o) (454 (5)) = {X Ty = 0} U{Y) = 0},

the set of accessible singular points is given by

7 5 7 7 4 7
A (s) = {(61, 22, x0, YD) = (61, 24,0, —262)} < DT, (s).
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The eighth quadratic transformation along Agé(s) Let

éo) éog)’ 0(03 1 éog) 0(03’
}:l ):8 578 577 252 578

then
8 7 8 8
DEY(s) = Qi (A5 (5) = (X8 = 0} U{YE) = 0},

the set of accessible singular points is given by

8 5 8 8 5 8
A®(s) = (61, 280, X8, Y8 = (61,280, 0,2(s161 + 52))} € DEL(s).

The ninth quadratic transformation along AS?Q(S) Let

8 9 8 9) 1 (9
Xioh = XSbs Yoo = 2011+ s2) + XLpYog,

X8 = X0V, VS = 200161+ 52) + VD,

ool ocol? 0o

then
9 8 9 9
D (s) = Q 400, ) (A%H(5)) = (X = 0} U Y] =0},

the set of accessible singular points is given by

9 5 9 9 5 9
AD(s) = {(61, 280, x0, Y = (61, 22),0, —20)} € D) (s).

The tenth quadratic transformation along A&Z)Q(s) Let

x9=x19, v = 20+ xPvY

o0 ool
9 10 10 9 10
X0 = XQVYal Yo = 204 VY,

then
p(10 9 10 o
‘(X’Q) (S) = QA(;Z;(S) (Aéo)Q(S)) = {‘foo( 0) - 0} U {Yo(ol) = 0}

We see that, in the (&1, Zéig), X gg), Y(S(? ), s)-space C* x B, the differential system is holomorphic
in a neighborhood of {ng) = 0}, moreover, the points (&1, ZS%,Xég)l,Yéfl)) = (o, Zézg), 0,0) are
inaccessible.

Thus we have obtained a coordinate system ({1, Z, ) x {10 Yéjg )) € C* which is related to the

0007 “* 000
coordinate system (¢?, g5, p?, p3) as

10
q% = gla qg = X(io())a
2 2 %s
= & L 270) £ 2663 + 85161 + 25,

X3 (x2 xLY
H{ 106} + 25162 +2(252 + 325} )61 — 22} XL
—{10s1€} + 2(552 — Z3))EF +2(57 — 20)61 + Y + 25152 }(XLP)?
+{=100a} +2(Z)s1 + YOV +2(28) — as) HX(D))?
—{2a28) + (56 + s1) Y0 XD + 28 v SP (x (),
P2 — 2 66 28 2(s1&1 +52)  2a +y(1g),
(X{p)s  (xiHt (xigr o (xgghr xlp T
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Here we calculate the 2-form dg? A dp? 4 dg5 A dp3 in the coordinates (£1, z® x(19 Yé:(?)):

o000 o0
dg; A dp? + dg3 A dps
= ax(Y Aay Y
+ VI (XU = 20(XUD) + 2(s161 + s2)(X(D))?
263 (X)) + 661X () — 2}déx N dZC)
+ BZQYSY (XU + 4{—2028) + (56 + s1) Y0y XL
+6{(5161 + 52) 2500 + &Y — (58 + s1) HX(D))?
+2{—2220) 4+ VU9 1105163 4+ 108562 + 2(5? — 20)&1 + 25152} X LY
166 Z0) — 1068 + 25162 + 45061 — 2a]déy A dX LY
+ {20 (XS + (562 + s1) (X T + 261 (XUD)? + (XUD) 2 dér A dY Sy
= dx{(9 nay (D
+déy A d{Y S (X007 — 2a(X D) + 2(s161 + 52) (XUL))?
—2e3(X{10)? + 66 X (1)) —2120%)
H{(E2 4+ s) (XU + 26 (XU + (X8
—2a(562 + 51) (X19)?
(105163 + 108962 + 2(s7 — 20)&1 + 2s152)(XLD)?
+(—10&} 4 25162 + 4sp61 — 20) X 19
= axY nayY
+dey A {Y S (XED)T — 20(X 00 + 25161 + 52)(X00)°
—263(x{)? + 66 X - 2}28)
+{(5¢2 + 1) (X)) + 26 (X 19)? + (x )2 v Y
—2a(5¢2 + 51)(X0)°
(105168 + 1085262 + 2(s2 — 20)&; + 25152)(XLD)2

(1064 + 25162 + dsp&y — 20) XD 1 26€3 + 85161 + 255].

Therefore, setting

W = (YED(XUD) — 20X+ 2(s161 + 52) (X 1)?
—2e3(XU))? + 66, x L) —2128)
{52 + ) (XU + 26,(X L2 + (x )2y D)
—2a(563 + 51 )(XL)?
3 2 2 (10)y2
+(10s1&7 4+ 108265 + 2(s7 — 200)&1 + 2s152) (X g’ )

(=106 + 25162 + 45081 — 20) XD 4 2663 + 85161 + 259,
we have symplectic coordinates (&, w) x10 Y(gé) )). Writing

0007 “* 000

qfOQ =&, qg<>2 — X(lo) p<1><>2 — W(5) ngQ — Y(lO)

o000 000> ool
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we have

2 o022 2 o002
g1 =491 5 92 =43 7,

2 2¢5°2 251
(10-2) S g et
pl=— 2 6g7°%  2(¢5°%)? | 2(s147%% +52) 20 +p3e?
(g () (g5 (452)? g2

The system (¢>°?, p>?) € C* separates solution curves passing through A..(s) N W.

Thus we have obtained two symplectic coordinate systems (g7, ¢5, p%, p5) each of which separates
solution curves passing through the accessible singular points (see (10.1)-(10.2)). We notice that
the Hamiltonians of each coordinate system is also a polynomial whose coefficients are rational
functions of s holomorphic in B.

DY) (s)
D
DY) ()
DY (s)
DY (s) DY¢(s)
DY (s) DY (s)
DY (s)
D) (s) $9(s)

Figure 7.  J=5

11 Description of spaces of initial conditions for all systems

In this section, we summarize the results obtained in the preceding sections, namely we give the
description of the fiber spaces E; for the systems H;. For every J, E;(s) is covered by finite
number of V* x By 3 (¢}, 45, pt, ps, 81, s2) each of which is isomorphic to C* x B;. Remark that
V0 x By is the original space in which the original Hamiltonians H s;(q, p, s), i = 1,2 are defined
and so that the coordinate system of V° x B is denoted by (q1, g2, p1, P2, 51, 52). In the following
theorems, we use the notation

V(z; =0)={(z1,...,x,) € C" | 2; = 0}.
for an affine space V = C" 3 (x1, ..., z,).

Theorem 1. The space E11111 for the system Hi1111 is obtained by glueing thirteen copies of
C* x Bii111

V™ x Blllll > (qiﬂaqgapy{ap§;51;52)a * = Oa 1525015025 11) 1252152253153250015002
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via the following symplectic transformations

1 q
=, @=—, p1=-¢+apl+apl), p2=qip,
q a1
@ 1
=3, @2=-35, p1=a¢pl, p2=—¢V+qipi+a3p3),
a5 a3
01
01 01 01,01 52971 52 01 1
an=q¢" @=p(a—g@'py)— ——+s2, p1= + 8, pe = —r,
1 2 2 P2 s1 Slpgl 1 pgl
S2 S2 1
at = a2, @3 = 3% (a0 — 458°p9%) + 52492 — =, pl = ——5 + 112, i = 3
S1 Y23 by

1
a1 =qi', @ =p3(a1—@'pit) — gt +1, p1=p+pi1, po =
2
1
at =ai?, ¢ =pi(a1 — @3?pi?) +¢i2 - 1, p%=—p+p%2, Py =
2

q1 = p%l

4 = pi?
q1 = (ﬁl
9 = q¢;*

(a2 — Q%lp%l)a q2 = q%l, p1= F’ p2 = pgla

(2 — ¢3*p3?), 43 =4q3%, pi= T p3 = p3%,
1
1
) =p§1(043 - qglpgl), P11 = p§’1, P2 = F’
2
1
- B =pP0s ) P P =
2

q% = p(1X>1(Oéoo - q?lpixn)a q% = q801) p% = pool’ by =DpP2 7,

2 _ 002
9 =41

where

B =

1
35 = P3* (oo — ¢57°P5°%), PY = P32, P = el
2

B = C? \ U{s1(s1 — 1)sa(s2 — 1) = 0},
1
V:—§(040+041+042+a3—1+a00).
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Each fiber E11111(8) is a disjoint union of V° = C* and

0. V(Y =0)UVEpE = 0),

Vigr =0)UV2(g53 =0), VO(p§ =0)UV2(pd? :
3! 0), Vl(pe! = 0) UV=2(p3* = 0),

VAPt = 0)UVE(p? =0), V(p3' = 0)UVZ(p3

where each of the last siz sets is a C2-bundle over P' which can be decomposed as a disjoint union
of C? and C2:
E11111(S) = (C4 (] 6(@3 (] (CQ)
The Hamiltonians H;(x) = H;(*;q*, p*,s) i = 1,2 in every chart V* x By1111 are polynomials of
q* = (q},q5) and p* = (p}, p5) whose coefficiants are rational functions of s = (s1, s2) holomorphic
in Bii11-
Theorem 2. The space E1115 for the system Hi112 is obtained by glueing eleven copies of C*x Bi112

V™ x B1112 > (qi‘aqgapy{apgasla*gQ)a * = 0) 1525015025 11) 1252152250015002

via the following symplectic transformations

1 q
G =7, ©=-—2, p1=-q(v+apl+ap), p:=dapl
q1 q1
@ 1
==, @@=, p1=qpl, p2=—¢V+qipi+d3p3),
5 q3
01
S2q S92 1
a =, g2 =pP (a0 —3'PY) — =+ 52, p1=—7 +0, p2= 1,
S1 S1Py DPo
S2 S2 1
qt = 4V, @5 = p5%(a0 — ¢9°p9%) + s201° — —, pi = ——5 + 1%, D3 = 53
S1 V%) Do
11
n(g' = 1) | Ul
q1 = Q%la q2 = Q%la p1 = —21712 + =7 +p%1a P2 = 77 +p%15
((h ) q1 q7
12
(g —=1) | n
d=ai’, B=a¢ P="Tqms + 13 +0i% P3=——13 +03%
((h ) qi 1
21 21 21,21 21 1
a1 =47, 42 = D3 (042—(]2 Ps ), b1 =Dp1, pQZFa
2
1 22 1 22 22,22 1 22 1 1
1 =qi°, @ =p3 (a2 —q3°p5°), pi=Dpi, pQZFa
2
1 ool ool 00l 1 ool 1 1 1 ool
a1 = ¥ (oo — ¢°'PTY), @3 = ¢, b1 = —>%1» P2=D2

1
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@ = a2 & =P — 5°*p5?), p? =ps?, p3

where
B = BlllQ = (C2 \ U{5152(52 — 1) = 0},

1
1/=—§(ozo+oz1+oz2—1+ozoo).

Each fiber E1112(s) is a disjoint union of V° = C* and

Vg =0)UV3(g3 =0), VO'(pd' =0)UV2(p§? =0), V' (gi' =0)U
=0)UV*(pi® =0), VoL(py! =0) UV>2(p3?? =

VA (p3!

where each of the last five sets is a C?-bundle over P! which can be decomposed as a disjoint union

of C* and C2, then
E1112(S) = (C4 (] 5(@3 (] (CQ)

The Hamiltonians H;(x) = H;(x; ¢*,p*,s) i = 1,2 in every chart V* x Bi112 are polynomials of
qa = (q},q5) and p* = (p}, p5) whose coefficiants are rational functions of s = (s1, s2) holomorphic

m BlllQ-

Theorem 3. The space E113 for the system Hy13 is obtained by glueing nine copies of C* x Bii3

1

o022’

Y25

V™ x B113 > (qi‘aqgapy{apgasla*gQ)a * = 0) 1525015025 11) 1250015002

via the following symplectic transformations

1 q1
G=-7, ©=-2, p1=—aq(V+api+a&p), p2=aips,
41 a1
@ 1
Gn="3 G@=-3, p1=a¢pl, p2=—¢V+qpi+@Gp3),
a3 a5
2s1 + 52) 1 2s1 + $2
01 01 01,01 2 01 2 01
=4q;i, = ap — - —= - =, = "= , =
@ =q", q2="p5 (00 —q3'py") ( 2% e 252701 i, D2
02 2
1 02 1 02 02 02 a1 251 + 53 1 1 02 1 1
G =415 3 =py (0 —py°gs°) —— ——(——=, p1=—@53 +Pi» DP3= 53-
1 1 2 2 ( 2 2) So 252 1 52p32 1 2 ng
11\2 11
11 11 n(g3') n Qg 11 n42 11
NW=q, @2=G¢, PP=—"9Gn5 t g T 7 TP P2= 713 P2
(i) (@hH?  qit (q1')?
n ngs?

2 12 2 12,2 o o n i
h=%> ©2=9, P1=— + + 5 +p1° ps=——3 D35,
(@*)?  (a?)? @ i’

1 1

1

a1 = P (oo — ¢°'P°Y), @3 = ¢5°', pi = ey py = pt,

1
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1
a = 4%, 45 = 5 (aee — ¢5°%p5%), pi =%, ps = sl
2

where
B = Bz = C*\ {52 = 0},

1
v= —§(ozo+oz1 — 14 ac).

Each fiber E113(s) is a disjoint union of V° = C* and
Vigr =0)UV2(qg3 =0), VO(p§! =0)UV?Z(ps*=0),
Vi (gt =0) UV (g2 = 0), V=H(peh = 0) UV (p5*2 = 0),

where each of the last five sets is a C?-bundle over P! which can be decomposed as a disjoint union
of C* and C2, then
Eri3(s) = C*U4(C3 L C?).

The Hamiltonians H;(x) = H;(x; ¢*,p*,s) i = 1,2 in every chart V* X By are polynomials of
q* = (¢}, q5) and p* = (p}, p5) whose coefficiants are rational functions of s = (s1, s2) holomorphic
m Bllg.

Theorem 4. The space E1ao for the system Hias is obtained by glueing nine copies of C* X Biao
V™ x B122 > (qi‘a q;apylﬂapga S1, 52)) * = 0) 1) 2) 01) 02) 11) 12) 0015 002.

via the following symplectic transformations

1 q1
G = ©@=-3 p=-g@+apl+ap), p2=aqiph,
a7 q1
a 1
Q=5 q@2=-3, Pp1=0p}, p2=—-¢GWV+Epi+Ep),
q3 q3
a=q" g=¢, p = 1052 £ 0 py = nos2 (g} — s1) + QaQ 40
! 2 sigyt s1(q9")? gt
=02 gh =92 pl= __Nos2 402, pl— mos2(s147” — 1) + Qo 1 p9?
1 1> 2 2 1 q(2)2 1> 2 Sl(qgg)g q(2)2 2
11
mig' =1 o m
a=q', @=q¢'" p= —21712 + =7 +pi', p2= 1 + p3',
(ql ) q1 q;q
12
m(p®—1) o M
=0’ G=0" PI="ims— + g3 +Pi° Ph =5 + 1y
((h ) q1 a7
1

g1 = P (oo — ¢7°' DY), @3 = ¢5°, p%=2@, py = pt,
1
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1
a = 4%, 45 = 5 (aee — ¢5°%p5%), pi =%, ps = sl
2

where

B = Blgg = (CQ \ {51 = 0},
1
v= —§(oz0 +ar— 1+ ax).
Each fiber E125(s) is a disjoint union of V° = C* and

) VO et = 0) UV (g = 0),

Vg =0)UV?3(g3 = 0),
)a VOOl(p(lxl = 0) U VOOQ(pEOQ = O)a

=0
Vil = 0) UVl =0

where each of the last five sets is a C?-bundle over P! which can be decomposed as a disjoint union
of C* and C2, then
E122(S) =C*Uu 4(@3 (] (CQ)

The Hamiltonians H;(x) = H;(x; ¢*,p*,s) i = 1,2 in every chart V* X Biaa are polynomials of
q* = (¢7,¢5) and p* = (p}, ps) whose coefficiants are rational functions of s = (s1, s2) holomorphic
m Blgg.
Theorem 5. The space Ey4 for the system Hiy is obtained by glueing seven copies of C* x Biy

V* X Bl4 9 (qi‘)qgapy{)p§)51)52)) * = 0) 1)2)01)0250015002'

via the following symplectic transformations

1 q1
G=-7, ©@=-—2, p1=-q(v+apl+ap), p:=dapl
q1 q1
@ 1
Gn="3 G@=-3, p1=a¢pl, p2=—¢V+qpi+@Gp3),
q3 q3
281 + §2 So 1
o= g2 =p3 (a0 — g3 pdY) — s2gdt — ———2, p1= 7 +0V P2 = 7
2 Do D2
251 + 83 251 + 83 1
1 02 1 02 02,02 2 02 1 2 02 1
41 =415 42 = P2 (040—(]2202)_(7)(]1 =982, P1 = —5095 TP, P2= g3
2 22?2 2
at = ¢, a3 =g,
1 2¢5°t 1—agp+ 2 1
1 2 o0 ool 1 ool
P =— + +py T, P2= =15 TPy,
(gt (g°')? q! (g7°)?
2\2
2 002 2 002 2 (Qfo ) 1 002
91 =41 , 92 =43, pP1 = - +py 7,
(¢522)%  (g5°%)?
= (¢%)? N 2¢7°% 1 —ag+20s Lo
2 — T 2
(g522)r  (g5°?)3 45°?
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where
B = By, = C?,
V= —Qo.
Each fiber E14(s) is a disjoint union of VO = C* and
Vig =0)UV2(q3 =0), VO(p! =0)UV?(ps® =0), V(! =0)UV>?(g5** = 0),

where each of the last three sets is a C2-bundle over P' which can be decomposed as a disjoint
union of C* and C2, then
E14(S) = (C4 (] 3(@3 (] (CQ)

The Hamiltonians H;(x) = H;(*;¢",p*,s) i = 1,2 in every chart V* x B4 are polynomials of
g = (¢7,¢5) and p* = (p}, ps) whose coefficiants are rational functions of s = (s1, s2) holomorphic
m Bl4.

Theorem 6. The space Ea3 for the system Hag is obtained by glueing seven copies of C* x Bag
V* x Bas 3 (¢5, 45, Py, 5, S1,82), *=0,1,201,02, 001, 002.

via the following symplectic transformations

1 q1
G = ©@=-3 p=-q@+api+ap), p2=aqiph,
q1 q1
a 1
Q=5 q@2=-3, Pp1=0¢p], p2=—-¢GV+aEpi+Ep),
q3 ’b)
01
12 ns2(qi —s1) | @0
n=q¢" @=a¢" p=-—7 -+, p2=10712+ﬁ+p31;
ds (g3") a3
1 02 1 02 1 _ Ns182 02 1 ns2(s149” —1) | ag 02
g1 =4qiy 2 =043°, P1= —95 tPi P2=—— g5 T o3 T P2,
ds (25°%) ds
=0, =",
1 gt 1—ag+2a
1 2 o ool 1 ool
P =— + + +P1, Po=—5 7 tDP2
2(g°")3 - 2(g°h)? 7t 2¢7°
2 2 2 2 2 qfOQ 2
— 40 — 40 — o)
91 =41 ", 42 =43, pl—m“‘pl )
g2 (¢5°%) " 1 1 — o+ 200 4 pee2
2 2(q§°2)3 2(q§°2)2 q§°2 2
where
B = Byg = (CQ,
V= —0c.
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Each fiber Ea3(s) is a disjoint union of VO = C* and
Vig =0)UVZ(g3 =0), VOgh" =0)UVP(gh? =0), V=g =0)UV>2(g57 =0),

where each of the last three sets is a C%-bundle over P! which can be decomposed as a disjoint
union of C* and C2, then
Egg(s) = (C4 (] 3(@3 (] (CQ)

The Hamiltonians H;(x) = H;(*; ¢*,p*,s) i = 1,2 in every chart V* X Bas are polynomials of
g = (q},q5) and p* = (p}, p5) whose coefficiants are rational functions of s = (s1, s2) holomorphic
m ng.

Theorem 7. The space E5 for the system Hs is obtained by glueing five copies of C* x Bs
v XB59(anq§apIap§;51;52)a *:0515250015002'

via the following symplectic transformations

1 q1
@ =—, ¢2=-2, p1=—q(v+aip}+apl), p2=aip},
qi a1
@ 1
n=2 B g P apt, p2=—a3(v +qipt + 3p3),
2 2

at = ¢, a3 =g,
pr = _2(@01)4 6(g5°!)? 2 2(s1 + s245°1) 20 + p$et
PR T (¢t (g’ (g5°1)> gt Tt

ol = 2(g5°1)°  4¢3°" 2s9 .
2T (gD (g3 gt T

2 2¢5°? 251
2 002 2 002 2 1 002
q1 = ¢ y 4o = Q. , P1 = — + ) +p ’
1 1 2 2 1 (qgog)g (q002)2 802 1
o2 647 2(¢7%°)* | 2197 +s2) 20 s
2 — 2
(652> (¢5*)* (¢>*)? (¢5°%)? q5°
where
B =B5 = (CQ,
" 1
v=oa-+ —.
2

Each fiber Es(s) is a disjoint union of V° = C* and
Vg =0)UV3(g3 =0), V=g =0) UV>2(g57 = 0),

where each of the last two sets is a C2-bundle over P! which can be decomposed as a disjoint union
of C* and C2, then
Es(s) = C*u2(C®uC?).

The Hamiltonians H;(x) = H;(x;¢*,p*,s) i = 1,2 in every chart V* x Bs are polynomials of
q* = (¢7,¢5) and p* = (p}, ps) whose coefficiants are rational functions of s = (s1, s2) holomorphic
m B5.
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