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ABSTRACT. We generalize the notion of a Magnus expansion of a free group in order
to extend each of the Johnson homomorphisms defined on a decreasing filtration of
the Torelli group for a surface with one boundary component to the whole of the
automorphism group of a free group Aut(Fy). The extended ones are not homomor-
phisms, but satisfy an infinite sequence of coboundary relations, so that we call them
the Johnson maps. In this paper we confine ourselves to studying the first and the
second relations, which have cohomological consequences about the group Aut(Fy,)
and the mapping class groups for surfaces. The first one means that the first Johnson
map is a twisted 1-cocycle of the group Aut(Fy,). Its cohomology class coincides with
“the unique elementary particle” of all the Morita-Mumford classes on the mapping
class group for a surface [Kal] [KM1]. The second one restricted to the mapping class
group is equal to a fundamental relation among twisted Morita-Mumford classes pro-
posed by Garoufalidis and Nakamura [GN] and established by Morita and the author
[KM2]. This means we give a coherent proof of the fundamental relation. The first
Johnson map gives the abelianization of the induced automorphism group I'A,, of a
free group in an explicit way.

INTRODUCTION

In the cohomological study of the mapping class group for a surface, or equiva-
lently, in that of the moduli space of Riemann surfaces, the Morita-Mumford class,
em = (=1)""lk,,, m > 1, [Mu] [Mol] plays an essential role. Harer [Har| estab-
lished that the i-th cohomology group of the mapping class group of genus g does
not depend on the genus g if i < ¢g/3. This enables us to consider the stable coho-
mology algebra of the mapping class groups, H*(M ;7). Recently Madsen and
Weiss [MW] proved that the rational stable cohomology algebra of the mapping
class groups, H*(M;Q), is generated by the Morita-Mumford classes.

As was shown by Miller [Mi], each of the Morita-Mumford classes is indecom-
posable in the algebra H*(M; Q). But, if we consider the twisted cohomology of
the mapping class groups, then the Morita-Mumford class decomposes itself into

1991 Mathematics Subject Classification. Primary 20J05. Secondary 14H10, 20E05, 20F28,
57R20.

Key words and phrases. Magnus expansion, Johnson homomorphisms, Morita-Mumford class,
automorphism group of a free group, mapping class group, IA-automorphism group.

Typeset by ApMS-TEX
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an algebraic combination of some copies of the extended first Johnson homomor-
phism k, introduced by Morita [Mo3], by means of the intersection product of the
surface [Mod| [KM1] [KM2]. In short, the unique elementary particle for all the
Morita-Mumford classes is the extended first Johnson homomorphism l~f, which is
a crossed homomorphism defined on M, ; [Mo3] and equals to —%mo’g. It is the
(0, 3)-twisted (or generalized) Morita-Mumford class [KM2] in a terminology of the
author’s work [Kal]. There are many nontrivial relations among different combina-
tions of k. This is the reason why all the cohomology classes with trivial coefficients
we obtain from k are just the polynomials of the Morita-Mumford classes [KM1]
[KM2].

For simplicity, we often confine ourselves to the mapping class group for a com-
pact surface of genus g with 1 boundary component, M, ;, throughout this paper.
The natural action of the mapping class group on the fundamental group of the
compact surface, which is isomorphic to a free group of rank 2g, defines a homo-
morphism M, ; — Aut(Fy,). Here F), is a free group of rank n > 2.

Andreadakis [An] introduced a decreasing filtration of the group Aut(F,) by
using the action of Aut(F),) on the lower central series of the group Fj,. Its pullback
to the mapping class group M, coincides with the decreasing filtration M, 1(p),
p > 0, introduced by Johnson [J2]. Moreover Johnson [J1] [J2] defined a sequence
of injective homomorphisms, 7, : Mg 1(p)/Mg1(p+1) — H* @ Lpy1, p > 1.
The homomorphism 7, is called the p-th Johnson homomorphism. Here H denotes
the first integral homology group for the surface, H* its dual, namely, the first
integral cohomology group of the surface, and £, the p-th component of the free Lie
algebra generated by H. The group M, 1(0) is the full mapping class group M, 1,
and M, 1(1) the Torelli group Z, ;. Johnson [J3] proved 7 induces a surjection
Igylabel — A3H, and that its kernel is 2-torsion. The extended one k coincides with
71 on the Torelli group M, (1) =7, ;.

The purpose of the present paper is to give a coherent point of view about
all the Johnson homomorphisms, the twisted Morita-Mumford classes and their
higher relations. It should be remarked that Hain [Hai] established a remarkable
theory about all the Johnson homomorphisms on the Torelli groups by means of
Hodge theory. On the other hand we focus our study on the automorphism group
Aut(F,) instead of the mapping class group My 1, and so all the tools we will use
are contained in elementary algebra, except the Lyndon-Hochschild-Serre spectral
sequences in group cohomology [HS|. As a consequence all the Johnson homo-
morphisms extend to the whole automorphism group Aut(F),) in a natural way.
But they are not homomorphisms any longer. They satisfy an infinite sequence
of coboundary relations, so that we call them the Johnson maps. In a forthcom-
ing paper [Ka3] we will show that how far they are from true homomorphisms is
measured by the Stasheff associahedrons [S] in an infinitesimal way.

The key to our consideration is the notion of the Magnus expansion of a free
group. In the classical context it is an embedding of the free group into the mul-
tiplicative group of the completed tensor algebra generated by the abelianization
of the free group, F,**°!. Magnus [M1] constructed it by an explicit use of the
generators. It can be defined also by using Fox’ free differentials. See, e.g., [F].
Throughout this paper we call the classical one the standard Magnus expansion. It
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is remarkable that Kitano [Ki] described explicitly the Johnson homomorphism 7,
on the group M, 1(p) in terms of the standard Magnus expansion. On the other
hand, Bourbaki [Bou] gave a general theory on an embedding of the free group
into the multiplicative group of the completed tensor algebra. Our consideration
is a refinement of Kitano’s description and Bourbaki’s theory. More precisely, we
generalize the notion of a Magnus expansion. We call a map of the free group F),
into the completed tensor algebra with a property enough to define the Johnson
homomorphisms a Magnus ezpansion (§1). The set of all the Magnus expansions in
our generalized sense, ©,,, admits two kinds of group actions. The automorphism
group Aut(F,) and a certain Lie group IA(T) act on it in a natural way. The latter
action is free and transitive. So, if we fix a Magnus expansion 6 € ©,,, then we can
write the action of Aut(F,) on the set ©,, in terms of the action of TA(T). This
gives us the p-th Johnson map Tg s Aut(F,) — H* @ H®PF! for each p > 1, which
is equal to the original 7, on the subgroup M, ;(p). On the mapping class group
M, 1 the first one 7¢¥ coincides with k, and 7{ gives a fundamental relation among
combinations of k’s. The cohomology class of 7¥ is equal to the Gysin image of
the square of a certain twisted first cohomology class kg on the semi-direct product
F,, x Aut(F,,). The second Johnson map 75 gives a fundamental relation among
twisted Morita-Mumford classes proposed by Garoufalidis and Nakamura [GN] and
established by Morita and the author [KM2]. Recently Akazawa [Ak] gave an al-
ternative proof of it by using representation theory of the symplectic group. This
means we give a coherent proof of the fundamental relation (Theorem 5.5). In
85 we show a proper subset of the twisted Morita-Mumford classes extends to the
automorphism group Aut(F),).

In a similar way to the Torelli group Z,; the IA-automorphism group IA4,, is
defined to be the kernel of the homomorphism Aut(F,,) — GL,(Z) induced by
the natural action on the abelianization H = F,*"®' = Z". In §6 we prove the
map 7¥ induces an isomorphism 14,,**® = H* @ A2H = 73" ("=1) using Magnus’
generators of the group I'A4,, [M2].

Some of the results in this paper were announced in [Ka2]. In a forthcoming
paper [Ka3] we will investigate the Teichmiiller space 7 ; of triples (C, Py, v), where
C' is a compact Riemann surface of genus g, Py € C, and v € Tp,C \ {0}. There
we will define and study a canonical map of 7, ; into ©3,, which will make the
advantage of our generalization of Magnus expansions clearer.

Acknowledgements: The author would like to thank Shigeyuki Morita, Teruaki
Kitano, Yuki Tadokoro and Takao Satoh for helpful discussions.
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1. Magnus Expansions.

In our generalized sense we define the notion of a Magnus expansion of a free
group of rank n, Fj,. It is defined to be a group homomorphism of the free group
into the multiplicative group of the completed tensor algebra T generated by the
first homology group of the free group with a certain condition (Definition 1.1). An

automorphism group IA (T ) of the algebra T acts on the set 0,, consisting of all the
Magnus expansions as well as the automorphism group Aut(F;,) of the free group.

In the latter half of this section we introduce and study the group IA(T ) We prove

the group IA(T) acts on the set ©, in a frec and transitive way (Theorem 1.3).
Our construction of Johnson maps is based on this free and transitive action.
Let n > 2 be an integer, F), a free group of rank n with free basis x1,zs,..., 2,

Fn - <l’1,l’2,...,$n>,

and R a commutative ring with a unit element 1. We denote by H = Hp the first
homology group of the free group F,, with coefficients in R

H = Hp := H,(F,; R) = F,,** ®; R = R®",
Here Gl is the abelianization of a group G, G?*°! = G/[G, G]. We denote
] == (y mod [F, Fu]) ®z 1 € H

for v € F,, and X; := [z;] € H for i, 1 <i <n. The set {X;,Xo,...,X,} is an
R-free basis of H.

For the rest of the paper we write simply ® and Hom for the tensor product and
the homomorphisms over the ring R, respectively. The completed tensor algebra
generated by H

T=T(H):= H::OH@W

is equal to the ring of noncommutative formal power series R ((X1, Xo,..., Xp)),
which Bourbaki [Bou| denotes by A({x1,x2,...,2,}). The two-sided ideals

T KXKm
Tp T HmZpH ) p Z 17

give a decreasing filtration of the algebra T. For each m we regard H®™ as a
subspace of T' in an obvious way. So we can write

Z:ZZ’mzzo+Zl+Zz++2m+

m=0

for z = (z,) € f, Zm € H®™. Tt should be remarked that the subset 1 + 7} is a
subgroup of the multiplicative group of the algebra T , which Bourbaki [Bou| denotes
by I'({z1,22,...,2,}) and calls the Magnus group over the set {x1,za,...,2,}.
Now we can define a Magnus expansion of the free group F;, in our generalized
sense.
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Definition 1.1. A map 0 : F, — 1+ ﬁ 1s an R-valued Magnus expansion of the
free group F,,, if

(1) : F, -1+ T, is a group homomorphism, and
(2) 6(y) =1+ [v] (mod Ts) for any v € F,.

We write () = >, 0m(7), 0m(y) € H®™. The m-th component 6,, : F,, —
H®™ is a map, but not a group homomorphism. The condition (2) is equivalent to
the two conditions 6y(v) = 1 and 6;(y) = [7] for any v € F,.

From the universal mapping property of the free group F,, for any & € Ts,
1 < i < n, there exists a unique Magnus expansion 6 satisfying 0(x;) = 1+ X; +¢&;
for each ¢. In other words, when we denote by ©,, = ©,, r the set of all the R-valued
Magnus expansions, we have a bijection

0, 2 (Th)", 06— (0(z;) —1— X,). (1.1)

The standard Magnus expansion Magnus [M1] introduced corresponds to (0,0, ...,0) €

(fg)", which we denote
StdZFn—>1+j—\71, :L‘zl—>1—|—)(Z

We denote by Aut(T ) the group of all the filtration-preserving R—algebra auto-
morphisms of the algebra T. Here an R—algebra automorophism U of T is defined
to be filtration-preserving if U(Tp) = Tp for each p > 1. It is easy to see whether
an R-algebra endomorphism of Tisa filtration-preserving automorphism or not.

Lemma 1.2. An R-algebra endomorphism U of T is a filtration-preserving R-
algebra automorphism, U € Aut(T), if and only if it satisfies the conditions

(i) U(f) C f for each p > 1, and

(i) the induced endomorphism |U| of Ty/Ts = H is an isomorphism.

Proof. We may suppose the R-algebra endomorphism U satisfies the condition (i).
We have KerU = Ker (U!ﬁ) and CokerU = Coker (U \ﬁ), since the algebra

endomorphism U induces the identity map on R = f/ ﬁ. Hence the homomorphism
of short exact sequences

0 —— TQ T\l H 0
o I ]
0O —— fg fl H 0

induces a long exact sequence

0 — Ker <U|@> — Ker U — Ker|U| — Coker (U|@)
— Coker U — Coker|U| — 0, (exact). (1.2)
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Here we prove

Coker <U|@> —0 if Coker|U| = 0. (1.3)

It suffices to show that, under the condition |U] is surjective, for any given w =
(W) € TQ, there exists a solution z = (z,,,) € Tg, 2m € H®™ for the equation

Uz = w. (1.4)
The m-th component is

|U|®?2y = wq, for m =2,

|U|®™(2,,) + terms in 29,23, ..., 2m_1 = Wy, form > 3.

For each m, |U|®™ is surjective. Hence we can find a tensor z,, satisfying the
equation by induction on degree m. This proves (1.3).
Now suppose U € Aut(T'). Then the sequence (1.2) implies Coker|U| = 0 and

Ker|U| = Coker (U|:F2>- The latter one vanishes from (1.3). Hence |U] is an

isomorphism, that is, U satisfies the condition (ii).
Conversely suppose U is an R-algebra endomorphism satisfying the conditions (i)
and (ii). Using the sequence (1.2) and (1.3), we obtain Coker U = 0. Let z = (z,,,)

be an element of Ker (U ]@) The equation Uz = 0 is equivaelnt to

|U|®225 = 0 € H®?,

|U|®™ 2, + terms in 2o, 23,...,2m_1 =0 € H®™, for m > 3.

We deduce z, = 0 by induction on degree m, since |U|®™ is an isomorphism for

cach m. Hence U : T — T is an R-algebra isomorphism. If w in the equation (1.4)
satisfies wy = w3 = --- = wy_1 = 0, then the solution z also satisﬁes zg = 23 =

- = zp—1 = 0 because |U|®™ is an isomorphism. This means U~ (T, p) C T for
each p > 2. It is also proved U™ (Tl) C T1 in a similar way. Consequently U is a

filtration-preserving R-algebra automorphism of the algebra f, that is, U € Aut(f ).
This completes the proof of the lemma. m

As is the lemma, we denote by |U| € GL(H) the automorphism of H = fl/fg
induced by the automorphism U € Aut(7T"). This defines a group homomorphism

|| : Aut(T) — GL(H), U~ |U],
whose kernel we denote by
IA(T) := Ker| - | € Aut(T). (1.5)

Any element A € GL(H) can be regarded as a filtration-preserving automorphism
of T by A(zm) = (A®™2,,), zm € H®™. Hence we have a semi-direct product
decomposition

Aut(T) = TA(T) x GL(H). (1.6)
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From Lemma 1.2 we have a natural bijection
E:IA(T) — Hom(H,Ty), U w— Uy —1pg. (1.7)

We often identify IA(T) and Hom(H,T) by the map E.

The group IA(f) acts on the set ©,, of all the Magnus expansions in a natural
way. If U € IA(T\) and 6 € ©,,, then the composite U o 6 : F, 21+ T\l Y14 T\l
is also a Magnus expansion. To study the action, recall the completed group ring
m of the group F),. By definition, it is the completion of the group ring R[F},]
with respect to the augmentation ideal Ir[F,] = {>_ cp 7y € R[F,]; > ry = 0}

R[F,):= lim R[F,]/Ig[F,]",

m——+oo

which has a decreasing filtration of the ideals

IR[FP = lim  Ig[F)/Ig[F))", p>1.

p<m— o0

Any Magnus expansion § € ©,, induces an R-algebra homomorphism 6 : R[F,,] — T
in an obvious way. Since 8(Iz[F,]) C Ty, we obtain an R-algebra homomorphism
6 : R/[m — T', which maps the ideal IR/[FT]P into fp for each p > 1.

Our construction of Johnson maps of the automorphism group Aut(F,,) is based
on

Theorem 1.3. (1) For any 0 € ©,, the homomorphism

—

0:R[F,]—T

1s an R-algebra isomorphism, which maps I@p onto fp for each p > 1.
(2) If 0" and 0" € ©,,, then there exists a unique U € IA(T) such that

0" =Uob €0,.

In other words, the action of the group IA(f) on the set ©,, is free and transitive.

Proof. First we prove the assertion (1) for the standard Magnus expansion std :
F, - 14Ty, std(z;) = 1+ X;, 1 < i < n. The R-algebra homomorphism

% : T — R[F,] given by x(X;) = x; — 1 maps T\p into Ir[F,]P for each p. Now we
have

stdor(X;) =std(z; —1) =14+ X; —1=X;, and
kostd(z;) = k(X)) =14z — 1 =u;.

—

These imply stdox = 15 and kostd = 1 RIFL respectively. Hence std : R[F},] — T

is an R-algebra isomorphism, which maps Ir[F,]P onto fp for each p.
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Next we consider an arbitrary Magnus expansion 6 € ©,,. The R-algebra endo-
morphism 0ok : T % m Y, T satisfies the conditions in (i) and (ii) in Lemma
1.2. In fact, |0 ok|=1pg. Hence ok € IA(T ) which we denote by U. Espe(nally
0 = U ostd : R[F ] - T is an R-algebra isomorphism, which maps I R[Fn]l’ onto
f This implies the action of IA(T ) on ©,, is transitive.

Finally we prove the action is free. Suppose U eIA(T ) satisfies U o std = std :

F, — 1+ Ty. Then we have U o std = std : R[Fn] S T,andsoU =Uostdok =
std o k = 14, as was to be shown.
This completes the proof of the theorem. m

We conclude the section by writing down the group structure on the set Hom(H,
fg) x GL(H) induced by the decomposition (1.6) and the bijection (1. 7) in low
degree. We denote ((u,A)) := (E71u) o A € Aut(T ) for v € Hom(H, Tg) and
A € GL(H). We have

((u, A))a = Aa—kz m(Aa)

for any a € H. By straightforward computation we obtain

Lemma 1.4. Suppose ((w,C)) = ((u, A))((v, B)) € Aut(T T) for (u, A), (v, B) and
(w,C) € Hom(H,T3) x GL(H). Then we have

C = AB,
wy, = uyp + Avi, and

we =uz + (U1 ® 1 + 1 ® uy)Avy + Avs,

where up, v, and w, € Hom(H, H®(p+1)) are the p-th components of u, v and w,
respectively, and

+1
—
Avy, = (A® - ® A)w,A~! € Hom(H, H®®P+Y),

Proof. For any a € H we have

Ca+wi(Ca) +wz(Ca) = ((w,C))a = ((u, A))((v, B))a
= ((u, A))(Ba + v1(Ba) + vy(Ba))
= ABa + u1(ABa) + uz(ABa)
+ (AR A)vi(Ba)+ (u1 ® 1+ 1®uy) (AR A)vi(Ba)
+(A® A® A)ve(Ba)
=ABa + (u1 + Avy)(ABa) + (ug + (u1 ® 1 + 1 ® ug ) Avy + Avs)(ABa)

modulo 7T}, as was to be shown. m
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2. Johnson Maps.

As was shown in Theorem 1.3(2), the group IA(T) acts on the set ©,, of all the
R-valued Magnus expansions of the free group F), in a free and transitive way. We
denote by H* the dual of H, H* := Hom(H, R). We often identify

~

E ~ [e%e) [e%¢)
IA(T) = Hom(H,T}) = szlHom(H, HE@PH)Y) = e HEEHD (2.1)

Now we consider the automorphism group of the group F,,, Aut(F},). It acts on the
set ©, in a natural way. In fact, we define

p-0:=|plofop™

for ¢ € Aut(F,) and 0 € ©,,. Here |p| € GL(H) is the induced map on H =

A~

Hy(F,; R) by the automorphism ¢. From the free and transitive action of IA(T),
there exists a unique automorphism 79() € TA(T) such that

0 0=7p) ' 0hco,. (2.2)
If we fix a Magnus expansion 0 € ©,,, it defines a map
0 Aut(F) — TA(T), ¢ — (),

which we call the total Johnson map induced by the Magnus expansion 6. Immedi-
ately from (2.2) we have a commutative diagram

—_— 0 A~

R[F,)] —— T

sol 79<¢)o|so|l (2:3)
RIF, —2 - T.
Hence we obtain
(o) = 7%(p) o o 0 T (¥) o o 7! (2.4)

for any ¢ and ¢ € Aut(F,).
Under the identification (2.1), for each p > 1, we define the p-th Johnson map
induced by the R-valued Magnus expansion 6

70 Aut(F,) — H* x H¥0HD o f(p)
by the p-th component of the total Johnson map E7?. We have

0 _ < 8 Ay _TI° g+ ®(p+1)
ET%(p) = szlfp (¢) € Hom(H,Ty) = e H
for ¢ € Aut(F,).

The map Tg is not a group homomorphism. The relation (2.4) means an infinite
sequence of coboundary relations. In this paper we confine ourselves to studying
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the first and the second relations, which have cohomological consequences about
the group Aut(F,) and the mapping class groups for surfaces. In the case p = 1
and 2, from Lemma 1.4, we have

T () = 77 () + |l i (¢)
75 (1) = 75 () + (11 (9) @ L+ 1@ 71 (@) |pl{ (¥) + lepl75 ()

for any ¢ and ¢ € Aut(F,,). In the succeeding sections we will show these elemen-
tary formulae have some significant consequences in the cohomology of the group
Aut(F,,). Throughtout this paper we denote by C*(G; M) the normalized standard
complex of a group G with values in a G-module M, and use the Alexander-Whitney
cup product U : C*(G; M) @ C*(G; Ms) — C*(G; My ® Ms). For details, see [HS]
ch.Il. The formulae are equivalent to

Lemma 2.1.
—dr! =0 € C*(Aut(F,); H* @ H®?), (2.5)
—dry =(r}®@1+1@7)U7r] € C*(Aut(F,); H* @ H®?). (2.6)
In (2.6) we drop the composite map Hom(H®? H®3) @ Hom(H, H®?) — Hom(H,
H®3) = H* @ H®3, f ® g — fog, for simplicity.

From (2.5) the map 7{ is a 1-cocycle of the group Aut(F,) with values in the
Aut(F,)-module H* ® H®2. The cohomology class [7{] € H'(Aut(F,); H* @ H®?)
is independent of the choice of a Magnus expansion 6. It can be proved directly
from Theorem 1.3(2). As will be shown in §4, the class [rf] is the Gysin image of a
certain cohomology class in H2(F,, x Aut(F,); H®?) independent of the choice of
a Magnus expansion.

Lemma 2.2. We have

(@)lellv] = 02(0(7)) — l0|®?62(7) (2.7)
()] = 62(7) — |¢|®*02(0~ (7)) (2.8)

for any v € F,, and ¢ € Aut(Fy,).

o
o

In fact, from (2.3), we have

L+ [p(M)] + b2(9(7)) = 0(p() = 77 () |10 ()
=7%(0) (1 + [llV] + 2| ®62(7))
=1+ lol[v] + 7 (@)l V] + ¢l ®262(v)

modulo fg.
Finally we compute the Johnson maps on the inner automorphisms of the group
F,,. The image of the homomorphism

L Fy — Aut(F,), v (u(y): 046771 (2.9)

is, by definition, the inner automorphism group of Fj,, and often denoted by
Inn(F,). The quotient Out(F),) := Aut(F,,)/Inn(F,) is called the outer automor-
phism group of Fi,.
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Lemma 2.3. Forp>1, v € F,, and a € H we have

a=6ma+dy Y (=1)6,(7)aby(v)--64,(7).  (2.10)

j=1 aotai+--q;=p
q0=>0, g1+, q;=>1

Proof. Recall

o) = (147 ) =1 7 (T am)

The map U, : T — T, z — 6(7)20()~, is an element of Aut(T). Now, since
lt(y)] = 1, we have

(L(7))a = Uya = 0(v)abd(~) "

- <Z 9‘10 (fy)> al|l+ Z(_l)j Z qu (7) T 0(1]' (’7)
q0=0 j=1 q1,---,q;=1

Taking the (p + 1)-st components in H®(P*T1  we obtain the lemma. m

In the case p =1 and 2, we have

1 (L(v))a = Y]a — aly], (2.11)
5 ((7))a = B2(7)a — aba(y) + a[y][y] — [Ylay]. (2.12)
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3. Lower Central Series.

In this section we suppose that the natural ring homomorphismv € Z — v-1 € R
is injective. We denote by I',,, = I';,(F,), m > 1, the lower central series of the
group F),

'y :=F,, Trg1 =T, Fn], m>1.

The group Aut(F;,) acts on the subgroup I',,, and the quotient I'y /T, in a natural
way. S. Andreadakis [An] introduced a decreasing filtration {A(m)}>°_; of Aut(F),)
by

A(m) := Ker(Aut(F,) — Aut(I'y/T'41)), m>0.

In [An] he wrote K,,, for A(m). The m-th Johnson homomorphism 7, = 7./ de-
scribes the quotient A(m)/A(m+1), which was introduced by D. Johnson [J1]. The
homomorphism 7, can be regarded as an embedding of the quotient A(m)/A(m+1)
into the module H* @ H®™*1Y We prove the restriction of 7%, to A(m) coincides
with 7, (Theorem 3.1). Especially 7,| () is a homomorphism independent of the
choice of a Magnus expansion 6.

Choose a Magnus expansion # € 0,,. As was proved by Magnus [M3], we have

0~ (1+Tp) =Ty (3.1)

for each m > 1. See [Bou| ch. 2, §5, no. 4, Theorem 2. This implies the m-th
component 6,, gives an injective homomorphism

Hm : Fm/Fm+1 — H®m.

Here the restriction 6,,|r, is independent of the choice of #. We prove it by
induction on m. From Definition 1.1, 6 is independent of . Assume m > 2. We
have I';, = [['y,—1,1"1]. Let v € T',;,—1. From (3.1) follows 0(y) = 1 + 0,,,—1(7)
(mod fm) For 6 € I'y, we have, modulo fm+1,

0(7)0(8)0(v~1)0(57 ")
=0(7)(1+ (0(6) — 1)0(y~1)o(5™")
=0(07") +0(7)(0(8) — DOy HOE ™)
=0(07") + (1 + 0m—1(7))(0(8) = 1)(1 = Or—1(7))0(37")
=0(07") + (0(8) = OO ™) + 0m—1(7)(0() = )OOG™") = (6(3) — 1)0n—1(7)0(3~")
=1+ 0m-1(V[0] = [6]0m—1(7)-
Hence
O (Y07 1071) = 01 (7)[8] = [0]0m—1 (7). (3-2)

From the inductive assumption 6,,_1(7) is independent of the choice of #. This
completes the induction.

We denote the image 6 (' /I'm41) by L C H®™. We identify Iy /T
and L,, by the isomorphism 6,,. As is known, the sum @ 1 Lm C T is a Lie
subalgebra of the associative algebra T, and naturally 1som0rphlc to the free Lie
algebra £(Hz) generated by Hy = F,**®!. See [Bou] loc. cit.
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Now we recall the definition of the Johnson homomorphisms [J1][J2]. If ¢ €
A(m) and v € F,, then we have v 1¢(y) € I',,,+1. This allows us to consider

Tm(9,7) =7 'p(y) mod Tyjo € Loy

It is easy to prove the map v € F,, — 7, (¢,7) € Ly11 is a group homomorphism.
Hence it can be regarded as an element 7,,(¢) € Homy(Hz, £,,,4+1), and induces a
map

T = 70+ A(m) — Homgz(Hz, Lont1), @ — Tm(@).

m

Moreover one can easily prove 7, is a group homomorphism. The homomorphism
Tm 18, by definition, the m-th Johnson homomorphism [J2]. Immediately from the
definition we have

Ker7,, = A(m+1), (3.3)

so that it can be regarded as an embedding
Tm : A(m)/A(m + 1) — Homyz(Hz, Lmi1).
Since the integers Z is a subring of R, we may regard Homy(Hyz, L,,11) as a

Z-submodule H* @ H®(™+1) in an obvious way. Then

Theorem 3.1. We have
Tm — 7—70n|A(m) . A(m) — H* & H®(m+1)
for each m > 1. Especially the restriction 0 mlA@m) 8 a group homomorphism

independent of the choice of the Magnus expansion 6.

Proof. We prove the theorem by induction on m > 1. For any ¢ € A(m) C A(1
we have |p| = 1. If m = 1, then we have, modulo T3, 0(p(y)) = 7%(¢)0(y)
0(7) + 7 ()], and so

=

L+ 71(0,7) =1+ 6207 "0(7) = 0(v " 0(7) = 0(7) ' 0(e(7))
=0(y) " (0(7) + T ()[V]) =1+ 11 (¢) ]

This implies we have 77| A2) = 0 from (3.3).

Suppose m > 2. From the inductive assumption and (3.3) we have 7¢(¢) =
Tm-1() = 0 for any @ € A(m), and so 0(¢(y)) = 0(7) + 77,(9)[7] (mod T,y )

m
Hence we have

1+ T (0,7) = L4 01 (7 0(7)) = 0(v (7)) = 0(7)H0(0(7))
=0(y) " (0(7) + T (0)]) = 1+ 72 (0) 1]

modulo fm+2. This completes the induction and the proof of the theorem. m
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4. Twisted Cohomology Classes.

In this section we introduce two series of twisted cohomology classes
h, € HP(Aut(F,); H* @ H®®P*tD) and h, € HP(Aut(F,); H®P)

for p > 1 by an analogous construction to the Morita-Mumford classes on the
mapping class groups for surfaces [Mu] [Mol]. Restricted to the mapping class
group M, 1 of genus g with 1 boundary component, they coincide with the twisted
Morita-Mumford classes [Ka| [KM1] [KM2]

(P+2)! Byl m,, = —mopra € H (Mg 1; H¥PT), and (5.8)

p' EP‘M%I =Mmiyp c HP(MQJ;H@:D), (518)
as will be shown in §5. We prove a suitable algebraic combination of p copies of
the 1-cocycle 7¥ introduced in §2 represents the cohomology class hy, for each p > 1
(Theorem 4.1). In the case p = 1, 7¥ represents the class h;. Furthermore we
describe some contraction formulae deduced from the relation (2.6).

In order to define the cohomology classes h,, and Ep, we consider the semi-direct
product

A, = F, x Aut(F,)

and the map o
kO : An - H7 (77 50) = [7]7 (41)

introduced in [Mo3]. The group A, is, by definition, the product set F,, x Aut(F,)
with the group law

(71, 01)(v2, 2) == (Mme1(72), v192), (15 € Fu, @i € Aut(F),)).

We often write simply ~p for (v,¢). It is easy to prove kg satisfies the cocycle
condition. We write also kg for the cohomology class [ko] € H'(A,; H). Consider
the (p + 1)-st power of kg

k0®(p+1) c Hp+1(A—n; H®(p+1))

for each p > 0.
The group A,, admits a group extension

F, 5 A, 5 Aut(F,) (4.2)

given by «(y) = v and w(vp) = ¢ for v € F,, and ¢ € Aut(F,). It induces the
Gysin map

my o HPTH(A,,; H®WPHDY  HP(Aut(F,); H* @ H®®TY),
Here we identify

HY(F,; H®®tY) = Hom(H, H®®+1)) = H* @ H®P+1) (4.3)
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in a natural way. For each p > 1 we define
hy = my(ke®PTY) € HP(Aut(F,); H* @ H®P+), (4.4)
In the case p = 0 we have
my(ko) = *ko = 1y € H(Aut(F,); H* @ H). (4.5)
Contracting the coefficients by the GL(H )-homomorphism
rp: H* @ H?PHD) S H®P fRu0@0, @ Q@ vy = f(vo)v1 @ -+~ @ vy, (4.6)

we define B
hp =1y, (hy) € HP(Aut(F,); HP). (4.7)

We introduce a GL(H )-homomorphism
G : (H* @ H®*)®P = Hom(H, H®?*)®? — Hom(H, H®"P™V)) = g* @ g®@+)
for each p > 1. If p > 2, we define

Sp(U(n) ®uE) ® - @ Up-1) O Y(y))

B _ (4.8)
= (Uu) © 1% ”) ° <U(2) ® 1% 2)> 00 (up-1) @ 1) o ug),

where u(;) € Hom(H, H®?) = H* @ H®?, 1 < i < p. In the case p = 1, we define
¢1 = ly+gye2. Now we prove

Theorem 4.1.
hy = . ([111%7) € HP (Aut(F,); H* @ HOPHY)
for any Magnus expansion 8 € ©,, and each p > 1. In the case p = 1 we have
[70] = hy € HY(Aut(F,); H* @ H®?), which is independent of the choice of 6.
Proof. We define a 1-cochain 0, € C(A,,; H®2) by 0y(vp) := b() for v € F, and
¢ € Aut(F,,). Then we have
dfy = — (1f o ko + ko®?) € C*(A,; H®?). (4.9)

In fact, it follows from (2.7)

d02 (1101, 7292) = 1]%202(1292) — O2(np1 (12)P102) + B2 (1101)
= [01|%202(72) — O2(7191(72)) + O2(71)
=[01]%02(72) — 02(1(72)) — 1] ® [p1(72)]
= — 71 (p1)1lko(vaa) — ko(1191) @ |1 |ko(v2ep2)
= — (1) o ko + ko®?) (71001, 12402)-
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Consider a (p + 1)-cocycle f, € CPT1(A,; H®®*+1)) defined by

fo = (gp*(Tlg)@)p) o ko

= <716 ® 1H®(p71)> o (7’19 ® 1H®(p72)) 0---0 (Tf ® lH) o 7'19 o kg
and a p-cochain g, € CP(A,,; H®P+1) defined by
gp = (719 ® 1H®(p_1)> o (7’19 ® 1H®(p_2)> 0---0 (719 ® 1H) o 52

for p > 1. If p =0, we define fy := ko. From (4.9) follows

dg, = (—1)P~* (Tf % 1H®(p71)) o0 (f@lg)o 0y
(_1)p (7’19 ® 1H®(P—1)) 0---0 (7—{) ® IH) o (7.19 o kO + k0®2)

(=1)P (fp + fp—1 ® ko) .

Hence we obtain

[(sp. (7)EP) 0 ko] = [fp] = = [fp1 ® ko] = -~
= (=P Mf1 ® ko®P7Y] = (=1)P[ko®PH)],
that is,
(. (1) %P) 0 ko = (—1)Pko P+ € HPF! (A, HEPHY), (4.10)
for each p > 1. We have
hy =y (ko) = ¢ (7)) 0 miko = 6, (1) ¥P € HP(Aut(F,,); H* @ HO®*D).
(4.11)
In fact, the cocycle f, € CP¥1(A,; H®®P+1)) is contained in the p-th filter A,
introduced in [HS] ch.II, p.118. Therefore, from [HS] ch.Il, Proposition 3, p.125,
its Gysin image is given by
(ms.fp) (1,5 0p) V] = (fp)y (7,01, -5 #p)
(=1 (@15 > 9ps (91 0p) T (7))
:(_1)p (((7—10 ® 1H®(p_1)> O+--0 (7-10 X 1H) o) 7-10> (@17 e @p)) o |g01 Ce SOP|
o1y T 1]
=(=1)" ((p,(1)7) (01, -, ) [V]-

See also [HS] ch.Il, Theorem 3, p.126. This completes the proof. m

We conclude this section by describing contraction formulae deduced from the
relation (2.8). As was proved in the previous theorem for p = 2,

hy =, h1®? = (h @ 1)o7l = (hi ® 1g) o hy € H*(Aut(F,); H®?).  (4.10)
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We can consider other ways than ¢, of contracting the coefficients of the coho-
mology class h,®?. For example, we may consider the GL(H )-homomorphism

gé :(H” ®H®2)®2 — H* ®H®3, U1y ® U2y — (1g ®U(1)) O U(g)-

But we have ¢, (h1®?) = —¢,(h1®?) = —hy. In fact, from (2.6), the second
Johnson map 74 gives the relation

(hi®1g)ohy + (1g ®hy)ohy =0 € HX(Aut(F,); H* @ H®?). (4.11)

The relation (4.11) is the IH relation among twisted Morita-Mumford classes
proposed by Garoufalidis and Nakamura [GN] and established by Morita and the
author [KM2]. Recently Akazawa [Aka] gave an alternative proof of it by using
representation theory of the symplectic group. In [KM2] a more precise formula
was proved. In §5 we will give a simple proof of the precise formula using the second
Johnson map 7§ (Theorem 5.5).

Let S, be the set of all the maximal ways of inserting parentheses into the word
12---(p+ 1) of p+ 1 letters. We have S; = {(12)} and S2 = {((12)3), (1(23))}.
Sp is equal to the vertices of the Stasheff associahedron K,y; [St]. If we define
So := {1}, then we have

S, = HZ_;SQ X Spq1 (4.12)
for p > 1. We define a map
h:S, — HP(Aut(F,); H* @ H®®P*D)
by h(1) :=1g, h((12)) := hy and
h((x1,22)) := (h(z1) @ h(x2)) o h1, x1 €Sy, T2 € Sp_g—1.

Here (z1,22) € Sy X Sp—q—1 is regarded as an element of S, by (4.12). Immediately
from (4.11) we have

Theorem 4.2. h(x) = +h, € HP(Aut(F,); H* @ H®®+D) for any x € S,,.

In a forthcoming paper [Ka3] we will discuss more about the relation between
the Stasheff associahedron K, ; and the cohomology class h,,.
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5. Mapping Class Groups.

Let g > 1 be a positive integer, X, 1 a 2-dimensional oriented compact connected
(C*° manifold of genus g with 1 boundary component. We choose a basepoint
* on the boundary 0%, ;. The fundamental group 7;(3,1,*) is a free group of
rank 2g. Taking a symplectic generator system {x; 1221 C m(Xg,1,%), we identify
m1(Xg,1,%) = Fag. This induces a natural isomorphism

H = Hl(Fgg;R) == Hl(Eg,l;R).
A simple loop parallel to the boundary gives a word

1T .. -1 -1
wo = i_1$1$g+1$1 Tg4i .

The intersection form on the surface ¥, ; is given by
g
I:= Zizl(X,-XgH — Xg4iXi) € H®2

The Poincaré duality ¥ := N[X,1,0%,1] : H* = H' (X,1,0%,1; R) — H1(X,1;
R) = H is given by
“SH, (— (1)) (5.1)

In fact, &;ﬂ[Eg,l, 829,1] = Xg-i-i and §g+iﬂ[2}g71, 829,1] = —Xi, for any i, 1 S 1 S g.
Here {£}29, C H* is the dual basis of {X;} ¢ H. In this section we identify
H* = H by the Poincaré duality (5.1), which is equivariant under the action of the
mapping class group M, ; := mo Diff (X, ; rel 0%, 1).

The mapping class group M, 1 acts on the fundamental group 71 (241, *) = Fag.
This induces a group homomorphism M, ; — Aut(Fs,). We prove the pull-back of
the cohomology classes h, and Ep to the group M, ; are twisted Morita-Mumford
classes [Kal] (Theorem 5.1 and Corollary 5.4). Furthermore we give a simple proof
of a precise version [KM2] of the IH-relation [GN].

We introduce some variants of the mapping class group M, ; in order to recall
the definition of the Morita-Mumford classes [Mol] [Mu] and that of the twisted
ones [Kal] [KM1]. Collapsing the boundary 93, ; into a single point *, we obtain a
2-dimensional oriented closed connected C'* manifold of genus g, ¥, = £,1/0%, 1.
We write simply 7 := 71 (2, *) and 7 := m1(3,1,%). Let N, be the kernel of the
collapsing homomorphism ¢ : 7¥ — 7. Then we have a group extension

N, — 7 5 7. (5.2)

Let M, and M, . be the mapping class groups for the surface ¥, and the pointed

one (X4, %), respectively, that is, M, := mo Diff 4 (£,) and M, . := mo Diff (£, ).
Forgetting the basepoint induces a group extension

T — My My, (5.3)

and collapsing the boundary a central extension of groups

Z — MgJ E) Mg’*. (54)
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The kernel Ker w = Z is generated by the Dehn twist along a simple loop parallel
to the boundary, which acts on the fundamental group 79 by conjugation by the
word wy.

We denote the Euler class of the central extension (5.4) by e := Euler(Z —

Mg1 = M,.) € HX (M, ;7). The extension (5.3) gives the Gysin map
m o H (Mg M) — H*3(My; M)

for any Mg -module M. The Morita-Mumford class e;, @ > 1, is defined to be the
Gysin image of the (7 4+ 1)-st power of the Euler class e

e; = m(e") € H*(My; 7).

The fiber product My 1 x a1, My « is identified with the semi-direct product 7y
M1 by the isomorphism (p, 1) € Mg 1 X pm, Mg — (Yo(p) ™, ) € m x Mg 1.
We denote the first and the second projections of the product M1 X, My«
by m:m X Mg1 — Mgy and T @ T 0 My — M, ., respectively, and write
€:=7"(e) € H*(m x My1;Z). Then the pullback e¢; = w*r*e; € H* (M, 1;7Z) is
given by

e; =m(et) € H*(My1; 7). (5.5)

As in §4, we can consider the 1-cocycle ko : m1 X My1 — H, (v,¢) — [y]. The
twisted Morita-Mumford class m; ;, 4,7 > 0, 2i + j > 2, is defined to be the Gysin
image of €'k’ _

mi 1= W[(ézkoj) S H22+j_2(Mg’1;AJH>. (56)
Here ko’ is the j-th exterior power of kg, and so we have

ko' = jlko® € HP(M,1; H®Y). (5.7)

Now we have

Theorem 5.1.
hp = —7M <k0®(p+2)> c Hp(./\/lg,l; H®(p+2))

for each p > 1.

It is an immediate consequence of Lemma 5.4 in [KM2]. But we will give a
self-contained proof of the theorem. From (5.6) and (5.7) we obtain

(p + 2)'hp = —m07p+2. (58)

We should remark on the identification of Hom(H, H®®P+1D) with H®®+2) We
denote it by

t, : Hom(H, H®®+Y) = g* @ @+ V81 e(p+2)
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From (5.1) we have
tp(u) =(1,2,...,p+1,p+2)(u® 1)) (5.9)

for any u € Hom(H, H®®+1)). Here the cyclic permutation (1,2,...,p+ 1,p + 2)
acts on H®®*2) by permuting the components of the tensors in H®®+2)
In order to prove the theorem we construct a cohomology class introduced in

[Mo2]
v e H2(7T1 X Mg 7Z)

in an algebraic way similar to [KM2]. In this section we write simply
M =7 % M, and MO = W? X Mg,
The collapsing homomorphism gives a group extension
Ny, — MO 5 M. (5.10)

The Lyndon-Hochschild-Serre spectral sequence of the extension (5.2) gives

HP(m1; HY(Ng; Z)) =0, ifp>1, (5.11)
and an M, -invariant isomorphism

dy : H(N;; 2)™ = H*(S,;2) = 7.

Choose a Magnus expansion 6 € Oy, 7. We have 6(wo) = I. From (3.2) for m = 2
follows

1 1

O2(ywoy ") = B2 (ywoy two wo) = B2 (ywoy wo ) 4 B2(wo) = b2(wo)

for any v € 7). Since N, is the normal closure of the word wg, we can define an
M-invariant homomorphism v : Ny — Z by

vo(6)1 = —0(0) € H®?

for 6 € N,. Consider the transgression of the Lyndon-Hochschild-Serre spectral
sequence of the extension (5.10)

dy : H'(M; H (N, Z)) — H*(M;Z).

If we choose a map™: m; — 70, v +— 7, satisfying ¢(3) = ~ for any v € 7 and
1 =1, then the 2-cochain v defined by

—

U(ne1,v202) == vo(mer (1)1 (32) ) (5.12)
for 11 and Yop9 € M represents

vi=davy € H*(M;Z).
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Moreover we have

m(v) = (0,[5)) = 1. (5.13)

To prove (5.13) we consider the homomorphism ¢ : 79 — F, given by ¢(z1) = 1,
d(rg41) = z2 and ¢(z;) = ¢(z44;) = 1 for j > 2, which induces a homomorphism
of group extensions

N, 9 c m
¢l ¢>l ¢l (5.14)
[Fa, Fy) Iy Fyabel,

We regard 52" as the fundamental group of the 2-dimensional (real) torus T2,
Then ¢ preserves the orientations, that is, ¢.[%,] = [T?] € H2(T?;Z). The funda-
mental class is given by a normalized bar 2-chain

[1]a2] + [z122]z1 ] — [21]2 7).

See, e.g., [Me| p.245. If we use the map™: Fy?Pel By 21925 — 21%250, then
we have (7, [T?%]) = vy(zemize t21~!) = 1. From (5.14) we have (7,[%,]) =
(U, 0.[3,]) = (¥, [T?]) = 1 for any g > 1. This proves (5.13). m

The following is the key to the proof of Theorem 5.1.
Lemma 5.2. vkg=0¢€ H3(M; H).

Proof. The lemma is an immediate consequence of Theorem 5.1 (ii) in [KM2]. But
we give a self-contained proof of it. The Lyndon-Hochschild-Serre spectral sequence
of the semi-direct product M = m; X M, 1 gives an isomorphism

© Y (Mg HY (Ng)™ @ H) = H'(M; H'(Ng) ® H), (5.15)

since H(m; HY(Ny)) = 0 (5.11). Consider the homomorphism s : My — M,
¢+ (1,¢). Then

s H' (M H'(N,) © H) — H'(My1; H'(N,) © H)

is an isomorphism. In fact, 7* : HY(M,1; H'(N,) @ H) — HY(M;H'(N,) ®
H) is surjective from the isomorphism (5.15). Clearly we have s*7* = 1 on
H'(Mgy1; H'(N,) @ H). Hence s* is the inverse of the isomorphism 7*.

Since s*ko = 0, we have vpko = 7*s*(voko) =0 € H'(M; H (N,) @ H). Conse-
quenctly vko = da(vpko) = 0, as was to be shown. m

Proof of Theorem 5.1. We denote the Gysin map of the semi-direct product MO =
7 X Mgy by my : H* (MO M) — H* Y (M, 1; H® M) for any M, -module M.
From the definition of h,, we have h, = Wﬁ(l{?()@(p 1) Consider the 1-cochain
0y € CY(M; H®?) defined by

~

O2(vp) = 02(7)
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foryp e M x Mg = M. Then we have

(dB2) (101, 1202) = P102(F2) — B2 (101 (72)) + B2(F1)
= 0102(F2) — O2(y1901 (72) 01 (F2) "I T A1 (F2)) + B2(F1)

— 0102(5) — B2(p1 (1)) + O2(01 (}2)) — Ba (i1 (12) 01 (F2) 0 1)
— O2(M1p1(72)) + O2(11)
= — 70 (¢1)lp11[2] — [11] ® le1l[ve] + D(vaep1, yaep2) ]

for any v1¢1 and Yo € M. This means
0o ko + ko®? = vl € H*(M; H®?). (5.16)

Hence we have
m(ko®?) =T € H' (M, 1; H®?) (5.17)

from (5.13). Moreover, from Lemma 5.2 and (5.16), we have
(1 © 157 o KE20H) | 2042

for each p > 1. If we denote hy, := m(ko®PT?)) € HP(M,1; H®®T2) then
(h1 ® 1g®P) o hl,_| 4+ h;, =0, and so
hl =(=1)P(h ® 1g®P) o (b @ 1g®P" ) 0+ 0 (hy ® 1) o hy,
=(=1)"(hy @ 11)(I)

from Theorem 4.1 and (5.17). Consequently, from (5.9) and the commutativity of
the cup product, we obtain

tp*(hp) :(L 2,...,p+1Lp+ 2)*(hp ® 1H)(I)
—(~1P(L,2,. . p+ Lp+2).h)
:(_1)]9(1, 27 Ry Z + 1ap + 2)*771(k0®(p+2))

= — m(ko®PT?),

as was to be shown. ®

Next we study the cohomology class Ep. We denote by p : H®? — Z the inter-
section product on the surface ¥, ;. Recall the following theorem due to Morita.

Theorem 5.3. (Morita [Mo2], Theorem 1.3.)
i (ko®?) = 2v —e € H?(my x My ;7).

An algebraic proof of it is given in [KM2], Theorem 6.1.
From Lemma 5.2 we have ,u*(k:0®2) ® ko®P = —e ® ko®P. Theorem 5.1 implies

Ep = (u® 1H®p)*hp =—(u® 1H®p)*m(k0®(p+2)) = (e ® ko®P).

Hence we obtain
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Corollary 5.4.
Ep = 7'('{(@@ k0®p) € Hp(./\/lg’l; H®p).

From (5.7) follows
plh, = my . (5.18)

If we contract the coefficients of h,, by an iteration of the product i, then we obtain
the (original) Morita-Mumford class e;. See [KM1] [KM2]. Hence each of the e;’s
is given by a certain algebraic combination of copies of h;. See also Theorems 4.1
and 5.3. So we may consider the cohomology class h; as “the unique elementary
particle” for all the Morita-Mumford classes.

Finally we study a consequence of the relation (2.6) on the mapping class group
M, .. The conjugation by the word wy, ¢(wp), corresponds to a generator of the
kernel Ker(w : M, 1 — M,.) and we have 7{1(wg) = 0 from (2.11). Hence the
first Johnson map 7{ can be regarded as a 1-cocycle ¥ on the group M. We
denote hy := [7¥] € HY (M, .; H* @ H®?). The following is a precise version of the
IH-relation [GN].

Theorem 5.5. ([KM2], Theorem 1.3 (iii))

(h1®1H)Oh1+(1H®h1)Oh1 ZG(I®1H—1H®I) EHz(Mg7*;H*®H®3).

Proof. From (2.6) we have
—dr) = (" o1g+1gor)ur?
on the group M, ;. The Gysin sequence of the extension (5.4)
HO(Mgo; H* @ HO®) %5 HA (Mg H* @ H) = HY (Mg H* @ HY)
implies
(hi®1g)ohy + (1g @hi)ohy =erd(v(wy)) =e(I @1y — 1y @ 1)

from (2.12). This proves the theorem. m

As was stated above, the coefficients H* @ H®? in the theorem are identified
with H®? by the map t3 in (5.9). In [KM2] a closed trivalent graph describes
an Spa,(Q)-invariant of the algebra H*(A3Hz; Q) = A*(A®Hg). In this context
the cohomology class hy = [rf] € HY(M, 1; H®3) corresponds to the open star of
each vertex on the graph. A subgraph shaped like the letter H means the twisted
cohomology class (1 ® hy) o hy, while one like the letter I means —(h; ® 1) o hy
because of the commutativity of the cup product. Similarly I ® 15 and 1y ® I are
interpreted as suitable edges in I'y \ 71 and I'y \ 72 in [KM2], respectively. Hence
Theorem 1.3 (iii) in [KM2] follows from our theorem.
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6. The Abelianization of IA,,.

The group I A,, is defined to be the kernel of the homomorphism | | : Aut(F,) —
GL(H7) induced by the abelianization F,, — F,** — f,. In other words, A4, =
A(1) in §3. Classically it is called the induced automorphism group. In this section
we compute the abelianization of I A,, by evaluating the first Johnson map on the
generators of the group IA,, given by Magnus [M2], and give some consequences
of the computation. Here it should be remarked that S. Andreadakis has already
studied the abelianization I4,,** in [Ad].

First recall the second exterior power A2Hy, of Hy, = F,,**°!. Let S?(Hz) C H,%?
be the Z-submodule generated by the set {Y ®Y; Y € Hy}. By definition we have
AN’H,; = HZ®2/S2(HZ). We define an homomorphism ay : Hz%? — H;®?% by
a2 (X;®0X;) =X;0X;— X;®@X; for 1 <4,j <n. We have Ker ay = S?(Hz). This
induces an injective homomorphism @3 : A2Hyz — Hz®?. Throughout this section
we regard A2Hy as a submodule of Hz®? by the injection @z.

Now fix a Z-valued Magnus expansion 0 € ©,, 7. It gives the first Johnson map
¢ Aut(F,) — Hz* @ Hz®%. As was proved in Theorem 3.1, the restriction of 7¢
to IA,, = A(1) is equal to the first Johnson homomorphism 77, which is independent
of the choice of 6.

Theorem 6.1. The first Johnson homomorphism 1 induces an isomorphism
71 ¢ TA,2P 5 Hz* @ A*Hy,

which is equivariant under the action of GL(Hyz) = Aut(F,,)/IA,. Especially the
abelianization TA,*™ is free abelian of rank n?(n — 1)/2, and the commutator
subgroup of IA,, coincides with Ker 1

[[A,, TA,] = Kerm = A(2). (6.1)

Andreadakis [An] proved the theorem for the case n = 3. All we need to prove
it are due to W. Magnus. So it had been likely proved by someone contemporary
with Magnus or Andreadakis. Comparing it with Johnson’s result computing the
abelianization of the Torelli groups [J3], the reader would find how simpler the
automorphism groups of free groups are than the mapping class groups for surfaces.

Proof of Theorem 6.1. According to Magnus [M2], the group I A,, is generated by
the following automorphisms

Kip o magry Y, xj— g (5 #14)

. 1., -1 C g
Kijs:xi—=vimxsa o o, xj—x; (JF1).

Here the indices run over the sets {(i,1);1 < i, <n, i # [} and {(3,1,5);1 < 1,1, <
n, i # 1 < s # i} respectively. The number of the generators is n(n — 1) + ng(n —

1)(n —2) = 3n?(n — 1). Hence we have a surjection p,, : Zn*(n=1)/2 _, 14, 2Pl
Now we denote by 0, : F}, — H;%? the second component of the expansion 6 as

before. From (3.2) for m = 1 we have

B2(v0y~167%) = [1[0] — [9][] (6.2)
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for any v and § € F,,. Since O2(y6y™ 1) = O2(v6y16718) = Ox(vdy~1671) + 02(6),
we have

02(7077") = 62(0) = [4][0] — [6][~]- (6.3)

Let {¢;}_, C Hz" be the dual basis of the basis {X;} ; C Hz. From (2.7), for
any ¢ € IA, and v € F,, we have 7¥(0)[y] = 02(0(7)) — 02(). From (6.2) and
(6.3) we obtain

T(Kiy) =0 @7 (Ki)(X;) = 6 @ (Oo(zizim ") — 0a2(x:))
=4, ® (X X; — X; X))

T (Kis) =4 @7 (Kips)(Xi) = £ @ (O2(vsmmszy s ) — 02(4))
=/ ® (XZXS - XSXl).

(6.4)

These form exactly a Z-free basis of Hz" ® A?Hy. Therefore the composite

0
7_10 Y/ Zn2(n—1)/2 N IAnabel AN Hy* ® AZHZ

is an isomorphism. Since p,, is surjective, the homomorphism 7 = 70 : TA4,***! —
H;* ® A2Hy is an isomorphism.
The isomorphism 7¢ : TA,**® — H;* ® A2H; is GL(Hy)-equivariant, because
we have
(™) =71 (") — 71 (01
=lelr! (¥) + el (¢71) = Il (™) = [el7{ (¥)
for any ¢ € Aut(F,) and ¢ € I A,,. This completes the proof of Theorem 6.1. m

We define the group IO, to be the kernel of the homomorphism | | : Out(F,,) —
GL(Hz) induced by the abelianization. We have 10,, = A, /Inn(F,). Here
Inn(F,) is, by definition, the image of the homomorphism ¢ in (2.9). From (2.11)
the induced homomorphism

Ly Fnabel _ HZ _ IAnabel ; HZ* ®A2HZ

is given by
Lw(Y)Z=YZ—-ZY € A*Hy (6.5)

for Y,Z € Hy, which is an injection, and whose image is a direct summand of
H;* @ A°Hy as a Z-module. Hence

Theorem 6.2. We have a GL(Hz)-equivariant isomorphism
10, = (Hz* ® N’Hy) /u.(Hz),

where 1, is the homomorphism given in (6.5). Especially the abelianization 10,,2b¢!
is free abelian of rank (n + 1)n(n —2)/2.

Let g be a prime integer. The congruence IA-automorphism group IA, , is
defined to be the kernel of the natural homomorphism Aut(F,) — GL(Hz/,).
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Using the first Johnson map 7¢ for a Z/g-valued Magnus expansion #, T. Satoh
[Sa2] computes the abelianization of I 4, .

Theorem 6.1 has an application to twisted cohomology of the group Aut(F},)
with values in a GL(Hz)-module. Let T be a subgroup of GL(Hz), T' C Aut(F,)
the preimage of I', and M a Z[1]|[T']-module. We denote by 7 : I' — T’ the natural
projection, and by 7 the inclusion 7 : I A,, — I'. We have the Lyndon-Hochschild-
Serre spectral sequence

EY? = EPY(M) = HP(T; HY(IA,; M)) = HPT4(T; M) (6.6)
of the group extension IA,, =T 5 T.
Proposition 6.3. For any p > 0 we have
' =0: HP(T; H' (IA,; M)) — HPT2(T; M).

In the case p = 0 we have a natural decomposition

H'(I'; M) = Hom(Hz* ® A2Hy, M) @ HY(T; M).

Proof. We denote by ws : H;®? — A2Hy, the natural projection. Twice the abelian-
ization 7‘19 :TA, — Hz* ® A>Hy extends to the crossed homomorphism

T:=(1Quws) ot Aut(F,) — Hy* @ H;%* — H;* ® A’Hy,

defined on the whole automorphism group Aut(F,). Since the action of the sub-
group I A,, on the module M is trivial, we have the Kronecker product

k:Hz* @ AN*Hz @ H' (IA,;; M) = Hi(IA,) @ H' (IA,; M) — M.
For any p-cocycle f € ZP(T'; HY(IA,; M)) the (p + 1)-cocycle
K (FUT(5£) € 274 (T; M)
is an element of the p-th filter AP*' N A% in [HS] ch.IL, p.119. It is clear that the
cocycle k. (T U™ (5 f)) induces the cocyle f in Ef Pl — o»(T; HY(IA,; M)). Thus

the cocycle f extends to a cocycle defined on the whole T', so that d5'[f] = 0 e
E? 29 1n the case p = 0 we have an exact sequence

0 — H'(T5 M) ™ H'(T; M) & HO(T; H' (14, M)).
The homomorphism

[f) € HO: H' (TAw; M)) = 5 (7 U (5 1)) € B (T3 M)
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is a right inverse of the homomorphism y*. Hence we have

HYT; M) = HT; H' (IA,; M)) ® HY(T; M)
= Hom(Hz* ® A>Hy, M)T & HY(T; M).

This completes the proof. m

When M is a non-trivial irreducible QGL(Hz)]-module, as was proved by Borel
[B], the cohomology group H*(GL(Hz); M) vanishes in a stable range, so that we
obtain stably

HY(Aut(F,); M) = Hom(Hz* ® A*Hy, M)StHz), (6.7)

In the simplest case M = Hg, we have H'(Aut(F,); Hg) = Q for any sufficient
large n. It is generated by the class hy = r1,[7f]. On the other hand, Satoh [Sal]
used a direct method involved with a presentation of the group Aut(F,,) given by
Gersten [G] to prove that

HY(Aut(F,); Hy) = Z

for n > 4, and that it is generated by h;. Moreover he proved

H'(Aut(F3); Hz) = 7./2 & Z.

7. Decomposition of Cohomology Groups.

In this section we prove the cohomology class h1 = 71,.[rf] € H'(Aut(F,); H)
gives a canonical decomposition of cohomology groups of Aut(F;,), and discuss the
rational cohomology of Aut(F},) with trivial coefficients.

Recall the homomorphism ¢ : F,, — Aut(F,), v — (¢(y) : 6 — yéy~1) in (2.9).
We have a group extension

F, 5 Aut(F,) 5 Out(F,). (7.1)

Theorem 7.1. Suppose 1 —n is invertible in the ring R. Then we have a natural
decomposition of the cohomology group

H*(Aut(F,); M) = H*(Out(F,); M) @ H* ' (Out(F,); H* ® M)

for any R[Out(F,)]-module M. FEspecially, 7" : H*(Out(F,,); M) — H*(Aut(F),);
M) is an injection.

Proof. We denote by {¢;}I ; C H* the dual basis of {X;}!; C H. From (2.11) we
have N

Fula)) =D 4@ (XX, - X;X)) € H' @ H®,
and so 71 (77 (t(x;))) = (1 — n)X;. Hence

*hy = (1 —n)lyg € HY(F,; H) = Hom(H, H). (7.2)
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The Lyndon-Hochschild-Serre spectral sequence of the extension (7.1) induces an
exact sequence

o — HP(Owt(Fy); M) = HP(Awt(F,); M) = HP=Y(Out(F,); H* @ M) — -+ - .
(7.3)
Here y is the Gysin map, and we have a natural isomorphism H YF,;M)=H*®
M. Consider the contraction map

C:HH' @M —M, YQfom— f(Y)nm.
By (7.2) we have my(h1) = (1 — n)ly € H°(Out(F,); H* ® H), and so
m(C(hy Ur*u)) = (1g+ @ O)(my(h1) Un) = (1= @ C)((1 —n)lyg Uu) = (1 —n)u
for any u € HP~'(Out(F,); H* ® M). This implies the map

1

—nNn

HP Y Out(F,); H* @ M) — HP(Aut(F,); M), ur— . Ckur*(u))

is a right inverse of the map my. Hence the exact sequence (7.3) splits. This
completes the proof. m

We conclude the paper by discussing the rational cohomology of the group
Aut(F,,) with trivial coefficients. Similar results hold for the group Out(F},) because
™ : H*(Out(F,,); Q) — H*(Aut(F,); Q) is injective by Theorem 7.1.

As was shown by Morita [Mo4], we obtain any of the Morita-Mumford classes on
the mapping class group for a surface by contracting the coefficient of a power of the
cohomology class hq in a suitable way involved with the intersection form Hz®* —
Z. Thus the class h; yields rich nontrivial classes in the rational cohomology of the
mapping class group. For details, see also [KM][KM2].

For the group Aut(F},), in contrast, we have

Theorem 7.2.
fo(h®™) =0 € H™(Aut(F,); Q)

for any m > 1 and any GL(Hgz)-invariant linear form f: (Hz" @ A>Hz)®™ — Q.

Proof. We denote by M the GL(H¢)-module Home(Hc* @ A2He, C). Since the
special linear group SL(Hy) is Zariski dense in SL(H¢), we have

Homz((HZ* ® A2H2>®m,Q)GL(HZ) C (M®m)GL(HZ) C (M(X)m)SL(HC)' (74)

First we prove
(M®™YCLH) — 0 if < 2n — 1. (7.5)

Consider the tori

T := {diag(¢1,¢2,---,6n); G €C, |G] =1, 1 <i<n}, and
TO = {dia’g(ChCQ? <o 7€n) € T’ <1<2 e 'Cn - 1}
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in GL(Hc) = GL,(C). The representation ring RT is isomorphic to the Laurant

polynomials
RT = Z[t; 51, t, %, .t FY.

Here t; is the 1-dimensional C[T]-module on which diag(¢i, (2, ..., () acts by mul-
tiplication by (;. Then M is equal to

n

g(t) := (n — 1)Zj:1tj‘1 + Z##k#titj—ltk—l e RT

as a T-module, which is homogeneous of degree —1. A monomial, or a 1-dimensional
representation, h(t) € RT with v; := deg,, h(l) # v; := deg,, h(t) for some i < j is
not Ty-invariant. In fact, diag(1,...,1,¢,1,...,1,{71,1,...,1) € Ty, where  is in
the i-th component, and ¢(~! in the j-th, acts on h(t) by multiplication by ¢¥i~"i.
Hence, if n does not divide m, then g(¢)" has no Ty-invariant part. Moreover,
if m = n, (M®)% is equal to ct; "ty 1---t,7! € RT for some ¢ > 0. But
t1 Mo, 7! is not invariant under the action of diag(—1,1,...,1) € GL(Hz)N
T. This proves (7.5).

Now, if m < 2n — 1, the theorem follows from (7.5). On the other hand, as
was established by Culler and Vogtmann [CV], the virtual cohomology dimension
of Aut(F,) is 2n — 2. Hence, if m > 2n — 1, then H™(Aut(F,);Q) = 0. This
completes the proof of the theorem. m

Igusa [I], Theorem 8.5.3, p.333, proved the homomorphism of reduced cohomol-
ogy N N

H*(GL(Hz); Q) — H*(Aut(Fy); Q)

induced by the abelianization map Aut(F;,) — GL(Hz) vanishes in the stable range
% < 2(n — 1). From Igusa’s result we obtain

Corollary 7.3. The homomorphism
H*(Aut(F,)/[I A, [A,]; Q) — H*(Aut(F,); Q)

induced by the natural projection vanishes in some stable range x < n.

Proof. From Theorem 6.1 we have the group extension
Hyz* @ A*Hy — Aut(F,)/[IA,,IA,] — GL(Hy),
which induces the Lyndon-Hochschild-Serre spectral sequence
EY? = HP(GL(Hz); HY(Hz" @ A*Hz;Q)) = HPY(Aut(F,)/[IAn, [A,]; Q).
In view of a theorem of Borel [B] we have
EY? = HP(GL(Hz); Q) ® HY(Hz* @ A?Hy; Q)9FH2) = ERC @ B

in some stable range p + ¢ < n. From Theorem 7.2, Eg " has no nontrivial contri-
butions in H*(Aut(F,); Q). On the other hand, E2° — HP(Aut(F,); Q) vanishes
for1<p< %(n — 1) from Igusa’s result. This completes the proof. m



30

[AK]

[An]

[Ka3|

[KM1]

[KM?2]

[Ki]

NARIYA KAWAZUMI

REFERENCES

H. Akazawa, Symplectic invariants arising from a grassmannian quotient
and trivalent graphs, Doctoral Dissertation, Okayama University (2005).
S. Andreadakis, On the automorphisms of free groups and free nilpotent
groups, Proc. London Math. Soc. 15 (1965), 239-268.

A. Borel, Stable real cohomology of arithmetic groups II, in: Manifolds and
Lie Groups, Progr. Math. 14 (1981), 21-55.

N. Bourbaki, Groupes et Algébres de Lie, Ch. 2, Hermann, Paris, 1972.
M. Culler and K. Vogtmann, Moduli of graphs and automorphisms of free
groups, Invent. math. 84 (1986), 91-119.

R. Fenn, Techniques of Geometric Topology, London Math. Soc. Lect. Note,
57, Cambridge Univ. Press, Cambridge, 1983.

S. M. Gersten, A presentation for the special automorphism group of a free
group, J. Pure Appl. Algebra 33 (1984), 269-279.

R. Hain, Infinitesimal presentations of the Torelli groups, J. Amer. Math.
Soc. 10 (1997), 597-651.

J. Harer, Stability of the homology of the mapping class group of orientable
surfaces, Ann. Math. 121 (1985), 215-249.

G. Hochschild and J.-P. Serre, Cohomology of group extensions, Trans.
Amer. Math. Soc. 74 (1953), 110-134.

K. Igusa, Higher Franz-Reidemeister Torsion, American Mathematical So-
ciety and International Press, Providence, 2002.

D. Johnson, An abelian quotient of the mapping class group Z,, Math. Ann.
249 (1980), 225-242.

, A survey of the Torelli group, Contemporary Math. 20 (1983),
165-179.

, The structure of the Torelli group, III, Topology 24 (1985), 127—

144.

N. Kawazumi, A generalization of the Morita-Mumford classes to extended
mapping class groups for surfaces, Invent. math. 131 (1998), 137-149.

, Certain cohomology classes on the automorphism groups of free
groups, in: ‘Analysis of discrete groups, II’, Surikaisekikenkytusho Kokyu-
roku 1022 (1997), 35-42. (Japanese)

, Harmonic Magnus FExpansion on the Universal Family of Riemann
Surfaces, in preparation.

N. Kawazumi and S. Morita, The primary approximation to the cohomol-
oqy of the moduli space of curves and cocycles for the stable characteristic
classes, Math. Research Lett. 3 (1996), 629-641.

, The primary approximation to the cohomology of the moduli space
of curves and cocycles for the Mumford-Morita-Miller classes, preprint,
University of Tokyo. UTMS 2001-13 (2001).

T. Kitano, Johnson’s homomorphisms of subgroups of the mapping class
group, the Magnus expansion and Massey higher products of mapping tori,
Topology Appl. 69 (1996), 165-172.

[. Madsen and M. Weiss, The stable moduli space of Riemann surfaces:
Mumford’s conjecture, preprint, arXiv:math.AT/0212321.




[Muy]
[Sal]

[Sa2]

COHOMOLOGICAL ASPECTS OF MAGNUS EXPANSIONS 31

W. Magnus, Beziehungen zwischen Gruppen und Idealen in einem speziellen
Ring, Math. Annalen 111 (1935), 259-280.
, Uber n-dimensionale Gittertransformationen, Acta Math. 64 (1934),
353-367.
, Uber Beziehungen zwischen héheren Kommutatoren, J. reine angew.
Math. 177 (1937), 105-115.
W. Meyer, Die Signatur von Flichenbindeln, Math. Ann. 201 (1973), 239—
264.
E.Y. Miller, The homology of the mapping class group, J. Diff. Geom. 24
(1986), 1-14.
S. Morita, Characteristic classes of surface bundles, Inventiones math. 90
(1987), 551-577.
, Families of Jacobian manifolds and characteristic classes of sur-
face bundles, I, Ann. Inst. Fourier 39 (1989), 777-810.
, Families of Jacobian manifolds and characteristic classes of sur-
face bundles, II, Math. Proc. Camb. Phil. Soc. 105 (1989), 79-101.

, The extension of Johnson’s homomorphism from the Torelli group
to the mapping class group, Invent. math. 111 (1993), 197-224.
, A linear representation of the mapping class group of orientable
surfaces and characteristic classes of surface bundles, in: Topology and
Teichmiiller Spaces (1996), World Scientific, Singapore, 159-186.
D. Mumford, Towards an enumerative geometry of the moduli space of
curves, Arithmetic and Geometry, Progr. Math. 36 (1983), 271-328.
T. Satoh, Twisted first homology group of the automorphism group of a free
group, J. Pure Appl. Alg. (to appear).
, The abelianization of the congruence I A-automorphism group of a
free group, preprint, University of Tokyo. UTMS 2005-1 (2005).
J.D. Stasheff, Homotopy Associativity of H-Spaces, I, Trans. Amer. Math.
Soc. 108 (1963), 275-292.

Department of Mathematical Sciences,
University of Tokyo

Tokyo, 153-8914 Japan

e-mail address: kawazumi@ms.u-tokyo.ac.jp



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS
20057
2005-8

2005-9

2005-10

2005-11

2005-12
2005-13

2005-14

2005-15

2005-16

2005-17

2005-18

Teruaki Kitano and Masaaki Suzuki: A partial order in the knot table.

Yoko Mizuma: Ribbon knots of 1-fusion, the Jones polynomial and the Casson-
Walker invariant.

Yasuyuki Shimizu: On the solution formula of the dirichlet problem for the
Stokes equations in the strip domain.

Fumio Kikuchi and Liu Xuefeng : Determination of the Babuska-Aziz constant
for the linear triangular finite element.

Takao Satoh: New obstructions for the surjectivity of the Johnson homomor-
phism of the automorphism group of a free group.

A. Kh. Amirov: Boundary rigity for Riemannian manifolds.

Sungwhan Kim: An inverse boundary value problem of determining three di-
menstonal unknown inclusions in an elliptic equation.

Yoshihiro Sawano and Hitoshi Tanaka: Sharp mazimal inequalities and com-
mutators on Morrey spaces with non-doubling measures.

Atsushi Matsuo, Kiyokazu Nagamoto and Akihiro Tsuchiya: Quasi-finite al-
gebras graded by Hamiltonian and vertex operator algebras.

Yoshihiro Sawano: Vector-valued sharp maximal inequality on the Morrey
spaces with non-doubling measures.

Yousuke Ohyama, Hiroyuki Kawamuko, Hidetaka Sakai and Kazuo Okamoto:
Studies on the Painlevé equations V, third Painlevé equations of special type
P]]](D7) and P]]](Dg).

Nariya Kawazumi: Cohomological aspects of Magnus expansions.

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153-8914, JAPAN

TEL +81-3-5465-7001 FAX 481-3-5465-7012



