UTMS 2005-14 April 12, 2005

Sharp maximal inequalities
and commutators on Morrey spaces

with non-doubling measures
by

Yoshihiro SAWANO and Hitoshi TANAKA

R

UNIVERSITY OF TOKYO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES
KOMABA, TOKYO, JAPAN




Sharp maximal inequalities and commutators on Morrey
spaces with non-doubling measures

April 7, 2005

Yoshihiro Sawano
Graduate School of Mathematical Sciences, The University of Tokyo,
3-8-1 Komaba, Meguro-ku Tokyo 153-8914, JAPAN
E-mail: yosihiro@ms.u-tokyo.ac.jp
Hitoshi Tanaka'
Graduate School of Mathematical Sciences, The University of Tokyo,
3-8-1 Komaba, Meguro-ku Tokyo 153-8914, JAPAN
E-mail: htanaka@ms.u-tokyo.ac.jp

Abstract
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1 Introduction

The aim of this paper is to establish the sharp maximal inequality for the Morrey spaces
with nondoubling measures. This inequality will be applied to obtain the boundedness of the
commutators.

We denote M as the Hardy-Littlewood maximal operator and M* as the sharp maximal
operator. Then the sharp maximal inequality is the one of the form:

IMfILPRD| < CIMFF|LP(RY)], 1 <p< oo,

which was firstly introduced in [1]. It is well-known that this inequality does not hold without
some integrability assumption. Indeed, let us remark that if we take f = 1 then the inequality
fails. So one assumes that min(1, M f) € LP(R%) or that f € LI(R?) for some ¢, 1 < ¢ < p.

1The authors are supported by the 21st century COE program at Graduate School of Mathematical Sciences,
the University of Tokyo and the second author is supported also by Fujyukai foundation.



In this paper we will also discuss the integrability assumptions in terms of the Morrey spaces.
Before stating our main result, we fix some notations and define some terminologies.

Throughout this paper p will be a (positive) Radon measure on R? satisfying the growth
condition:
w(B(z,1)) < Col™ for all x € supp (1) and I > 0, (1)

where Cy and n, 0 < n < d, are some fixed numbers. We do not assume that p is doubling.
By “cube” @ C R? we mean a compact cube whose edges are parallel to the coordinate
axes. Its side length will be denoted by ¢(Q). For ¢ > 0, ¢ @ will denote a cube concentric to

with its sidelength ¢ £(Q). The set of all cubes @ C R? with positive y-measure will be denoted
by Q(u). We recall the definition of the Morrey spaces with nondoubling measures.

Let k> 1and 1 < ¢ < p < oo. We define a Morrey space M?(k, 1) as

MGk, ) = {f € Ligo(u) : |f | MGk, )]l < o0},
where the norm || f | MPE(k, u1)|| is given by

1

1_
I Mgl = sup k@) ( Iflqdu> . @
QeQ(n)
By using Holder’s inequality to (2), it is easy to see that
L7 (1) = M2k, ) © M2, (k, p) © ME, (k. 1) (3)
for 1 < g2 < g1 < p < 0. The definition of the spaces does not depend on the constant k > 1.
The norms for different choices of & > 1 are equivalent. Nevertheless, for definiteness, we will

assume k = 2 in the definition and denote M (2, i) by MP?(1). More precisely, for ky > ko > 1,
we have (see [8])

k1 —

L1 ME G )| < 1| M2 ks, >||<cd( ) T (1)

Our BMO here is a RBMO (regular bounded mean oscillation) introduced by X. Tolsa [9]
which are the suitable substitutes for the classical spaces. For the definitions and its many
other equivalent norms we refer to [9](Lemma 2.10). We list one of them.

Definition 1.1 ([9] Sections 2.2 and 2.3). (1) Given two cubes @ C R € Q(u), we set
NQ R k
1(2°Q)
=1
+ Z ¢ 2kQ V(okOn’
where Ng g is the least integer k > 1 such that 2¢Q D R.

(2) We say that @ is a doubling cube if (2Q) < 29+ u(Q). We denote Q(u,2) as the set of
all doubling cubes.

(3) Given Q € Q(u), we set Q* as the smallest doubling cube R of the form R = 27Q with
7 €Ng:= {O}UN

(4) We say that f € Lloc( ) is an element of RBMO if it satisfies

o Imal) —ma()
s [ - ma (Dl + s et <o
Q,ReQ(1,2)

1
where mqg(f) = —/ fdup. We denote this quantity by || f||..
M(Q) Q



By the growth condition (1) there are a lot of big doubling cubes. Precisely speaking, given
any point 2 € supp (1) and any cube Q € Q(u), we can find j € N with 2/Q € Q(u,2).
Meanwhile, for p-a.e. z € R?, there exists a sequence of doubling cubes {Qy}s centered at x
with £(Qk) — 0 as kK — oco. So we can say that there are a lot of small doubling cubes, too.

(See [9].)

For f € L}, (1) we define two maximal operators due to Tolsa (see [9]): The sharp maximal

operator M! f(z) is defined as

imq(f) = mr(f)l

Mif(z) =  sup >M /Q F@) = mo-(F)ldu(y) +  sup

2EQEQ(p £€QCR Kor
Q,ReQ(1,2)
and N f(x) is defined as N f(z) := sup  mq(|f|). The following proposition is a sharp

r€QeQ(p,2)
maximal inequality of LP(u) for these operators.

Proposition 1.2. ([9] p124)

(1) Suppose that f € L} (). Then, for y-a.e. x € R4, we have |f(x)| < Nf(z).

loc

(2) Suppose that 1 < p < co. We assume that min(1, Nf) € LP(u) when u(R?) = oo and
that f € L*(p) and [ga fdp = 0 when p(R%) < oco. Then there exists a constant C' > 0
independent on [ such that

INFILP ()| < CIMEFILP ().

Now we state our main results on the sharp maximal inequality for the Morrey space M{;(,u).

1
loc

Theorem 1.3. Suppose that1 < ¢ < p < co. Then, forany f € L
C > 0 independent on f such that

(), there exists a constant

INSIMEN < C (IMEFIME()| +I1F [ME () -

It is known that N : MP?(u) — MP(u) is a bounded operator (c.f. [8]).

Notice that we can use Theorem 1.3 for any locally integrable function f. This is the
advantage of this new sharp maximal inequality. In showing the L?(u) boundedness of some
linear-operator T one often has to assume that T is LP(u) bounded on the set of bounded
functions with compact support. Combining with the following theorem, we can recover the
usual sharp maximal inequality with an even weaker and unified assumption.

Theorem 1.4. Suppose that 1 < g < p < co and there exist an increasing sequence of concen-
tric doubling cubes Io C Iy C ... C Iy C ... such that

lim my, (f) =0 and | I, = R%. (5)
k

k—o0
Then there exists a constant C > 0 independent on f such that

IF IME ()l < C | MF | Mb()]l-

Corollary 1.5. Suppose that 1 < ¢ < p < oo and the cube I} satisfies (5). Then there exists a
constant C' > 0 independent on f such that

INFIME < C|MFf | ME ()]



As for this kind of approach in the case of LP(R%), N. Fujii obtained a result in the different
context [2].

Remark 1.6. It would be interesting to restate Theorem 1.3 in the case of the Lebesgue space
LP(dz). Notice that if 4 = dx then M* f(x) is equivalent to the usual one in [1]. Applying our
result with 4 = dxr and 1 < p = ¢ < 0o, we have a norm equivalence

17127 (da)] ~ <||Mﬁf|Lp<dx>||+ sup (015 | Ifdw> ®
QCR4 Q

for all f € L} (dz).

loc

As an application of Theorem 1.3 we obtain the boundedness of commutators.

A commutator is an operator of the form [a,T]f(x) = a(z)T f(x) — T(af)(x), where a is a
function and T is a bounded operator. The classical results say that [a,T] is L?(dz) — LP(dx)
if @ € BMO and T is a Carder6én-Zygmund operator and LP(dz) — L?(dx) if a €BMO and T is
a fractional integral operator, where p and ¢ are a suitable pair. Fazio and Ragusa [5] extended
these results to the classical Morrey spaces. Our results and precise definitions will be given
later (Section 4).

2 Preliminaries

The letter C' will be used for constants that may change from one occurrence to another.
Constants with subscripts, such as C7, C5, do not change in different occurrences. We will
assume that the large constant Cp in (1) has been chosen so that the following estimate holds :

1(Q) < Col(Q)", for all Q € Q(u).

Lemma 2.1. The following properties hold :

(1) Let Q € Q(n) and j € N. Then we have Kg 2o < 1+ Coj.

(2) Let Q C R € Q(u) be concentric cubes such that there are no doubling cubes of the form
27Q, j >0, with Q C 22Q C R. Then we have Ko p <1+ 2C.

(3) Let Q € Q(p) and oo > 0. Suppose that, for some ¢ > 0,
a<u2’Q)<ca, j=01,...,J.

o0
Then we have Kg 919 <1+ cCycp, where ¢, := Z 27,
=0

Proof. The assertion (1) is clear. We prove (2) firstly. Putting N = Ng g, we shall estimate

N .
Kor=1 Q)
en =142 gy

The growth condition (1) implies d — n > 0. And the assumption and the definition of the
doubling cubes imply

2 u(27Q) < p(211Q).



This observation yields
12N Q) N i
K <1 2" < 1+ 2C
Qr <1+ ooy ;:1 ) <1+ 200,

Next we prove (3). It follows by the assumption that

Kqiq

J
o .

27" <1+cCycp.
Q" E::O ’

MK

<1+c

The following lemmas will be needed in Section 4.

Lemma 2.2. Suppose that 1 < g<p<oo,0<a<nandl/s=1/p—a/n>0.
(1) For all f € MF(u), a €RBMO, Q € Q(u) and x € Q, we have

RN2Q

|z —y[n—e

“llalllLf [ ME ()]

(2) Forall f € Mb(n), Q € Q(i) and x € Q, we have

/R %dﬂw)we(@)— p(u)ll-

A\2Q lz —y

To prove this lemma we need the John-Nirenberg lemma for RBMO due to Tolsa.
Lemma 2.3. ([9] Corollary 3.5)

(1) Let a eRBMO. For any cube Q € Q(u), we have

o € Qllate) ~ mo- (@] > 2} = € (3Q) exp (— ). a>o0

(2) For all1 <r < oo, the following norm is equivalent to ||al|..
1
mgo —mp
sup ( / a(y) — ma- ()" da(y >> b sy [Mmezrnl
QEQ(n QCR QR
Q,ReQ(p,2)

Proof of Lemma 2.2. We will tackle the first assertion, the second one being similar. An ele-
mentary calculation yields

n

— /OO loe—n—l dl = C —,
lz—y]| ‘13 - y|n @

where y 4 is the indicator function of a set A C R%.

/ XB(z0) (Y )la Ll
0



This and Fubini’s theorem lead us to

/ [(mg-(a) —a(y)) f(y)| duly)
R%\2Q

|z —y[n—e

/ [(mq-(a) —a(y)) fF()I ,
R4\ B(z,6(Q)/2) |z —y|n—e

C (/OOO XB(anl(ma-(a) — a(y)) f(y)] - 1*7! dl) du(y)

RANB(z,£(Q)/2)

- C /0 (l“” /B(ac,l)\B(z,e(Q)/2) (ma-() = a(y))f(y)ldu(y)> N

e /°° {l (/ |a<y>—mQ*<a>|q’du<y>>
£(Q)/2 B(x,l)

<

w(y)

A

" ( / If(y)quu(y)> } i,
B(z,l)

1 1
where — + — = 1. It follows from the growth condition (1) that
q q

()3 / flrde | <ClFIMEG).
B(z,l)

By using this estimate we have

R4\2Q |z — y|n—e

< clrmgl [ (z—?—l <l1 L |a<y>—mQ*<a>|q’du<y>> )dz.

We shall estimate the right-hand side of this inequality by using Lemma 2.3 (2).

Let k be the least integer satisfying 2¥Q O B(x,1). Then we have by the growth condition

1
7
1

1 ¢ ?
(ln L, o) = me- @) du(y)>
1 y v
e (M( g . kQ|a<y>me*<a>| du@))
((u 55Q) QkQ la(y) = mrq)- (@)|7 dply ))

1 < |m(2kQ)*(a) —mg-(a)|
C Ko+ (9r0)» 7/ la(y) — mroy-(a)|? du(y) +
@nerQ) ((M (%QkQ) 2kQ @Q) KQ*,(sz)*

< CKq- arg)- llall«

1
7

Q

IN

+ [marg)-(a) — mQ*(a)|)

IN

It follows from Lemma 2.1 (1) and (2) that



Thus, we obtain

/ |(mg-~(a) — a(y)) f(y)] duly)
R4\2Q |z —y[n—e

< Cllall Mgl [ (mog
20Q)/2

< Q) * lall |l f | ME(u)]-
This is what we desired. O]

l
m)/z) .

For f € L}, (1), k> 1 and 0 < o < n, a fractional maximal operator M f(x) is defined as

loc

o fa) m N
B . VP

z€QEQ(p

We will denote M? by M,. As for the boundedness of this operator on the Morrey spaces, the
following lemma is known.

Lemma 2.4. [8] Suppose that kK > 1, 0 < aa < n, 1 < ¢ < p< oo, 1 <t < s < o0,
1/s=1/p—a/n and t/s = q/p. Then we have

M IME ()| < CNLF MG

3 Proof of Theorems 1.3 and 1.4

3.1 Proof of Theorem 1.3

In this section we shall prove Theorem 1.3 by using a good-A inequality for the Morrey
spaces.

Let Qo € Q(u) and f € L}, (u). For the time being we shall fix them. We define Qy and
Q; as

Qy = {Re€9(i,2)| R meets Qo and is not contained in 8Q) },
Q1 = {ReQ(p,2)| R meets Qp and is contained in 8@ }.

We also define A as A := sup mg(|f]) which will be a key to our arguments.
ReQo

Lemma 3.1. Suppose that X > A. Then, for all € > 0, there exists C; > 0 such that for any
sufficiently small § > 0 we have

pl € QoI NJ() > (14N MEf() <03} < 22 it € 8Q0 | Nf(2) > A,

The proof is standard and similar to those of Tolsa [9] except for the argument involved
with A. Fix € > 0 and choose § > 0 sufficiently small. We set

Ex:={x€Qo|Nf(zx)> (1+e)\, M*f(x) <A} and Q) := {z € 8Qq | Nf(x) > \}.

For all z € E, we can select a doubling cube @, > x that satisfies Q, € Q1 and mg, (|f]) >
(1 +¢/2)A. By replacing larger one, if necessary, we may assume that mg(|f]) < (1 +¢&/2)A



for any cube @ with 2Q, C @ € Q;. Let S, = (4Q.)*. We claim that if § is small enough we
have mg, (|f|) > A. Indeed, using Lemma 2.1 we see that K¢, s, < C and noting M*|f|(z) <
CoM?* f(x) we obtain that

ms, (If]) = mq, (If]) = Imq, (If]) = ms, ([f)] = (1 +&/2)A = C C26A > A.

Thus, we have
Sy € Q1 and (1+¢/2)A > mg, (|f]) > A (7)

In particular, S, C Q) for all x € E) and sup ¢(S,) < occ.
reFE

By Besicovitch’s covering lemma there exists a countable subset {z;};c; C E\ such that

Exc | 8., and Y xs, < Caxo,. (8)
JjeJ JjeEJ

To simplify the notation, we write S; = S, and Q; = Q,,. Now we claim the following:

Claim 3.2. If § is small enough, then we have
(o) .
pu(S;NEy) < 7/1(5']») foralljeJ.

Accepting the claim, we finish the proof of the lemma. By using this claim and (8) we have

C Cyo
9

p(EX) <> pu(S;NEy) < %5 > ou(s)) < 11(S0).

jeJ jeJ

Thus, the proof is over modulo the claim.

Proof of Claim 3.2. Let y € S; N E\. There exists a doubling cube R, > y that satisfies

1
R, € Qi and mp, (|f]) > (1 +e)A. If L(R,) > gﬁ(Sj), then we have 64R, D S; D @, and
KRy,(64Ry)* S C. Hence,

(1+¢e/2)A > mgar,)-(If]) = mr, (If]) = Imar,)«(If]) = mr, (D] = (1 +)A = CCA.

Hence, if § < S Cse, we have ((R,) <

e £(S;). Thus, if § < Cse, we have

1
8

N (X%ij> (y) > (1 +e)Aforall y € S;NE,.
From (7) we obtain that

N (ngj(f - msj(f))) (y) > eX/2 for all y € S; N E\.
It follows by using the weak-(1,1) boundedness of N that

1(S; N Ex)

< w{ye RN (x35,(/ = ms, (1)) 0) > e/2}
1)~ ms, ()] duty).

€A Jgs;



Noting that

55 oo W) - ms ()
8 M1/ gsj
= Iu(lig)/g)s |f(y)_m(gs])*(f)|dﬂ(y)+ M(ss,) (f) —ms;(f)] < C6A,
8 ~J P

we see that

Proof of the theorem. Tt is clear that instead of considering [N f|MP(u)|| directly, we have
only to estimate

q

L
[NfIME32, 1)L == ng; )M(32Q)5_5 (/ QA {z € Q| Nf(x) > /\}d/\> , L>24A,
cQ(p 0
HQ)<L

with constants independent on L. Note that this quantity is finite because of the growth
condition (1).

Let Qo € Q(p) and £(Qo) < L. Using Lemma 3.1 with ¢ = 1 and ¢ > 0 sufficiently small,
we see that
1 L q
5 ([ e € Qo NF@) > Ay ax
0

Q=

L/2
(/ QT pu{x € Qo | Nf(x) > 20} dA)
0

1
q

IN

. L/2
w(Qo)s A+ </A QA pu{z € Qo | Nf(x) > 20} d/\)

1
q

IN

. L2
1(Qo)s A+ (/A gA p{w € Qo | Nf(x) > 2\, MFf(x) < 6A} dA)

1
q

L/2
+ </ QT u{r € Qo | Nf(x) > 2, Mﬁf(x)>5/\}d)\>
A

Q=

IN

L
Qo) 7 A+ <015/0 Az € 8Qo | N f(z) > A} d)\>

1

q

+ (/00 G\ u{x € Qo | MFf(x) > 5/\}d)\>
0

. : q
- u<Q0>éA+<cla / qu‘lu{wGSQole(m)>/\}d)\> . (/ (M”f)qdu>
0 Qo

L i L
= 1(Qo)t A+ Cyede (/ qu‘lﬂ{x€8Q0|Nf(;v)>)\}d)\> +07! (/ (Mﬁf)qdﬂ>

0



Hence, we have obtained the following estimate

1
q

L
% (/0 gA e € Qo | Nf(x) > A} d)\>

1

L i L
= w(Qo)" A+Cradu (/ g\ {x € 8Qo | N f(z) > )\}d/\> 4671 (/ (MFf)? du>
0 Qo
(9)

Divide equally 8Q into the 16¢ cubes Qi,Qs,..., Q¢ with their sidelength equal to
2(Qo)/2. Noting that 32Q; C 32Q), we have

1

1(32Q0)» "7 < u(32Q,)7 4, forall j =1,2,...,16%. (10)
We have also by the assumption p < ¢

1

11
#(32Q0)7 "7 < p(Qo)’
Multiplying u(32Q0)%_% to the both sides of (9) and using (10) and (11), we obtain that

\3\»—‘
=

~q. (11)

1
q
1

L
e (/0 gA T e € Qo | Nf(x) > A} dA)

< plQo)F A+16%4(C18) 7 | NI ME32, )1 + 071 MEFIMEGB2, ). (12)
Lastly, we note that if R € Qp, then R € Q(u,2) 2R D Qo and,hence, u(Qo) < C p(R).

‘G\'—'

5 1(32Q0)

From this we see that M(Qo)% mgr(|f]) < Cu(R / |f] du for all R € Qp and hence
M(Qo)% A< C|f| MY (u)]|- Choosing ¢ small enough, we obtain that

INFIMEB2, )l < C (IMFFIMEEB2, )| + 1 f [ME (W) -
This proves the theorem. O

3.2 Proof of Theorem 1.4

In this section we prove Theorem 1.4. Let R € Q(u). We shall estimate pu( 2R / |f] dp.
It follows by Lemma 2.1 and Hélder’s inequality that

pR)E [ 1fldn

< u@R)F / ( . / F) = ma-( )|du(y)+|mR*(f)m(zR)*(f)|> dy

n(3R)
+ 2R)? [mp)-(f)]
1 |mR* (f) — M2R)* (f)|
<  Cu@2R)» <# GR) /If —mp-(f)dp(y) + Kge (2R)" )d“
+ (QR) \m(2R) 1)l

IN

C | MEFIMEA/3, 1) + w(2R)7 [mary-(f)]-

10



So we shall concentrate ourselves on estimating the second term :

1

p(2R)?» |m(2R)* ()I- (13)

We choose a cube inductively. Let Ry = (2R)* and R; = (2R;_1)*, j = 1,2,.... Let d be
the distance between the center of Iy and that of R. We select Ky € N so big that ¢(Rg,) > 2d
and there exists some I, such that Rg, C Ix,, Rx,+1 ¢ Ik, and

p2R) 7y, (f)] < |MFf | ME()].

This is possible since f is not identically equal to a nonzero constant by assumption. Then
simple geometric observation shows that Rx, C Ix, C Rxk,+3, and hence,

Ky 1, < K

I, = B RiqIky+3

<c. (14)

We put for i =0,1,...
i ={j € NoN[0,Ko]|2°u(2R) < u(R;) < 2 u(2R)} .
Discarding all empty sets, we obtain a sequence 1 < iy < iy < ... < ik, < Ky such that

Jik #@, k:1,2,...,K2 and that Jl:(blfl¢ {’il,...,iK2}.

Set a(ir) := min j and b(ix) := max j. From Lemma 2.1 we see that
Jj€Jiy, J€Jiy,
KRa(q:k),Rb(z:k) < C and KRb(ik)uRa(ik+1) <

This implies that
1
pRY (I, (F) = iy (O sy (F) = M (D))
< C27F W(Ragiy) 7
« / <|mRa(ik) (f) - mRb(ik) (f)‘ + |mRb('ik) (f) - mRa(ik+1) (f) ) dlu
Raiy) a(igy1)

KRa(ik)aRb(ik) KRb(ik)aR

R

C27 % ||MEf | ME ().

1
q

IN

(Mﬁf)"du>

a(ig)

IN

From (14) we also have

1 _ K3
HRR)Y (1M, (F) = M, (D] + e, (F) = e, (F)]) < €275 |MEF | ME()]|.
Using the triangle inequality to (13), we have

u(2R)7 [meapy- (f)|
Ko—1

< 1R (Imng () = iy, D+ Imag,, (F) = miag,, ()

k=1
+ 1R {(Imn,y,, () = M, (D + I, (F) = mie, (D) + e, (D1}

This and above inequalities imply the desired inequality:

W2R)T [meap)-(f)] < C | M f| ME ().

11



4 An application to commutators

Definitions and known results In this section we list some definitions and known results
needed to state our commutator theorems.

Definition 4.1. ([4] p466) The singular integral operator T is a bounded linear operator on
L?(u) with a kernel function K that satisfies the following three properties :

(1) For some appropriate constant C' > 0, we have

K (z,y)] < |x_c (15)

yl™
where n is a constant in the growth condition (1).

(2) There exist constants € > 0 and C > 0 such that

|K(z,y) — K(z,y)| + |K(y, ) = K(y,2)| < C | — 2|7

(3) If f is a bounded measurable function with a compact support, then we have

Tf(z) = o K(z,y)f(y) du(y) for all x ¢ supp (f). (17)

Definition 4.2. ([3] Definition 3.1) For o with 0 < a < n, we define a fractional integral
operator 1, by
/)

Inf(x) = /Rd Z—ye du(y),

where n is a constant in the growth condition (1).

It is well-known that T is a bounded operator on LP(u) if 1 < p < oo (see [4]) and I, is a
bounded operator from LP(u) to L (pu) if 1 <p < g<ooand1l/qg=1/p—a/n (see [3]). In [§]
it is also proved that T is a bounded operator on /\/lg(u) if 1 <g<p<ooand I, is a bounded
operator from MPb(u) to M;(u) if

1<g<p<oo, 1<t<s<oo, 1/s=1/p—a/nandt/s=q/p. (18)
In what follows we introduce the commutator results for these operators.

Proposition 4.3. ([9] Theorem 9.1) Suppose that a €RBMO. Let 1 < p < oo and T be a
singular integral operator with associated kernel K. Then

[a,T]f(z) := lim (a(z) — a(y) K (z,y) f(y) du(y)

e70 |a—y|>e
defines a bounded operator on LP(u).

Proposition 4.4. ([6] Theorem 1) Suppose that a ERBMO. If0 < a <n, 1 <p<q< oo and
1/g=1/p—a/n, then

(a(z) — a(y))

|z — y[n—e

[a, I,]f(z) := lim

e—0

f(y) du(y)

|z—y|>e

defines a bounded operator from LP(u) to L9(u).

12



Main results In this section we shall extend Propositions 4.3 and 4.4 to the Morrey spaces.

Theorem 4.5. Suppose that a € RBMO. Let 1 < q < p < oo and T be a singular integral
operator with associated kernel K. Then

[a, T]f () := lim (a(z) — a(y)) K (z,y) f(y) du(y)

can be extended to a bounded operator on M¥(1).

Theorem 4.6. Suppose that a € RBMO. If the parameters satisfy (18), then
(a(x) — a(y))

|z — y[n—e

[a,I,]f(z) := lim

e—0

f(y) du(y)

lz—y|>e
can be extended to a bounded operator from MPb(u) to M3 (p).
In Appendix we consider another type of commutators. The proof of Theorem 4.5 will be

somehow easier than that of Theorem 4.6. Firstly we will prove Theorem 4.6 and we add a
remark to the proof of Theorem 4.5.

To prove the theorem we need the following pointwise estimate of [a, I,]f. The definition
and the estimate are due to Sawyer and Wendu [6].

Definition 4.7. ([6] p1291) Let 0 < v <n and @ C R € Q(p). Then we set

QJQ l1—a/n
ne it Z (f5ar)

and we define the corresponding sharp maximal operator by

o 1 mqo(f) —mg(f
M5 f(z):= sup 3 /\f (Nl du(y) + sup Ime( )(a) R( )|
z€QEQ(1 5 z€EQCR KQ R
Q,ReQ(1,2) ’

Let us remark that all the theorems on M*, especially Theorem 1.3, are still available even
if we replace M* by Mb.

Lemma 4.8. ([6] p1293) We have for almost u-every x € supp (u)
(M0, L] ) (@) < Clall, (Mg, f(2) + (Mg Lo f)(@) + Lol f1(2) ) -

Proof of Theorem 4.6. Let u > 1 be an auxiliary constant such that 1/u = 1/g—a/n. Applying
Theorem 1.3 with the boundedness of I, and lemmas 2.4 and 4.8, we have only to prove

Ila, L] f IMI()] < CI[f [MEG()]]-
This can be reduced by (3) to
a, L] f I MG ()| < CNLF T MG

Let us remark that u < ¢.
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Fix a cube Q € Q(u). We decompose f € M¥(u) according to 2Q: We put fi = xaqf and

f2 = X2q)-f- We shall estimate
1
l,L %
s u (/ |a I ( )> .

Along this decomposition it suffices to estimate

ii(/mz fir(@) dp(x ))i and p(4Q)% i</|al fa(@)|" dplx ))

respectively.

1
u

The estimate of the first term is over by Proposition 4.4 :

= ( / o Ll ) )

< 1@ ([ fa i@l au))”
< CpQ)th (/Q ran)’
< ClfIMEw-
So that we shall estimate the second term. We see that for z € Q
@, Ia] f2(2))|
|(a(@) — a(y))f(y)|
= /Rd\2Q |z —y|n— lv)
|(a(x) —mq-(a)) f(y)] |[(mg-~(a) — a(y)) f(y)]
= ¢ (/Rd\zQ |zg — y[*~ dly) + /Rd\QQ |z —y|"—« du(y)) ’

where zg is the center of Q). The growth condition (1), Lemma 2.2 (2) and Lemma 2.3 (2) yield

. (a@) = mo-@) f)l , Y\
p(4Q) (/Q (/R R P = du@)) an >>

Q) ( / (ale) — mg- (a)]" d#(ﬂ:)) . . m{ ?La auly)
Cllallu || M2 ()]l

The growth condition and Lemma 2.2 (1) yield

[(ma- (@) = a(y)) f(v)] Y e ,
#(4Q) (/Q (/R T P du(y)> dau( >> < Cllall. £ | M5 ()]l

Thus, the estimate of the second term is finished. Putting these estimates all together, we have
the desired. O

g =

IN

Proof of Theorem 4.5. We adopt the same notation in the previous proof. By using Proposition
4.3 and

<C |(a(z) — a(y)) f ()]

I[a,T]fz(x)|=/ (a(x) — a(y)) K (z,y) f(y) du(y)| < — du(y),
R4\2Q RA\2Q |z — yl

14



which follows from (15) and (17), the proof is the same as Theorem 4.5. O

5 Appendix

Self-improvement of Theorem 1.3 Theorem 1.3 has a self-improvement by using Theorem
1.4, if u(RY) < o0.
Theorem 5.1. Suppose that 1(RY) < oo and that the parameters are the same as in Theorem
1.3. Then we have

LF T MEG)]| ~ (1F | L ()| + | MEF | ME ()]

Remark 5.2. Since pu(R?) is finite, we have L'(y) C M%(x). Thus this theorem is somehow
stronger than Theorem 1.4, if p is finite measure.

Proof. All we have to prove is that
IF I MBI < CULFIL ()| + ClIME f | M ()],

the converse inequality being trivial. So that we may assume that the right-hand side is finite.
In particular we may assume that f € L'. In this case the function f — mga(f) satisfies the
assumption of Theorem 1.4. So that we have

I1(f = mga(f)) | ME(u)| < CIME(f = mga(f)) [ M ()] = [|MFF | ME ().
This estimate readily yields || f | ME(p)|| < C|If | L ()] + C||Mf| M () |- O

Another boundedness of the commutator on Morrey space Finally we consider an-
other commutator with Lipschitz function and singular integral operator 1" or with Lipschitz
function and fractional integral operator. Shirai [7] considered a commutator with b € A, and
T and proved the boundedness of [b, T] with Lebesgue measure. The same proof also holds in
our nonhomogeneous space. For completeness we supply the proof.
Theorem 5.3. Assume that the parameters satisfy that

p s 1 1 a+vy

l<g<p l1<t<s, —=-, —=-—
q t s p n

, 0<a<n, 0<y<1

Suppose that a continuous function b satisfies
[b(z) = b(y)| < Clz —y[” (19)
for C'> 0. Then we have [b, 1] is bounded from MPb () to M3 (p).

Proof. In fact we have by triangle inequality
[0, 1] f (z)| < Clagq f(2). (20)

Thus we have, using the boundedness of I,4~, we have the desired result. O

Theorem 5.4. Assume that the parameters satisfy that

1 1
1<g<p 1<t<s, Bzf, ,:,_17 0<y<I1.
q t s p n

Suppose that b is the same function as in the previous theorem. Then [b,T] is bounded from

ME(p) to Mg ().

Proof. Similar to the previous theorem, using the boundedness of I,. O
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