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NEW OBSTRUCTIONS FOR THE SURJECTIVITY OF THE
JOHNSON HOMOMORPHISM OF THE AUTOMORPHISM
GROUP OF A FREE GROUP

TAKAO SATOH

ABSTRACT. In this paper we construct new obstructions for the surjectivity of
the Johnson homomorphism of the automorphism group of a free group. We
also determine the structure of the cokernel of the Johnson homomorphism for
degree 2 or 3.

1. Introduction

Let F,, be a free group of rank n > 2 and F,, = T',,(1), I',,(2), . .. its lower central
series. We denote by Aut F,, the group of automorphisms of F,,. For each k > 0,
let A,,(k) be the group of automorphisms of F;, which induce the identity on the
quotient group F,, /T, (k + 1). Then we have a descending filtration

Aut B, = A,(0) D A, (1) D A, (2) D -+

of Aut F},. This filtration is introduced in 1963 with a remakable pioneer work by
S. Andreadakis [1] who showed that A, (1), A,(2), ... is a descending central series
of A, (1) and each graded quotient gr*(A,) = A,(k)/A,(k + 1) is a free abelian
group of finite rank. He [1] also computed that rankz gr®(As) for all & > 1 and
rankz gr?(Ajz), and asserted rankz gr3(As) = 44. But in Section 5, we show that
gr3(As) = 43. Moreover, by a recent remakable work by A. Pettet [16] we have
rankz gr’(A,) = $n?(n? — 4) + In(n — 1) for all n > 3. However, it is difficult to
compute the rank of gr¥(A,,).

Let H be the abelianization of F,, and H* = Homgz(H, Z) the dual group of H.
Let £, = @,~,Ln(k) be the free graded Lie algebra generated by H. Then for
each k > 1, a GL(n, Z)-equivariant injective homomorphim

TE grk(.An) — H'®z Ln(k+1)

is defined. (For definition, see Section 2.) This is called the k-th Johnson homo-
morphism of Aut F},. The theory of the Johnson homomorphism of a mapping class
group of a compact Riemann surface began in 1980 by D. Johnson [7] and has been
developed by many authors. There are many remarkable and variable results for
the Johnson homomorphism of a mapping class group. (For example, see [6] and
[14].) However, the properties of the Johnson homomorphism of Aut F,, are far
from being well understood.

Our main interest of this paper is to determine the structure of the cokernel of
the Johnson homomorphism 7 as a GL(n,Z)-module. For k = 1, there is well
known fact that the first Johnson homomorphism 7y is an isomorphism. (See [9].)
For k > 2, the Johnson homomorphism 73 is not surjective. In fact, A recent
remarkable work by Shigeyuki Morita indicates that there is a symmetric product
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S*Hq of Hq = H®zQ in the cokernel of 7, q = 7 ® idq for each k > 2. To show
this, he introduced a homomorphism

Try : H*®z Lo (k+1) — S*H,

called the trace map, and showed that Trp vanishes on the image of 75 and is
surjective after tensoring with Q for all k > 2.

The trace maps are introduced in the 1993 with almost simultaneous work by
Morita [13] for a Johnson homomorphism of a mapping class group of a surface.
He called these maps traces because they were defined using the trace of some
matrix representation. Morita’s traces are very important to study the Lie algebra
structure of the target H*®z L,, = Der(L,,) of the Johnson homomorphisms. Here
Der(L,,) denotes the graded Lie algebra of derivations of £,,. Morita conjectured
that for any n > 3, the abelianization of the Lie algebra Der(L,,) is given by

Hy(Der(£Y)) ~ (Hy®zAHq) © (D S*Hq)
k>2
where £ = £,,®z Q and the right hand side is understood to be an abelian Lie
algebra. Recently, combining a work of Kassabov [8] with the concept of the traces,
he [15] showed that the isomorphism above holds up to degree n(n — 1).

The subgroup A4,,(1) is called the IA-automorphism group of F;, and denoted by
ITA,. The group IA, is the kernel of the natural map Aut F,, — GL(n,Z) which
is given by the action of Aut F,, on H. To study the structure of A, plays very
important roles in the study of that of Aut F,,. W. Magnus [11] showed that I A,
is finitely generated for all n > 3. However, it is not known whether I A,, is finitely
presented or not for any n > 4. For n = 3, by a remakable work by S. Krsti¢ and
J. McCool [10], it is known that TAg is not finitely presented. On the other hand,
the abelianization of I A, is given by

TA ~ H*®zA*H
as a GL(n,Z)-module. (See [9].)
Now let A’ (1), AL (2), ... be the lower central series of I A,, = A, (1) and gr*(A.,)

the graded quotient of it for each & > 1. In Section 2, we define a GL(n,Z)-
equivariant homomorphism
gt (AL) — H*®z Ln(k+1)

which is also called the k-th Johnson homomorphism of Aut F,,. It is conjectured
that Coker 7, = Coker 7, for k > 1. It is true for 1 < k < 3. In fact, A, (1) = A, (1)
by definition. We have A, (2) = A} (2) from the result stated above. (See [9].)
Moreover, Pettet [16] showed A, (3) = A, (3). Hence, Cokert; = Cokery for
1<k <3.

In this paper, we construct new obstructions of the surjectivity of the Johnson
homomorphism 7;,. Let us denote the tensor products with Q of a Z-module by
attaching a subscript Q to the original one. For example, Hq = H®z Q, Eg(k) =
L, (k+ 1)®z Q. Similarly, for a Z-linear map f : A — B we denote by fq the
Q-linear map Aq — Bq induced by f. Our main result is

Theorem 1.
(1) A¥Hq C CokerT,’c’Q for odd k and 3 < k < n.
(2) Hg’lkiz] C CokerT,Q’Q for even k and 4 <k <n—1.

k—2
Here A*Hgq denotes the k-th exterior product of Hq, and Hg’l I denotes the
Schur-Weyl module of Hq corresponding to the partition [2,1%72].
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In order to prove this, in Section 3, we introduce homomorphisms defined by

Tr[lk] = f[lk] o @]f : H*®Z£n(k + 1) — AkH,

TI‘[2’11<—2] = (ZdH X f[lk—l]) o ‘I)IQC : H*®Z£n(k =+ 1) — H®zAk71H

and show that these maps vanish on the image of the Johnson homomorphism 7.
Since these maps are constructed in a way similar to that of Morita’s trace Try, we
also call these maps traces.

In Section 5, we determine the GL(n, Z)-module structure of the cokernel of the
Johnson homomorphism 7 for 2 and 3. Our result is

Theorem 2. We have GL(n, Z)-equivariant exact sequences
0 — gr’(A,) = H*®z L,(3) — S?H — 0
and
0 — grey(An) =2 HE®z L(4) — SPHq @ A°Hq — 0
forn > 3.

Thus we have

Corollary 1. Forn > 3,

rankz gr’(A,) = En(3n4 —7n? —8).
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2. Preliminaries

In this section we review some basic facts. First, we note that the group Aut Fj,
acts on Fj, on the right. For any o € Aut F,, and « € F),, the action of o on z is
denoted by z°.
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2.1. Commutators of higher weight.

In this paper, we often use basic facts of commutator calculus. The reader is
reffered to [12] and [3], for example. Let G be a group. For any elements = and y
of G, the element

cyz—ly~1
is called the commutator of 2 and y, and denoted by [z, y]. In general, a commutator
of higher weight is recursively defined as follows. First, a commutator of weight 1
is an element of GG. For k > 1, a commutator of weight k is an element of the type
C = [C1, (3] where C} is a commutator of weight a; (j = 1, 2) such that a1 +as = k.
The weight of the commutator C'is denoted by wt (C) = k. The commutator which
has elements g1, ..., g: € G in the bracket components is called the commutator in
the components ¢y, ..., g;. For elements ¢1,...,g; € G, a commutator of weight k
in the components g, ..., g; of the type

[[ o [[gi17gi2]agi3]a T ]7g’ik]a Z] S {17 R 7t}
with all of its brackets to the left of all the elements occuring is called a simple
k-fold commutator and is denoted by

[gi17g’i2a U 7gik]'

For each k > 1, the subgroups I'¢(k) of the lower central series of G are defined
recursively by
I'c(l) =G, Tgk+1)=[alk),G.

We use the following basic lemma in later sections.

Lemma 2.1. If a group G is generated by g1, ..., gt, then each of the graded quo-
tients Tq(k)/Ta(k + 1) for k > 1 is generated by the cosets of the simple k-fold
commutators

[gi17gi2a'--7gik]7 ije{l,...,t}.

Now, for each k > 1, let I';,(k) be the k-th subgroup I'g, (k) of the lower central
series of a free group F,, of rank n and gr¥(T',,) its graded quotient I',, (k) /T, (k+1).
We denote by gr (I',) = @,~,er*(T,) the associated graded sum. Then the set
gr (T',) naturally has a structure of a graded Lie algebra over Z induced from the
commtator bracket on F;,. Let H be the abelianization of F;, and £,, = @~ Ln (k)
the free graded Lie algebla generated by H. It is well known that the Lie algebra
gr(T',,) is isomorphic to £,, as a graded Lie algebra over Z. Thus, in this paper,
we identify gr (I'y,) with £,,. For any element « € T',(k), we also denote by z the
coset class of z in £, (k) =T, (k)/Tn(k +1). Let T(H) be the tensor algebra of H
over Z. Then the algebra T'(H) is the universal envelopping algebra of the free Lie
algebra £,, and the natural map £,, — T(H) defined by

X,Y]—» XQY -Y®X

for X, Y € £, is an injective Lie algebra homomorphism. Hence we also regard
L, (k) as a submodule of H®* for each k > 1.

2.2. TA-automorphism group.

The kernel of the natural map Aut F,, — GL(n,Z) which is given by the action
of Aut F,, on H is called the TA-automorphism group of F,, and denoted by IA,,.
Let {z1,...,2,} be a basis of a free group F,,. Magnus [11] showed that IA,, is
finitely generated by automorphisms

To Ty TaT,
Kab :
. —a, (t#a)
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and
1

Ta > ToTpTeXp T,
Kabc :
xy —xe, (t#£a)

for any distinct a, b and ¢ € {1,2,...,n}. It is known that the abelianization I AP
of the IA-automorphism group is free abelian group with generators K, for distinct
a and b, and K for distinct a,b,c and b < c¢. More precisely, if we denote by
H* = Homgz(H,Z) the dual group of H, we have a GL(n,Z)-module isomorphism
TA ~ H*@7A%2H. (For details, see [9].)

2.3. The associated graded Lie algebra.

Here we consider two descending filtrations of IA,,. The first one is {A,(k)},~,
defined as above. Since the series A, (1), A, (2), ... is central, the associated graded
sum gr(A,) = @,-,8"(A,) naturally has a structure of a graded Lie algebla
over Z induced from the commutator bracket on A,(1). For each k > 1, the
group A, (0) = Aut F,, naturally acts on A, (k) by conjugation, hence on gr*(A,,).
Since the group A, (1) = IA, trivially acts on gr¥(A,), we see that the group
GL(n,Z) ~ A,(0)/A,(1) naturally acts on gr*(A,).

The other is a usual lower central series A/ (1), A.(2), ... of TA,(1). Let
gr¥(AL) = Al (k)/ Al (k + 1) be the graded quotient for each k > 1. Similarly the
associated graded sum gr(A},) = @,,8r*(A,) has a structure of a graded Lie
algebra structure on Z. Moreover, each graded quotient gr¥(A’) is a GL(n,Z)-
module. We remark that A, (k) = A, (k) for 1 <k < 3 as mentioned in Section 1.
From Lemma 2.1, for each k > 1, the graded quotient gr®(A’ ) is generated by (the
cosets of) the simple k-fold commutators in the components K, and Kgpe.

2.4. Johnson homomorphism.
Here we define the Johnson homomorphism of Aut F;,. For each &k > 1, let
T+ Ap (k) — Homg(H, £, (k 4+ 1)) be the map defined by

(1) o (z—x tz%)

for 0 € A, (k) and x € H. Then the map 73 is a GL(n, Z)-equivariant homomor-
phism and the kernel of 7 is just A, (k+1). Hence, identifying Homgz (H, £, (k+1))
with H*®z L,,(k + 1), we obtain an injective homomorphism, also denoted by 7,

7 gt (An) — H* @z L, (k +1).

This homomorphism is called the k-th Johnson homomorphism of Aut F;,. Sim-
ilarly, for each k > 1, we can define a GL(n, Z)-equivariant homomorphism 7, :
Al (k) — Homgz(H, L, (k+1)) as (1). Since A/, (k + 1) is contained in the kernel of
7;,, we obtain a homomorphism, also denoted by 7,

o gt?(A) — H*®z Lo (k +1).

We also call the map 7, the Johnson homomorphism of Aut F,.

Let {x1,...,x,} be a basis of F},. It defines a basis of H as a free abelian group,
also denoted by {x1,...,2,}. Let {z%,...,2%} be the dual basis of H*. For any
o€ A (k), if we set s;(0) :=z; 2 € L,(k+1) (1 <i<n) then we have

(o) =(0) = > _a} @ si(0) € H*@zLn(k+1).
i=1

Let Der (L) be the graded Lie algebra of derivations of £,,. The degree k part of
Der (£,,) is expressed as Der (£,)(k) = H*®zL, (k). Thus we sometimes identify
Der (£,) with H*®zL,. Then the Johnson homomorphism 7 = @, 7 is a
graded Lie algebra homomorphism. In fact, if we denote by do the element of
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Der (£,,) corresponding to an element 0 € H*®zL,, and write the action of do on
X € £,, as X9 then we have

n

(2) (o 7]) = a7 @ (5i(0)7 = s:(1)%7).

i=1
for any o € Al (k) and 7 € A/, (I).

3. The contractions

Fork>1land1<I<k+1,let gaf : H* @7 H®K+1) _, g®k L6 the contraction
map defined by

x;‘ ®zj Q- ®xjk+l — x:‘(x]l) T Q- @y, ®sz+1 Q- ®xjk+1'
For the natural embedding (*+1 : £, (k 4+ 1) — H®*+1  we obtain a GL(n,Z)-
equivariant homomorphism
OF = pf o (idp- @ 1Y) H* @z L, (k4 1) — H®F,
We also call the map Q)f contraction.

Here we introduce one of methods of the computation of ®F(z} ® C) for a com-
mutator C' € L, (k + 1) in the components z1,...,2,. In this paper, whenever we
compute @f (xf ® C), we use the following method. First, if z; does not appear
in the components of C, then @f(mf ® C) = 0. On the other hand, if x; appears
in the components of C' m times, then we distinguish them and write such z;’s as
Tiyy- .., 4, in C. Then ®F(zf @ C) is given by rewriting z;,,...,2;,, as z; in

m
> of(x;, @ C).
j=1

Thus it suffices to compute ®F(z} @ C) for a commutator C' which has only one
x; in its components. Now, C is written as [X,Y] for some commutators X and
Y. Rewriting the commutator C' as —[Y, X] if x; appears in Y, we may always
consider C' = +[X,Y] such that z; appears in the components of X. By a recursive
argument, we have C' = £[z;,C1, ..., C] where each C; (1 < j < t) is a commutator
of weight d; and dq +--- + dy = k.

Lemma 3.1. For a commutator [z;,C1,...,Ct] € Lp(k+1) as above,
(2 @ [25,C1,...,C]) =C1® -+ ® C.
Proof Since C; does not have x; in the components, we have
Ok (zr @ [24,C4,...,C)) = ®F (2} @ [x:,C1,...,Ci1] @ Cy)
N2 @ Cy @ [x4,C1, ..., Ci1]),
= OF(xf @ [25,Ch,...,Ci 1] @ Cy).
Thus by a recursive argument, we have
O} (o] @ [2:,C1y o, Gl = C1 @ ©Cr. O
Lemma 3.2. For a commutator [z;,C1,...,Ct] € L,(k+1) as above,
L (x7 @ 14,04, .., C])

= - Z Ci®wC1® 010011 Q- QC.
wt (C;)=1



SURJECTIVITY OF THE JOHNSON HOMOMORPHISM 7

Proof In
Ok (x} @ [24,04,...,C)) = ®5 (2} @ [x:,C1,...,Ci1] @ Cy)
- @g(x;" ®Ct & [x4,Ch,...,Ciq]),
if wt (Cy) > 2, the last term of the right hand side is equal to zero. On the other

hand, if wt (Cy) = 1, it is equal to —C; ® C1 ® - - ® C;_1 from Lemma 3.1. Thus,
by a recursive argument, we have Lemma 3.2. [J

Let T(H) = @k21H®k and S(H) = @kZPSkH be the tensor algebra and the
symmetric algebra on H respectively. Then the kernel of a natural map T(H) —
S(H) is a graded ideal of T'(H), and denoted by I(H) = @k21fk(H). For each
k > 2, let U, (k) be the GL(n, Z)-submodule of H®* generated by elements type of

[A,B] =A®B-B®A
for Ac H®* Bc H® and a +b = k. If we put U, = D> 1Un(k), then U, is the
kernel of the abelianizaton T(H) — T(H)®" as a Lie algebra. We have
L,(k) C U, (k) C I*(H) c H®".

3.1. The image of ®} o 7.
Here we prove

Proposition 3.1. Forn >3 and k > 2, Im (®} o 7]) C U, (k).

It suffices to check that the image of any simple k-fold commutator ¢ in the
components K, and Ky is in Uy, (k). We have

(o) =Y 27 @ si(0).
i=1

In general, each s;(0) € L,(k + 1) can not be uniquely written as a sum of com-
mutators in the components z1,...,z,. In this paper, each s;(o) is recursively
computed in the following way. First, for 0 = Kyp., we can set

Sa(Kabe) = [Tby Te], $t(Kape) =0 if t#a.
For 0 = K3, we see that
1 gt if t=
xt—1xg _ [z 2y ] 1 a,
1 if t#a

in F,. Since [z;, 2, '] = [24, 2] in L£,(2), so we can set

Sa(Kap) = [Ta, ), st(Kap) =0 if t#a.
Next, if 0 = [1, K] for k-fold simple commutator 7, following from (2), we can set
si(0) = 5i(1) 75 — 81 (Kap)T

for each 4. Furthermore, since a commutator bracket of weight [ is considered as a
[-fold multilinear map from the cartesian product of I copies of £,,(1) to L, (1), we

can also set
a(i)

si(0) =Y _(=1)%rCip

p=1
where e; , = 0 or 1, and C;;, is a commutator of degree k + 1 in the components
Z1,...,Zn. Similarly, we can set s;([7, Kape]) for o = [1, Kupe|. Here we show the

computation of 7/, (o) for some o € A} (k)/ A, (k+1) for example. For distinct a, b, ¢
and d, we have
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T (Kb, Koac]) = 75 @ ([0, 23]) 750 — 5 @ ([0, )2,

=24 @ [Ta, [Ta, xc]] = 25 @ ([0, 2], 7]

and
75 ([Kab, Kpacs Kad]) = 5 @ ([24, [xavxC]])aKad — 2 @ ([[za, xb]vxC])aKad
— 2, © ([2q, wq]) Ve Koee],
=z, @[Ta, za], [Ta, 2c]] + 24 @ [0, [[Xa, Ta], zc]]
=z © [[[xa, a], 2], 2]
— 25 @ [[%a, [Ta, Tc]], Td]-
Now, for the convenience, for every t € {1,...,n}, if each C; , has z; in its com-

ponents ((i,p, t) times, we distinguish them and write such z;’s as 4, , . .. Tt
in C;,. We denote by C;,, the element C;, whose componets are distinguished
as above. If we denote by q)’f(x;‘q ® Cip)y the element of H®* which is given by

rewriting s, , ..., ey, , ) S Tt in @’f(qu ® C; ) for all t, then we have
n a(i) B(i,p,i) B
3) ®fori(o) =) > (1) D ¥(af, @ Cip)s.
=1 p=1 g=1

Then Proposition 3.1 follows from

Lemma 3.3. Let k be an integer greater than 1. According to the nmotation as
above, for each i, p and q, we have
(i) @f(z}, @ Cip)y =0,
(i) Q)’f(xz‘q ® Cip)y = X; a commutator of weight k in Ly (k)
or
(iii) There exist some j, p' and ¢’ such that (4,p',q") # (i,p,q),
(1)@ (a7, © Cip)y = A ® B,
(~1)5r B (@}, © Cp)y = FB® A
where A € H®", B € H® and p+v = k.

Proof We use induction on k. For k = 2, the result follows. In fact, let us
consider o = [Kap, Kpqc] for example. Then we have
07 o 75(0) = B} (2} © [2a, [2a, zc]]) — BT (2} @ [[2a, 23], ),
= (b%(le ® [Ta, , [xawxc]])u + ‘P?(x; ® [Ta, 5 [xaza%]])h
— &3 (25 @ [[Tar z6], 2],

= [T, Te] — T @ To + To @ Te.
Hence we obtain the required result in this case. Similarly we can check for the other
simple 2-fold commutators in the components K, and K,p.. The computations
are left to the reader for exercises. Assume k& > 3 and the result follows for &k — 1.

Let o be a simple (k — 1)-fold commutator in the components K, and Kype. First,
for 7 = K, we consider [o,7]. Then set

n a(i)

Thoa(0) =YY @i @ (1) Cyy.

i=1 p=1
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Here we also set 71(7) = ¥ ® [z, 2p] and distinguish @’ and ¥ from any a and b

which appear in C; ,, for any ¢ and p respectively. In general, for any [ € {1,...,n},
we have
n o(i) B(i,p,i) B(i;p,a)
<I)k o7.([o, T]) ZZ )eip Z Z <I>k Jc ® C’a(x“'®[x " xb']))h
=1 p=1
a(a) B(G,P a)
+ Z(_ €a,p Z (I)k a’ ® Ca(l’ [z ’@b’]))h
p=1 r=1
B(b,p,a)
+ 3 YT efap @y, ),
p=1 r=1
) o(a) B(a,p,a)
- Z(_l)ea’p Z q’f(xf;, ® [Capr 2]y
p=1 r=1
a(b) B(b,p,a)
=) (1) Z Of (@) @ [xar, Chp))g
p=1

a(b)

- Z 1)@ (2% © [2ar, Cop)):

Here we consider the case where [ = 1. First we consider each term of the last
sum. Since

V(22 @ [2ar, Cpp))y = Cop € Lo (k)
from Lemma 3.1, it satisfies (ii).
Next, we consider each term of the first sum. By the inductive hypothesis, we
=0 al sTp! . =~ . .
have (I)k(x ® C (e Blzar 2y ]))h = 0 if C;;, does not have z,, in its components,
P~ l(ﬂczq ® Cz,p)h =0 or i, = a,. Suppose C;, has z,, in its components. If

(I)kfl(x* ® Cip)y is a commutator X of weight k and i, # a,, then we have

OF (z} ®CB(I ®[x“"xb']))h is a commutator X ?(a, ®[=a2v]) of weight k+1. Suppose
(— )ew’fI)]lC l(fcz‘q ® Cip)y = +A® B for some A € H®, B € H® and p+v =k,
and the element x, which corresponds to z,, appears in A. If we consider the
element A’ € H®#F! given by A substituting [z,, 3] into 2, which corresponds to
Zq,, then we have

(L@t (el, © O ) = 24 0 B
On the other hand, by the inductive hypothesis, we have
(=) &~ 1( ®ij)h—:FB®A

for some 7, p’ and ¢’. Hence there exists some 1’ corresponding to r and we have

_0 Zl® al Tyt
( )Jpl¢k( ®C(x7‘ [3j xb])

a J.p’

)h = :FB®A/.

Thus in this case, (iil) yields. Similarly we have the required result in the case
where the element z, corresponding to x,, appears in B.

Now, for any 7 (1 < r < 8(a, p, a)), if we rewrite C, ,, as £[a,, X1, ..., X;] stated
as above, we have

z, ®I 13Tyt *
B (@ Cly = Oy, = 20 (el © ([, 2] Xa, - X)),
=ty @X1 Q- @ Xy)y
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and
O () @ [Cap, V] = £ (25, @ [[ar, X1, Xi], p])y
=+(X1®-- QX ®aw)y.

This shows

-1 ei’p(I)k Cd(;car®[x 15y]) d — (=1 ei’p(I)k * Cw

(=D rdi(zy, ® ); an (1) @Y (z;, ® [Cap, zv])y
satisfy (iii). Similarly we see

e * =0 13Tyt e % _
(~1)rr@b(ay @ Oy ) and - — (<1 @kl © [rw, Co ).

also satisfy (iii).
By an argument similar to above, we can also obtain the required result for
7 = Kape. This completes the induction. [J

3.2. The image of ®5 o 7.
Here we prove

Proposition 3.2. Forn >3 and k > 3, Im (95 o 7)) C HRzU, (k — 1).

For each i, pand ¢ in (3), if C;  has z;,, rewriting C , as [z, D}, ... ,ng’p’q)]

we have,

‘1’1507%( ® Cip)
= Y FD,eDl,e @D teDi e DY),
wt (D} )=1
Set T(Cip) := {t|wt (D},) = 1}. If C;,p does not have z; or T(C;,) = 0 then
Ok (z} L ® Ciply=0. If T(C;p) =1 and v(i,p, q) = 2, then
Of(a; ©Cip)y =+2, @ Z € HOg Lo(k — 1)
for some commutator Z of weight £ — 1. Then Proposition 3.2 follows from

Lemma 3.4. Let k be an integer greater than 2. According to the notation above,
for each i, p and q, we have
(i) Cf'i,p_ does not have z;, or T(C;,) =0,
(11) T(Ci,p) = 1 and ’Y(Zapv q) = 2;
or B
(i) For each t € T(C;p), there exist some j, p', ¢ and ¢, (j,p',¢,t') #
(1,p,q,t), such that if we set

X = ;(—1)6’%?(D? ®D.1 . DV(’?P’G)) "

Y = F(—1)% (Dt ®D31p'® ®D7( 3> ,q))
then X +Y =0 or
X=142,3 A®B, Y=Fz;, B A
where A€ H®, Be€ H® and p+v =%k — 1.

Proof We use induction on k. For k = 3, the result follows. The computations
are reft to the reader for exercises. Assume k > 4 and the result follows for k — 1.
Let o be a simple (k — 1)-fold commutator in the components K, and Kype. First,
for 7 = K we consider [0, 7]. Then set

n a(i)

T ( ZZm ® (—=1)%2C; p.

=1 p=1
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Here we also set 71(7) = ¥ ® [z, 2p] and distinguish @’ and ¥ from any a and b
which appear in C; , for any ¢ and p respectively. B
Now we consider (4) for [ = 2. First, since T'([x},Cpp]) = 0, each term of the
. . . =0 1Ty
last sum satisfies (i). For each term of the first sum, since C’if“T@[% wl
if C;, does not have z,,, so we may assume C;, has z,, in its components. If

iq = a, then the element C, Oea, Blwar o)

If 7(C;,) = 0, then T(cd(” By _ 0. 18 T(6y,) = 1, 4(i,p,g) = 2 and
@g(qu ® Cip)y = ta5 ® Z for some commutator Z of weight k — 1 then we have

Oz}, ®lzyr,zpr]) 0 if s= Ay,
5z @ C = )
(SC )h {ixs ® ZB(%,,@[%MWD if s 7& .

also does not have ;. Suppose iy, # a,.

So we see that each case above satisfies (i) or (ii). For T(C;,) = 1 and (i, p, q) > 3,
or T(C;,p) > 2, we have

* ®Ca(9c [z, /,xb/]))h

7,

= X FCner(Dl,e e D) el
wt (D! )=1, D! #za,

(1)@ (e

Set
L ip t 1 £ Y(EP, NI (2h ®[xyr
X'=F(-1)° (Di,p® (D}p® - @D "), ol xb])>u'
By the inductive hypothesis, for X = :F( 1)¢»(D},® D} ,® o ®ng’p’q))h, there

exists Y := F(—1)%» (Dt @D} ,® - ®D7( iw'a )) for some j, p’, ¢’ and ¢’ such
that X +Y =0, or X = ixs®A®B andY Tz, ® B® A for some A € HO*,
B € H® and p+v =k — 1. By an argument similar to that in Lemma 3.3, we
have

Y=g (-1)% (D1t & (D}y® " D1 ))B(IZT’Q@[%“WD)
h?
for some suitable r’ corresponding to 7 such that X’'+Y’ =0, or X' = +2,0 A’® B’
and Y’ = Fo,® B'® A'. Here A’ € H®"' | B' ¢ H®" and p' +v' = k.
Finally, for any v (1 < r < B(a,p,a)), if we rewrite Cyp as t[ay, X1,...,X,]
stated as above, we have
Az} [z, r,xy
@2( a’®c e b]))h
_:t(I)k( [[xa’vxb/] le”'?Xu])ha
—={ ¥ enexeleX)) T oo - oX,),
wt (X¢)=1
and
—®3 (w7, ®[Caps 2v])s
= :F(I)g(xzr ® [[xar?Xl’ .- '7X ] xb/])h
= i{ Z (X, @ X1® -+ ®Xy ® T )4 }i(mb/ QX1 ® - ® Xy
wt (X¢)=1
Hence we see that each term of the equations above satisfies condition (iii). Similarly

we can show that each term of ®5(z}, ® C’l?(x Bl '/’xb/]))h and (2} ® [zar, Cop))y

satisfies (iii).
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By an argument similar to above, we can also obtain the required result for
7 = Kape,- This completes the induction. [

4. The trace maps

In this section, using the contractions defined in Section 3, we define a homo-
morphism called the trace map which vanishes on the image of the Johnson homo-
morphism. Here we use some basic facts of the representation theory of GL(n,Z).
The reader is referred to, for example, Fulton-Harris [5] and Fulton [4].

For any k > 1 and any partition A of k, we denote by H* the Schur-Weyl
module of H corresponding to the partition A of k. Let f\ : H®* — H> be a
natural homomorphism. In this paper, we mainly consider the case for A = [k] or
[1¥]. The modules H* and H [1*) are the symmetric product S¥H and the exterior
product A*H respectively. Using the natural map £ : £, (k) — H®* we denote
fury 0 15(C) by C for any C € L, (k).

Lemma 4.1. For any commutator C' of weight k > 3, C=0inA*H

Proof We use induction on k. For k = 3, the result is trivial. Assume k& > 4 and
C = [C1, (4] for commutators C7 and Cy. Then

C=CinGs—GonG.
Set wt (C1) = a, wt (C2) = b. Then a + b = k. If either a or b is even, the result is

trivial. If both a and b are odd, since k > 3, we have 3 < a < kor 3 <b < k. By
inductive hypothesis, we have C' = 0. This completes the induction. [J

Lemma 4.2. For 1 < k < n and any commutator C of weight k + 1 in the
components x1,...,xT, except for x;, there exists an element o € Al (k) such that

(o) =2 @ C € H*®zL,(k+1).

Proof We use induction on k. For & = 1, considering K., the result holds.
Assume k > 2 and C = [C, Co] for commutators C; and Cz. Moreover we may also
assume wt (C1) > wt (Cy). Since k > wt (Cy) > wt (C2) and wt (C1) + wt (Cs) =
k+1> 3, we have wt (C2) < k — 1. Set a = wt (C1) and b = wt (Cy). For any z;
which appears in C1, by the inductive hypothesis, we have two elements o1 € A’ (b)
and oo € A/ (a) defined by

m(01) = 2] ® [25,Co] and 7, 4(02) = 2} ® C1.
Then, setting o = [01, 02], we obtain 7/,(0) = z} ® [C1,Cs]. This completes the
induction. [J

4.1. Morita’s trace (Trace map for S*H).
Here we consider the map
Ty = f[k] o (I)lf TH'®zLn(k+1) — SkH.
By definition, this map coincides with the Morita’s trace Try. For n > 3 and k > 2,
Morita defined the trace map Try using the Magnus representation of Aut F,, and
showed that Try vanishes on the image of 7. By a recent remakable work, he
showed that Ter is surjective. Hence we have

Theorem 4.1. (Morita) Forn >3 and k > 2,
S*Hgq C Coker 7y,q.
Corollary 4.1. Forn >3 and k > 2,

rankg(Coker (7)) > (" k= 1).

k
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4.2. Trace map for AFH.
Here we consider the map
Trpge) i= fu 0 ®F : H*@zLn(k + 1) — AV H.
Theorem 4.2.
(1) For 3 <k <n, Tryyx) is surjective,

(2) Im (Trpxy(k) o 1y) = 0 if k is odd and 3 < k < n,
(3) Im (Trpey(k) o)) = 2(AFH) € ARH if k is even and 4 < k < n —2.

Proof For 3 < k < n, considering

x: ® [xivlevxivx]é s 71"jk—1] € H*®Z£n(k + 1)

for distinct ¢, j1,...,jk—1, we have
Trpwy (27 @ [T, T4y, Tis Ty -+, Ty, ]) = =3 Axjy A- Ay,
Similarly
Trps (2] @ ([0, 25, ], [T, 25 ] T -+ 2, ]) = —d@i Axgy A Ay

Thus a generator x; Azj, A---Azj,_, of A*H is in the image of Triyxy. This shows
(1).
For an odd integer k, let us consider an element
[X,)Y]=XQY -Y®X cl,(k)
for X € H®* Y € H®" and a + b = k. Since k is odd, either a or b is even. Hence
S (X Y]) = fua) (X) A fuo (V) = Saey (V) A fe) (X)

= f[la] (X) A f[lb] (Y) - f[l“] (X) A f[l”] (Y)
=0.

Since U, (k) is generated by the elements type of [X,Y] as above, the map fj;x
vanishes on U, (k). Hence we obtain (2) from Proposition 3.1.

For an even integer k, Im (Tr(;x(k)o7/,) C 2(A*H) is shown by a similar argument
as above. Thus it suffices to show Im (Trpx (k) o 74,) D 2(A*H). From Lemma 2.1,
there are o1 € A}, (k — 1) and o3 € A/, (1) such that

Tllc—l(al) = xfl ® [$i27$j17 ce- ’xjk—l] and T{(UQ) = J);; ® [xil’xjk]
for distinct i1,42,71,...,4k € {1,...,n}. Then
Tr[1’“] ° Tllc([alvUQ]) = f[lk](xjk QTj Q- QTjp_, —Tj & QT , @ xjk)’

=T NTjy N Ny, — Ty N NTy N T,

= —2.23j1 N NTj, .

Since 2(A*H) is generated by the elements 2z, A--- A xj, , we have Im (Trpx) (k) o
) D 2(A*H). This completes the proof of (3). OJ

Corollary 4.2. For an odd k and 3 <k < n,
A*Hgq C Coker 74 q.

Corollary 4.3. For an odd k and 3 < k < n,

rankz (Coker (1)) > (Z)
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4.3. Trace map for HZ1"77,
Here we consider the map
Trpy 152 = (idy @ fiity) 0 @8 : H'®@zLy(k+ 1) — HozAM ' H.
Let I be the GL(n, Z)-submodule of H®zA* 1 H defined by
I=(x®@z1 N ANzka ANy+yQ®@z1 A~ Azk—a Az | x,y,2 € H).
Theorem 4.3. For an even k and 4 <k <n—1,

(1) TnTrd ) (k) = Iq,
(2) Im (Tr[2,1k71](k) o T],c) =0.

Proof For any distinct 4, ji,.. ., jk, considering
xf ® [:L‘i,le » Lja s [xj3axj4]v SRR [xjk—17xjk]] € H*®Z‘Cn(k + 1)a
we have
Tr[2,1’“-2] (@} ® [&ir Ty, T [Tga, Tjals - [Ty T3 ]])

k—2
= _ZT(le X Tj, /\mj4 ARRE Ny, /\xjk /\xb
+ i, @xip ANy Ao ANz, ANz, ATy

Hence, ImTrg 1k,2](k) D Iq. To prove Im Trg 1,€,2](k) C Iq, it suffices to show

that the image of the element z} ® [x;,C1,...,C] € H*®@zL,(k+1), where x; does
not appear in the componets of each of Cj, is contained in Iq. From Lemma 3.2,
we have

Trig 1r-2) (27 ®[zi, Ch, . .., i)

=~ Y CGeCiA- AT AT A AC
wt (Cj)=1

If wt (Cj) > 3 for some j, the right hand side is equal to zero from Lemma 4.1.
Hence we may assume wt (C;) < 2 for all j. Write the C}’s satisfying wt (C;) =1

as Cj,,...,Cj,. Then [ is even and we have
Tr[271k_2] ((E,T ® [l‘i, Ci,..., Ct])
1/2 . .
k—2 —~ R s —
= _QTZ(C].S @Cy .-l . ANCLAC,,,
s=1

+Cj.y ®6’\1/\... Je e "'/\a/\CjS)
S IQ.
This shows (1).
Let us consider
rR[X,Y]=20 (XY -Y®X)e€ HRzU,(k—1)
for X € H®* Y € H® and a+b =k — 1. Since k — 1 is odd, either a or b is even.
Thus
(idg @ fle-1))(z @ [X,Y]) = 2 @ (fl1e)(X) A fl2o)(Y) = fruo)(Y) A fraep (X))

=2 @ (fl1a)(X) A o) (Y) = flua)(X) A frue(Y))
=0.

Since HRz U, (k — 1) is generated by the elements above, the map idy ® Tk

vanishes on H®z U, (k — 1). Hence we obtain (2) from Proposition 3.2. O
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Now we have Hq®zA* ' Hq ~ Hg’lkiz] ®A*Hq from the representation theory
of GL(n,Z). For even k, since Iq is contained in the kernel of a natural map
HQ®ZA’“_1HQ — AkHQ defined by @ y1 A+ Ayg—1— T Ay1 A+ Aygp—1, we
have Iq ~ Hg’lkﬁ].

Corollary 4.4. For an even k and 4 <k <n—1,
2 /
Q C Coker 7, q-

Corollary 4.5. For an even k and 4 <k <n—1,

rankg(Coker (1)) > (k — 1)(”‘}51).

5. The cokernel of the Johnson homomorphism 7, for £ =2 and 3

5.1. the case for k£ = 2.

In this subsection we consider the case where n > 3. From Theorem 4.1 and
rankgz (Coker (73)) = (”H) by Pettet [16], we have a GL(n,Z)-equivariant exact
sequence

0 — gy (Ay) =% Hy®z L(3) — S Hg — 0.
In this subsection we show that the exact sequence above holds before tensoring
with Q. Here are some examples of commutators of degree 2 in the components
Kup and Kgpe and their images by the Johnson homomorphism 7».

(C1): [Kap, Kae|, i ® [[Ta, Te], xp] — 22 & [[Ta, 2], T,

( ): [ ab acd] [[l‘c, J,‘d] ]

(CS) [ ab abc] [[xbv xc] ]

(04) [ aby Kbac] [:L'a, [(Ea, LECH - (EZ & [[:L‘a, xb]; xc]v

(C ): [ abcy Kbad] [[xa; xd] ] - (EZ & [[xbv xc]; xd]a

(C6):  [Kabe, Kpacl, ® [[Ta, Tc], Te] — T, ® [[2b, zc], wc]-
Theorem 5.1. Forn > 3,

0 — gr’(A,) = H*®zL,(3) — S?H — 0
is a GL(n,Z)-equivariant exzact sequence.

Proof First, we note that for any element § € H*®zL,,(3), we also denote by §
the coset class of it in Coker 7o. For any i,p,q,r € {1,...,n} and p # q, set

a;i(p,q,7) ==z ® [[Tp, T4], zr] € Coker .

From (C2) and (C3), we have a;(p,q,r) = 0 for p, g, # i. From Jacobi identity,
we have
ai(p, ¢, 1) = —a;(i,p, q) + ai(i, g, p).
Hence, from (C1), a;(p,q,i) = 0 for p,q # . Since a;(p,q,r) = —ai(q,p,r), from
(C1) we can set

ai(q,r) = a;(i,q,7) = a;(i,r,q) = —ai(q,i,7) = —a;(r,i,q)
for q,r # i and ¢ # r. Moreover, from (C5) we can also set a(q,r) := a;(q,r) for
g # r. Similarly, from (C4) and (C6), we can set a(p,p) := a;(,p,p) = —ai(p,i,p)
for i # p.

Let A be the free abelian group generated by the elements a(p,q) for p < gq.
By the argument above, Coker 7, is isomorphic to a quotient group of A as an
abelian group. On the other hand, since the rank of the free part of Cokerms is

in(n+1) from Corollary 4.1 and rankz(A) in(n+1), we see that Coker 75 must
be isomorphic to A. Considering the action of GL(n Z) on A, we verify A ~ S?H.
This completes the proof of Theorem 5.1. [J
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5.2. the case for k£ = 3.

Next we compute the cokernel of the Johnson homomorphism 73, for n > 3
using the fact that Coker 3 = Coker 7. We use commutators of degree 3 in the
components K., and Kgpe:

(C1-1): [[Kab, Kacls Kbal, (C1-2):  [[Kap, Kac), Kpe],
(01'3): [[Kalh Kac]7 Kba]7
(C3-1): [[Kab, Kabel, Keab), (C3-2): [[Kab, Kave], Keals
(03'3): [[Kab7 Kabc]; Kbad]7
(C4_1) [[Kaba Kbac]; Kac]a (04—2) [[Kab, Kbac]7 Kba];
(C4_3) [[Kaba Kbac]; ch]v (04—4) [[Kab, Kbac]7 Kabc];
(C4‘5): [[Kabv Kbcw]a Kcab]a (04‘6) [[Kaba Kbac], Kca],
(04'7): [[Kab7 Kbac]a Kab]a (C4'8) [[Kalh Kbac]7 ch];
(04'9): [[Kab7 Kbac]; Kad]-
Here are a few examples of their images by 73:

(C1-1): @ @ [[wa, xc], [20, @a]] — 25 @ [[Ta, [75, Td]], ],

(C3-1): a3 ® ([, [Ta, 2]], 2] — 27 @ [[[w0, ], 28], 28],

(C4_1)’: {E:; ® ch’ [(Ea, xCH’ xa] + LEZ ® [[{EC, xa], [l‘a, (ECH + LEZ & [[xba [l‘a, xc]]v xc]

-2 @ [[[xe, Ta), Tal, Te)-

Theorem 5.2. Forn > 3,
0 — grey(An) =% HE@zLQ(4) — SPHq @ A*Hg — 0
is a GL(n,Z)-equivariant exact sequence.

Proof As before, for any element 6 € H*®zL,,(4), we also denote by 0 the coset
class of it in Coker 73. For any ¢,p,q,7,s € {1,...,n}, set

Gi(}?; q,T, S) = (E: & [[[xpvxq]vxr]vxs] if p # q,
bi(pa q,T, S) = (E: ® [[xpa xq}a [mra (ES]] if p # q and 7 # S

in Coker 73.

First, from Lemma 2.1, we have a;(p, ¢,7,s) = 0 and b;(p, g, r, s) = 0 for distinct
i,p,q,7 and s. Substituting X = [xp, 4], Y = z. and Z = x, into Jacobi identity

(5) [[XaY]aZ]+[[ZaX]aY]+[[sz]aX]:07

we see (C1-1)’ is equivalent to =% ® [[[xp, Za], ), ¥o]. Thus ai(p,q,r,i) = 0 for
i,p,q and r. Similarly a;(p,q,q,i) = 0 for p,q # 4 from (C1-2), and hence
a;(p,q,p,1) = —ai(q,p,p,i) = 0. Substituting X = [z.,2z,], Y = 2, and Z = =z,
into (5) we have [[[x., Za], Zc], Za] = [[[Tc,s Ta], Za], ®c]. Thus (C4-1)’ is equivalent
to a2} ® [[[xe, o], xp), c]. This shows ai(p,q,4,p) = 0, and hence a;(p,q,t,q) =
—a;(q,p,i,q) = 0 for p,q # i. Similarly, from (C4-2), we have b;(i,p,p,q) = 0 for
p,q #i.

Next, from (C3-1)’, we have a;(i,p,p,p) = a;(j,p,p,p) for distinct ¢,j and p.
Thus we can set

6(1’) = ai(ivpapvp) = _ai(paiapvp)'

If n > 4, from (C4-4) we have a;(¢,p,q,q) + ap(q,p,p,q) = 0 and a;(j,p,q,q) +
ap(q, p,p,q) = 0 for any distinct ¢, 7, p and ¢q. So a;(¢,p,q,q) = a;(j,p,¢,q). Hence
for n > 3 we can set

ﬂ(pv Q) = ai(iapv q, Q)
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for distinct p and ¢q. Then we can show that
a;(i, p,i,p) = B(i, p),
a;i(i,p,p,1) = B(i, p),
ai(i,p, i,4) = B(p, 1),
ai(i,p,p,q) = B(q,p),

from (C4-4), (C3-2), (C4-6) and (C4-5) respectively. Furthermore, considering the
Jacobi identity obtained by substituting X = [z;,z,], Y = x4, and Z = z,, into (5),
we have
ai(ivpa Q7p) = ﬂ((bp)
Thus we also have a;(p,4,4,p) = —5(i,p), ai(p,i,p,i) = —5(4,p) and so on.
Now set
B(p,q.1) = ai(i,p,q,1) and v(p,q¢, i) = ai(p, q,i,1)
for distinct 4, p and ¢. Clearly, v(p,q,7) = —v(q,p,r). We have
ai(i,p, 4, q) = B(i,q,p) — (i, q,p)
from (C4-7) and considering the Jacobi identity obtained by substituting X =
[zi,xp], Y = 2; and Z = z, into (5),
(6) ai(i,p,1,q) = B(p,i,q) —v(p,i,q) — B(p, 4, 9).
On the other hand, we see ((p,q,r7) = B(r,p,q) from (C1-3), and considering
bi(i,p,4,q) = —bi(4,q,4,p) and (6), we have v(p, q,7) = v(r,p,q). Then from (C4-8),

we have B(p,q,7) — B(p,7,q) = v(r,q, p).
Finally, if n > 4, for distinct 4, p, g and r, we obtain

ai(i,p,q,7) = B(p,q,7),
ai(p, q,i,v) = (p.q,7),
bi(p,q,1,7) =(p.q;7)
from (C3-3), (C4-9) and (C4-3) respectively.
Let B the free abelian group generated by the elements
B(p,q,r) forp<q<r,
B(p,q) forp#q,
B(p) for any p
v(p,q,r) forp<gq<r.

By the argument above, we see CokerTs is isomorphic to a quotient group of
B as an abelian group. On the other hand, from corollaries 4.1 and 4.3, and

rankz B = (";‘2) + (%), we see that Coker7s must be isomorphic to B. To

consider the structure of Coker7s as a GL(n,Z)-module, we define a GL(n,Z)-
homomorphism ¥ : H*®zL,,(4) — S*H @ A*H by

w = (Tl"[g] (w) y TI‘[13] (w) )

Then from Theorem 4.2 and the argument above, we see Im(73) = Ker(¥). On the
other hand, since we have

U(a;(i,p,q,7)) = (Tp - Tq - T, Tp ANTg A Ty),
\I/(ai(pv q, ia T)) = (07 _2x;ﬂ A Zq A xr)v
VU q is surjective. This completes the proof of Theorem 5.2. [J
Corollary 5.1. Forn > 3,

1
(7) rankz gr’(A,) = En(3n4 —n?* - 8).
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In particular, substituting n = 3 into (7), we have rankz gr®(Az) = 43.
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