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THE MAGNUS REPRESENTATION FOR THE GROUP OF HOMOLOGY
CYLINDERS

TAKUYA SAKASAI

ABSTRACT. We define and study the Magnus representation for homology cylinders generalizing
the work of Kirk, Livingston and Wang [KLW] which treats the case of string links. Using
this, we give a factorization formula of Alexander polynomials for three dimensional manifolds
obtained by closing homology cylinders. We also show a relationship between the Gassner
representation for string links and the Magnus representation for homology cylinders.

1. INTRODUCTION

Let P, be the pure braid group of g strands. The braid group appears in various contexts of
mathematics as well as in the knot theory, so that it is important to understand this group. In
general, we can obtain a lot of informations about the structure of a given group by considering
its representations. As for the braid group, a series of Magnus representations such as the
Burau representation and the Gassner representation, are well known. We refer to Birman’s
book [Bi] for the general theory of the Magnus representation. The Gassner representation has

the following form:
g:Py — GL(g9,ZH D)

where Dy is the unit disk in the Euclidean plane with g punctures.

As a generalization of braids, we have string links whose difference from braids are typically

seen in the following Figure 1.
J

An example of braids An example of string links

Figure 1

We will recall the precise definition of string links in the next section. The set of isotopy classes

of pure string links £, has a natural monoid structure by defining its product as in the case of the
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braid group. Moreover, the equivalence relation of concordances gives £, the group structure.

We denote this group by §,. P, can be considered to be a subgroup of £, and S;:

Py, — Ly
AV
Sg

This enlargement of braids to string links leads the enlargement of Gassner and Burau repre-

sentations. For example, the enlarged Gassner representation has the following form:
g: Sg — GL(g, (ZHng)S)

where (ZH1D,4)s denotes some local ring obtained from ZHD,,. It was first done by Le Dimet
in [LD] by using some algebraic devices, such as the algebraic closure of groups and the universal
localization of rings with augmentations. After that, a simpler description of this representation
was done by Kirk, Livingston and Wang in [KLW] by using the cohomology of some local

coefficient system.

On the other hand, let ¥,; be a compact connected oriented surface of genus g with one
boundary component and let M, ; be the mapping class group of 3, 1 relative to the boundary.
Namely M, 1 is the group of all isotopy classes of orientation preserving diffeomorphisms of 3, 1
which fix the boundary pointwise. The mapping class group has also been studied by many
people in various fields of mathematics.

When we consider the counterpart of the enlargement of braids in the context of the mapping
class group, homology cylinders over Y, give its answer. Homology cylinders over X, 1, which
we simply call them homology cylinders from now on, are some kinds of three manifolds with
boundary. We refer to [Ha], [GL] and [Le| for their origin and generalities. We recall their
definitions in Section 3. The set of diffeomorphism classes of them has a natural semi-group
structure. We denote this semi-group by C,1. We can shift C;1 to the group H, 1 by taking
a quotient with respect to the equivalence relation of homology cobordisms. Then we have an
embedding of M, into Cy 1 and Hy 1:

./\/lg71 — 6971
S
Hgya

In this paper, we define the Magnus representation for the group of homology cylinders and
study their applications by generalizing the work of Kirk, Livingston and Wang [KLW]. The

Magnus representation for the mapping class group:
ro: Mg1 — GL(2g, Zm34 1)

was first used by Morita in his theory of characteristic classes of surface bundles. Note that
this representation is not a homomorphism but a crossed homomorphism. To obtain a genuine
homomorphism, we need to restrict it to the Torelli group Z, 1, which is a subgroup of M, 1,

and reduce the coefficients to ZH13, ;. Then we have the Magnus representation for the Torelli

group
To - 1'971 e GL(Qg, ZlegJ),
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which is the counterpart of the Gassner representation. We generalize this representation and

obtain a representation of the following form:
T Hg71 i GL(Qg, (Zleg,l)S)

which is a crossed homomorphism.

Below we describe the organization of this paper.

In Section 2, we quickly review the theory of the enlarged Gassner representation for the
group of string links by Kirk, Livingston and Wang.

In Section 3, we first recall definitions of homology cylinders and related groups. Then we
define the Magnus representation for the group of homology cylinders and show that it actually
generalizes the one for the mapping class group.

In Section 4, some fundamental properties of the representation are mentioned. This section
contains the way of computing the representation. The operation of closing the homology
cylinder is also given. This corresponds to the operation which makes a link from a braid by
closing .

In Section 5, we restrict our attention to the semi-group ZC,; of Torelli homology cylinders,
which is a sub semi-group of Cy 1. Then we define the Alexander rational function of the Torelli
homology cylinder by using the Magnus representation and show a factorization formula of
Alexander polynomials for manifolds obtained by closing homology cylinders.

In Section 6, we see a connection between the Gassner representation for string links and
the Magnus representation for homology cylinders. We show that the Magnus representation
contains the information of the Gassner representation completely. From this, we see that M, 1
is not normal in H,; by using the example of string links given in [KLW].

In Section 7, we give some examples of calculations which contain the proof of the non-
triviality of Alexander rational functions defined in Section 5.

The author would like to express his gratitude to Professor Shigeyuki Morita for his en-
couragement and helpful suggestions. He also would like to thank Masaaki Suzuki for variable

discussions and advice.

2. THE BRIEF REVIEW OF THE (GASSNER REPRESENTATION FOR STRING LINKS

We begin by reviewing the definition of the Gassner representation for string links by Kirk,
Livingston and Wang. We refer to Sections 2, 4, 5 in [KLW] for details. For simplicity, we only
treat the case of pure string links. Let D be the unit disk in the Euclidean plane. Given a
positive integer g, we take g points pi,...,pq in D, where p; = (=1/(i+ 1),0). We denote by
D, the unit disk with g punctures, namely D, = D\ {p1,...,py}. We fix a system of generators
B1, ..., By of m Dy as shown in Figure 2 where we take p = (0, —1) € 0D, as a base point. A
pure string link L of g strands is a smooth proper embedding

g
L:[[1s— Dx1I
i=1
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which maps 0 in ;) to (p;,0) and 1 in I(; to (p;, 1) where ;) is a copy of the unit interval
I = [0,1]. We denote by L, the set of isotopy classes of pure string links. £, has a natural
monoid structure by defining the product L; - Lo of two string links L1, Ly as shown in Figure
3.

Figure 2 Figure 3

Let P, be the pure braid group of g strands. For the general theory of braids, we refer to
[Bi]. We also refer to it for the Fox’s free calculus. P, is naturally embedded into £, as a unit
subgroup.

Given a string link L of g strands, let X denote its complement D x I\ L. Then we have two
inclusion maps

10,91 : Dg — X

defined by ig(z) = (z,0) and i1(x) = (z,1). ip and i; induce the same isomorphism between
homology groups H1D, and H1X so that we can identify them. Abelianization maps m1 Dy, —
H,Dy and mX — H;X induce actions on the field F' = Frac(ZH1D,) = Frac(ZH,X) by
multiplications. Here, in general, we denote by Frac A the fraction field of an integral domain A
and we write the additional operation of an abelian group G multiplicatively in the group ring
ZG or its fraction field Frac(ZG). These actions are compatible with 7o, and i1, so that we can
consider I to be a locally coefficient system on D, and X.

Let P C X denote the arc {p} x I. We often identify the first ordinary cohomology of a given
space with the group cohomology of its fundamental group. As for the group cohomology, we

use the standard complex (C*(w, M), ) for a group 7 and a left Z7 module M.

Lemma 2.1. (1) HY(Dy,p; F) = HY(m Dy, {1}; F) = Z1(m1Dy; F) = F9 where the correspon-

dence is given as follows:

ZY(m Dy F) — F9
w w
f(Br)
f — :
f(By)

(2) i8,i1 : HY(X, P; F) — HY(Dy,p; F) are both isomorphisms.

Proof. (1) Note that 1-cocycles Z1(m1Dy; F) are given by crossed homomorphisms

f:mDyg — F
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and determined by images of free generators of m1 Dy by f.

(2) See Lemma 2.1 and Proposition 2.1 in [KLW]. ]

Using these isomorphisms, we define the Gassner representation g. Notice that our convention
for the definition of the Gassner representation is slightly different from the one in [KLW]. For

later use, we first define an anti-homomorphism g.

Definition 2.2. (1) The Gassner anti-representation is an anti-homomorphism which assigns
the representation matrix g(L) € GL(g, F') of the isomorphism
F9 = HY(Dg,p; F) (*—T1> HY(X, P; F) i*> HY(Dy,p; F) = F9
ZO - 19
to a string link L € L,.
(2) The Gassner representation g : L, — GL(g, F') is a homomorphism which assigns g~ (L)
to a string link L € L,.

The monoid £, can be shifted to a group S, by taking a quotient with respect to the con-
cordance. Here we omit the details about this equivalence relation. An important result of Le
Dimet [LD] is that g and g factor through S, so that we have a group anti-homomorphism g

and a group homomorphism g:
579 : Sg I GL(gv F)

The Gassner representation for string links can be computed as follows. Given a string link
L € L4, we can calculate the fundamental group of its complement X = D x I \ L by the

Wirtinger presentation. This presentation has the following form:

7T1X = <i1(61), e ,’il(ﬁg), Zly ey Ry ’io(ﬁl), e ,’io(ﬁg) ‘ T1, .- 'rg+l>.
We simply write 71, ... , ¥2¢441 for these ordered generators. Let A, B and C' be matrices of sizes
(g+1)xg,(g+1)xland (g+1) x g defined by the equality

14 .
(A B C)= (a”)
9; i

where the right hand side is obtained by applying the map p induced from the composite of the

quotient map and the abelianization map a:

H X

F2g+l = <'717 B 7729+l> 7TlX

on each entry of the matrix given by the Fox calculus. Then we have the following proposition:

Proposition 2.3. (1) There exists a (I X g) matriz Z which satisfies the equality

w m (")
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(2) (A B) € GL(g+1,(ZHDy)s) where (ZH1Dy)s is the localization of ZH1D, obtained

by inverting all elements in the set
S={feZH\Dy|t(f)=+1€Z{1}}.
(3) 9(L) € GL(g, (ZH,Dy)s).

Proof. We only give the sketch of the proof. We refer to Section 4 in [KLW] for details.
(1) f € CY(m X, F) is a 1-cocycle if and only if

> (52) =0

= \9
foralli=1,...,g+ 1. Then (1) follows from the correspondence of 1-cocycles

ZY(mDy; F) — ZY(mX;F) — ZY(mDg;F)

1

(=3
~.
[y

W W W
g(L).
§(L) j — Z.j [ €;
€j

where g(L).; = “(g(L)1j,....9(L)g;), Zj = "(Z1j,-..,Z;) and e; is the unit column vector
whose j-th entry is 1 and the others are 0.
(2) This follows from the form of relations obtained by the Wirtinger presentation.

(3) This follow from (1) and (2). ]

This proposition gives a way to compute the Gassner representation for string links.

3. THE DEFINITION OF THE MAGNUS REPRESENTATION FOR HOMOLOGY CYLINDERS

In this section, we define the Magnus representation for the group of homology cobordism
classes of homology cylinders. First we recall some definitions. Let ¥, 1 be a compact connected

oriented surface of genus g with one boundary component. We fix a system of generators
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at, ... g, 01, ..., 0g of 141 as shown in Figure 4. Let a; (resp. b;) be the image of «; (resp.

B;) by the abelianization map m X4 — H where H = H %, ;.

Figure 4

A homology cylinder over X1 is a compact connected oriented 3-manifold M equipped with

two embeddings i,,i_ : Y41 — OM satisfying that

1. 74 is orientation-preserving and i_ is orientation-reversing,
2. OM = ’L'+(Zg71) U ’L'_(ZgJ) and ’L'+(Zg71) N ’L'_(ZgJ) = ’i+(62g71) = i_(62g71),

3. i4,i_: g1 — M are homology isomorphisms.

We refer to [Ha], [GL] and [Le] for the origin and generalities of homology cylinders. We take
a common base point p on i4(Xg1) Ni_(X41). We write a homology cylinder by (M,ii,i_) or
simply M if any confusion will not occur.

Given two homology cylinders M = (M,i4,i_) and N = (N, ji,j—), we define the multipli-
cation M - N of M and N by identifying i, (X41) and j_(2,,1), namely

M . N — (M Uj_O(i+)_1 N,j+,i_).

Then the set Cy 1 of orientation-preserving diffeomorphism classes of homology cylinders becomes
a monoid with an identity element defined by (¥4 x I,i4 = id x1,i_ = id x0) where collars of
i+(3g,1) and i_(X41) are stretched half-way along 93,1 x I.

We can inject the mapping class group M, 1 into C,4 1 so that M, 1 can be considered to be
a unit subgroup of Cy1 when we define a homology cylinder M, € Cy1 by M, = (£41 x I, ¢ X
1,id x0) for ¢ € Mg ;.

For a homology cylinder (M,i,,i_), the composite (i_.)~! o i, gives an isomorphism of H

which preserves the intersection form on H. This correspondence gives a homomorphism

-1 - Coa —  Sp(29,2)
W W

(M,ipis) — (im) oy

which coincides with the classical representation Mg 1 — Sp(2g, Z) when we restrict the domain
of this homomorphism to M, ;. For later use, we denote by ZC, 1 the kernel of || - ||. An element

of ZCy 1 is called a Torelli homology cylinder.
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We can convert the monoid Cy 1 into a group Hgy 1 of homology cobordism classes of homology
cylinders as follows. Two homology cylinders M = (M, i4,i_) and N = (N, j, j_) are homology

cobordant if there exists a compact 4-manifold W satisfying
OW = MU (~N)/(i4(x) = ji (2), i- () = j_(2)) @ € Ty

and inclusions M — W, N — W which are homology isomorphisms. This manifold W are
called the homology cobordism between M and N. It is easily checked that the homomorphism
|| - || factors through H, 1.

Now we define the Magnus representation for homology cylinders. Given a homology cylinder
M = (M,i4,i_), we denote by F' the field Frac(ZH,M). The abelianization map a : m M —
H{ M induces an action on F' by multiplications. This action defines a locally coefficient system
F on M. Through i4, We also have locally coefficient systems 73 F" on ¥, 1. In general, w131
acts on I’ differently, so that % F' and i* I are different locally coefficient systems on ¥ 1. As

in the case of string links, we obtain the following lemma.

Lemma 3.1. (1) HY(S,1,p;itF) & HY(m 3,1, {1};00F) 2 ZH(m X150 F) & F29 where the

correspondence is given as follows:

2V (mY, it F) = F%
w w
flaa)
flayg)
f —
f(B1)
f(By)

(2) it HY (M, p; it F) — HY(S,1, p; it F) are both isomorphisms.
Proof. The proof is the same as that of Lemma 2.1. O

Definition 3.2. (1) The Magnus anti-representation for homology cylinders is a map which
assigns a matrix ¥(M) € GL(2g,Frac(ZH)) to a homology cylinder M = (M,ii,i_) € C4a
where the matrix 7(M) is obtained from the representation matrix 7(M) € GL(2g, F) of the
isomorphism
F2 = HY(S0,piit F) —— H\M,p;F) —— H'(Sy,p5i%F) = F%
(i) i

by applying (i_,)~! : F — Frac(ZH) on each entry.

(2) The Magnus representation for homology cylinders r : Cq1 — GL(2g, Frac(ZH)) is a

map which assigns ‘7"(L) to a homology cylinder M = (M, iy,i_) € Cg1 where *A means the
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transpose of a matrix A and = : Frac(ZH) — Frac(ZH) is the anti-automorphism induced by

the map z — z~ L.

The reader may feel the above definition clumsy. However, this definition makes it easier to
see that it is a generalization of the Magnus representation for the mapping class group M, .

We refer to [Mo] for this representation.

Proposition 3.3. Let M, = (X41 x I,¢ x 1,id x 0) be a homology cylinder contained in the
mapping class group Mgy 1 which is considered to be a subgroup of homology cylinder semi-group
Cg1- Then

r(Mg) = ro(¥)

where rq is the Magnus representation for the mapping class group.

Proof. 1t is easily checked when we use Proposition 4.4 (2) mentioned later. O
Note that the Magnus representation for homology cylinder is not a homomorphism. The
following proposition shows that it is actually a crossed homomorphism.
Theorem 3.4. Let My = (My,i14,i1—) and My = (Ma, isy,ia—) be homology cylinders. Then
r(My - M) = r(My) - 1M (0y)
where IMilly(My) is the matriz obtained from r(Ms) € GL(2g, Frac(ZH)) by applying the map

induced from | M| : H — H on each entry.

Proof. Let j1 : My — My - My and jy : My — My - My be natural inclusions. We denote
Hy(M; - Ms) by F and denote jiF (resp. j5F') by Fy (resp. Fy). Then

F(M; - M) = 2F(My) - 7 (M)
— a)TRM, - M) = i) TNip(My) - i) T (M)
s GIOTRM, M) = R RR(M) A R(ML)
WMy M) = iR (M) - (M)
— FMy-My) = IMF(My) - F(My)
= r(My - My) = r(My) - Ml (M)

where matrices of the form YA are ones obtained from A by applying the homomorphism ¢ on

each entry. O

Theorem 3.5. The Magnus representation r : Cq1 — GL(2g,FracZH) factors through the

group Hy1 of homology cobordism classes of homology cylinders.

Proof. Let M; = (M, i14+,11—) and My = (Ma,ia4+,i2—) be homology cylinders and assume
that they are homology cobordant. We denote the homology cobordism by W and write j; :

My — W and jg : My — W for natural inclusions. From the definition, j; o 414+ = j3 0 i24 and
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j1ot1— = je ois— hold and we denote these homomorphisms by I and I_, for short. Using j;

and jo, we identify Hi M1, HiMs and H1{W. Then we have the following commutative diagram

F2 = HY(S,,,p; I*F) HY(Sg1,p; 1 F) H'(Sg1,p; [* F) = F

G| | CEN

HY(My,p; jiF) HY(W,p; F) HY(Ms, p; j3F)

zi‘_,_l I_T_l lzg_,_

F?9 = HY(Sg1,p; ILF) HY(Sg1,p; ILF) H'(Sg1,p; [{F) = F*

where F' = Frac(ZW). The left vertical map gives r(M;) and the right one gives 7(Mz). Hence
we obtain r(M;) = r(Ma). O

From above arguments, we obtain the Magnus representation for H, 1:
r:Hg1 — GL(2g, Frac(ZH))

which is a crossed homomorphism.

4. SOME FUNDAMENTAL PROPERTIES OF THE MAGNUS REPRESENTATION FOR HOMOLOGY

CYLINDERS

In this section, we will give some fundamental properties of the Magnus representation for
homology cylinders containing a method for computations. Suzuki showed in [Su] that the

Magnus representation for the Torelli group:
To - 1'971 e GL(Qg, Zleg,l)

is mot faithful for ¢ > 2. Hence our representation is not injective for g > 2. One of big differences
between string links and homology cylinders is the existence of the Wirtinger presentation. We
need a substitute for this presentation to have the argument similar to the one in [KLW]. Since

homology cylinders are all compact manifolds, their fundamental groups are finitely presentable.

Definition 4.1. A finite presentation of 7 M of a homology cylinder M is called admissible
if this presentation is given by a system of ordered generators ii(ai),...,i4+(8y), 215, 21,

i—(1),...,1-(Bq) and (2g + 1) relations.

Note that it (1), ... ,i4+(8g) means iy (1), ..., i4(ag),i+(51), ... ,i+(8y). We often use this

notation for simplicity.

Lemma 4.2. There exists an admissible presentation for every homology cylinder.
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We will give two different proofs of this lemma. One is given by using the deficiency of finitely
presentable groups as mentioned below and the other is given by studying the homotopy type

of homology cylinders.

Proof. First we recall about the deficiency of finitely presentable groups. The deficiency of a
finite presentation P = {x1,...,xy, | r1,...,rn} of a group G is defined to be n — m. Then
we define the deficiency of G to be the maximum of the deficiency of P over all possible finite
presentations. From Epstein’s results [Ep], we can easily see that the deficiency of w1 M is 2g.

Hence there exists a finite presentation of the form

mM ={z1,..., 294k | T1,. . T}
Then we have an admissible presentation by adding 4¢g generators i, (o), ... ,i4+(8y), i—(1), . . -,
i—(fB4) and 4g relations to introduce them. O

Definition 4.3. An admissible presentation is called standard if it is constructed as in the

proof of Lemma, 4.2.

Now we deduce a formula for computing the Magnus representation for homology cylinders as
in the case of the Gassner representation for string links. Given a homology cylinder M € C, 1

and an admissible presentation

mM = <i+(0&1), s 7i+(ﬁg)7 Zly e e 5 Ry i—(a1)7 cee ,i—(ﬁg) ‘ 1y .- 'r29+l>7

we simply write 1, ..., Y441 for these ordered generators. Let A, B and C' be matrices of sizes
(29 +1) x 29, (29 +1) x l and (2g + 1) x 2¢g defined by the equality

14 .
(A B C)= (a”)
9; i

where p is the composite of

Fagrr =71, -+, Yag+1) mX HX.

Then we have the following proposition where t: H; M — {1} is the trivialization map.

Proposition 4.4. (1) (A B) € GL(2g + |,ZHMgs) C GL(2g + I, F) where ZHMg is the

localization of ZH M obtained by inverting all elements in the set
S={fe€ZH M| tf)==+1eZ{1}}.

(2) There exists a (I x 2g) matriz Z which satisfies the equality
(M
a BT ¢
Z
(3) 7(M) € GL(29, ZH1Mg).
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Proof. From the general theory, {(A B C) gives a presentation matrix of H; M, namely we

have an exact sequence

YA B O)
R

7.29+1 A R N HM —— 0.

Then ‘(A B) gives a presentation matrix of HyM/I_ where I_ is a subgroup of H;M gener-
ated by i_y(a1),...,i—«(by). The reader can consult [Fo] for this fact through the concept of

presentations of a pair of groups. By definition, H1M/I_ = 0. Hence we have an exact sequence
v ANy T R . N V)

From the Hopfian property of Z29*! we see that det'(A B) = +1. Therefore (1) follows. (2)

follows from the same argument as Proposition 2.3. (3) follows from (1) and (2). O

This proposition gives a way to compute the Magnus representation for homology cylinders.
Some examples will be given in Section 7.

As a corollary of this proposition, we see that the group of homology cobordism classes of
homology 3-spheres is in the kernel of the Magnus representation. This group can be embedded
in Hy1 by considering the connected sum Xf(¥X,; x I) for a homology 3-sphere X. Then

m1(XH(X41 x I)) has an admissible presentation of the form

’L'+(041),... ,’L.+(ﬁg) ’i+(0&j) :’i_(()éj)
< 21y 3R] ’i+(ﬁj):’i_(ﬁj) >:7T1(Zg71><1)*7T1X
i_(al),... ,’i_(ﬁg) T1y...,T]

which shows that the corresponding Magnus matrix is equal to Iag.

Next we consider the operation on homology cylinders similar to the one which gives a link
by closing a braid. Let M € C41 be a homology cylinder with an admissible presentation
miM = (i (o), ... i (Bg), 21, - 2 i—(@1), - .-, i—(Bg) | 71, - - T2g+1)

of mM and let (A B C) be the matrix constructed from this presentation as above.

Definition 4.5. For a homology cylinder M = (M, i, i_) € Cq1, we define its closing M by

—

M=M/(iy(z) =i(x)) =€y
which is a closed manifold.

Let q: M — M be the natural quotient map. Using van-Kampen’s theorem, we can easily

compute 7r1]\7 from an admissible presentation. Namely if

mM = <i+(0&1), s 7i+(ﬁg)7 Zlye e 5 Ry i—(a1)7 cee ,i—(ﬁg) ‘ 1. 'r29+l>7

then

—

7TlM = <Z(a1)7 “en ,i(,@g),zl7 <y 2 T{[? . T/29+l>
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where i(a;) = gvi4(0) = qi—(5), (B5) = qi+(B;) = ¢«i—(B;) and 7 are obtained from r;
by replacing i+ (;) (resp. i+(5;)) by i(c;) (resp. i(3;)). We simply write v1,. .., 244 for these

ordered generators. Then we assign to this presentation the Alexander matriz defined by
Pl Oy
Ve = (L)
d7; i,

Fogi1 = {71y, Y2g4t) —— mM —— HM.

where p is the composite of

As in [KLW], we obtain the following equalities.

Proposition 4.6. The Alexander matriz for the manifold M obtained by closing M can be
written by using the matrizc (A B C) as follows:

Ve =%A+C B)=9%A B) (IQQ_?(M) O>

—7 I
where Z is the matriz obtained from (A B C) as in Proposition 4.4 (2).

(M
Proof. Recall that C = —(A B) < F(M) > The proposition follows from this. 0
Z

5. ALEXANDER POLYNOMIALS FOR TORELLI HOMOLOGY CYLINDERS

In this section, we restrict our attention to the monoid of Torelli homology cylinders ZC, 1
and examine a relationship with the Alexander polynomial. The goal of this section is to deduce
a factorization formula for the Alexander polynomial by using our Magnus representation. Note
that for every Torelli homology cylinder (M, i,i_), two inclusions i and i_ induce the same
isomorphism between homology groups H1X, 1 and H; M so that we can naturally identify them.
We can also identify H1M with Hﬂ\? . In the argument below, the following lemma which is
slightly extended from the one in [KLW] has an important role. For an n x n matrix A, we

denote by A(; j) the matrix obtained from A by removing its i-th row and j-th column.

Lemma 5.1. Let A be an n X n matriz over a domain R. Let u = (u1,...,u,) and w =
Hwy, ..., wy) be a row and column vector so that

uA=0 and Aw =0.
Then
(1) If u; = 0 or w; = 0, then det M(; jy = 0.
(2) The element in the fraction field
(_

is independent of the choice of i and j satisfying u; # 0 and w; # 0.

U;Wy4
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Proof. We can prove it by the same argument as Lemma 6.2 in [KLW]. O
From this lemma, we can define some invariant from the Magnus matrix (M) if we find two

vectors u and v satisfying the above condition. The following lemma gives an answer to it.

Lemma 5.2. Let M be a Torelli homology cylinder of genus g > 1.

1—a1
» 1—a,
(1) (I2g —7(M)) =0.
1-0;
1—b,

@) (bi—1,....by—1,1—ay,...,1—ag)(Isy — F(M))=0.

Proof. For simplicity, we put u =*(1—ay,...,1—ag,1—b1,...,1—-by)and w = (by—1,... ,by—
LLl-a,...,1—ay).
(1) Take a O-cochain f =1 € F = C%(m;M; F). By definition, 0 f(x) = 1 — [z] holds for every
x € mM where [z] is the homology class of x. Then we see the correspondence of 1-cocycles
ZNmEg1itF) = ZY(mM;F) = ZY(m3Zg1;itF)
w w w
u — Sf — u=7r(M)u
so that (1) follows.
(2) Let ¢ be the Dehn twist map along the simple closed curve which is parallel to the
boundary of X, 1. It is easy to see that

7(¢) = Izg + uw.

When we see ¢ as an element of H, 1, it is in the center of H, ;1. Therefore for every Torelli

homology cylinder M, we have

Q) TFM)T(C) = (M)
= Q) = r(Qr(M)
= T(M)(Iyg +uw) = (29 +uw)r(¢)
— (M )uw = uwr(M).

From (1), we obtain that uw = wwr(M). When we compare first rows, we have the equality
(I —a))w=(1—-a)wr(M). (2) follows from this. ]

Lemmas 5.1, 5.2 allow us to define the following rational function.

Definition 5.3. Let M be a Torelli homology cylinder of genus g > 1, the Alexander rational

function of M is the rational function
_ det ((IQQ — ?(M)(l,l))

Ap(ar, ... by) = (I —a1)(1—by)

eF
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where 7(M) is the Magnus matrix of M.

Note that Ajs is a homology cobordism invariant since 7(M ) is. We need not use the matrix
7(M)(1,1) but we can use 7(M); ;) for arbitrary i and j because Ay are independent of the
choice of them by Lemma 5.1. Now » and w in the above lemma do not have their entries which
are equal to 0.

Next we briefly recall the definition of the Alexander polynomial for finitely presentable
groups. Given a finitely presentable group G with a finite presentation (z1,..., 2, | r1,...,7m),

we can obtain an Alexander matrix A defined by

P .
A__<a”) € M(m x n, ZH)
025/

where p is the composite of

Fp={(x1,...,2,) G —* - H=HG.
Note that ZH is a UFD. Then the Alexander polynomial of G is
Ag = ged(E1(A)) e ZH

where F1(A) is the first elementary ideal of A generated by all n—1 minors of it. Ag is uniquely
determined up to units in ZH and it is independent of the choice of finite presentations of G,
so that we use = in equalities of Alexander polynomials.

For a Torelli homology cylinder M, we define Ay = Am 77+ Now we deduce an explicit
formula of the Alexander polynomial A 4.

Proposition 5.4. Let M be a Torelli homology cylinder of genus g > 1 and Vs be the Alexander
matrix for the presentation of 7r1]\7 obtained from a standard admissible presentation of mi M.
Then

det (VMA )

. (1,1) T

A ey bg) = — ZH{M.
M(ah ’ g) (l—al)(l—bl) < !

Proof. Recall that a standard admissible presentation of w1 M is an admissible presentation

which has the following form

(@)@t 04 (Bg)p2g
7'(1]\4'g < i+(a1)7"' 7i+(ﬁg)7217"' 7229+k’i_(a1)7'“ ,'L.—(ﬁg) TR >
’L'_(Odl)lm, ce 7i—(ﬁg)w29

where ¢;, r; and 1); are words in 21, ..., 2994 Let VM be the Alexander matrix for the presen-

tation of m M obtained from this. Then Viz = (A+C B) has the form of

Igg *
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Now we seek a non-zero row vector u and a non-zero column vector w satisfying uV; = 0 and

Vi7w = 0. By the fundamental formula of free calculus in [Bi], we obtain

Vet(l—ay,...,1=bg, 1 —p(21),..., 1= p(zagsr), 1 —ar,...,1—by) =0

so that we can take (1 —ay,...,1—bg, 1 — p(21),...,1 — p(22g4k), 1 —ai,...,1 —b,) as the

vector w. To seek the vector u, we recall Lemma 5.2 and Proposition 4.6 that

Ly —F(M) O >

Vo= (A B)
M < —Z Iog i

(61—1,...,bg—1,1—a1,...,1—ag)(Igg—?(M)):0.
Therefore we obtain
(b1—1,...,bg—1,1—a1,...,1—ag,0,...,00(A B) 'Vz=0.

Thus we can take (by —1,...,by—1,1—a1,...,1—ay0,...,0)(A B)~! as the vector u. From

the form of (A B) with respect to a standard admissible presentation, we have
u=(b1—1,...,0g—1,1—a,...,1 —ag,*, ..., %).

Now we deduce the greatest common divisor of the first elementary ideal of V37 which gives the
Alexander polynomial Asz. By Lemma 5.1,
- det (Vi)
h=(—1)tH— D) p
U Wy
is independent of the choice of i and j satisfying u; # 0 and w; # 0. If h is in ZHlj\/Z , it
gives the greatest common divisor. To show that suppose h = hy/hg where hy € ZHlj\/Z and

hy € ZH M — {0} are relatively prime. When (i, j) = (9+1,1), we have (—1)9 det (Vﬁ(g+1 1)> =
hi(1 — a1)?/he € ZH\ M. When (i, §) = (1, g + 1), we have (—1)9! det (VM(IQH)) = ha(by —

1)2/hy € ZH M. Hence hy is a common divisor of (1 —a1)? and (b; — 1)? which are relatively

prime so that hs is in units of ZH 1]\7 . Therefore the proposition follows. O

Finally, we show the relationship between the Alexander rational function and the Alexander
polynomial. We use the Milnor torsion of a homology cylinder to describe it. For this torsion,
we refer to [Tu].

Let M = (M,i4,i_) be a Torelli homology cylinder and ¥_ be the image of ¥, by the
embedding i_. By Lemma 3.1 (2), we obtain H'(M,Y_; F) = 0, so that the cochain complex
C*(M,%_; F) with respect to some cell structure is acyclic. We write 7(M) for the torsion of
this complex. 7(M) € F* is well defined up to multiplication by units H in ZH. One important
property of this torsion is that it is invariant under homotopy equivalences. In particular, it

does not depend on the choice of the cell structure on M.
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Theorem 5.5. Let M be a Torelli homology cylinder and M be its closing. Then the Alexander
polynomial of]\/i is the product of the torsion T(M) and the Alexzander rational function Ay of
the homology cylinder:

The proof of this theorem is divided into three parts, Lemmas 5.6, 5.7 and 5.8. Given a Torelli
homology cylinder M = (M,i;,i_) and an admissible presentation of m1 M, we calculate the

matrix (A B C) as before.
Lemma 5.6. Ag =det(A B)-Ay.

Proof. Note that det(A B) up to units in ZH is independent of the choice of admissible pre-

sentations. Indeed when we consider the admissible presentation to be a presentation of the pair

of groups

( mM , (i(a1),...,i-(Bg)) /R )
with distinguished generators i_(a1),...,i—(34) where R is the normal closure of relations
r1,...,7;, then det(A B) gives the generator of 0-th elementary ideal, which is principal, so

that it is invariant under Tietze transformations. We refer to [Fo] for the presentation of a pair
of groups.

The rest of the proof of this lemma is almost the same as in [KLW]. Since Az, det(A B) and
Ay are independent of the choice of admissible presentations, so that we can take a standard

admissible presentation

(@)@t i4(Bg)p2g
M = < i (an), e (Bg)s 21, ks io(an), v io(y) e >

’L'_(Odl)lm, ce 7i—(ﬁg)w29
A4 B= < O > '

Recall that det(A B) # 0. Therefore by making use of the following row operations

to calculate them. Then

e Add a multiple by an element of F' of the i-th row to the j-th row for 2 < 4,5 < 4g+k
e Interchange the i-th row and the j-th row 2 <14,57 <4g+ k

we can transform (A B) into the matrix
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where D is a diagonal matrix whose determinant is equal to & det(A B). Then the transfor-

(1 0)

where X is a (49 + k — 1) x (49 + k — 1) matrix whose determinant is equal to £1. Thus

mation matrix F is of the form

det (VM (171)) —  +det (X Ve (171))

= +det{ (E- (A B) Ly =7(M) O
—Z Lok 1,1)

— tdet Iog—1 - (Izg —7(M))a) O
7' D

= =detD -det ((129 — ?(M))(l,l))
= +det(A B)-det ((Isg — F(M))1.1))

Hence the lemma follows after dividing them by (1 — a;)(1 — by). O

Lemma 5.7. (M, X_) is homotopy equivalent to (M', R'a4) as the pair of CW-complezes where
M’ is a certain two dimensional CW-complex with only one 0-cell and R'o4 is a one dimensional

CW-subcomplex of M' with 2g 1-cells.

Proof. We deform (M, X_) into (M’', R'yg) step by step.

Step 1. First we give a standard cell structure to OM = Yy, as in Figure 5, where we draw
pictures only in the case of g = 1 since the cases of higher genera are similar. Let Ry, be the

CW-subcomplex of 0M whose 1-cells are given by i_ (o), ... ,i-(8g).

Figure 5 Figure 6 Figure 7

Take a triangulation which is a refinement of the cell decomposition as in Figure 6. By this
refinement, for example, i4 (o) is divided into two edges oj, and ag» 4+ Then we can extend
this triangulation to the whole of M by a theorem of Cairns and J. H. C. Whitehead. It is easy
to see that we can deform (M,3_) into (M, Ra,) by some homotopy equivalence which is not

necessary a cell map.
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Step 2. Starting from a 3-simplex of M facing the boundary, we can deform M onto a 2-
dimensional subcomplex M”. In this process, 1-skeleton of M is kept invariant, so that the pair
(M, Ryg) is homotopy equivalent to (M”, Rag).
Step 3. Take a maximal tree T' of the 1-skeleton of M" containing o, ..., 0, of ..., B,
as in Figure 7, where T is drawn by thick lines, and collapse T' to a point. Then we obtain a
pair of CW-complexes (M’, R'55) = (M" /T, Rag/T') which is homotopy equivalent to (M”, Ray).
Notice that (M’, R'a4) has all the property we want. Hence the lemma follows. O
As a corollary of this lemma, we see the existence of a standard admissible presentation of

w1 M from the cell structure of M’.
Lemma 5.8. 7(M)=det(A B).

Proof. Consider the exact sequence
0 —— C*(M',R'yy; F) —— C*(M';F) —— C*(R'3g; F) —— 0

of cochain complexes. Counting the number of cells, we have the following diagram

0 0 0
0 Fm Fm 0 0
é
0 Fm F29+n F29 0
0 0 F F 0

where we use the fact that the Euler characteristic of M’ is equal to 1 — 2g. By definition, 7(M)
is the determinant of the differential §. Then we see that § = (A B) from the construction of

M'. Thus the lemma follows. O

From Lemmas 5.6, 5.7 and 5.8, Theorem 5.5 follows. O

6. STRING LINKS AND HOMOLOGY CYLINDERS

It is known that the pure braid group P, can be embedded into the mapping class group M, 1
through the embedding of the disk with g holes denoted by Dg. In fact, Py is a subgroup of the
framed pure braid group Pg " > P, x 79, which is naturally isomorphic to the mapping class group

of DY

g» and we have an injective homomorphism 735 " — M, for each suitable embedding of

Dg. Now we fix an embedding of Dg as in Figure 8. In [Le], these homomorphisms are extended
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to the whole of the group of pure string links, so that we have an injective homomorphism

®: S, — Hy1 which is a composite of injective homomorphisms
Sy — Sgr — Hg1.

where S; "2 8§, x 79 is the group of concordance classes of pure framed string links.

0
D.‘]

Figure 8

Now we briefly review this homomorphism. Let L be a pure framed string link and C' be the
complement of an open tubular neighborhood of L in DS x I. We have a canonical identification
of 0C with 8(D2 x I) by using the framing of L which decides the way to identify their meridians.
Then we make a new homology cylinder M by removing Dg x I from ¥ 1 x I and replacing it

with C' by using this identification. This homology cylinder My, gives ®(L).

We have two representations for string links, one is the Gassner representation g : S, —
GL(2g, Frac(ZH,D,)) and the other is the restriction r|s, : Sy — GL(2g, Frac(ZH%, 1)) of
Magnus representation for homology cylinders. These representations have the following rela-

tionship.

Theorem 6.1. Let L € S, be (a concordance class of) a pure string link. Then

I *
7(®(L)) = g
(®(L)) T

where 7 is the Magnus anti-representation and g is the Gassner anti-representation mentioned

before.

We mention two remarks about the above theorem. First we identify homology groups
Hi(Dy) = Hi(D)) with the subgroup of Hi(Xy1) generated by by, ..., by Second, the ho-
momorphism ® has ambiguity with respect to framings. However we can see below that the
lower right part of 7(®(L)) does not depend on the choice of framings, so that the statement of

the theorem makes sense.

Proof. All we have to do is to give a suitable admissible presentation of w1 M where My is
the homology cylinder which corresponds to the element ®(L) € H, 1. To use van-Kampen’s

theorem, we divide My, into two parts B and C' as follows.
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We take g points g, ..., gy and g paths [; from the base point p to ¢; as in Figure 9.

Let B be the union of ¥ 1 x I'\ DY x I and 2g paths i (l;) andi_(I;) (j =1,...,g). We denote
by C' the complement of an open tubular neighborhood of L in Dg x I as before. We glue C' to
B by using some fixed framing. Then

()

i (@1), i | @ = i@y

mB:< ()i | >
i_(@),...,i_(ay) o

iy(ay) =i_(ag)d
(51,---,(5g,i+(")/) +( 9) (9)9

S &

Q
<

where o = [on, B1] - - -[@j—1, Bj—1]j, 7 is the loop corresponding to a boundary of Dg, and 9;

. . . — 1
are loops which are composite of paths i_(l;), i—(g;)i1(g;) and i;"(I;). On the other hand,

mC = (i (B1), - i (Bg)s 215+ 21,8 (B1)y i (Bg) [ 71, -+ Tgt1)

is given by the Wirtinger presentation of D x I'\ L and

7T1(B n C) = <i+(61)7 SR vi—l—(ﬁg)? o1, .- 7597 i+(7)>-

Using the above decomposition, we obtain

ipn(ar), ... i4(ag L P
.+( 1) .+( 9) @) = i (@),
Z-l—(ﬁl):"' 7“-(69) .
7T1ML:< Zlye-ey 2 ) (N) '. (N)5~ >
— L ia(ag) =i_(«
(@), @) | .
. T1y...Tg+l
i (1), ,i-(5y) o
where
<i+(61)7 s 7i+(ﬁg)7 Rly - ee s Rl i—(ﬁl): s 71.—(69) ‘ 1, .- 'Tg+l>
coincides with the Wirtinger presentation of D xI'\ L and 5: are words in iy (1), ... ,i+(8q), 21, - .- , 21,

i—(41),...,i-(By) which depends on the framing. After we rewrite the above presentation by
using i4 (o) and i_(«;), we see that the theorem follows from Proposition 4.4 (2). Note that

this rewriting does not affect generators i+ (0;), z; and relations r;. O

Corollary 6.2. The mapping class group Mg is not normal in the group Hgy1 of homology

cobordism classes of homology cylinders
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Proof. In [KLW], they give an example of string links Ls and Lg of 3 strands which have the
condition that L5 is a pure braid, while the conjugate LgLsLg 1'is not. To show that Le¢LsLg !
is not a pure braid, they use the fact that g(L¢LsLg 1) has the entry which is not a Laurent
polynomial of b1, by and b3. Then the corollary follows from Theorem 6.1 with respect to this

example. O

7. SOME EXAMPLES

Finally, we give some examples of computations. Examples 7.1 and 7.2 show that the Alexan-
der rational function defined in Section 5 is actually non-trivial. Examples 7.3, 7.4 and 7.5 treat
the relationship between the Gassner representation for string links and the Magnus represen-

tation for homology cylinders observed in Section 6.

Example 7.1. Assume that g = 1. Let ¢ be the Dehn twist map along the simple closed curve
which is parallel to the boundary of ¥, ;. This map gives a Torelli homology cylinder M. It is

easy to see that

M) ai + by —aiby 1 —2a; +a?
T g
¢ —1—1—2()1—17% 2—a1 — by +aibh

Then A M. = 1 € ZH which is non-trivial.

Example 7.2. Assume that g = 2. Let 7,, 73 and 7, be Dehn twist maps along the simple
closed curves «, 8 and ~ as in Figure 10. We define ¢ = TaTg Land o = 7. They give Torelli

homology cylinders. For simplicity, we also write ¢ and ¢ for corresponding homology cylinders.

Figure 10
Then
1 0 0 0
. 0 ag+by—ashy 0O 1 — 2ay + a?
T(Y) = SR 2T and Ay =0.
0 0 1 0
0 —1—1—2()2—[)3 0 2—a9—by+ asby
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a2_1 —a2_1 —|—a1a2_1 0 0
-1_ -1 -1 -1, -1 -1
) a;” —ay ay l—ay +aj ag 0 0
v -1, -1 -1 -1 -1
¥1 2 L—ay" +a;7ay” a; a3 —a
-1 _ -1 -1 -1
¥3 4 ay” —aj a, aj
-1 -1, -1 _ -1 -1 -1
p1=—aj] ay +a; —aj by+ay ay; by
-1, -1_ -1 ~1
Y2 =—ay +a; —aj ba+ay b
-1 -1 -1 -1
p3 = —aj ay b1 +aj a; by
-1, -1 -1_ -1 -1 ~1
Y4 =—ay +aj ay —aj a, ba+as by

and A, = 0. However we can obtain

a — 1)2
Fw) = F($)F(y) and Aw—%.

Examples 7.3, 7.4 and 7.5 treat string links through the injective homomorphism ® : §; —
Hg,1. To define this homomorphism, we need to give the framing of string links. Now we adopt
the convention of black board framings. We use Proposition 4.4 to compute the Magnus matrix.
Given a string link L, let My = (Mp,iy,i—) be the homology cylinder corresponding to ®(L).
We identify Hi(Mp) and Hi(X, 1) through i_. We write a4 and ;4 for iy (o;) and i4(5;), for

short. Similarly o;— and 3;— mean i_(«;) and i_(5;).

B+ Bar  Pay
Q{ e (Uh - (A P2+ ‘

> P

D

/ \ Bi-C(A (AB2- ‘
I A A
Bi— P Bs-
Figure 11 Figure 12 Figure 13

Example 7.3. Let L5 be a pure braid of 3 strands as depicted in Figure 11. Then the presen-

tation of m M7, is given by

—15-1 —1 —1
. P 1By Byt Borai”, oy, Bit]ans Boran” [Bi—, an-]
149+ s M3+ 1 -1
[+, Brl[aot, Bot]asizy o [Ba—, ag_][B1—, 1]
1, 22 —1 -1 —1 -1 :
ﬁ2+ﬁ1+52+317 53—&-21 53+Z2

11 11 1
B3—22083,25 s BotB1-Boizy s Pa—Pay

o~

7T1ML5 =

Op—y .- 7/83—
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From this presentation, we obtain

1 0 0 0 —arby by +arbyt —arbyt 0 0
1—b 1 0 abg—1 agby * 0 0 0
1—by 1—=by 1 ajbg—1 agby ' — 1 0 0 —a3
—1 —1 —1
(4 B)= 8 8 8 bB . 1 ob1 1 —Ob_l —Zilb b?l ’
1 1 Y3 1
0 0 0 0 0 —by 0 b3—1
0 0 0 0 1—by 0 0 —1
0 0 0 0 -1 0 0 0
-1 0 0 0 0 0
bp—1 -1 0 1-a; 0 0O
bi—1 bg9—1 -1 1—a; 1—a9 O
o 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0o 1
0 0 0 by 0 0
0 0 0 0 1 0
Hence 7(®(Ls))
1 0 0  apbgby' —aby? arbsby byt — arby by ! a1by 'by!
01 0 ooyt ot by (T Dbyt —1) —az) by s — by by by
o0 1 brtea(byt +asby —1) (b7 —1)(b3" + asby — 1) byt —brte!
1000 1-brt byt byl (1 —brH)(1—b3Y)  bylb3t — brtby byt
000 0 1 0
000 by tba(bs — 1) (b7t =1)(bs —1) byt

Example 7.4. Let L be a string link of 2 strands as depicted in Figure 12. Then the presen-

tation of m My, is given by

14, oy, Biy, Bag
m My, = < z

a1+ B Barart,  [oag, Bitlanszay t[Br—, a1 -] >

1 - 1 -1 —1.9-1
ﬁ2+ﬁ1—ﬁ2+z 17 /61—/81+/81_za Ba—z 1ﬁ2+z

a1, g, /61—7 /62—

From this presentation, we obtain

10 0 aby * 0 -1 0 —aby' 0

1—b 1 aibib;' 0 agby ! by—1 -1 1—a; 0

(A B)= 0 0 0 1—b; ~1 , C = 0 0 by 0
o 0 -1 0 byt 0 0 1-b;" 0

0 0 0 —byt by b7t 0 0 0 1
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Hence
10 —a1b1b2_1+a1b1—a1b2 a1b1b2_1
b1ba—b1—bo b1ba—b1—bo
0 1 b14azbab] t+bo—b1bo as—agby
b1ba—b1—bo b1ba—b1—bo
H(®(L)) =
0 0 b1bo—b1 —2bo+1 b1 —1
b1ba—b1—bo b1ba—b1—bo
b%—bg —b
0 0 b1ba—b1—bo b1ba—b1—bo

Example 7.5. Let Lg be a string link of 3 strands as depicted in Figure 13. We consider the
conjugate L = LgLsLg ! From the somewhat long computation, we obtain the corresponding

Magnus matrix which has complicated entries. Hence we write only one entry of this matrix.
B biby — blb% + bi1bg — bobs — 2b1bobs + blb%bg — b1b§ + b1b2b§
b1(b2 + bg — 1)(babs — by — b3)

H(®(L))e.6
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