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Abstract

A g-difference analog of the Garnier system is presented. It arises as the condition
for preserving the connection matrix of linear g-difference equations, in close anal-
ogy with the monodromy preserving deformation of linear differential equations. The

continuous limit is also discussed.
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1 Introduction

The purpose of this paper is to present a nonlinear g-difference system analogous to the
Garnier system. The Garnier system is a nonlinear multi-variable system regarded as a
natural extension of the sixth Painlevé equation.

Firstly we briefly look at theory of the Garnier system. While P. Painlevé and coworkers
discovered the six Painlevé equations as differential equations whose solutions do not have
movable singularities other than poles ([11]), R. Fuchs derived the sixth Painlevé equation as
an isomonodromic deformation equation of a linear differential equation which has 4 generic
regular singular points ([2]). His result was extended by R. Garnier ([3]) for the case of
N + 3 generic singular points. Considering the equation of Fuchsian type whose Riemannian

scheme is written as

r=0 x=1 z=1; x=u, =00
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he obtained the nonlinear partial differential equations which arise as the conditions for

preserving the monodromy of the Fuchsian equation. The system of equations is written as



follows:

Pup 1 [T'(w)  1L7(uy)] (Ous LT"(t)  L(t)] du
W e T 5[?( w‘iﬁf(uk)K ) {27' >] ot;
T(uk) ( )(ul — t 8ul
M) l;ézk T ul)E’(uk Uk — tl) Uk — ul ( )
. U — ti 8uk aul t )2T( )
; ( — ) (ur —ug) 9% 0, 2T7(1,)? E(uk)(uk gy
(2) T/(tl)(tl — uk) auk _ T/(tj)(tj — uk) auk _ (t — t])T(uk)

fore, 5, k=1,..., N, where
N
T(x) = z(x—1) Hx—t
i=1

L) = ﬁ(x—uw, (-5)

T8 T(1) o T'(t) a2 — 6,
Ly = K2 - Z g,
() ,ﬁm)uk—ﬁz

This system was found to be written in the form of a Hamiltonian system in the series of
studies of Okamoto K. ([10]). He showed that isomonodromic deformation equation (1)—(2)
is given by the system

Our, 0K Gvk 8[( ,
3 — =1 —= k=1,...,N

with the Hamiltonian

(4)

il 0 « N =6
2 | 2 i Y
; ul—t){vl <u1+ul—1+; ul—ti>vl}+ﬁ

where

1 al i
2
K= (0+0¢+Z&j—1> — K
j=1
Further development was made by Kimura H. and Okamoto K. ([8]). System (3) has
movable branch points. They transformed this system into a Hamiltonian system enjoying
the Painlevé property, whose Hamiltonians are polynomials in canonical variables.
The canonical transformation is written as
N
o _ti 0 = t;L(t5) p=% (1 — ;)7 (ur)ve
J tj — 17 I T’(t]’) ’ J uk(uk — 1)(uk — tj)ﬁ’(uk)’

k=1




and this transformation take the system (3) to the system:

Oq. OH;  Opy OH; ,
ZHirF = — k=1... N
(5) 0s; Opr 0s; oq,’ U ’ ),

with the Hamiltonian

N N
1
(6) H; = m ['Z Eiji(s, @)pjpr — Z Eii(s, q)pj + Kq;

j k=1 j=1

Here E;ji, F;; € C(s)[q| are given by

( 495k if 7, j, k are distinct,
si(s;i—1 ep . .
4iq; Qj_js(Tsj)>7 if j =k # 1,
Eijr = Eg; = si(s;-1) . L,
4iq; Qi—ﬁ), if k=1i,j #1,
| ai(a = D(a — ) — X i, ifi=j=k,
(0+a+ Sl o= 1) g — a2 g — a2l ifi £
g J J
Fj = 9 0—1Dala—1) +aq(g — si) +ai(g — 1) — i)
+ Zl;ﬁz’ {Otz%' (qi - 7si§lsisil)> Q; S(f sll)Ql} , if 1 =j.

On the other hand we know several examples of extensions of the Painlevé equations and
their discretizations. Among them, we would mention two important studies.

One is a guiding principle for integrable dynamical system, called singularity confinement.
It was proposed by B. Grammaticos, A. Ramani et al. ([5, 13]) and it can be viewed as a
discrete counterpart of the Painlevé property. They presented several types of discrete
Painlevé equations discovered by using this method.

The second comes from a representation theory. Noumi M. and Yamada Y. et al. con-
struct many types of integrable systems from representations of affine Weyl groups (]9, 7]).
This is closely related to Drinfel’d-Sokolov hierarchy. However, among these integrable sys-
tems that they presented, discrete analogs of the Garnier system do not appear.

In the present article, we deal with a g-analog of the Garnier system. An origin of the
Garnier system is isomonodromic deformation of linear differential equations of Fuchsian
type. In a similar fashion we consider a deformation theory of linear ¢-difference equations.

As concerns linear g-difference equations, general theory was developed in classical works.
In particular G. D. Birkhoff studied the generalized Riemann problem of linear ¢-difference
equations in parallel with linear differential and difference equations ([1]). As its continua-
tion we investigate a deformation theory of linear ¢-difference equations. But our study is

concentrated only to the case that the coefficients are expressed in 2 X 2 matrices. Jimbo M.



and the author derived ¢-Py; system from the case of the matrix system with polynomial
coefficients of degree 2 in paper [6]. The present paper is a generalization of that. (Examples
of similar constructions are found in former papers [12, 4]. This is realized in 4 x 4-matrix
system, but it falls within the frame work of [6]. See [6].) We deal with the case of degree
N + 1. In the result we find a nonlinear ¢-difference system which we call g-Garnier system.

It is written as

N N
Z gr1L(a,) T'(N) Z @L(an)uz
= (an — M) (gar — N)(qas = ML) = (an = A)(ar — Ai)(as — M) L/ (A)
L{a,) MY e A
(7b) = X
L(ay,) (1 o ZN 7 ) (1 _ ko ZN i )
=1 (ar—X)(as=A)L' (\r) qr1 =1 (ar—Az)(as—Az)L’(Az)

N
01 + 02 < Ko > (k2/qr1)(qaras — ani)
X +an|1+— |+ + ;
(HlL(O) qKr1 ; ( — )\l))\lL/ )\l Z ar — )\l g — )\l))\lL,()\l)
(ne{l,2,... ,2N + 2} \{r,s}),

where L(z) = [, (z — \;) and T(z) = [[X,7(z — a).
This system has the Garnier system as its continuous limit, as we expect (see Section 5).
We use the notations f = f(qt), f = f(¢g7't) and so forth. For detailed settings, see
Section 4. These equations define the time evolution (Mg, pg)k=1,.. n — Ak, Tk )k=1,... N, but
in this process we need solve an algebraic equation of degree N and this is not a birational
mapping. This is analogous to the fact that a solution of system (3), ux, does not satisfy
the Painlevé property.

By taking other variables, we can rewrite ¢-Garnier system to the form of a birational

mapping;
(8a) Zny <an—2’r_2’nl—zs><1 (1—QH1/H2)(GT—CLS)> <an—zr 1 zp, — 2 1>
- - - - — >
ZrZs \Qn, — Qp  Qp, — Qs 2y — Zs An, — Qr Zr G, — Qg 2

) (1 U omleles ey

Zp — Zg

k1 k1
=y (anl - qar)(anl - qas) <an - Zr Zng — 25> (ng Wn, +2r K2 Wn + zS)
— —Yny P} - - )
(ZT - Zs) anl — Qp anl — Qg anl — qar anl — (qag

(l=0,1... ,Nand n; € {1,2,... ,2N + 2} \ {r,s}).

In system (8), wy,, 2, and z, are written by the rational function of (y,,, zn,)i=01,...~. This
system defines a time evolution (yn,, zn,)i=0.1,...N — (Ynys Zny )i=01,....N- Moreover we have two
relations (integrals) (32) and (33). We can calculate the inverse as a rational map, so it is a
birational mapping. For detailed settings see Section 6.

The text is organized as follows. In Section 2 we recall known results concerning the

analytic theory of linear g-difference equations. In Section 3 we treat of their deformations,



and the compatibility condition between the original and the deformation equations leads
to ¢-Garnier system in Section 4. We show in Section 5 that it reduces in the continuous
limit ¢ — 1 to the Garnier system. In Section 6 we rewrite ¢-Garnier system to the form of
a birational map. Detailed calculations of the compatibility which is omitted in Section 4 is
also mentioned in this section. In Section 7 we discuss several directions of deformation and

their relations.

2 Linear ¢-difference systems

In this section we recall classical theory of linear g-difference equations ([1]). Consider an

m X m matrix system with polynomial coefficients
9) Y(qzr) = A(2)Y (2), Alr) = Ag + Ajz + -+ Aya™.

More general case of a rational A(z) can be reduced to this case by solving scalar g-difference
equations. Namely, if function f(r) satisfies f(qz) = (1/ ][, (z — ¢;))f(x), then the ¢-

difference equation
Y(gr) = 57— Y (%)
Hﬁ\il (z — )

have a solution Y (z) = f(x)Y (x).
We assume Ay, Ay are semi-simple and invertible. Denoting by 6, x5 (1 < h < m) the

eigenvalues of Ay and Ay respectively, we assume further that

On K

n o ¢ {q7q27q37"'} (].Sh,]{?gm)
Ok RE

We set Ay = CoqP°Cyt and Ay = CooqP=CL!, where Dy = diag(logf,/logq), De =
diag(log x,/ log ¢). Throughout this article we fix a complex number ¢ such that 0 < |¢| < 1.

Proposition 1 ([1]). Under the conditions above, there exist unique solutions Yy(x), Yoo ()

of (9) with the following properties:

(10a) Yo(z) = Yo(a)z™,
S 1
(10b) Yoolz) = q2¢E DY (2)aP>, gzl(;i;

Here Yo(x) (resp. Yoo()) is a holomorphic and invertible matriz at x = 0 (resp. at x = 00)

such that Y (0) = Cy (resp. Yoo(00) = Cs).

The g-difference equation (9) entails that Yoo (z)*, %(m)il can be continued meromor-

phically in the domain 0 < |z| < co. Unlike the case of Fuchsian linear differential equations

>



on P!, the points 2 = 0, oo play distinguished roles in the ¢-difference systems. There are no
branch points aside from = = 0 or oco.

Furthermore we know where poles appear. Let a; (i = 1,--- ,mN) denote the zeroes
of det A(z). Yao(z) and Yo(z)~! have no poles, while Yo (z)~! and Yy(z) are holomorphic
except for possible poles at

(11&) }//\voo(']ﬁi1 P qag, q2ai7 qgaia"'a
(11b) %('ZI:) PoQy, q_laia q_2@i7"' :

It follows from the fact that

Yo(r) = Alx)"'Yo(gr) = A(z) " Age) AlgP) ™
Yoo(2) = Alg'2)Yu(q'z) = A(g o) Alq*2) A(g ") - - .

The connection matrix P(z) is introduced by
(12) Yoo () = Yo(z) P(2).

Equation (9) leads the relation P(qz) = P(x). It is known to be expressible in terms of
elliptic theta functions. It plays a role analogous to that of the monodromy matrices for
differential equations.

3 Connection preserving deformation

In the theory of monodromy preserving deformation of linear differential equations, extra
parameter t is introduced in the coefficient matrix and we describe the condition that the
monodromy stay constant with respect to t. Analogously, in the setting of g¢-difference
equations, one demands that the connection matrix stay pseudo-constant in ¢, namely that
P(z,qt) = P(x,1).

We restrict the subject to 2 x 2 matrix systems. In the differential case, this condition
can be written by the existence of the deformation equations and the Garnier system is
derived from the compatibility condition between the original and the deformation equations.
Likewise, under appropriate conditions, it can be shown that P(z,t) is pseudo-constant in ¢

if and only if the corresponding solutions Y (z,t) = Yy(x,t), Yoo (2, t) satisfy
(13) Yz, qt) = Blr, )Y (2, 1),

where B(z,t) is rational in x (see Proposition 2 below).
Now we have to introduce a deformation parameter ¢ in coefficient A(x). In the case

of monodromy preserving deformation of Fuchsian equation, deformation parameter t’s are



configurations of regular singularities. But we have no branch points except x = 0 or x = oc.
The natural candidate for the deformation parameters are the exponents 0;,x; at x = 0, 00
and the zeroes of det A(z). We now take A(x,t) to be of the form

(14) A(ZE,t) = A0+A1I+"'+ANI'N+AN+1I'N+1,
0
(15) Ang = ( /21 ) ) Ap(t) has eigenvalues 6y, 05,
K2
2N+2
(16) det A(z,t) = K1k H (x — a;).
i=1

Clearly we have

2N+2

(17) R1Rk9 H a; = 9162.

i=1

Taking the determinants of equation (13), it follows that a; goes to ¢"a; from the con-
figuration of possible poles. Now we put a, = b,t, as = bst, 0, = Yt (h = 1,2), and b,,
bs, ¥n, (h =1,2) and K, (h =1,2), a; (i € {1,...,2N + 2} \ {r, s}) are constant in t. We
denote this deformation by 7, s, and f=T, rsf- We will consider relations among these 7, ,’s
in Section 7.

In what follows we will normalize Y (z) by Yao(c0) = 1.
Proposition 2. We have P(z,qt) = P(z,t) if and only if (13) holds for Y =Yy, Yo, where
B(z,t) = B, s(z,t) is a rational function of the form
x (x] + Bgs(t))
(x — qar)(x — qas)’

Proof.  From definition (12), the connection matrix is pseudo-constant in ¢ if and only if

(18) By (z,t) =

B, (z,t) o Yoo, qt) Yoo (2, 1) ™" = Yo(z, qt) Yo (a2, t) 1.

Using (11), we find that the only poles in 0 < |z| < oo common to both sides are x = ¢tb,
or x = qtbs. Moreover (10b) along with the normalization of Y. (z) imply that the left
hand side behaves as I + O(z™!) at x = oco. Similarly (10a) implies that the right hand
side behaves like O(z) at « = 0 (notice that Dy is proportional to t). The proposition is an

immediate consequence of these properties. 0
The compatibility condition for systems (9), (13) reads
(19) Az, qt)B(z,t),s = Blqz,t), Az, t)

where A(z,t) and B(z,1t), s are given respectively by (14) and (18). From the next section
we will parameterize A(x) and derive ¢-Garnier system by calculating this compatibility

condition as a time evolution of the space of A(x), the coefficient of the linear equation (9).

7



4 g-Garnier system

Ignoring a gauge freedom, we have further 2N parameters for the space of the coefficient of
linear equations (9). If we set ;. for a zero of the (1, 2)-element of A and set y; appropriately,
we can consider C(a;, kp, On) (Mg, uk)f:ll’;::.f,NH; =12 a5 the space of the coefficient A of linear

g-difference equation (9). Now we look at this more closely.
Define Ay = A (1), u;") = p,&h)(t) (h=1,2,k=1,...,N) by

(A )12 =0, (A )1x = rap TTOw = M),
14k

(A6, )22 = kopl? TTOW = N), (k=1,... . N)
14k

(20)

so that u,(:)u,(f) = 1222 O — ay)/ [T Ak — X)?. In terms of Ay, u,(:), u,(f) and (14)—(16),

j=1
the matrix A(z,t) can be parametrized as follows.

wL(x)
Here
L(x) = H(a: -\, T(x) = de;i(;) = H (r — a;),
=1 =1
N M;l) N M§2)
W(x) = L(z) m—a+zx_)\l Z(x) = L(x) m—ﬁ+zx_)\l :
=1 =1

01 = a1+ az + -+ AaN42-

The quantity w = w(t) is related to the ‘gauge’ freedom, and does not enter the final result

for the ¢-G'y equation. Introducing ux by

T()‘k) / (2)
e = ————"5 = L'(Ae)py ",
L)y
we can identify C(a;, kp, 0n) (A, uk)ill’;_ff,NH; "=1% Wwith the space of A.

Compatibility (19) is written by the form of a set of g-difference equations among the

quantities Az, u,(gl), etc.



Theorem 3. The equation of compatibility (19) is equivalent to the q-Garnier system (7):

S ar1L(an) TOV) Ry o L(an) i
= (an — N)(qar — N)(qas — N)L'\)m = (an = A)(ar — A)(as = M) L/ (N)
N H
Lian) _ 2= (an—X)(ar— Azé(as ML) %
L(an) B 1 N 2] Ly
( — =1 (arf)\l)(asf)\l)L/()\l)> ( e DI @) (as— )L/()\l)>
N N
61 + 6> < > H2/qf€1 qaras — an )y
X tan (14+-2) + -+ :
(HlL(O) ; — )\l )\lL/ )\l ; — )\l — )\l))\lL/()\l)

(ne{l,2,... ,2N—|—2}\{r,s})

with the condition about the gauge freedom:

_ Z T(\)
w_ 9w =1 (gar—N)(gas—N) L' ()
(21)
w

q’il Zl 1 qar—/\_z)(;i)\—ll_z)ﬂ(kz)m

Because the calculation is essentially same as that of the birational form, we will omit
the proof and show it for the birational version in Section 6.

Now we study the g-Garnier system itself, in detail. In system (7) the suffix n is running
through {1,2,... 2N 4 2} \ {r, s}, but what we need is only N equations. System (7) with
respect to n; (n; € {1,... ,2N +2} \ {r,s}, i =1,...,N) assure the rest of them (see the
proof of Theorem 4 in Section 6).

The time evolution (A, pie)r=1.... 5 — (Mg, Tk )k=1,.. N is determined by these 2N equa-
tions. But this process is a little bit complicated.

Firstly m is written by (A, fix)r=1.... .~ Then X is a solution of the algebraic equation
of degree N in x:

) (F =Tl - ) Sl 2w =

=1

where W(z) = [[L,(z — a,,). The rest of equations (7a) determine 7z from J;, \; and

p, (L=1,...,N) because these equations are linear about 1/7i.

Remark 1. In order to calculate fi; we need the inverse of the matrix P;; = (1/(a,
i=1,...,.N . . . (A L(an,) k=1,...,N

)=y Tt is written as Qi = (—L/((/\’Z)) (ani—/\k)\v’(ani))i=1,---,N'

Proof. We consider the partial fraction of the rational function

L(x) B al 1 L(ay,)
(I - anz)\I/(x) N Z T — Qp, (ani - )‘l)\lﬂ(am) ‘

i=1
Substituting x = Ay to this rational function, we get equation
N

o) L(ay,)
; ()\k_a"z>L/()\]g)( _)\l \If/ am Zth il — O

=1




In the process of determination of ()\_k, Ik )k=1,... v We have to solve an algebraic equation
of degree N. It means that the time evolution is not uniquely determined. In the case of
the Garnier differential system, this corresponds to the fact that uy of (3) does not satisfy
the Painlevé property though g of (5), symmetric functions of uy, satisfy it.

The inverse of this transformation can be calculated by (7a) and the equations

T\
L(an) _ Zl L (an—=20)(gar —N)(gas =) L' (A i %
L(a, _ N T(\) as1 T(\)
( ) (1 Zlil (qa'r )‘l)(qas TZ)LI()‘Z)M) ( Zl 1 (qar )‘l)(qas*)‘l)Ll()‘l)m>

01+ 6 il
x 222 4, (+—>+Z ol
k1 L(0) an — M)A L (A)

N o
@ (qaras - an)‘l)T()\l)
T ZZ (gar — N)(qas — A_l)A_lL’()\l)m> .

1 \gar

Remark 2. In the case N =1 (r =1, s = 2), system (7) is written as

_ 6 1 1— 02 M1
(23&) )\_1)\1 — asay k1azaq (a1—A1)(az—A1) k1azaq (a1 —A1)(az—A1)
© k2 M
R CTEn [ vy B el cre vy rrmwYy
_ gr -
(23b) fap = — T2 = ag) (M — ag) (M — ar) (A1 — as).
2
It is equivalent to the ¢-Pyy system ([6]). O

5 Continuous limit

From the construction one expects that in the continuous limit the g-Garnier system reduces
to the Garnier system. By continuous limit we mean that the limit e =1 — ¢ — 0.

Because a calculation of continuous limit is rather complicated, we go into the details of
this. We consider a limit of 741 9j+2. In equations (7), we look at only the case of even n
sufficiently. In what follows in this section, the number n is replaced by 2n + 2. Formulas
used in detailed calculations are listed in Remark 3 in the last part of this section.

We set Toaa(z) = Hf;o(l — x/agiy1) and Toyen(z) = Hi]\io(l — x/ag942) (So we have
T(x) = (TI2" @) Toaa(2) Toven (). Besides we introduce new variables (uy,v,) which are
defined as ¢~ = Koy /(62T0aa(Ak)) and ux = Ay, then equation (7a) is written as

—uwv

N —
Z q201 L(a2n+2) Toven (ug)q@™ Z 02 L(azn+2)Todaa(ur)g
— (azn42 — W)(qazjr1 — W) (qagjp2 — WL (w) = (aznt2 — w)(azj1 — w)(agjr2 — w) L' (w)

10



Here we have

Z Toaa(ug)g=™

Py (agnt2 — wp)(agj41 — w)(agjpe — ur) L' (wy)

Z Toaa(u)

— (aznt2 — w)(azj+1 — w)(azj+2 — w) L/ ()

Toaa(ur) (L — g—™)
— (agn+2 — ) (azjr1 — w)(az;e2 — w) L' (w)
_ Todd(&2j+2)

(agnt2 — G2j42)(a2j41 — azj42)L(agjta) -
N

Todd(a2n+2)
(a2n+2 - &2j+2)(a2j+1 - &2n+2)L(&2n+2)
Toaa(ug) (1 —g=™)

' (azns2 — w)(azj41 — w) (a2 — w) L' (wr)

+

Calculation about the left hand side is in the same way. Now we introduce notation of

g-number [a], = (1 —¢%)/(1 — ¢). This tends to o as ¢ — 1. By using this notation, we can

write equation (7a) as

¢%01 L(a2n+2) Toven(az;+1) 02 L(azn+2)Toaa(az;r2)

s — Qiays2) azes — oy o) (@t — aay12) a1 — ay02) o)
n 02T5aa(azn+2)

N _
e Z q291L(a2n+2) Teven (ul) [ulvl]q
(a2n42 — azj12)(a2j41 — A2n42) = (a2n+2 — W) (qazj+1 — ) (qagj+2 — w) L' (w)

+

N
02 L(a2n42)Toad (w)[—uvilg _
+EZ ; =0.
— (agny2 — wr)(azjt1 — w)(ag;+2 — )L (w)
Putting

Aonsr = @ Pty,  agnis = ¢*?t, (n=0,...,N), k1= q K2 Ky ="
(24) N N

0, =q""? H(—tz‘), 0y = q"/* H(_ti)u

i=0 i=0
(notice relation (17)), we get

L(t)T'()) 9—|—Ozo—l+ia]~—l—ai_i “l+F F ) a1 N
L(t;)(t] — tn) t t;—ti t

i=0 =1 tj —w tn — i —tn

i#]
ozn’]"(tn) ivj tn)7T (up)uy 0
C(te —t))? = (tj — w)?(tn — w)L'(w)

where 7(z) = 2 [[1y(z — t;) and L(z) = [\, (v — )

] . In this calculation we used the
Taylor expansion

wlgt;) = w((1 = e)t;) = wt;) — et;— + -2



The equation obtained is linear with respect to %’s. Considering the matrix Ny, =
J
NI

T (g ) (b —t) £t which is the inverse of the matrix M,,; = 1/(t,—w;) (n € {0,. ..

T (tn)up (up—t;)(ur—tn) L' (ug) ’
{j}and k,l =1,... ,N), we can calculate d“’“ By using the formulas (28b) and (28f) given

below in Remark 3, we obtain

duy, E(t) T(uk) (i + i X — 61] — 2Uk>

(25) G - T J -
t () L' (we)(ue — ;) \wn = w1
Next we rewrite equation (7b) using the notation of g-numbers. It can be written as
N
Vyai—K
H;NO( a2z+1)Todd(a2]+2) +e Z HZ 0( a2z+1)Todd(ul)[ Uy —+ L+a]q «
(agjy2 — agj1)L(agj+2) -1 (agj1 — w)(azjp2 — w) L (w)
N 0+ N g it K
% Hi\io(_a%—i—l)Todd a2]+2 Z —a2;+1 Todd(ul)[—ulvl + ZF+O‘ — 1]q
(agjy2 — agj1)L(agj+2) — (agj1 — w)(azjro — w) L' (w)
— N
_ qelTeven(GQj—l—l) + 62 q HlTeven( )[ul Ul] %
(a2nt2 — qazj1)(azjt1 — agjp)Lagjs1) = (aznt2 — W) (qagj+1 — W)(qazsre — W)L (u)
=1
O2(azni2 — qazjr1)Todd(azjra) o 9+21 Lo
—€“a kil |ke| —+
( q(azj+2 — agj+1)L(agj+2) 20 Ul el
. Z <a2n+291Teven(Ul)[UlUl]q (qazjt1a2j42 — a2n+2uz)92Todd(Ul)[—Ulvl]q>
—\ (a2ns2 — u)u L' (u) q(azjt1 — w)(agr2 — w)u L' () ’
N
Where kl o %%O‘z k2 M 1.

This equation leads to 0 = 0 as the limit ¢ — 0. Furthermore, as the coefficient of €
term of this equation, the following equation appears:

d
(aj—l)tj+aiti+z -1+ ul)g iTul 0+ 3N —1—2uv))
w — t; L (u)w(w — t5)? '

tj —ti =1 =

M-

<O

(26)

X1

But this can be derived from equation (25). We have to look at equation (7b) in the

coefficient of €2’s term. Notice that
1—qg“ a(l — «
q al-ae)

[a], = l_q:a+e 5

12



and we obtain

|

d
1 T’ al Dtj + ity (aj =14 Ghtj
o = JIE St ><
2 P t; P up — t;
b
N N . duyg N
s (0 +)t; +oqti 3 (o + Dt —t5 L) 3 (tn — )T (w)vy N
i=0 t] - tz =1 up — t] T/(t]) =1 (tn - Ul)(t - UZ)Q‘C/(UZ)
i#j
2d%y d d
N 1 77(t)) i\]: ti ez 2 (% - 1) (% oy — 1) ZN: (t-(aj — 1)t; + ayt; a;t;
20;L(tL5) | \w—t; (ur —t;)? —~\7 (- t) tj—t
i#]
d dum du fdw
_ i (tn — ;)7 (w) vy itﬂd?f 3 _it]d? tj(d?; 1>_ﬁ%_ﬁ@
-1 t — ’U,l ﬁl ul)(ul — tj)2 =1 Uy — Um i—0 u; — tz u; — tj up dtj ( dtj
m#l 2]
d
(j —2)t;  tiai P kit ke T'(t) [ < _|_ i\f: ity
— — K1 —R2
tn — tj u; — tn 2 tjﬁ(tj) — u; — t]
i?fj
N N
I th(Ul)Ul v — — — Z oy — z] t klkg ]C% + k% <1 I T/(tj) ) I
=1 (t —t; )[,( )(ul —t i—0 u; — t —tj 2 tjﬁ(tj)
N N N
1 T (w)[2uyvy — k1 — ko] ot + agt; o t;
+ = + — 1]+
2; Eululul—t) ; tj—ti mzlum—tj
i#]
N 2
N Z ulvl + kl Z Ulvl + ko] ([ (tn = 4)7 (w)vr
E’ (w)w (w — t5) E’ (ur)ug(ug — t5)? P (tn — w) L (w)(w — t5)?

d?u; »

This equation contains the terms of arz

entiating equation (26), we have

NG BRI R
—1 u; — tj (ul - tj)
d dup,
_ tjﬁ(tj)i 27 (up)vy Z tig =t G B
T'(t;) = L'(u)(w —))* | 2= w—um
m#l
N N
t;L(t5) 27 (uy)vy
+L L0+ o —1—
) ( 2 ; (t; = )L (w)
d
d 11, + 4

1t oyt
_Z( t; . Z

up — t;
i=0 a =1 :
i#j

13

s, and we want to eliminate these terms. Differ-

N
_ Z <t'(aj — 1)tj + Oéﬂfi Oéiti >
J
pard (t; —ti)? tj —ti
I#]
d du
i t] d?l 1 t (dtl B 1) tj dul tj d’l)l
i—0 u; — tz u; — tj up dtj ( dtj
i#]
N t; (% _ ) N
dt t
N i#]



Using this equation and (26), we obtain

N N dui
T (w)y tj dy 1 duy tidr, tiL(t5)
0 => L=t (L= —— | tj=— + Lt (ke + ko)
=1 (tn — ul)ﬁ’(ul)(ul — tj) (s dtj + ! u; — tj J dtj + 1 Up — Uy + ( ! + 2) T’(tj) +

N N 2
ul U] 0 o; + 6ij tjﬁ(tj) T (uy)vy

- v — — — 2|+ -

tn — t Z £/ (ug) (ug — t) [ T ZO w — t; T'(t;) lzl (tn — ) (ug — ) L' ()

N N

T (w)v duy T (w)v

- ti— + (o — 1)t; -

; (tn — w)? L' (w) (w — t;) 7 dt; i ; tn — w) L' (wr) (u — t5)°

tL(t5) )
<T,(tj) + tn — t] klk?a

N N
where Ly = & + 30 ol — Yt
Here we multiply the inverse of the matrix M, ; = 1/(t, — w). By using (28a)—(28e) in
Remark 3, we get

T'(t;) doy, T (ug)v? T (ug,) vk 0 N —biy
£t a, —t) L Sracl i Dl o
(t;) dt; (u) (ug ) (ur) (uk — t5)% | uk —o Wkl
N N
(Y% 0 (67 51,]
+;£/ul uk—t)ul—uk [vl up ;ul—ti +
1%k
N N
Vg 0 a; — 0;
+Z£’ul ul—t)ul—uk [ul Zoul—ti *
iz
(Oéj - 1)Tl(tj) k1ko
——— e — (ky + ko)ug + .
(s )ty T R T

We can simplify this equation. Using (28g) and (28h) in Remark 3, finally we obtain

T'(t;) duy, T (up ) vy Y — L f A
27 L= = L g — — +Y 5|+
( ) E(tj) dtj E’(uk)(uk — tj) k k g Uk — t u% ; (uk. — ti)Q
N
7T () o a; — 0 k1ko
+ZZI L () (ug — t5) wp — ug w ; u — t uk—t
I#k

Equations (25) and (27) coincide with the Garnier system (3).

Remark 3. Here we list formulas used in the above calculus. These can be verified by
investigating residues, or by decomposition of rational functions into partial fraction like
Remark 1.

14



T (uk)tn (tn—t;)L(tn)

Tl un (i 1) () (o) it is useful to consider the
n J n

In calculation of multiplying Ny, =

following formulas:

o Y
n#j

o S e T
n#j

g bz L
n#j

N R el e S
n#j

25 i ut:& :fifr(it)> (tn - w)? - }?]35(“'“) (uik " E o L’“) |
n#j

where Ly = L+ Y0 - =30

Moreover we used the next formula to get equation (25):

N N

T'(t) — 1 1
(28f) Zt—t ):Zti_t,J“Zt,_ul‘
2 =

In the last calculation to get equation (27) we used the next formulas:

N

T (w) 1 T (ug) < 1 1 )
28 = — + — Ly | +1
(%) 121 Cluuu —t)w—we  Llug)ue(ur — ;) g up—t;
l;ék
’T(ul) 1
2 h =
(8) Zﬁ’ul (ul—t)ul—uk
iZh

_ T (ug) 1 2 T'(t;)
oL (ug)ug(up — t)? <ukz * ug — tj Lk) " tiL(t)(ur —t;) U

6 ¢-Garnier system of birational form

In Section 4 we calculated the compatibility, (19), but the determination of the time evolution
needs a process of solving algebraic equations of degree N. In order to describe this system

in the form of birational mappings, we change parameterization for A(z).

15



Define y;, z; and w; (i =1,2,... ,2N +2) by

1
(29) Ala;) = y; ( . ) ( Riw;  Kow ) (1=1,2,...,2N +2).
w "z
(Notice that detA(a;) = 0.) Then there are 3(2N + 2) parameters and it is redundant. If
we take distinct N + 1 elements of ¢’s as {ig, %1, ... ,in}, we can write down A(z) by vy, , 2,
and w;, (k=0,1,...,N). These are Lagrange’s interpolations.

B k1Z(x)  KowL(x)
Alz) = </€1w1X(x) koW () )’

W(z) = O(z) (1 + Z O/ (a; )ZZ; — )) Lo =00) (Z O'(a; )y(Z; — )) ’

k=0 k=0
N N
X(z) = O() <Z @’(a‘w)if:k— a; )) 2@ =0@) <1 > @’(a‘w)iégik— a; )) 7
k=0 tk tk k=0 tk tk
where O(z) = [[1_,(z — a;,). In particular,

= O(w) i i Z_l“‘ngVoW%
v : @,(alk)(al aik) ’ l Zk 0 ©/(a; yl(l; —ai,.) ’
(30) N e
Ry o o) '
w; = (l 7£ Zkz)‘
Zk 0 e (azk)(al aiy,)

Furthermore we obtain a linear equation for w;, from the equation about X (z);

Zj = R Yiy

31 2 —
(531 1T 2, & ay)

k=0

Wy, = 0 (j 7& Zk)

Taking R as the inverse of the matrix (%) (where {jo,...,jin} U {ig,... ,in} =
1% ) 1k
{1,2,...,2N +2}), we get
o’ a; N
Ws,, = 7( m> Z Rm,lzjl-
Yim 130

In the end we add two relations. The first is
N

Yiy,
(32) =1,
because the gauge w normalize the leading term of L(z) to 1. The second comes from trace
inx =0,
N(K,Z‘—FKI’LU‘)‘ 0 + 6
(33) “14_’{&2_2 274, 1Wyy, )Yy, 01 2

0w O(a,) 60

k=0

16



Finally we can identify the space of the coefficient A(x) as

(C(&i, K, eh)(% Yis wi)i:l,... 2N +2; h:1,2’(17): (30): (31): (32): (33)

i=1,... 2N+1; h=1,2;
- C(ai7 Rh, eh)(z’ik7 yik)kzo,l,...N+ |(32)7 (33)
= Clag, bn, 0n) (Zigs Zirs - -+ > Zins Yirs - -+ Yin )i=1,... 2N+1; h=1,2|(33).

Here the symbol K|(A) stands for a field K with a relation (A).

These parameters z;, y; and w; are written by A\, and ;. Namely,

W (a;) N :“l(l) N
w; = ’ =a; — -+ s yz:L(az) = (ai_)\l>7
L(a;) ZZ; i — A 111
(34) Z(a) N @
a; Hq
Z; = =a; — P+ .
L(a;) & lzl a; — N

See the variables ,ul(l), ,ul(Q), a and [ in Section 4. The field C(a;, kp, 0) (A, uk)?:ll’,’::'ﬁNH; h=1.2;

is an algebraic extension of C(a;, Kn, On)(Zig, Ziys - -+ s Zini Yivs - -« s Yin Jiz1,... 2N+1; h=1,2|(33).
Now we calculate the compatibility condition (19). Before we see the proof of Theorem

3, we rewrite the compatibility in this parameterization.

Theorem 4. The g-Garnier system (7) is equivalent to system (8):

z_nl <znl — Zr - Zny —25> _ <1_ (1—61/%1/%2)(%—@5)) <znl _zri - Zn; — Zs l)

2rZs \Qp, — Qp  Qp, — dg Zp — Zg Qp; — Qp 2 Qp, — Qg Zs

- (1 (- gmi/ra)(ar — as))

Zr — Zs
k1 k1
_ (anl - qar)(anl B qas) (an — Zr Zng — zs) <I{2 Wny +2r Ko W, + ZS)
= —Yn, 3 - - ’
(ZT - Zs) anl — Qp anl — Qs anl — qar anl — (qag

((=0,1... ,Nandn; € {1,2,... ,2N +2}\ {r,s}).

Remark 4. Equation (21) is written in this parameterization as

K1 W, — W
Ko Zr — 25 =

(35)

w
w

In system (8), wy,, 2 and z, are written by the rational functions of (yy,, zn, )i=01,.. .~ (see
(30) and (31)). Moreover we have two relations (32) and (33). These equations define the

action of time evolution T, s on the space of coefficients A(z). Time evolution (73, %, w;) =

17



T, s(yi, zi, w;) is expressed by the system:

W, We 2 _ ayr — Qg
(36&) Wy _ W _ (lﬂ Q)( )_@,

Zs Zr Zp — Zs K1

(36b) gy, = L0~ )% [( L1 ) (X(Qar)+%er(qm«)) +

(ZT - Zs) (q - 1)ar qa, — Aas 1

(T ) (Ve + Btton )]
(36¢) %4, = alar = as)zzs K( ! ! ) (er(qar) + Z—;W(qar)) +

(Zr - Zs)2 q— 1)ar B qa, — Qs

11 11 K1
- v -~ __ - - TZ T _X T 9
((q—l)ar Zr qay — as zs) (z (qa) + o (qa ))]

(Us, Zs are expressed by the equations obtained by the replacement (7, s) +— (s,7).)

(36d) Z_n(zn_zr _Zn_zs)_'_ﬂ(zn_zrw_r_zn_zsw_s) :0,

Ap — @Gy QAp — Gy Ko \ @y — Gy Ay — Gy

T W W\ | ke (T W Wy W
(366) wn( - )+_( Zr — ZS): 9

ap — qay ap — (asg R1 Qp — qar ap — (asg
(366) Yn'y _ (a, — qa,)(a, — qay) (zn — 2  Zn— zs) (wn + 2z _ Wn + Z—fzs)
YnZs (Zr - 25)2 ap — Gy Ap — Qg Qp — qay ap — (ag

(ne{1,2,... ,2N 4+ 2} \ {r, s}).

We also call this system g¢-Garnier system. This system is a dynamical system on the
2N-dimensional space. But we may consider this as a dynamical system on the 3(2N + 2)-
dimensional space, which has 4N + 6 integrals defined by relations (30)—(33).

Proof of Theorems 3 and 4.
Now we calculate the compatibility, (19), in the variables (y;, z;,w;) and deduce that it
is equivalent to the system (8). Theorem 3 can be shown from the discussion below, by
substituting (34).

The compatibility (19) is written as

(37)  alw—a)(r—a)A(@)(@] + B,,) - (x - qa,)(x — qa)(qz] + B; ) A(x) = 0.

The left hand side is a polynomial of degree N +4. We look at this condition at the 4 special

points: x = a,, as, qa,, qa,, then we have
(38) A(qay)(qanl + Bgs) =0, (qanl + BS,S)A(ah) =0 (h=r,s).

So the determinant of A(qay) (h = 7,s) is zero and we can parameterize as

Z(q@h):%<_11 )(/ﬁw_h /‘igw), (h=r,s).

w "z

18



Equations (38) are equivalent to equation (35), the equation

(39) Zr Wy = ZsWs

0 .

7,89

and the parameterization of B

(40) Boe) = —" B w g gy

(x —qa,)(x — qas)  KowW(z, — 2)

where

1 _
By, = ( /<;2w_> <Zh —w) (h=r,s).
T —qan \ —rki0,

Substituting the matrix BY_ to the compatibility condition (37), we can write A(z) by

the parameterization of A(z) as follows;

= (z — qa,)(z — qas) 0 0 \—1
Alz) = grl + B, ,)A(x)(xI + B, ;).
() = oLl ol 4 ) ) 0T+ )
Then A(z) is a polynomial. (Although possible simple poles appear at @ = ay, it is shown
that (2 —ap)A(2)|s=a, =0 (h =r,s).) Because the determinant of I+ By, is (z —qa,)(x —

qas), we have

2N+2

det A(x) = K1k (z = qa,)(x = q4) H (r — a;).

(@ —a)(r—as) 3

Moreover we know the leading term of A(xz) is diag(k1, k2) and A(z) have ¢f; and ¢, as the

eigen values at z = 0. Consequently A(z) can be parameterized by Z;, U, ete. as

Ala;) =75 < wllz—j ) ( K1Wj Kol ) '

They satisfies the over-lined version of (30),(31),(32) and (33).
Considering (37) at x = a,, (n #r,s), we get

1 [ —w; w, W,
) y—<_)lu(2 L) T _1>]+
Zn Ap — qay an — (qag

1 1
Zn — Zp 5_17 . Zn Zs K1 < KW, Ko ) — O
Qp — Qp \ — 1:; anp —ag \ — 1:2

This is equivalent to equations (36d)—(36f). Notice that we have only to consider N points
among = = a,’s (n € {1,2,... ,2N + 2} \ {r, s}), because equation (37) is of degree N + 4.
Hence N equations of (41) assure the rest of them.

19



Now we calculate equation (39). In equation (30) we set ig = r and s & {ig,... ,in}.
Eliminating w; in (39), we get an equation about ¥;,, wy;, (I = 1,...,N), ¥, and w,. But
we can eliminate 7, by equation (32). Using equations (36d), (36f) and (39), we obtain an
equation about Z;; it is equation (36a).

Eliminating w, and wy from (41), we obtain (8a)—(8b). Inversely, under the condition
(8a)—(8b), we can deduce equations (36) and (39), so the proof is finished. 0

We can calculate inverse transformation of the system (8a)—(8b). In particular,

Z _ z (L—gri/ka)(ar —as) k1

W Wy Ws — Wy Ko

It follows that g-Garnier system with this parameterization defines a birational mapping.

7 Relations among the time evolutions

Till the previous section, we discussed about a time evolution 7, s for the fixed r, s (r,s €
{1,2,...,2N +2}). In this section we study on relations among several time evolutions. In

the first place the next proposition is obvious.
Proposition 5.

(42) T.,=T,,.

)

Next we see commutativities of time evolutions.

Proposition 6.

(43) TT1,81 © TT2782 =1,

P1,01

oT

p2,02)
where {p1, p2, 01,09} = {11,712, 51, 82} and ry, s1, ra, sy are distinct from each other.

Proof. Since the time evolution is defined by the equation
T, s(A(r)) = Bm(qx)A(x)Brvs(x)_l,

we have only to show T, s, (B, .s1)Bra.ss = Lpyos(Bpy.o1 ) Bpson- The matrix 1), s, (Byy s, ) Bry s,
is a rational function of the form
2?(2*I + zB' + BY)
(z = qar, )(x — qas, ) (z — qar,)(z — qas,)’

Moreover this is uniquely determined by the equation

q2(x - arl)(x - a81)(x - a?‘z)(x - a82)T7’1,81 © TT2,S2 (A(f))(ZE?] + xBl + BO) -
=(x — qa,,)( — qas, ) (x — qay,)(x — qas,)(¢*2*] + qzB' + B%)A(x),

20



as in the proof of Theorems 3 and 4. But this equation is also satisfied by T}, », (B0, ) Bps.00-

Uniqueness of solutions of the equation leads to the result. 0

As can be seen from the proof above, time evolutions are uniquely determined by the

information about the move of (a;);=1. . onyo. Let T, do,.. )y be the time evolution

. daN42
associated with the transformation (a;) — (¢%a;) (30772 d; = 0 mod 2). Then we don’t
need the assumption that ry, s1, 79, so are distinct from each other, in Proposition 6.

At the end we close this section with the next proposition.

Proposition 7.

» Tor. 1(A() = ¢ ( k1 0 ) A(g ') ( k1 0 ) :

0 Ko 0 kKo

Proof. In this case the deformation equation T(Y(z)) = B(z)Y (x) is expressed by the

matrix B = B, 1) that is a rational function of the form

goon

VTN 4 2N BN ... 4 BY)
H?iVlJrQ(x — qa;) '

This is also uniquely determined by the compatibility

Ta,. n(A(@) B, n(@) = Ba,..ny(gz) Alz).

K1 0

This equation has By . 1y(z) = (z/q)N ™! ( )A(q_lx)_1 and T(11, . 1)(A(z)) =

¢Vt A(g ' x) as a solution. Uniqueness of solutions leads to the proposition. 0

0 K9

Equation (44) is written in the terms of (A, p) as

+1

T(l,...,l) = T1,2 o T3,4 ©---0 T2N+1,2N+2 : (/\k:7 Mkz)kz:l,...,N = (q/\k:7 QN Mk)k:zl,...,N-

This is a kind of trivial transformations.
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