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Abstract

In this paper, we studies the distribution of firm size by using a model based on Sato’s
paper in 1970, and proved the static distribution of firm size satisfies Pareto distribution
in its upper tail.

1 Introduction

Studies on empirical size distributions have a long history and attracted many scien-
tists’ interest in the past years, since these distributions were frequently used to describe so-
ciological, biological and economic phenomena (e.g.[4]). These empirical size distributions
include (1) distributions of incomes by size, (2) distributions of words in prose samples by
their frequency of occurrence, (3) distributions of scientists by number of papers published,
(4) distributions of cities by population, (5) distributions of biological gene by number of
species, and (6) distributions of firms by size.

More than one hundred years ago, Pareto[2] reported that personal income distribution
follows a power law with a universal exponent 1.5 approximately. Due to Pareto’s contri-
butions to this field, the distributions with the form ofi) = ail—g are called Pareto distri-
bution, wherea, b andk are constants. In 1924, Yule[5] constructed a probability model
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with f(i) = cB(i,p + 1) as its limiting distribution, in order to explain the distributions of
biological genera by numbers of species, whgris the Beta function and is a constant.
This distribution is called Yule distribution. Actually, Yule distribution can be approximated
in its upper tail by Pareto distribution. In 1955, Simon[4] constructed a stochastic model to
describe the distribution of words by their frequency of occurrence and obtained Yule distri-
bution as the stationary solution of the stochastic process. In his model, he supposed that the
probability of absolute growth of a variable is proportional to its size, and relative growth or
the growth rate is stochastically independent of size. It is called the law of Proportional Ef-
fect. In 1970, Sato[3] studied the size distributions which follow the law of nonproportional
effect. Sato derived steady-state distributions for a few specific forms of the size-growth
relation.

In the present paper, Sato’s model is introduced and been used to describe the growth of

firms size-growth. The empirical results are proved by using a strict mathematical method.
2 Stochastic Model and Main Result

Let (Q,.7,P;{#n}n_,) be afiltered probability space. Lete (0,1), ac (O,L)
a

l1-a
1- .
andb = — Note thata+b > 0. LetN,, Sj, i =1, 2, ..., Ny, be #,—measurable
random variables, for each= 1, 2, ..., satisfying the following assumptions.
aSi+b

(A-1) P(Nnt1=Nn,S1i =Shi+1.S1j =S, | #i[Fn) = (1—0)

i=12 ... Ny

SR @Sk +Db)’

(A-Z) P(Nn+l — Nn + la S]+1, Nn+1 - 17 S1+1,m - S’I,m7 m= 17 27 sy Nn|ﬁn) =4a.
(A-3) N1=1S,:=1

This model can be used to explain a system of developing firms, as described in Figure 1.
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Figure 1. The schematic of size increase in developing firms.

At time 1, there is only one firm with size 1. L&, n=1, 2, ..., denote the total number
of firms at timen, andS, j be the size of theth firm at timen, 1 <i < N,. For alln, N, and
S.i satisfy the above assumptions. Actually the above assumptions indicate the following.
When the total size of the firms increadeshe size of-th firm increasd. at timen+ 1, with
probability (1—a)(aS; + b>/(|§ aSk+b), and a new firm is created with size bivith
=1

probability a.

Let f,x be the number of the firms with size kfat timen, that is, f, is the cardinal

number of the sefi; S,j =k, i =1,2,...,Nn}. frx=0whenk > n. Our main result is the

following,

Theorem 1 Letc, k=1, 2, ---, be defined by

_ a B(k+2,1+Y)
~1+(a+b)(1-a)B(1+2,1+y)’

Ck

whereB(x,y) is the Beta functiony = a(1—£a) Then,n—%“(fn’k— ng) — O, almost surely,
asn — oo, for anye > 0andk > 1.

. ok
In particular % — Ck, almost surely, ag — o, for anyk > 1.
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Remark 2 (1) The limit distribution of firm sizes satisfies Yule distribution, Gk + g)”y

is called the Pareto coefficient.

converges to a constant &s— o, herey =
g * 4 al—a)

(2) Whena =1, b =0, Sato’s model is simplified into Simon’s model. In this case, the

probability that the size dtth firm increased at timen+1is (1— a)S,i/n, when the total

: : : a 1 L
size of the firms increasds Alsocy = ﬁB(k, 1+ n), and the Pareto coefficient is

l1-a’

3 Some Analysis About the Model

Let us make some preparations.

Lemma 3 For anyn > 1 andk > 1, we have the following.

(1) P(foraiker = fakr1+ 1 fapaik = fak— 1, forej = fnj, | # K Nnp1 = Nn|Fn)
_ fak(@k+b)(1—a)

n an+bN,

(2) P( fn+1,1 = fn,l + 17 fn+l,k = fn,k7 k= 27 ... N, Nn+1 = Nn + :uyn) =4da.

Proof. By Assumption 1, we have

P(foriki1 = fakt1+ 1 fapak= fak—1 faerj = fnj j # A, Nop1 = Nn|Fn)

:P({Eliv SLi =k, S1+1,i = Sn,i + 1}‘0@!1) = E(fmkl{Sw,i:k, Si1i=Shi+1, Nn+1:Nn}‘35n>

(ak+b)(1—a) ;
an+bN, K

:fn,kP(Sﬂ,i = k> S‘H—Li = Sﬁ,i + 1, Nn+1 = Nn|gn) =

So we have the assertion (1).

The assertion (2) follows from (A-2).

Proposition 4 Suppose thaX,, n=1,2,---, are random variables which satisfy

E[ max ‘Xk|2] S Cn57 n= 17 27 ) (1)

1<k<n
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for some constants > 0andd > 0. Thenn—g—fxn — O a.s. for anye > 0.

Proof. For anyl € N, we have

2
E[ max ( % ) | <27 1G+OE[ max X3 < C20-2¢,

2l <k<2l+1 2l <k<2l+1

So we have

0 2 o0
E[S  max < % > J<Cy 22 <,
=)

512 <k<2+t \k3+e

which implies that max %
2|SkS2|+l k7+8

—0a.s., a3 — .

This completes the proof.

Using this proposition, we get the evaluation abNgtn=1, 2, ---.

Lemmab

—I|Nh—na| — 0, a.s.as n— o, for any € > 0.
n§+€

Proof. Notice thatN, satisfies

P(Nn+1 = Nn+ 1|ﬁn) = CY,
P(Nn+l = Nn’ﬁn) = 1— a.
Therefore we have,
E[ max (N — ka)?] < 4E[(Nn—na)?] = 4[n(a — a?) +2a® —3a +1].
<K<n

By Proposition 4, we have our assertion.



4 Proof of The Main Result

(ak+b)(1—a)

>k
Forn, k>1, letX,x = fok—na, dnykxnykE[Xn,kgé‘nl],Cn,k{ an+bN, =%

0, n <Kk,

. Note thatf, x = 0 for n < k—1, then by the Lemma 3, we have,

foranykandn>1

E[fn-i—l,kl«?n] = fn,k + Cn,k—lfn,k—l - Cn,kfn,ka K >2 (2)

E[fnt1,1|Zn] = fha+a —Chafas. (3)

Following Equations (2) and (3), we have

EXnt1klFn] = (1= Crk) Xnk +Cnk—1fnk-1— Ck — Crxntk. (4)

EXnt1,1]%n] = (1-Ch1)Xn1+a —ncCh1—Cy. (5)

For each integen > 1 andk > 1, we denotgsx = 1 —Cpk. Letey 1 = a —nciCyp — ¢ and

énk = Cnk-1fnk-1— & —CnkNG, k> 2. Then we haveXni1k = dni1k+ YnkXnk + Enk-

We see that
n—1 1
([ Yik) ™ Xk = Mok +Ank,
=1
n-1 | n—
whereMp = Z r| d|+17k is a martingale im andA, x = Z (I‘Ly/j7k)‘1s|7k.
=1 j=1 =1 |=

Lemma 6 Letc = min{a,a+ b}. Then for eactk > 1, there are constants, ands, such

that

W Wil s

N] U
<rexp( E CY——. n-k, n>1.

JlJ

(2)( Vi)t > scexp(—= = k|b| 1\ _%Dn”k, n>1
=1

||:|:ﬂ\:|:



(ak+b)(1—a)
cn

Proof. For eachk > 1, letix = min{n > 1, < 1} vk. Then we have

n n

IOQ((H yj,k)_l> = - z |Og(yj7k) = — i |Og(1—CJk> = |1—|— |27 n> ik;

1=k 1=k 1=k

n
1
wherely = % Cjiandlz =37 zi"’:zl_(cjvk)l_ Then we have
=k

n1 n 1 uglb] & 1 N;
1= U+ ) Cjk— W) Sw(l+logn)+——S =|a——]|,
j;kj j;k T c j;kl J

and

i (ak+ b)(]i_ a) )Z(CLk)m_z

2
© 1 (ak+b)(1—a),/(ak+b)(1—a)\"? 1 1
<2 ml c )2( ixC > £ j2

> 22 k+b)(1— m
Sl e )

_ (ak+b)(1- or)) .

<2iZlog (1

On the other hand,

n - 1wl 01 N
Iog((rl Yi k) l) > 1 > uclogn— z —.uk—% z T|a—f'|,
=l = =] J
and so,
- 1 Ul S 1‘|a—m|)nuk.

(T] Vi) Tt >exp— FU
=1

j=lk C j:|kJ J

Sincea < ynk < 1, then we have our assertion.



Next, we evaluate martingalgM,, }»_; and the remain patA,},_;. LetT =t be
the stopping time defined by= inf{n,|N, — na| > tn%}, t > 0. Then we havéN;\n — (T A

na| <t(tAn)i+1< (t+1)(tAn)d

Proposition 7 For eachk € N andt > 0, there exist some conste(htk such thaE[l<mn?<xn(MmM K <

Gt n> 1.

Proof. Note that

= |Xnk— Xn-1k — E[Xnk — Xn-1k|-Fn-1] < 2(1+ ). (6)

Therefore we have,

(n—1)AT
2
E[1r<nn?<xn Ménril < 4E| ] <8E[ Z I_| Vik)2dP 14l
n-1 I
2uk|b t+1
§32(1+Ck)ZZrEexp( C| |Z & )12, (7)
I= =1 ]4
b & t+1
So lettingG; k = 32(1+cx)réexp( uk| | Z +5 ), we have the assertion
=1 J*
U
Proposition 8 There exist some constais,, for eachk € N andt > 0,
such thatE [|Anr k|?] < Coxn™ <, n> 1.
Proof. We prove this proposition by induction kn
Step 1. We consider the case tkat 1. Notice that
(a+b)(1—a) (a+b)(1—a) (a+b)(1—a)
&nil=la—Cc————F—=¢C1| = C1— c
Enal =la =1 a-+ b = e @ a-+ b 2
a+b)(1—a)lbjcy, Ny —na
< BDE- e Mg, @®)



By the definition ofA, x and Lemma 5 we have

) (n=DAT | )
EllAnz1|”] < nE ([1v.0" ]
[ I; =
n-t 2uplb] Lt u|bjc1)? _ (N —lar)?
<nz{r%exp( Bl Ly (Do) (N o)y
=1 j=1]4
)2 -t
§4r%exq2uj-’b| Z _|_5 (U1|b|C1 nz{ C( o |2u1 (202_30+1>|2u1—2}.
=1 j*
A 2 1 :
Lettlngq,1:8rf%e Xp( ul‘b‘ Y- 1ti ), then we have our assertion fioe= 1.
4

n—1
Step 2. Suppose that our assertion is validkioBecause I_ij’k)_lxn’k = Mnk +Ank, by

(m— <
the assumption fok and Proposition 7, we ha\Ee max |_| yJ X%ALK] <2(Gx+

Cix)n? 1, n> 1. Note that

|&nks1] = |Crkfnk — Ck +1—Chxy1NCet1|

< |Chk(frk —Nac)| +[NChk — Ui|Ck + [NCr k1 — Ukt1|Cir1

_ (ak+b)(1—a) Xk
B Cc

Nn
! C(Uka + U 41Ckr1) |0 — —\ 9)
Ifn<rt,

n
([ Yiken)™ Yok = (Yrks1)~ |_|ij+1 ok
1

(nf 1V1k+1) ! m-1
_ 1 j=
_Vn,k+1 (HT—lVJ ) 1 l<m<n I_l VJ

1
Xmk

1l 1] (U1 + ) "+ 1 U1 —U i 1
<agl n—1)%17% max (
- Sk exp( c le Jf{ ) 1<m<n I:l Xmk:



By Lemma 6, we have

) (n— 1)/\T h n—1
E[(Annr ki) < E[n I_LVJ k1) £h kral =N Z EL( I_LVJ k+1) Eh ki1, N<T]
X2,
(ak+b)?2(1—a) 2“ 1
<2n S I_Ly’k” h2 . h<T1]
b Nh—-ha)
+2”(E(Uk0k+uk+10k+1 2 E[( |_| Yik+1) T h<T]

(ak+hb)?(1—a)2 " _sz+1ex 2/b| (Ui + ) "=t 41

<2n a n( )h2Uki1—2U—2
c? hgl % C g]_ J%
p= -1
ma h <
1<m<Xh =1 ka, T]
b 1 ouaqbl Pty
+4N( (UG + U1 10k41)) Tt S X kralb] & 3 11 s
c h=1 =1 J4
K 1— g)2n-1 (2 5 h 11
< 2n (a +b) ( a) Z 2 Ct k+ct k)h2Uk+1—l k+1 eer |b|(Uk+1—{—uk) _}_5 )
¢ X ¢ = ja

b 2u1lb] & t+1
Jr4”<E(Ukck+U|<+1C|<+1))2r|%+1exp( [P =)t

=1 js
So there exists a constaBy; 1 such thaE[(Aprk:1)?] < Gy 1n?+1 L This com-

pletes our assertion.

O

mAT—1
Now let us prove Theorem 1. By Propositions 7 and 8 we fdvmax ( I'L Yik) Xmm W <

1<m<n

2(Cik+Cx)n? "L n> 1. By assertion (2) ih.emma 6we have for everyo € {1 = »}

(ﬂyj 2> iexp(—2uk|b| S §)m2uk Letv= sﬁexp(—zu'db|
= Z

=1]
see that

t
i=175). Sowe
JZ

E[ max vt Loy (Xmar k)% < E[ max I_LVJ “IXE o T = o]

1<m<n 1<m<n

< 2(él,k+ét,k)(1_ (ak+ bz:( - ))onZUkJrl.
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i
According to the Proposition 4 we get thé?’ki%}converges to 0 almost surely.

1
nz

Notice thatP(1; = ©) — 1, ast — . So X1n+'; converges t® almost surely.
nz
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