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1 Introduction

The sixth Painlevé equation is derived from monodromy preserving deformation of a 2nd
order linear differential equation of Fuchsian type which has 4 regular singular points ([1]).
The Garnier system is a natural extension of the sixth Painlevé equation after this idea. The
system consists of nonlinear partial differential equations which arise as the conditions for
preserving the monodromy of Fuchsian equation which has N 43 generic regular singularities
(see [2, 4]).

It is natural to consider the same problem for m x m matrix system. The system obtained
as the condition is called Schlesinger system ([7]). The 2 x 2 Schlesinger system is equivalent

to the Garnier system. When we write the Fuchsian equation as

N+1
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then the Schlesinger system is expressed by

DA, [An Ay

o tl—tk’ (k#1), (1.1a)

94, N+1

TR 1.1b

ot Z t; —tl ( )
(Hfl)

Besides, it is known that the Painlevé equations admit, under a certain restriction on the
parameters, particular solutions which are expressed in terms of the Gauss’ hypergeometric
function and its confluents. As a generalization, Okamoto K and Kimura H constructed a
particular solution of the Garnier system which is written by the Lauricella’s hypergeometric
functions ([5]).



Recall that the Garnier system is expressed by the following Hamiltonian system:
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with the Hamiltonian

1
H; = ﬁ ['Z Ez]k S qupk_ZFZJ S qu_‘_"iqz : (1.3)
i =1

Here E;ji, F;; € C(s)[q| are given by
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Notice that the Garnier system contains N + 3 parameters
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These are connected to the Riemannian scheme of an associated Fuchsian equation:
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Theorem 1.1 ([5]). Suppose that k = 0, then Hamiltonian system (1.2) admits solutions
(QD‘ -+ 4gN,P1- - 7pN)

= Asi(s; — 1)% log (1 — s1)"u(s)) , =0, (1.4)

where u(s) is the Lauricella’s hypergeometric series in N variables:
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In the present paper we will show a g-analog of this theorem. The text is organized as
follows. In Section 2 we recall the setting of ¢-Schlesinger system and consider the reducible
case especially. In Section 3 we give some formulas about a g-analog of Lauricella’s hyper-
geometric series, which we use later. In final Section we state the main theorem, that is a

g-analog of the above theorem, and we prove it.

2 2 x 2 g-Schlesinger system and its reducible case
Consider an m x m matrix system with a polynomial coefficient
Y(qz) = A(z)Y (2), A(x)=Ag+ Az + -+ Ayt (2.1)

More general case of a rational coefficient can be reduced to this case by solving a scaler
g-difference equation.

A deformation theory is studied in the previous papers ([3, 6]). In the theory of mon-
odromy preserving deformation of Fuchsian equations, extra parameter ¢ = (t;) is introduced

as the position of regular singular points. In the setting of ¢-difference equations we put the

(discrete) deformation parameters in zeros of det A(x), ay,... ,asny2, and the eigen values
of Ag, 01,...,0,,, and the eigen values of Ay.1, K1,...,Kn. Notice that
m 2N+2 m
(H K,h> ( H ai> = Heh
h=1 i=1 h=1
We normalize the leading term to a diagonal form as Ayi; = diag(ky, ..., Km).

The connection preserving deformation of the linear ¢-difference equation, which is a
discrete counter part of monodromy preserving deformation, is equivalent to the existence of
linear deformation equation whose coefficients are rational in . We express the deformation

equation as
T(Y(x)) = B(x)Y(x). (2.2)

Last of all, g-Schlesinger equation is written by the compatibility of the deformation equation

and the original linear g-difference equation:
T(A(x))B(z) = B(qx)A(x). (2.3)

Here T express a discrete time evolution.
We restrict the subject to 2 x 2 matrix system. We introduce a function w by the leading
term of the (1,2)-element A;o(z) = kowz™ + ---. The function w is related to the gauge

freedom.



We denote by T' = T, ; the deformation:
flar, ..., aany2,01, 0, k1, ko) — T, 5(f) = f(a,

* 7qa7’7“‘ 7qa57‘

. aa2N+2,q017q92,/€1,/€2)7
where f is a function of the variables (a;, fp, 05)

h=1,2

i—1... anto- In this case, if we parameterize

Ala) =y ( zl}w ) (w,w), (=1,...,2N +2), (2.4)

the coefficient of the deformation equation, B(x) = B, s(x), can be expressed by the elements
of A(ay) (h=r,s):

T qas zr :Zar Zs qu Z'r :Z«s
B, s(z) = xl — S ro . (2.5)
ST = qa) (@ qal) ST (weim) T (mmme)
This 2 x 2 g-Schlesinger system,

T.s(A(2)) By.s(x) = Brs(qx) A(x), (2.6)

can be regarded as a g-analog of the Garnier system, and this tends to the Garnier system
as a natural continuous limit (see [6])

Now we consider the reducible case. In the reducible case, we can write A(z) as

A(z) = ( k1 [ [imo(z — agit1)

A12 (.T)
. . (2.7)
0 ko [[ino(® — aziso)
The parameters satisfy constraints
N N
01 = K1 H(—a2i+1)7 02 = Ko H(_a2i+2)- (2.8)
i=0 i=0
Immediately we have
N N
Y21+1221+1 = K2 H(a21+1 - a2i+2), Yor+2Woi42 = K1 H(&21+2 - a2i+1), (2 9)
i=0 i=0 :
w21+12221+2:0, (le,l, ,N)

We consider the case that r is odd and s is even. Assume that initial data of A(z) is

expressed by upper triangular one, then TfVS(A(x)) (r:odd, s:even, [ € Z) remains still upper
triangular because B, s(z) is also upper triangular.

In this case, the g-Schlesinger system, (2.6), is expressed by

(z = a,)T}s(Ara(z)) — (7 — qas) Ara(z)

B N . N 2.10)
a, g )W T qag (
— ( - ) gr1 g(l’ — &2i+1) — Ko T —a, H(.T — CLQZJFQ)



This equation is an identity of polynomials of degree N +1 in x. Hence it is sufficient to show
that the equation is established at N +2 distinct points. We choose x = ag 41 ([ =0,...,N)

and x = qa,. At x = a,, it is trivial. For the rest we obtain N + 1 equations:

2141 — (as
— WY1 +
2141 — Qp

Tr,s(wy2l+1) -
as — Ay Hi]\io(a21+l - &2i+2) Ag1+1 — 4as
agi+1 — Ay H?;O(ar — CLQH_Q) Ag1+1 — Qs
gk [T o(qas — asiv1) as — a,
T, s(wys) = —— =% WYy (2.11b)
Rz [lizo(ar — azigs) 4as = ar

wyy, (21+1#7), (2.11a)

3 A g-analog of Lauricella’s hypergeometric series

Here we consider the following g-analog of Lauricella’s hypergeometric series:

;b"“’b a; mb; mb; m m
oo (M M gt ty) = G Gl
¢ me(Zso)N (C’ q)\m\(q, q)ml T (CL Q)mN

(3.1)

where (x;q)r = (1—2)(1—qz) - - (1—¢"'z) and |m| = m;+- - -+my. This ¢-hypergeometric
series defines a holomorphic function around the origin ¢t =t, =--- =ty = 0.

We know that the series pp(t) satisfies the system of ¢-difference equations:
Lipp = {(1 e T = Tp) — (1 — aT)(1 — bkfk)} op=0,  (3.2a)
Migep = {60 =61 =T5) = 0= T)(1 = ,T5) } 9o = 0. (3.20)
We here denote by 7~“] the g-shift operator in the variable ¢;:
Tif(t) = ftr,. .. ti1,qttipts o EN),

and f:flf]v
We give some formulas about g-Lauricella’s. Setting

eu(t) = (1 - T)en(t), (3.3)
we rewrite equation (3.2b) as
(bt — bt Teipr = (b, — bt + (b — Dtypr. (3.4)
Moreover we set
#olt) = (1= al)en(®), (3.5)



and rewrite equation (3.2a) to the following relations which are equivalent to each other:
(cq™" — abity)Tipy = (1 — bity)py + (b — 1)tupo, (3.6)
(bktk — 1)Tk(p0 = (tk — 1)@0 + (qul — &)g@k (36b)
Using this notation, we obtain the following formulas:

Proposition 3.1.

N N
Tor = T (=1t ) Uiz (bt = 1) s (3.7a)
Hfj;)wj ~ ) ity = )0y =15 )
N
val — 1) ¥j

(1—a2T)ep = (1—2) <pD+xZ (3.7b)

Hf(i#l) (bj — bit;) (b = 1)t
J

Proof. Concerning the first relation, (3.7a), we have f(pl = flﬁ . ~T}_1T}+1 .- -ngol. It-
erating to use equation (3.4), we see that f(pl can be expressed by a linear combination of
T}goj’s. A straight calculus leads to the relation.

The second relation is obtained from equation
~ 1 ~ ~ ~ ~ ~ ~
(1 —IT)(pD =X {; —1 + (1 —Tl) +T1(1 —Tg) + - +T1T2 s 'TN_1(1 —TN)} @D.
The right hand side can be calculated by using formula (3.4) and the second equation is

obtained. O

Now then we consider contiguity relations. We construct ladder operators; the following

one is easily obtained by comparison between coefficients of series:

Proposition 3.2.

1— b7 by b by by, .. b
——Fop (a’ v ’N;q;t):wD (a’ b @0 ’N;q;t). (3.82)

1—bk C

1—cq T by, ... b by, ... b

%w (a’ b N;q;t) =¢p (a’ b N;q;t)- (3.8b)
—cq c qc

The next one, which we need later, is about the following ladder operators:
Proposition 3.3.

(bity — C]_lbztz)fk —ty +q bty a;b
YD aq7t
bk — 1)tk

bi,... Yty ..., qby,... b
- op (CL 1) g ot » 4Ok, > N7q,t) ) (39&)
C
c—1 a; b
wtr) T — k{¥D T
(C—a 1—bktk{ &bt C—i—at}@ c T
b, .. bi,...,b
o (a 1 by, ’N;q;t). (3.9b)



Proof. We can write M, ; in equation (3.2b) as
My, = {tl(l T - Z—’;u - bkfk)} (1—bT) + 7;—’2(1 b1 - b T).
Therefore, using equation (3.8a), we get
{(bt = 1) = (bt = buta)Ti o (a; e ’qb”"'bN;q;t) +

by .. qgbe....b
+(1—bk)tk<pp<&’ b @Ok N;q;t>=0,

and we obtain the first relation by replacing b; to ¢~ 1.
We obtain the second relation similarly by using Lrpp = 0. 0

4 Main result

We state the main theorem.

Theorem 4.1. Suppose that

N N
01 = Ky H(—a2i+1), 0y = Ko H(_a2i+2)7
i=0 i=0

1
then the 2x2 q-Schlesinger system (2.6) (r:odd, s:even) admits solutions A(a;) =y, ( / ) (wy, w):
Z1/w

koW (a k1 P(a
Wory1 = o142 = 0, 2941 = Ma W42 = Ma (4.1&)
Yal+1 Yal+2
w = (1—@) iy (4.1b)
R9 Ko
\I’(GQIH) =~
= 1-THu, ((#0), 4.1c
Y2i+1 (a21+1 — agHg)w( l) ( 7& ) ( )
K d(a ~
ppp = — 20 PO2) (g gy, g ), (4.1d)
R2 (a21+2 - a2z+1)w
] -
4y — W) () amgea u, (4.1¢)
(a1 — ag)w Ko
= I ®laa) () R (4.1)
K2 (GQ - al)w qrka ’ ‘

where ®(z) = [[L(x — agip1), Y(x) = [[Xy(z — agiya) (= LY and u is expressed by the

q-analog of the Lauricella’s hypergeometric series in N variables:

qa2 .

logay <_ )
oga \ar 0 4 b, b
u = u(t) = (@) -2 0p (CL, b ’ N7q,t) , (42)
C

K9 K2a2 .
<K:1a1 ’ q)
o0




with a = 22, b; = =22 gnd t; = T2 (j=1,...,N).

K1’ azj+2’ r1a1

Proof. We will prove that it is a solution of the reducible case.
Firstly we see that the solution is well-defined, that is to say, that the solution defines
2 x 2 coefficient matrix whose elements are polynomials of degree N + 1. It is necessary to

show the relations coming from Lagrange’s interpolations:

N
Alazjt1)
Ala =®(a A + / , [=0,1,... ,N). (4.3
( 2l+2) ( 21+2) ( N+1 ];0 @/(a2j+1)(@21+2 IR a2j+1) ( ) ( )
Diagonal part of equation (4.3) is trivial. For [ # 0, the (1,2)-element can be shown as
follows:
N -
= —ti) T (p;)
T ISOZ — bl . 1 l Hz 1 J
: ]Zl HZ#)( — bit;) (bit; — t1)(bj — 1)t
B TR S78
! ! = V(agj)(agj — a2) (agjr — aup2)(azj41 — agjy2)
s S M) T
= (ayi1—a
A e "(agj41) (agj41 — Goip2) (A1 — a2j42)

Jj=1

R2
= —(&2l+1 - a21+2
qr1

W(ag;1) 2

a23+1 (CL2J+1 2142

+

/

/_\ A
Mz

Agj+1 — G2j42)

)
V(@) (1—a'T Yep )
) :

((11 ((11 - a2)(a1 - @2l+2)

J=1

In this calculation we have used equations (3.7a) and (3.6a).

In the case [ = 0 we have

(1—al)gp = (1—al)ep+ (1 —Tep —(a—T )ep
= a . Hz 1 z) (CL — T_l)gpj Ca— ~
B Z H(z (b t —pit;) (b — 1)t (@ —=T")¢p

_ R o Ylazge) (a2 — 1)y — (agji1 — agjee) (1 —a 'T)pp (a—T Vb
g1 4= P'(ag;p) (a2j41 — az)(azj1 — azj42)
N _
_ ke Y(agin) (a2 — a1)yp; k2 W(a) (1—a'T Yep
g 4= P'agjn) (azj11 = a2)(agj — azje0) g P'ar) (a1 —as)

In this calculation we used equations (3.7b) and (3.6a).



The coefficient of the leading term of Aja(x) is kow and we have

N
RoW = E

j=1

agj41 — @1)y2j+1w ((LQ - @1)9210
(azj+1)(azjt1 — a2) ®(as)

&

[Tt Oty = 1)1 =T)u (q_ ) f) )

We used equation (3.7b) above.

Secondly we show equation (2.11a) in the case that 7). ; = Tht1,2%+2. The time evolution
Tons1.2642 acts on u as T, for k # 0. Equation (2.11a) is equivalent to (3.4) for k, I # 0 and
is equivalent to (3.6b) for I = 0. Furthermore T}, acts on ¢p as 7' and equation (2.11a)
for k = 0 is equivalent to relation (3.6a). Equation (2.11b) is trivial in that case.

Furthermore we consider the other case of T}, (r: odd, s: even). Putting T s = Ty 41 2m+2
(n,m # 0), we find that T, ; acts on u as

(a;b;c;t) = (asbr, .o @by o @ oy BNt Gy EN)-
By using ladder operators (3.9a), this action is written by g-shift operators with respect to

t:

1 ~ . 1 ~

Using equation (3.4), we obtain equation (2.11a) (I # 0). In the case that [ = 0, we
get equation (2.11a) similarly by using relation (3.6b). Furthermore equation (2.11b) are

obtained from the following calculation:
(1-T:Y {(tm — bptn) Ty — i + tn} oD
= —(1-T)T:! {(bmtm bt T — bt + tn} T
= —tu(1 =0, T)(1 = T)op + ¢ bt (1 — ¢Tn) (1 = T

= (¢ — Dtn(1 = T)ep.
As concerns the case T} ; = To,11,2 we find that 75,412 acts on u as
((l,b,c,t) = (a;bla"' 7qbn7“‘ 7bNan7t)

By using ladder operator (3.9b), this action is written by the g-shift operator

c—1
(c—a)(l—b,

i {(c — abntn)fn —c+ atn} )

9



Equations (2.11a) and (2.11a) can be obtained similarly as above by using equations (3.4)
and (3.2a). For T, = T} om42, equation (2.11a) and (2.11b) are derived from T ;10 =

Tio0 T{nlﬂg 0 Tont1,2m+2 (see [6]). =

Remark 4.1. The coefficient, A(z), is written by using this solution as follows:

Alz) = ( k1 [ [imo(z — agit1) Asa(z) ) | (4.4)

0 K2 Hf\;o(x — gi4+2)
where
v e A v 1-1T)
Ap(z) = () | = () Yy (02:41) L
P(ar)(ar —ag) - — '(az+1) (a1 — G242) T — 2141
(4.5)
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