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0 Introduction

Let (B, H,pu) be an abstract Wiener space, that is, B is a separable real
Banach space, H is a separable real Hilbert space imbedded in B densely
and continuously, and p is a Gaussian measure on B satisfying

1
[ /e n(da) = exp { - Sl } L o< B
B

Here B* denotes the dual space of B. We identify the dual space H* of H
with H itself. Then B* can be regarded as a subset of H* = H. Let u; be
the distribution of € B ~— v/tz € B under p.

In this paper, we study the following type stochastic differential equa-
tions on (B, H, u):

dX, = dW,; + A(X;)dW, + b(X;)dt (0.1)

with Xy = 0, where W; is a B-valued Wiener process and A: B — H® H
and b : B — H are measurable maps with certain regularities. We assume
that

El|(tIy + o) g(H;H)] <00, Wpe (1,00) (0.2)

where o(t) is the modified Malliavin covariance which will be defined in
Section 3. Our main theorem is following:

Theorem 1 . Letvy = PoX:F]L be the distribution of X1. Then, vr is abso-
lutely continuous with respect to ur. Moreover, its Radon-Nikodym density
pr(z) with respect to pr satisfies

/B pr(2)(log pr(w) v 1) ur(de) < o0

for0<a<1/2.



If B = H = R this is a well-known result. However, in the infinite
dimensional setting, we cannot use some important items such as Sobolev
inequalities that play essential roles there. Bell [1] studied about the quasi-
invariance of the measures induced by certain stochastic differential equa-
tions with values in an infinite dimensional Hilbert space. It does not imply
the absolute continuity as in finite dimensions. So we have to take a rather
different strategy from the finite dimensional case.

Let us summarize the results in the present paper. In Section 1, we
prepare some notations for Malliavin calculus and remind some known re-
sults. In Section 2, we prove the existence and uniqueness theorem for the
SDE(0.1), and then we show that solutions to the SDE(0.1) are ”smooth
functions” in the sense of Malliavin calculus, that is, the H-valued part
Vi = Xy — W, is in W™(H) (cf. Section 1) for each ¢ > 0. In Sec-
tion 3, we define the modified Malliavin covariance o(t) and show that
¥(t) = (tIg + o(t))™r =ty € W(H ® H) for each t > 0. Section
4 is devoted to show an integration in parts formula (Theorem 4.1) which
is essential to show the main theorem in Section 5 (Theorem 1). Finally,
in Section 6, we show that the condition (0.2) (therefore, Theorem 1) holds
if the diffusion coefficient is uniformly elliptic. We will discuss the more
general case in the forthcoming paper.

The author wishes to thank Professor S. Kusuoka for his valuable sug-
gestion and encouragement.

1 Preliminary

1.1 Some known theorems

Let {e;}3°, C B* be a complete orthonormal system(abbreviated by CONS)
in H. Let P, be the orthogonal projection from H onto the finite dimensional
subspace spanned by {ej,...,e,}. Define the map P, : B — B* by

Pz = p(z,e;)p-€e; ,x € B. (1.1)
1

i

For each h € H, it is easy to see that the sequence {(P, Sh)EIc, is a
Cauchy sequence in L?(B;R,du) and hence converges to an element in
L?(B;R,du) which is denoted by (-,h)y. It is easy to see that (-,h)y
is determined independently of the choice of CONS and is normally dis-
tributed with mean 0 and variance |h|%.

The following theorems are well known. (See e.g. Kuo [5] for the proofs.)



Theorem 1.1 (Landau-Shepp-Fernique). Let p be a continuous semi-
norm on B. Then there exists a constant 3 = 3, > 0 such that

/ eﬁp(m)Q,u(d:c) < 00.
B

Theorem 1.2 (Cameron-Martin). If h € H then p(- — h) is equivalent
to p and the Radon-Nikodym derivative is given by

dp(- — h)

o (z) = exp { — S|l + (@) |, @ € B.

The following is due to Ito and Nisio [4]

Theorem 1.3. lim,_. |]5nx — x| =0 for p-a.e.x € B.

1.2 B-valued abstract Wiener space

Let W = {w € C([0,T] — B);wy = 0}. Then W is a separable real
Banach space with norm ||w|w = supg<;<r |w¢|p. Let B(B) be the Borel
o-algebra on B. Let p; (t > 0) be the image measure of x induced by the
map z — +/tx, and set Pi(z, A) := py(A —z) for x € B, A € B(B). Then,
there exists a unique probability measure P on W such that

P(Wto € dy07 s 7th € dyn) = 50(dy0) H Pti—ti—l(yi—la dyz)a
i=1
for 0 =tg < t1 < -+ < t,, where Wi(w) = wy, w € W. We call W =
{Wi}i>0 B-valued Wiener process and P Wiener measure on W. We often
write as Wi(h) = (Wi, h)g for h € H. Then Wy(h)/|h|g is a 1-dimensional
{F:}-Wiener process with F; = o{ws; 0 < s < t}.

Let H be a subspace of W consisting of h for which h(t) is absolutely
continuous in ¢ € [0,7] and fOT\h(t)ﬁ{dt < 00. Then H is a separable
Hilbert space with norm ||h|g = {fOT |h(t)[3,dt}/?. The triple (W, H, P) is
also an abstract Wiener space and called B-valued abstract Wiener space.

1.3 Sobolev spaces

Let K be a separable real Hilbert space. Let {T;};>0 be the Ornstein-
Uhlenbeck semigroup, i.e.,

TiF(w) = /W F(e™'w + V1 — e 2t2)P(dz)

fort > 0 and FF € L}(W;K). Let L be the infinitesimal generator of
{T;}t>0. For p € (1,00) and s € R, W*P(K) denote the completion of



P(K)(the space of K-valued polynomials, see e.g. Watanabe [12]) by the
norm || F||s, = ||(I—L)*/?F||, and is called the Sobolev space. Let us denote

We(K)= (] [ WP(K).
pE(l,00) s€ER
The H-derivative D is defined as a linear operator from P(K) to PH® K)
such that

d
—F(w+ th)‘t_o — DF(w)[h], Yw e W, Yh e H

for F' € P(K). More precisely, for F(w) = f(hi(w),... ,hy(w))k € P(K)
where f is a polynomial, k € K and {h;} C W* is ONS in H, DF is given
by

DF(w) =Y 0if(hy(w),... ,hy(w))h; @ k
i=1

(cf. Shigekawa [9], Watanabe [12]). The following is due to Meyer [8].

Theorem 1.4. For every k € N and p € (1,00), there exist constants 0 <
Ckp> Cryp < 00 such that

k
kp < Ckmz ||DlF||p
=0

Ck’,pHDkFHp <|IF

for all F € P(K).

By virtue of this theorem, the operator D : P(K) — P(H® K) is
extended as a continuous operator from W’ HP(K) to W"P(H ® K) for
every p € (1,00) and r € R (cf. Sugita [11]).

1.4 Stochastic integrals

Let E, F' be Banach spaces. L(E; F') denotes the Banach space consisting of
bounded linear operators from E to F. For separable Hilbert spaces F, F,
L?Q)(E; F') denotes the Hilbert space consisting of Hilbert-Schmidt multi-

linear operators from F x --- X E to F. We denote L%Q)(E; F) simply by
k
L) (E; F) and often identify L) (E; F) with E® F.

Let K be a real separable Hilbert space. L5(H ® K), p € (1,00) denotes
the collection of (F;)-adapted H @ K-valued processes ® such that

B[{ [ 0ot} < oo



For ® € LB(H ® K), we can define the stochastic integral fg ®,dW, with
respect to the Wiener process W; as an element of LP(W; K). In the case
where K = R, we often denote fg &, dW, by fg(@s,dWs>H. LY(K), p €
(1,00), denotes the collection of (F;)-adapted K-valued processes ¢ such
that

T
/ E[|p:[P]MPdt < oo.
0

For ¢ € L}(K) we can define fOT ¢rdt as an element of LP(W; K).

The following Burkholder’s inequality for Hilbert space valued stochastic
integrals will be used throughout the next section (see Kusuoka-Stroock [7]
for the proof).

Theorem 1.5. Let K be a separable real Hilbert space. Then for all p €
(1,00), there exists a constant ¢, < oo depending only on p such that

B[ s | ["wam]! )" < cor[{ [ oionas}”]”

0<s<t

for all ® € LY(H @ K).

LyP(HR® K),n €N, p € (1,00), denotes the collection of H ® K-valued
(Fi)-adapted processes ® such that &, € W™P(H®K) for each t € [0,T] and
DF®, ¢ EQ(L’&)(H;H ® K)) for each k = 0,1,... ,n. L]"P(K) denotes the
collection of K-valued (F;)-adapted processes A such that 4, € W™P(K)
for each t € [0,7] and D* A, € Lzlg(L’(“z) (H;K)) for each £ =0,1,... ,n.

The following is well known in the finite dimensional setting (cf. Kusuoka-
Stroock [6]). We can easily show that the same argument works in infinite

dimensional cases.

Proposition 1.6. Let p € (1,00) andn € Z;. Let ® € L3P(H ® K) and

¢ € LYP(K). Then
t t
\Ijt = / (I)des + / ¢sd$
0 0

is an element of W™P(K) for each t € [0,T] and
E[ sup |DFU,P } < 00
0<t<T | t|Llf2>(H5K)
fork=0,1,... ,n. Moreover, DV is given by

DU, [h] = /O t D®,[h]dW, + /0 t<<1>8,h(s)>Hds+ /0 t D¢[h]ds

forh e H.



2 Stochastic differential equations

2.1 Existence and uniqueness theorem

Given two Borel functions A: B — H® H, b: B — H. We consider the
following stochastic differential equation for a B-valued process {X; fo<i<7:

dX, = dW; + A(X,)dW, + b(X;)dt, 0 <t < T,

X, = 0. (2.1)

Definition 2.1. We say that an (F;)-adapted B-valued stochastic process
{Xt}o<t<r is a solution of the SDE (2.1), if A(X;) € LY(H ® H),b(X;) €
LY (H) for each ¢ € [0,T] and

t t
Xy =W+ / A(X)dWs + / b(Xs)ds, 0<t<T, as.
0 0

First we will show the existence and uniqueness of the solutions of (2.1).

Theorem 2.2. Let p € [2,00). Assume that A and b are H-Lipschitz func-
tions, that is, for some constant K > 0,

|A(z + h) — A(@) e + [b(z + h) = b(2)|n < K|h|a
for every x € B and h € H. Also assume that A(W.) € L5(H ® H) and

b(W.) € LY(H). Then, there exists a unique H-valued process Y such that

E[ sup |Y; %] < oo and X :=W +Y is a solution to the SDE (2.1).
0<t<T

Proof. As in finite dimensions, we apply the method of successive approxi-
mation. Set Y,? = 0 and define Y;* inductively by

t t
Y = / AW, + Y Hdw, + / bW, + Y 1)ds,
0 0
for n = 1,2,---. By Burkholder’s inequality, we can see that Y" (n =

0,1,---) are well-defined as elements of LP(W; H) and that there exists a
constant C7 > 0 depending only on p, T and K such that

1/ t 1/
Bl s et -ven] " < o [ Blve - vty
0<s<t 0
forn =1,2,.... Thus we have
t n
B[ sup [y -] < oS (22)
0<s<t n.

where Cy = E[ sup |V — YSO\%} < o0o. This concludes that {Y"} is a
0<s<t

Cauchy sequence in LP(W; C([0,T]; H)) and hence there exists an H-valued



continuous process Y. such that supg<;<r [Y; —Y{"|g — 01in L? and it holds
that

¢ ¢
Y, = / A(Ws + Ys)dWs +/ b(Ws +Yy)ds, 0 <t <T as.
0 0
Setting X; = W, + Y;, we have
t t
X, =W, +/ A(X,)dW, +/ b(X,)ds, 0 <t <T as.
0 0

It remains to show the uniqueness. Let Y and Y’ have the desired
properties. Let

T~ = inf{t > 0;|Y;| V |Y{| > N} (inf ) = ), N € N.

Then using Burkholder’s inequality again, we have

ElYinoy — Yipny I < {C1 [ E¥oney = Vi Ty}

By Gronwall’s lemma we have E[|Yjary — Y\, I%] = 0, t € [0,T], and
hence P(Yinry = Y;’ATN, 0<t<T)=1. Since limy_,oo T8 = 00, we have
P(Y, =Y/, 0<t<T)=1. O

2.2 The smoothness of solutions

Definition 2.3. Given a separable real Hilbert space K, we say that a
map f : B — K is continuously H-Fréchet differentiable if there exists a
continuous map f(): B — L9)(H; K) such that

[f(@+h) — f(z) — fM(@)hlx

lim =0
|h|p—0 |h|u
for each £ € B. For n = 2,3,..., we say that f : B — K is n-times

continuously H-Fréchet differentiable if f is continuously H-Fréchet differ-
entiable and f) : B — L9)(H; K) is (n — 1)-times continuously H-Fréchet
differentiable. We write f(™ = (f)»=1) n =23 ... and may regard
f™ as a map from B to L?Q)(H; K). We denote by CH;°(K) the collec-
tion of infinitely many times continuously H-Fréchet differentiable function
f: B — K such that sup,cp|f™ (z )’L">(HK) <ooforallneZ,.

Lemma 2.4. Let f € CH°(K). Let F € W (H) and Gy = Wy + F. Then
f(Gy) € W*(K) and

k
1 k!
k I —
IDER@le <35 2

7=1 ' m1+~<~+mj:k,

1<m; <k, i=1,....j (2.3)

J
X sgg\f( Dy, s [TVE+ 1D Flljp)
x i=1

7



for each t € [0,T], k € Zy and p € (1,00).

Proof. Tt is easy to see that f(PyG;) € W®(K) for all N € N. Given
keZ,, pe(1,00), we have by the chain rule

U} 1
f(PnGy) = Z—! >

... .|
my+-4m =k, my: m]'
1<m; <k, i=1,...,j

Z [f(ﬂ (PnGy) (Dml(PNGt) ,DmJ(PNGt))

esy, .
(2.4)
where
O (PyG) (D™ (Py G-, D™ (PyG)) | [ by
= FDPNG) (D™ (Py G- By
D™ (PN G) By oty 1415+ ,hk]>Hj
for hy,... ,hy € H, S denotes the symmetric group and [¥], means that

[\I/]T(hl,... ,hk) = \I’(hT(l),... ,hT(k))

for a map ¥ on H¥ and 7 € S;. But since \D(PNGt)\L wmm) < Vit
|DF|L(2)(H;H) and |Dm(PNGt)‘LZg>(HH |D F|L?2L) HH) m Z 2 fOI' all
N € Z., we have

k!
sup | DX (PG HpsZJ, > T

m1+-<-+’mj:k,
1<m; <k, i=1,...,j

J
< sup |fU @)y ey [T(VE+ D™ Fl3p) < oo.
z =1

(2.5)

Since WHP(K) is reflexive, (2.5) implies that there exist f € W*?(K) and
a subsequence N; such that f (]5]\/]. Gt) converges to f weakly in Wk (K) as
j — oo. But by the continuity of f, we have limy_o || f(Gt) — f(PyG)|lp =
0 and hence f(Gy) = f. (2.3) follows from (2.5). O

Recall that in the proof of Theorem 2.2 we define {Y"} by
Y;to = 0,

t t
v o= / AW, + Y )dW,s + / bWy + Yy s, n=1,2,...
0 0



Lemma 2.5. Let A € CH;°(H ® H), b € CHy°(H). Then Y, € W™(H)
forallneZy, te|0,T] and

E[ sup |DFYP < 00
0<t<T Lity) (H;H)

forallk € Z,,p € (1,00).
Proof. We use induction in n. If n = 0, the claim is trivial. Assume that

Y, € W (H) for each t € [0,7T] and

E[ sup |DFYP, < o0
0<t<T Ly (H:H)

forall k € Z; and p € (1,00). Then, by Lemma 2.4, we have A(W.+Y™") €
L'g’p(H ® H) and b(W. +Y") € Elf’p(dt;H). Hence, by Proposition 1.6 we
have Y;"*1 € W (H) for each t € [0,T] and

E[ sup |DFY TP, < 00.
0<t<T Ly (H;H)

for all k € Zy,p € (1,00). This completes the induction. O

Proposition 2.6. Let A € CH;°(H ® H), b € CHy°(H). Then, for each
keZy andp € [2,00), there exists a constant M = My, , > 0 such that

sup
n

‘ sup |DFY|x (H.H)H < Mt
0<s<t @ lp

Proof. We use induction in k! ¥or k = 0, (2.2) implies our assertion. Assume
that for each [ = 0,... ,k and p € [2,00) there exists a constant M;, such
that

sup
n

‘ sup ‘DlY;n|Ll (HH)H S eMlvpt.
0<s<t @Y lp

We shall show that for given p € [2,00), there exists a constant M = M1,
such that

H sup |DF+! < Mt

Y e (H;H) H
0<s<t (2 ’ p

for every n € Zy by using induction in n. It is clear for n = 0. Assume that
the claim holds for n and we show that for n + 1. By Proposition 1.6 and
Burkholder’s inequality, we have

k+1y n+1
sup |[D*TYYTTH kgt g H
H0<s<t s Ly (H)],

t 1/2 t 1/2
<of [ 1D A Basy "+ e+ 0{ [ IptAceas)

t
b [ ID ) s,
0
(2.6)



But Lemma 2.4 and the induction hypothesis imply that

ID* AKX,
k+1

<Yg X HooH (V3 + DY)

'm1+»~+mj:k+1,
1<m; <k+1, i=1,...,j

k+1 J
1 k+1 M,
< Z | Z m( l. ) HA(J H | |(€S/4 +e mi’(k+1)ps)
=2 i =k, e i=1

1<m;<k+1, i=1,... ,j
+2[| AW e
< (O + 2 AW || )eMe

where | AV« = sup,cp |[AV) (x )|L72)(H HRH)?

k+1

1 kE+1 .
Ce=2 5 77%(1! L 40 o2

j=17" mit+-+m=k+1,
1<m; <k+1, i=1,....j

1
and M = M1, is taken such that M > (k+1) (Z \/lrglag%C Ml,(k+l)p)' Hence

we have

t /2 1
cp{/o |DF A 2ds ) < peM, (2.7)

replacing M by larger one if necessary. By a similar way, we can show that

ok 2, V2 _ 1 M
(o 0{ [ IDFaCe s} < et (2.8)
0
and that
bkt L e
it < 5e (2.9)
replacing M by larger one if necessary.
Combining (2.6), (2.7), (2.8) and (2.9), we have
su D’“HY”+ H < Mt
H 0<sgt | |Lk+1(H iH)
This completes the proof. O

Let X be a solution to SDE (2.1) and Y; = X; — W;. Proposition 2.6
implies immediately the following:

10



Theorem 2.7. Let A € CH°(H ® H), b € CHy°(H). For every k € Z
and p € (1,0), Y. € ﬁg’p(H) and there exists a constant M = My, > 0
such that

< Mt

H sup ‘DkY;“Lk (H;H)Hp— )

0<s<t (&)

for any t € [0,T1.

3 Modified Malliavin covariance operators

We denote by GL(H) the collection of bounded linear operators on H with
their inverse in L(H; H).

Theorem 3.1. Assume that Iy + o(w) € GL(H) for P-a.e.w and
Ell(In +0) " [ grgp) <

for allp € (1,00). If o € W®(H ® H), then v := (Ig + o)™ — Iy €
Woo(H @ H).

To prove this theorem, we make some preparations. Let 55 and 1[) be
smooth functions R — [0, 1] which satisfy

- f1iifle<t o o [ 1 iff|x
‘b(f"’)_{o if 2] >2 (f”)_{o if |z

Then, we define smooth functions ¢, : H® H - R, ¥,,, : H® H — R by

on(4) = 5~ Ao ), v 4) = §(mds(4)),

where Ag(A) = deto(Iy + A) (see Dunford-Schwartz [2] Chapter XI.9 for
the definition). Using these functions, we define F, ., : H® H — H ® H by

By Ay = § O Aem(A) (T + A~ —1Iy), ifIg+AeGL(H)
o B 0, otherwise

We first show that this F),,, is smooth and its Fréchet derivatives are
bounded.

Lemma 3.2. If |Ay(A)| > 0, then Iy + A € GL(H). Moreover, there is a
constant C > 0 such that

(I + A) oy < exp(l+ ClAlgm) A2 (A) ™

for any A € H® H with |A2(A)| > 0.

11



Proof. Let A € H® H and {\;};cn be its eigenvalues. We note that there
i 2

exists a constant 0 < C’ < oo such that |(1 + z)e ?| < e“'I° for every

z € C. Then, for any i,

o0
[Ba(A)] = JTIA+x)e]
]:
= 12 T+ Ag)e ™)
J#i
< |1+)\i|e\>\i\H€C'\>\j|2
J#i
<L Aglet TP ecAP
< |1+>\i|el+(1+0’)|A|2‘

Hence

(T + A) YLy < sup|l+ M| 7! < e HIFOIAP A ()71

Lemma 3.3. For every m € N, i, is Fréchet differentiable and

[V (A L(ronr) < sup [0 @)+ A) oy | Al e,

if Iy + A € GL(H).

Proof. By virtue of Dunford-Schwartz [2], Ay : H ® H — R is Fréchet
differentiable and

Ay (A)[B] = Do(A)tr{~(Iir + A)"'AB}
for A, B € H® H. Hence
IAY(A)|prenr) < 1D2(M)|(Tg + A) 7 pgrmlAlaen-
Noting that 1], (A) vanishes if Ag(A) > 1/m, we have
W (A paemr) < msup [ (2)]|AY(A)|L(ronr)

zeR

< Sug\w @I+ A) | Alne
xe

Lemma 3.4. For every m, n € N, F,, , is Fréchet differentiable and

sup |Ey, ()| Lrem e H) < 00
AcHRH

12



Proof. Note that F), ,(A) vanishes if |Ay(A)| < 1/2m or |A|%,®H > 2n. By
Lemma 3.2, if [Ag(A)| > 1/2m and |A[3;,; < 2n, then

[(Th + A) agaran < O A(A) T < 2metH20m, (3.1)

Moreover, it is easy to see that

2
n < —— sup 3.2
90 (AL (romR) \/ﬁzeR‘gb( )l (3.2)
Combining (3.1), (3.2) and Lemma 3.3, we have the conclusion. O

Now, let us prove Theorem 3.1.

Proof of Theorem 3.1. By Lemma 3.4, we can see Fy, (o) € WWP(H ® H)
for all p € (1,00) and

DFyn(0) = 9, (0)[Dolén(0)y + ¥m (o)), () [Doly

(3.3)
+ 9m(@)én(@){(Ier +7) Dol +7)}.
By Lemma 3.3, we have
E[6u(@)[Dolon(1l} , r.mom)
< |l (0)PIDol, | g (Tt + ) g o
1
< sup |6 @) BP0}, g gron) Tt + ) gy oo » 1Ba(o)] < -

(3.4)

Since |Ay(0)| > 0, a.s., the right-hand side in (3.4) converges to 0 as m — 0.
Thus

DFpn(0) = ¢ (0)[Doly + ¢n(o){(In +v)Do(In +7)}

asm — oo in LP(W; L(9)(H; H@ H)). Hence, noting that Fy;, (o) — ¢n(0)y
as m — oo in LP(W; H ® H), we conclude that ¢, (c)y € W'P(H @ H) and

D{¢n(0)7} = ¢ (0)[Doly + ¢u(o){(In + ) Do(In +7)}- (3.5)

Moreover, (3.2) implies that the right-hand side in (3.5) converges to (I +
Y)Do(Iy +7) as n — oo in LP(W; L9 (H; H ® H)). Hence, noting that
bn(0)y — v asn — oo in LP(W; H ® H), we have v € WHP(H ® H) and

Dy = (Ig +v)Do(Igy + 7). (3.6)

Therefore, if we assume v € W*P(H ® H) for all p € (1,00), (3.6) implies
that Dy € Wk7p(L(2)(H;H ® H)) for all p € (1,00). We have our theorem
by induction. O
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Let X be a solution to SDE (2.1) with A € CH*(H® H), b € CHy°(H).
Let Y, = (Y, h) gy and X' = (Wy, h)g + Y;* for h € H. Then we have

(DX[L, DXY ) ;

- s+ (4.007), + (), < (032, 00),

where h} = [J "hds. Tt is easy to see that the maps (h,g) — (h}, DY?)u
and (h,g) — (DY}, DY?)u are in L%Q)(H; R). Hence we can define an
H ® H-valued process o(t) such that

(t +o(®)hg)u = (DX, DXF)

for h,ge H.
Let J and J; be the solutions to the following SDE’s:

Jih = /Ot A'(X) [(IH n Js)h] AW+ /Ot b (X,) [(IH + Js)h] s, b €(3H7,)

jth = - /Ot(IH + js)A/(Xg)[h]HdWS — /Ot(IH + js)b,(Xs)[h]HdS
& ~ (3.8)
+/0 ;(IH YA (X,) [A (Xs)[h]Hei]Heids, heH

where {e;}°, is a CONS in H. By a similar way as in Section 2, we can see
that (3.7) and (3.8) determine the unique solutions, respectively. Moreover,
Ji, Jy € W(H @ H) for each t € [0,T] and for any k € Z, and p € (1,0),
there exist constants L = Ek,m L = Ly, such that

< eLt

9

1/p
E [ sup |Dth|’;I®H}
0<t<T

~ 1/p =
E[ sup |Dth %@)H} < elt,

0<t<T

Proposition 3.5. For eacht € [0,T], (Ig + J;) Iy +J;) = (Ig + J;)(Ig +
Jy) = Iy and

(Ir + J)(tlg + o) T + JF)

¢ ~ ., 3.9
= /0 (Ig + Jo)(In + A(Xs)) (I + A(Xs) ) Iy + Js )ds. (39
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Proof. Using It6 formula, we have (Iy+J,)(Ig+J;) = (Ig+J)Ig +J;) =
Iy and

bt) + DY = (1 +.3) [ (i + ) (I + ACE)Va(o)ds, be B,
0

which implies (3.9). O

The following theorem is immediately derived from Theorem 3.1 and Propo-
sition 3.9.

Theorem 3.6. Let A € CH*(H ® H) and b € CH°(H). Iftlg + o(t) €
GL(H), a.s. and E[|(tIg + o(t))~! Zz(H;H)] < oo for all p € (1,00) and
t € (0,T], then

v(t) = (tly +o(t)) P —t "y e W®(H® H)

for all t € (0.77].

4 Integration by parts formula

Let K be a separable Hilbert space. We denote by FCp°(K) the collection
of K-valued functions f on B expressed as

f@)=>_fils(z.e1)p-,... .5 (x,en)p-) ki, x € B.
=1

where {e1,... ,e,} C B*is an ONS in H, {k1,... ,kn} C K is an ONS in
K and f € C;°(R"™). For f € FC°(K) expressed as above, define

n m

Vf(l’) = Zzaifl(3<xael>3*7"' s B <fL’,€n>B*)€i ®kl7 xr € B.

=1 =1

Theorem 4.1. Let A € CH*(H ® H) and b € CH°(H). Assume that
tlg + o(t) € GL(H), a.s. and E[|(tIg + a(t))_1|i(H;H)] < oo for all p €
(1,00) and t € (0,T). Then, for every G € W*(H ® K) and t € (0,71,
there exists pr € W (K) such that

E[(Vu(Xy), G rox] = E[(u(Xt), pr) k]
for every uw € FC°(K). In fact, p; is given by
po = D*{ Gt Iy +(1)(Z + DY:) |
where Z; is a bounded linear operator H — H defined by Z;(h) = h(t), we

identify H® K with Lgy(H; K) and regard G(t ™' Iy +~(t))(Z; + DY;) €
Lo)(H; K) as an element of H® K.

15



Moreover, for each k € Zy and p € (1,00), there exists a constant
C < oo depending only k,p and T such that

loellep < CtHIG k41,391 + 1Yt llkr1,35)
for all t € (0,T7].
Proof. Let u € FC°(K

~—

be given by

WE

u(x) = w(g{z,e1)p,..., plx,en)p~ )k

o~
Il

1

where {e;}I"; C B* and {k;};”, are ONS’s in H and K, respectively. Let
W} = (Wi, e;)y and Y = (Y, ;) r. Then

(D@(Xt),/cl)K,DWg' + DYtj)H
= N G X} ... Xty + o()ei, ej)m
=1

and hence

(D(u(Xt), k)i, (Z, + DY, h)H)H - <(tIH Fo()V{u(Xy), )k, h>H
for all h € H and k£ € K. This implies

(Vu(Xe), Garar = (D{u(X)} G T +2()(Z0+ DY)
Hence

E[(Vu(X1), G) e

_ E[(DU(Xt)a Gt ' Iy +~()(Z + DYt)>H®K}

- E[<u<xt>, DGt 1y + (1)) Zi + DY»}>K] |

The last inequality is derived from Theorem 2.7 and Theorem 3.6. ]

5 The absolute continuity of a measure induced
by SDE

Throughout this section, we assume that A € CH*(H ® H), b € CHy°(H)
and that tIg + o(t) € GL(H) a.s., E|[|(tIg + a(t))_1|1£(H;H)] < oo for all
p € (1,00) and t € (0,T).

Let P,f(z) = E[f(x 4+ Wy)] for f € FC* = FC;°(R),x € B.

16



Lemma 5.1. Let 1 < p' < p < o0 and 0 < t < T. Then there exist
constants c1,co > 0 such that
p/ l/p/ T
E[Pr—(IfI")/" (X)) < exp(a

Tt

)Pr(l£)7(0) + CQH%

forallr >0 and f € FC;°. Herecy = and c3 = E[supg<i<r Y]]

1
2(p—7)
Proof. By Theorem 1.2, we have

Pf(x+h) = E[f(x+h+W)]
1
— E{f(:c + W) exp { <Wt’h>Ht_ 3l H

forall he H, x € B and f € FCy°. Let p € (1,00), 1/p+1/q = 1. Using
Hoélder’s inequality, we have

Pt n)] < B[+ wop] " E e { e 1

(Wl,h>Hqu/q

= H MR 1) P (@) B | exp { v

= e p | fp) /o ().
Hence we have
Bl Pr(|F1)7 (x0)]
< B[ProIfP) (We+ Yo Yilu < V7|
| floeP (1¥ilar = V7)

< B[ s Pr (P (04 n)
|hlm<y/r
Is

]
r 0<t<T

r
< PyL/p [/l
< exp <2(T—t)(p—p’))E[PT_t(|f| ) (Wt)] + ¢y >

= " pyl/p 1/l

= exp (erms ) Pr(F ) P(0) + exl g

O
Lemma 5.2. Let p € (1,00) and a;; € R, 4,5 = 1,... ,n, with a;; = aj;.
Then
Y p_ 1 2 1/p
(i — S —[nl*/2
{/n <Z§_:l aij (i1 = 0 )> (Qw)n/2e dﬁ}

. n (5.1)
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Proof. Let {ej,ea,...,en} C B* be an ONS in H and define Fj(z) =
(x,e;)(x,e;) — 6;j, © € B. Then Fj;’s are Fourier-Hermitian functionals.
Hence using hyper-contractivity property of the Ornstein-Uhlenbeck semi-
group, we have

n

{/Rn ( Z ai(ninj — 5ij))p(2771)n/2 €_|”|2/2dn}1/p

ij=1

Py Lr(B;R,dp)
n
s - DH Z W o
2,7=1
n ) 5\ 1/2
i=1 i<j

n

- Vip- (Y agj)”.

ij=1
O
Theorem 5.3. Let vy = Per_F1 be the distribution of Xp. Forp € (1,00),
there exists a constant C > 0 depending only p and T such that

f@yrdn)| < e [ 1@ Pur@n}” + <) fle
/| | {/ }

for every bounded Borel function f: B — R and ¢ € (0,1).

Proof. It suffices to show for f € FC;°. In fact, for every n € N and
bounded Borel function f, we can find a compact set K C B and f, € FC°
such that vp(B\K) + pur(B\K) < 1/n, maxger |f(x) — fo(z)] < 1/n and
| frlloo < |Ifllcc + 1/m. Then, we have

/|f—fn|duT—>o, /|f—fn|PduT—>o
B B

as n — oco. Hence if the assertion for f, holds, then so does for f.
Given

f(z) = f(g(z,e1)B*,... .B(®,en)p=), TEB

for some f € C° and an ONS {e1,eq,...e,} in H. Let u(z,t) = P.f(x).
Then, since %u(t,x) = %Au(t,m), Ito’s formula implies

W(T —t,X,) = /Ot ({In + A} Tu(T — 5, X,), dW, )

18



t

+ <VU(T ~ 5, X,), b(X8)>Hds

/
+ /Ot <V2u(T - S,XS),A(X5)> ds,

H®H

where A(zx) = %{A(az) + A(z)* + A(x)A(x)*}. So we have

Elf(Xr)] = E[u(0, X7)]
=u(T,0)

+ E[/OT <Vu(T — Xy, b(Xt)>Hdt} (5:2)

+ E[/OT <V2u(T — X)), A(Xt)>H®Hdt] .

First, we show that there exists a constant 0 < c3 < oo depending only
on p and T such that

'E[/OT <V2u(T — X)), A(Xt)>H®Hdt] '

(5.3)
C
< e3e" Pr(|f)7(0) + £l
for all » > % V 1. Let
nde) = — e de, £ € R
i ~ (2nt)n/2 ’ ’
and Xt(n) = (B(Xt,e1)B, ..., (Xt,en)p+). Then we have
. ~
(VPulr -t X0, AX0),
~ n " ~ i '—(5i'T—t n (54)
= [ AR ) Y e e =y ),
ij=1

1 1

Let p’ = (14+p)/2 and — +— = 1. By (5.4), Holder’s inequality and Lemma
P q

5.2,

(<v2u(T X)), /I(Xt)>H®H‘

~ n " l/pl
< { FxX™ 4+ 'VT—t(dn)}
Rn

/

x {/n ( Zn: (A(X))es, e5) 20 (_Téii)TQ_ t)>q 7¥_t(dn)}l/q/

ij=1

1

< CpPr—y (11177 (X)o7 t

14]loc
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where C, = v/2(¢' —1) > 0 and || A = sup,ep |A|gon. Hence, by Lemma
5.1, we have

/T_i EU<V2u(T— t,Xt),A(Xt)> ”dt
0 HoH
<0 [ B[P (0] Al

T—1
T r 1 ~
< Clp—¢ P 1/p c_2 1
_Cp/o {e = Pr(|fIP) (0)+r2HfH°°}T_tHAHoodt

1

]
T—1t

< Cyll Ao Pr(11)7(0) | T 655

c -1 1

~ 2 T

+ Gyl Al / Lt f e
™™ Jo

T—1
< Cyll Al Pr(1£1)7(0)
+ CpllAlloo 75 (108 T + log )|
< 5™ Pr(|f0)V2(0) + 2 f o

On the other hand, by Theorem 4.1, there exist p; € L?(W;R,dP) such
that

B[(vhur - x0.A00) ]| = |Efpl® - x0]| < Idwiman 71
Hence we have

T
" 1
[ B[ - xi i) Jad < sl e

T T/2<t<T
(5.6)
if r > 2/T. Thus (5.5) and (5.6) imply (5.3).
Similarly, we can show that
T
‘E[/ <Vu(T - t,Xt),b(Xt)> dt”
0 H (5.7)

c
< e Pr(f1P) 7P (0) + £l
for all r > % V 1 for some constants ¢4 > 0 depending only on p and T
Therefore, by (5.2), (5.3) and (5.7), we conclude that there exists a
constant C' > 0 depending only on p and T such that
o ¢
[BLFCXr))| < Ce" Pr(f1P)/7(0) + 21 o
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1,2

for all r > % V 1. For given € € (0,1), letting r = _<T \% 1), we have the
€

theorem. O

Theorem 1 . Letvy = PoX:F]L be the distribution of Xp. Then, vr is abso-
lutely continuous with respect to ur. Moreover, its Radon-Nikodym density
pr(z) with respect to pr satisfies

/B pr(2)(l0g pr(w) v 1) ur(de) < o

for0<a<1/2.

Proof. Let A € B(B). By Theorem 5.3, for every ¢ > 0 there exists a
constant C' = C), . < oo such that

vr(A) < Cup(A)VP + ¢

Hence pp(A) = 0 implies vp(A) = 0.
NE

Moreover, applying Theorem 5.3 to , we have

5
vr(pr > §) < /{ }

c/s{/ (:vg)/\ﬁ (d )}1/2Jrs

IN

< OeC/E § 1/2

| C
for all £ > 0 and € > 0. Hence, letting ¢ =4 oot 3 we have
og

c
log &’

Let Fr(§) = vr(pr < §). Then, (5.8) implies

VT(pT > f) <4 Ve > 1. (58)

for some constant C’. Hence we have

/B pr(z)(log pr(x) V 1)°pr(dz)
< 1"‘/ (log pr)*dvr
pr=>e
— 14 [ oser (e
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> a(log §)**
§

& 1
S 2—F(€)+C¥Cl/€ Wd£<oo

= 1-[togra - Fr)] "+ [ (1 - Fr(g))de

6 The uniformly elliptic case

The following is well known (cf. Kusuoka-Stroock [7]).

Lemma 6.1. Let ® € L5(H ® K) and denote I; = fg O dWy. If C
sup sup |Pi(w)|per < oo then
0<t<T weW

a 9 e
= < =
B [eXp { 202 oy ‘IS‘K}] = (1 — )

for every a € (0,1) and t € (0,00).
Define a stopping time by
C(r)y=inf{t > 0; | X¢|p >ror |Jt|gegy >}
Lemma 6.2. There exist constants C, M < oo such that
P(¢(r) <) < Cen M/t
for everyt >0 and 0 < r < 1.

Proof. We may assume that |h|g < |h|g, h € H. Let 1(r) inf{t > 0;|X¢|p >
r} and (o(r) = inf{t > 0;|Jt|ggy >}
Set Iy = fg A(Xs)dW,. By Theorem 1.1 and Lemma 6.1, we have

PG <t) < P( sw [Wilp>1/3)
0<s<t
+P< sup |L| s + ||blloct > 27«/3)
0<s<t
P(\/t/T sup |Wqlp 27’/3)
0<s<T

—|—P< sup ||y Zr/3)
0<s<t

o - 0(5) (5)} 2o {5 s, 213

veo { - i (5) e

IN

IA
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if 0 <t <1/3||blloc. Letting M = (8T/9) A (a/18]|All3,5) and

_ 2 €
¢ = E|exp {8 sup W5 }| v =S vl

we have P(Cy(r) < t) < Ce M*/t. By a similar way we can prove that
P((o(r) <t) < Ce M/t O

Theorem 6.3. Let A € CH°(H @ H) and b € CH;°(H). Suppose there
exists a constant 0 < g9 < 1 such that

(IH + A(O))h o > Eo|h’H
for all h € H. Then, for each t € (0,T], Iy + o(t) € GL(H) a.e. and
E[|(tIg + O'(t))_l Zz(H;H)] < 00
for all p € (1,00).
Proof. We choose r > 0 such that | X;|p < r and |Ji|gen < r implies
‘{IH +AX) M I + jt*)h(H > eolhlm

for all h € H. Then we have

t {In + AX) Yy + J h * s
0 H

tAGr
J

(t A C(r))edlhl

for all h € H. Hence Proposition 3.9 and Lemma 6.2 imply our assertion. [

v

(2
{IH +A(X8)*}(IH +Js )h Hds

v

References

[1] Bell, D. R., Malliavin Calculus, Longman Scientific and Technical/Wiley,
Harlow, Essex, England/New York, (1987)

[2] Dunford, D. and Schwartz, J.T., Linear Operators; Part II: Spectral
Theory, Wiley, New York, (1963).

[3] Ikeda, N. and Watanabe, S, Stochastic differential equations and diffu-
sion processes, 2nd ed., North-Holland /Kodansha, Amsterdam/Tokyo,
(1981).

[4] Ito, K. and Nisio, M., On the convergence of sums of independent Banach
space valued random variable, Osaka J. Math. 5 (1968), 35-48.

23



[5] Kuo, H. H., Gaussian Measures in Banach spaces, Lecture Notes in
Math.,Vol.463, Springer-Verlag, Berlin/Heidelberg/New York, (1975).

[6] Kusuoka, S. and Stroock, D.W., Applications of Malliavin calculus I,
Stochastic Analysis, Proc. Taniguchi Intern. Symp. Katata and Kyoto,
1982, (ed. by K.It6), 271-306, Kinokuniya, Tokyo, (1984).

[7] Kusuoka, S. and Stroock, D.W., Precise Asymptotics of Certain Wiener
Functional, J.Funct.Anal., 99 (1991), 1-74.

[8] Meyer, P., Quelques résultats analytiques sur le semi-groupe d’Ornstein-
Uhlenbeck en dimension infinie, Lec. Notes in Control and Inf. Sci. vol.
49, Springer, Berlin, Heidelberg, New York,(1983), 201-204.

[9] Shigekawa, 1., Derivatives of Wiener functionals and absolute continuity
of induced measures, J. Math. Kyoto Univ., 20, No. 2 (1980), 263-289.

[10] Shigekawa, I., Stochastic analysis, Translations of mathematical mono-
graphs,Vol.224, (Iwanami series in modern mathematics), Providence,
R.I.,American Mathematical Society, (2004).

[11] Sugita, H., Sobolev spaces of Wiener functionals and Malliavin’s calcu-
lus, J. Math. Kyoto Univ., 25 (1985), 31-48.

[12] Watanabe, S., Lectures on Stochastic Differential Equations and Malli-
avin Calculus, Tata Institute of Fund. Research, Springer, Berlin/Tokyo,
(1984)

24



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS
2004-17

200418

2004-19
200420

2004-21

200422

2004-23

200424
2004-25
200426

2004-27

200428

J. Noguchi, J. Winkelmann and K. Yamanoi: The second main theorem for
holomorphic curves into semi-abelian varieties I1.

Yoshihiro Sawano and Hitoshi Tanaka: Morrey spaces for non-doubling mea-
sures.

Yukio Matsumoto: Splitting of certain singular fibers of genus two.

Arif Amirov and Masahiro Yamamoto: Unique continuation and an inverse
problem for hyperbolic equations across a general hypersurface.

Takaki Hayashi and Shigeo Kusuoka: Nonsynchronous covariation measurement
for continuous semimartingales.

Oleg Yu. Imanuvilov and Masahiro Yamamoto: Carleman estimates for the
three-dimensional non-stationary Lamé system and the application to an inverse
problem.

Wugqing Ning and Masahiro Yamamoto: An inverse spectral problem for a non-
symmetric differential operator: Uniqueness and reconstruction formula.

Li Shumin: An inverse problem for Maxwell’s equations in biisotropic media.
Taro Asuke: The Godbillon-Vey class of transversely holomorphic foliations.

Vilmos Komornik and Masahiro Yamamoto: FEstimation of point sources and
the applications to tnverse problems.

Oleg Yu. Imanuvilov and Masahiro Yamamoto: Stability estimate in a Cauchy
problem for a hyperbolic equation with variable coefficients.

Naoki Heya: The absolute continuity of a measure induced by infinite dimen-
stonal stochastic differential equations.

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153-8914, JAPAN

TEL +81-3-5465-7001 FAX +81-3-5465-7012



