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Abstract

We give a natural definition of the Morrey spaces for Radon mea-
sures which may be non-doubling but satisfy the growth condition. In
these spaces we investigate the behavior of the maximal operator, the
fractional integral operator, the singular integral operator and their
vector-valued extensions.

1 Introduction

For 1 < ¢ < p < oo the (classical) Morrey spaces are defined as

MyR? = {f € L, (RY) : ||| MR < ocf

loc

where the norm || f | M5 (RY)| is given by

IF | MERY| = sup  [B(a,D)]F s </ \f\qdy> :
B(z,l)

x€RA, >0

Here, B(x,1) is a closed ball with its center x and radius [ as usual and
|B(x,1)| denotes its volume. The Morrey spaces describe local regularity
more precisely than the Lebesgue spaces LP(R?) (c.f. [6]). A Radon measure
p on RY is said to be doubling if there exists some constant C' such that
w(B(x,2l)) < Cu(B(x,l)) for all z € supp(p) and [ > 0. In most results of
classical Carderén-Zygmund theory the doubling condition on p seems to be
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an essential assumption (c.f. [3], [9]). However recently it has been shown
that many results in this theory also hold without the doubling assumption,
as is found in [7], [10] and many other literatures. In this paper we shall
define the Morrey spaces with non-doubling Radon measures and investigate
the properties of them. Throughout this paper p will be a (positive) Radon
measure on R? satisfying the growth condition

w(B(x, 1)) < col™ for all z € supp(p) and I > 0, (1)

where ¢y and n, 0 < n < d, are some fixed numbers.

Firstly, let us give notations and definitions. By ”cube” we mean a closed
cube whose edges are parallel to the coordinate axes. Its side length will
be denoted by #(Q) and its center by z(Q). The set of all cubes Q C R4
satisfying ©(Q) > 0 will be denoted by Q(u). For ¢ > 0, ¢@ will denote a
cube concentric to @ with its sidelength ¢ ¢(Q).

Let k> 1 and 1 < ¢ < p < co. We define a Morrey space M%(k, ) as

MGk, 1) = {f € Li,(u) « I IMG(k, p)|| < o0},
where the norm || f | M5 (k, )| is given by

11
I 1Mk 0l = sup (k@) / Iflqdﬂ> . @)
QeQ(n)
Clearly, we see that MY (k, ) D LP() and by using Holder’s inequality to
(2) we have that ||f | M (k, g)]| 2 Lf| M2, (k, 1) for all p > g1 > go > 1.
This tells us that the following inclusion holds:

LP(p) = Mp(k, p) € My, (k, ) € MG, (k, p).

As is easily seen, the space M} (k, 1) is a Banach space with its norm.

The parameter & > 1 appearing in the definition does not affect the
definition of the space. More precisely, we have the following proposition,
which will be a key to our arguments throughout this paper.

Proposition 1.1. Let ki, kg > 1. Then we have MY(ky, 1) ~= Mb(kg, p) in
the sense of the equivalent norms.

Proof. Let ki < k. Then the inclusion M¥(ky, ) C Mb(k2,p) is
trivial by the definition of the norms. Let us show the reverse inclusion. Let
f e Mi(ke,p) and Q € Q). Then we have to estimate



Simple geometric observation shows that there exist some cubes @1, Q2, . . .,
QN with the same sidelength such that

N .

RclJQ — ko — 1
U & kQQiCle(i—laQ,...,N)andN<C(ki 1> _
=1 —

Using this covering, we easily obtain

K (/Q\f\qdu)%

=

p(k1Q)

N 1 1 %

< k P q q.1

< S n(@) </Qi|f| u)

< X @ ([ i)’
Qi€Q(p) /Ql

< NIf | M2k ). B

In view of this proposition we sometimes omit parameter k in M%(k, p1).

The boundedness of fractional integral operators on the (classical) Mor-
rey spaces Mb(R?) was studied by Adams ([1]), Chiarenza and Frasca (]2])
etc. Chiarenza and Frasca showed that the Hardy-Littlewood maximal op-
erator is bounded on the Morrey spaces ([2, Theorem 1]). By establishing a
pointwise estimate of fractional integrals involved with the Hardy-Littlewood
maximal function, they showed the boundedness of fractional integral oper-
ators on the Morrey spaces ([2, Theorem 2]). Boundedness of the singular
integral is also proved there ([2, Theorem 3]). In this paper we shall recover
these results in the setting of non-doubling measures. Moreover, we shall
prove the vector-valued maximal inequality.

Main theorems are stated in each section. Section 2 is devoted to the
study of the maximal operators, including a Fefferman-Stein type inequality,
where we will see our definition of the space goes well. Section 3 and 4
contain fractional integral operators. Finally in Section 5 we investigate the
boundedness of the singular integral.

In what follows the letter C' will be used for constants that may change
from one occurrence to another. A ~ B is used to indicate that C714 <
B < C A for some C > 0 independent on (for example) the functions f.



2 Maximal inequalities

In this section we shall investigate some maximal inequalities. In proving
the maximal inequalities we do not have to pose the growth condition on pu.

For £ > 1 and f € L},.(u) we use the following modified maximal operator:

1
M, = du.
i) xeslelg(u) w(KQ) /Q ] di

We use the next results of this operator in our theory.

Proposition 2.1 ([8],[10]). If x > 1 and 1 < p < oo, then we have

M f I L)l < Capll £ ILE (W]

We also have the inequality of Fefferman-Stein type.

Proposition 2.2 ([8]). Ifk > 1,1 <p < oo and 1 < g < oo, then we have
the vector-valued maximal inequality :

1/q 1/q
> (M fy)e | LP()|| < Capan ||| D 15l | LP (1)
jEN JEN
In this section we shall extend these results to the Morrey spaces M¥(p).

Theorem 2.1. If k,k > 1 and 1 < ¢ < p < o0, then we have

[ My f I MG i)} < Capg.m il f I MG (R, )]

Proof. Fix Qo € Q(n) and put L := £(Qo)/2. Let fi := Xxt1 f and
K—1
fo:=f — fi. Then for all y € Q¢ we have

My f(y) < My f1(y) + My f2(y). (3)

It follows from the definition of M, that

1
M, foly) < sup / fldu.
yEQeQ(), ((Q)>8L/(v—1) MKQ) Jg

Suppose that y € Qo, y € @ € Q(u) and £(Q) > 8L/(k — 1). Then simple
calculus yields Qo C Tﬁ Q. Thus, we obtain

1
M, < - - du. 4
fa(y) rozlgg(u)u (ffl Q) /Q | f| dp (4)



Proposition 2.1, (3), (4) and Hélder’s inequality yield

(2D ) B (/ O(Mnf)qdu);
< <2”(“ D Qo> < /R (M’ du)

H2
(Qo)P ( / O(Man)qduf

’SIH
thH

7 5 i
<4 <2/2(2/£+ ) Q0> </Rd(M“f1)q d,u>
1 1
S u(Qo)F - L d
&) Qocae( “ (3—;@1 Q) /Qm :

26k 4 7) %)” ( /ﬂQ \f\%w) q

SCM( k2 —1
k—1

+Cl / Qd
roscslepQ(u)M<"é+1 > ( 17 M>

< OlfIMGRR/ (k5 + 1), |

Hence we have
My f I ME2r(k +T7)/(k* = 1), )| < C||f | Mh2k/(k + 1), ).
Using Proposition 1.1, we obtain the theorem. 1
Furthermore we have the following vector-valued version.

Theorem 2.2. Ifk.k>1, 1 <g<p<ooandl <r < oo, then we have
1/r 1/r
Z(Mnfj)r ’ Mg(kv :U') < Cd,p,q,r,n,k Z ’fj’r ’ Mg(kv :U')
JEN JEN
To prove this theorem we need a covering lemma.

Lemma 2.1. For all p > 1 there exists an integer v, depending only on p
and d, which satisfies the following condition:

Let {Qj}jes be a finite family of cubes in R?.  Suppose that all cubes
Q; contain a fived point x. Then we can select a set J C J, #J' <



v, such that any cube Q; can be covered by some pQy, k € J'. Here,
we use #A to denote the cardinality of a set A. (We will see that v ~

max {1, 167 log(p — 1| (p— 1)~} )
Proof. Let 2L := max;¢(Q;). We shall choose a cube inductively.

First, choose a cube Q;, so that ¢(Q;,) = 2L. Suppose that Q;,,...,Q;, ,
are selected. Consider the set

Ji :=={j € J : none of pQj,,, m=1,...,k—1, contains Q;}.

If J,, = 0, then we do not select cubes any more. If J;, # (), we choose a cube
Qj., jk € Ji, so that Q;, maximizes ¢(Q;) with j € J,. We now proceed
this step and obtain a set J' := {j1,jo2,...} C J.

Simple geometric observation shows that if k, &k’ € J’, then we have

(@) — 2(@u)] 2 Lo max(U(@4), 4Qw)).

Recall that all Q);’s contain x. This shows that the number of Qy, k € J',
such that 2™~ < £(Q},) < 2™L is less than or equal to max(1,16%(p—1)~%)
for all m = —1,—2,.... Noticing that £(Qg) > (p — 1) L for all k € J', we
obtain the lemma. N

Proof of Theorem 2.2. Fix Qy € Q(i) and put L := £(Qo)/2. Let

fin = Xut7 o, f5 and fj2 := fj — fj1. Then, in the same way as in that of
r—1

the proof of Theorem 2.1, for y € Qg we have that

Mﬂfj(y) S Mnfj,l(y) + Mnfj,Q(y)

and that

My fi2(y) < sup / | f5] dp.
QoCREQ(n)

Using Proposition 2.2 and the above estlmates, we see that

1
4K K+T7 a
M. f:079d
(g @) (/Q YSATIEY
1 1
4K K+ T a q
< Cp M 0| 17]9d
< (Ml A Qo) (/Rdu Fal u)

1
C' 1(Qo)r - 0 S(;pg( /!fg!du\l’” :
0CQREQ(1)

@M—‘
»a\»-A




By Proposition 2.2, the first term of the right-hand side of the above
relation can be bounded by ||| f;|1"[| | MP(4k/(3k + 1), )| So we shall
concentrate ourselves on estimating the second term.

Let {Q;}jen be a family of cubes satisfying Q; D Q. Then by a simple
limitting argument it suffices to verify that for any N € N

N m
1 1
pQ0)r [ | [ Ifildu
Jj=1 <n+1 Q]) /J ’
< C Il 1 Mb(4r/ (35 + 1), ) ||, (5)

where C'is a constant independent on N. By duality argument (5) is reduced
to prove the following inequality:

1
@Yo (=t [
<I€+1 Q]) Qj
< C|lf; UTH | M3 (4r/ (35 + 1), )| (6)
for a non-negative sequence {a;} € 1" with lla; ||| = 1. (+ is a conjugate

exponent of r.)
To prove (6), we put for i =1,2,...

Ji = {j eENN[L,N]: 27 u(Qo) < (;—fl Qj) <2 (Qo)}

Then we have

; 1
Z% m/ﬂfﬂdﬂ

B =

= (@) - D> > a4y | ——— [ Ifilde]. (7)
1 jEJ; <,€+1 Q]) Qj
We now use Lemma 2.1 3+ 1
for the family of the cubes {Q;};jes, with p = h, to obtain an

integer v and a set J! C J;, #J] < v, satisfying that all cubes Q;, j € J;,
can be covered by some p Qy, k € J!. Using this observation, we can proceed



further

= QH(QO%'QZ Z Z aj/ £l dps

keJ!j€Ji: Q;CpQx Qj
1 1
< 2u(Qo) ZT/ S alfl] du
ke, M (z;icgk) PQk \jediiQ;CrQn
(i i 1
< 2 (2 1)/p+1V. (2z IM(QO)) /p

1

1 : .
. r||ed
<M(,f—ﬁp1,0¢2k)> </ka 5171 u)

< 9-G=1)/p+1,, H”fﬂ HrH ’Mp(4/-g/ 3/£+ 1 H (8)

From (7), (8) we arrived at the desired inequality (6) and obtain the theorem.
|

3 Boundedness of the fractional integral operator

In this section we investigate the fractional integral operator I, defined
by Garcia Cuerva and Eduardo Gatto.

Definition ([4]). For a with 0 < a < n, we define a fractional integral
operator as
fly
@ = [ AU ),
Re |2 — |
where n is a constant in the growth condition of u.
The following result is known due to Garcia and Eduardo [4].

Proposition 3.1 ([4]). Let 1 <p<n/a and 1/s =1/p—a/n. Then I, is
bounded from LP(u) to L*(u).

In this section we shall extend this result to the Morrey spaces M¥(p).
As is the case with the classical one ([2, Theorem 2]), we have the following
theorem.



Theorem 3.1. Suppose that the parameters satisfy
l<g<p<oo,1<t<s<oo,t/s=gq/p,1/s=1/p—a/n.
Then we have I, is bounded from M%(u) to Mt (p):
Mo | M3k, )] < Cpgmpill f | MECE, ), K> 1.

The proof of this theorem follows the argument in [2], except for certain
technical modifications. We first prove a pointwise estimate using the max-
imal operator, which immediately leads us to vector-valued improvement.

Lemma 3.1. If1<¢<p<oo,1<p<n/aand1l/s =1/p—a/n, then
we have a pointwise estimate

o @) < Cpgasllf | M52, )77/ - (Mo f ().

Proof. We may assume that f is positive. Fix € R%. We put for [ > 0

1
f@) =5 [ pdu )
B(z,l)
For all y € RY, y # =, we have an identity
/ X0 W) j0r g / R P
0 ! |z—y] ’.CU - y’

This identity and Fubini’s theorem yield

B © XB(a,)(Y) o
i@ = o [ ([T ) ) duty

_ > T a—1
_ C/o Alz)edl. (10)

Take € > 0 which will be determined later on. We separate the above
integral into I := / fi(z)l1*"tdl and 1 := / fi(z)l1* "t dl. By the growth
0 €
condition (1) noticing that f;(x) < C Maf(x), we have

I< C/E Mo f ()1t dl = C My f(z) €.
0

Let Q(z,l) be a cube whose center is = and sidelength is 2{. Then taking
into account of the growth condition, we see that

(coVa-20) "7 < (@ 20))3 .

Ne}



Using this and Hélder’s inequality and the growth condition once more, we
have the following formula, which will be also used later,

1
fw) = g f s

/a
p(B(a, 1))/ )
[ (/B(ac,l) Iy

IN

AN
Q
|
3
|
|
Q3
/N
S
®
Kﬁ
(=]
QL
=
N———
Q|

< CUF u(Q(a,20))7 ( / Iz du> (11)
Q(x,1)
< CU v |[fIME2, )] (12)

Inserting this, IT can be estimated by C || f | MF(2, u)q/| e/,
Thus, we obtain

1) < O (Maf ()6 + 1 | M2l ™)

p ) p/n
Putting € = (W) , we obtain the desired estimate. N
2] (X

Using this lemma and Theorem 2.1, we can easily prove the theorem.

Corollary 3.1. If we assume further that 1 < r < oo, then we have

o fi FNTME R i) < Cogors 1L 1N MEG (R )]

4 Regularity of the fractional integral operator

In this section we investigate another type of the fractional integral oper-
ator K, also defined by Garcia-Cuerva and Eduardo Gatto.

Definition ([4]). Let n be a constant appearing in the growth condition.

(1) Let 0 < o <mnand 0 < e < 1. A function k, : R? x R? — C is said
to be a fractional kernel of order «, if it satisfies that

Cn,a for all z #£ y

|z —y|

|ka(z,y)] <

10



and that
|z — 2|

ka(z,y) = ka(2, y)] < C e,
(e, ) — k(e )| < O o

if |2 —y| > 2|2’ — 2|
(2) We define an operator K, for the kernel in (1):
Kaf(@) = [ Fale.)f () du(s).

(3) A function space Lip(«) is always considered as a space modulo con-
stant. Its norm is given by

: fz) — fly
1| ip(a)]| = sup LD =T,
THY |$ - y|
As is listed in [4], the typical example of the kernel k, with ¢ = 1 is

1
ko(z,y) = T —ga

As for this fractional integral operator K, the following result is known.

Proposition 4.1 ([4]). Let k, be a fractional kernel with regularity €. Sup-
pose that 0 < a —n/p < €. Then, K, is a bounded operator from LP(u) to

Lip(a —n/p).
In this section we shall extend this result to the Morrey spaces ME(u).

Theorem 4.1. Let k, be a fractional kernel with regularity €. Suppose that
1<g<p<ooandthat 0 < o —n/p <e. Then, K, is a bounded operator
from MY (k, ) to Lip(a — n/p).

Proof. Let x # y and r = |x — y|. Then we have by the definition
|Kaf(x) - Kaf(y)|
< [ ale2) = ka2 ] du(2)

: /B(m ol N atz) + [ ooy B DN ) i)
+/ [k (, 2) = ka(y, 2)| |£(2)| dp(2)
B(z,2r)c

<cf R e =
B(z,2r) ‘Z—.’/U’ B(y,3r) ’z_ ‘
f(2)l
+C’ :):—ye/ yid,u 2
| | Bw,2r)e |2 — x[n—ote =)
— D410+ I0L (13)

11



1
It is the same as (9) that we put fi(x) = l_"/ | f| dp. Firstly, in the
B(z,l)

same way as (10), we have that

/ el du(z) =C " filz)e=td
B 0

(z,27) ’Z - x‘nia

and, using the formula (11), that

2r
L< O f M2, p)ll /O 7P = O f I MB(2, )| | — y|* P (14)

Similarly, noting r = |x — y|, we see that
< C|f | ME, )|z —y|*"/7. (15)

Lastly, it follows that

/ _ @I du(z) =C h filz)1o=< "t al
B(z,2r

o [z — afrare o

and that

o< Ol gl [l
2r

= C|f | My, )| 2 —y|*"P. (16)

From (13) and (14)—(16) we obtain the theorem. I

5 Boundedness of the singular integral operator

Finally, we investigate the boundedness of the singular integral operator
whose definition is listed in [7].

Definition. Let p and n be as above. The singular integral operator T is
a bounded linear operator from L?(u) to L?(p) that satisfies the following:

There exists a function K that satisfies three properties listed below.

(1) There exists C' > 0 such that |K(z,y)| < T
r—=y

12



(2) There exist € > 0 and C' > 0 such that

|z — 2
|K(x,y) - K(Zvy)| + |K(y,x) - K(y’ Z)| S C|x _ y|n+e’
if |z —y| > 2]z — z|.

(3) If f is a bounded p-measurable function with a bounded support, then
we have

Tf(z)= o K(z,y)f(y) du(y) for all x ¢ supp(f).

As for this singular integral operator T, the following result is known
due to Nazarov, Treil and Volberg.

Proposition 5.1 ([7]). T is a bounded operator from LP(u) to itself, if
1 <p<oo.

In this section we shall extend this result to the Morrey spaces ME(u).

Theorem 5.1. For k > 1, T is a bounded operator from M%(k, u) N L?(p)
to itself, if 1 < q < p < 0.

Proof. Fix B := B(z,r) C R%, r > 0, and take f € My (k, ) N L?(p).
Decompose f according to 2B, that is, f = f1 + fo where fi = xap5f.
For y € B we see by the definition that

[f(2)

@By |2 —z["

TS [ KA d) <0 au(2).

1
Recall again that fi(x) = " / |fldu. Then we have that
B(z,l)

/ P = [ papa
(2

B)e |Z _'T|n 2r

and, using formula (11), that

\sz(y)ISCHf\MZ(Zu)H/Z Pl = O || f | M2, )| TP (17)

13



Using Proposition 5.1 and (17), we obtain

@3 ([ 1Trwan >)

< uQan ([ rTf1<y>Wdu<y>)3

+C p(Q(x,3r)) 7 p(Q, ) 1| | ME(2, )|

1

C u(Q(,3r)) 7 (/Q( . |f|%m>

+C w(Q(a, 1)) PP f | ME(2, )|
< Cllf | MGk, ).

(In the last relation we use the growth condition.) Hence, we obtain the
theorem. |1

IN

This theorem can be easily extended to vector-valued one.

Corollary 5.1. Suppose that k > 1,1 <g<p< oo and 1l <r < oo. Then
we have

T £ 10 ME (ks )| < Capgren |15 1171 TME (R, )] -

Proof. To prove this, we proceed as in the last theorem. We indicate
the necessary change.

For all j we decompose f; = f;1+ fj2 where f;1 = x2pf;. The estimate
for fj1 is quite the same, where we use the vector-valued version of Propo-
sition 5.1 proved in [5]. For the estimate of f;2, we proceed in the same way
as (17) and have

115 (2)]

@) |2 — "

T(fi2)W)] <C

du(z).

It follows from Minkowski’s inequality that

> IT(f2) W)l T <C <Zj€N|fj(z)|r>

= (2B)° |z —z|™

1
T

du(z).

The rest being the same, we omit the detail. [}

Remark. Once these type of the estimates are obtained, those of the maximal
operator of the truncated singular integral are easily obtained by Cotlar’s
inequality [7].

14
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