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1 Introduction

Let A, be the coarse moduli space Ay 1,1 ® IF,, of principally polarized abelian varieties over a
field of characteristic p.

F. Oort and T. Ekedahl defined a stratification on A, called the Ekedahl-Oort stratification.
Namely, A, is divided into locally closed subschemes S, determined by elementary series ¢ of
length g. An elementary series ¢ of length g is a map

80:{1727"'79}_>{071727"'7g}

satisfying p(i—1) < (i) < p(i—1)+1 (i =1,2, -+, g) with ¢(0) = 0. Two principally polarized
abelian varieties X and Y are in the same stratum if and only if there exists an isomorphism
between their p-kernels X [p] and Y'[p]. (See [17] for the definition and fundamental theorems.)

A conjecture of F. Oort says that S, is irreducible unless S, is contained in the supersingular
locus W,. And this became a theorem by combining a recent result of G. van der Geer and T.
Ekedahl with a criterion of F. Oort: ¢([(g+1)/2]) = 0 if and only if S, C W,,. See [18, 7.5] for
an exposition on this development.

On the other hand, F. Oort also expected in loc. cit. that the strata S, contained in W,
are reducible for large p’s. In this paper, we confirm this in an explicit way.

To describe our main theorem, we need some notations. We choose a supersingular elliptic
curve E defined over F,, ([3] and also see [12, 1.2]). For each integer ¢ with 0 < ¢ < [g/2], we
denote by A, the set of the equivalence classes of polarizations u on E9 such that ker p ~ agﬂc.
Here «, is the kernel of the Frobenius map F': G, — G,. For an element u € A, let 7, be the
fine moduli scheme of isogenies

p: (B p) — (Y, X)

of polarized supersingular abelian varieties such that A is a principal polarization. The moduli
space 7, turns out to be non-singular irreducible of dimension ¢(c + 1)/2 (Corollary 4.10).
Here are the main results proved in this paper (Theorems 5.6 and 6.19):
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1. For any integer ¢ with 0 < ¢ < [g/2], there exists a canonical quasi-finite surjective

morphism
U, : H 1T, — H Sp.
HEAC ¢(g—c)=0

2. For any elementary series ¢ with p(g —¢) = 0 and ¢(g — ¢+ 1) # 0, the number of
irreducible components of S, is equal to §A.. Moreover §A. equals a class number H, . of
a quaternion unitary group (see Definition 5.8).

Since lim §A. = oo (Lemma 5.10), it follows that S, with ¢([(g+1)/2]) = 0 is reducible for

p—00
large p’s.

The outline of this paper is as follows. In Section 2, we prepare some notations of Dieudonné
modules and the Ekedahl-Oort stratification. After introducing good symplectic bases of super-
singular Dieudonné modules, we show in Section 3 that the first jumping number of elementary
series is given by an invariant ¢(N') (Definition 3.7) of N = M/pM in a certain class of Dieudonné
modules M.

In Section 4, we investigate the moduli space 7, mentioned above. We shall construct finite
étale morphisms from the affine open subschemes of 7, to the spaces N, . of matrices.

After these preparations, by proving the equality of the invariant ¢(NN) and the height of
minimal isogenies, we obtain the above morphism W, (Section 5).

In the last section, we investigate more closely the structures of the spaces N, . of matrices.
In particular, we can compute the codimension of the a-number locus ng(a) in the Zariski closure
g@ of S,. The main theorem follows from these calculations and some technical lemmas.

Acknowledgments. I wish to thank Professor Takayuki Oda for much advice. I am also very
grateful to Professor Frans Oort and Professor Gerard van der Geer for helpful suggestions and
for informing me of their recent results.

2 Preliminaries

2.1 Dieudonné modules over a perfect field

We fix once and for all a rational prime p. Let K be a perfect field of characteristic p. We define
a non-commutative ring A by the p-adic completion of

W(K)[F,V]/(FV —p,VF —p,Fa—a°F,Va—a° ' V,Va € W(K)).
Here o is the Frobenius map on K.

Definition 2.1. A Dieudonné module is a left A-module M which is finitely generated as W (K )-
module. If M is free as W (K )-module, we call M free. Two free Dieudonné module M and N
are said to be isogenous if there is an A-homomorphism from M to N with torsion cokernel. We
define a-number of M as

a(M) = dimg M/(F,V)M.

A free Dieudonné module M is called supersingular (resp. superspecial) if M is isogenous (resp.
isomorphic) to A?‘f for some g. Here Ay := A/(F — V) and g is called the genus of M.
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Definition 2.2. (1) Assume g > 2. A superspecial abelian variety over K is an abelian variety
Y over K such that there is an isomorphism between Y and E9Y over algebraically closed
field K with supersingular elliptic curve E. This definition does not depend on choices
of E as follows from results by Deligne, Ogus and Shioda ([15, Theorem 6.2] and [20,
Theorem 3.5]). Also see [12, 1.6].

(2) An abelian variety X over K is said to be supersingular if and only if there exists an
isogeny from EY9 to X over algebraically closed field K.

For an abelian variety over K, we have a free Dieudonné module M := (X ) of genus g by
the covariant Dieudonné functor ID. Then the a-number of X:

a(X) := dimg Hom(ay, X)

is equal to a(M) (see [12, 5.2]).
A. Ogus proved the following important theorem, which he called supersingular Torelli’s
theorem ([15, Theorem 6.2]).

Theorem 2.3. Assume that K is algebraically closed. Let Sy(K') be the category of supersin-
gular abelian varieties over K. Assume g > 2. The functor (D,tr) gives a bijection between
the set of isomorphism classes of Sy(K) and the set of supersingular Dieudonné modules M of

2 ~
genus g with trace map tr : AM =, W(K). Besides, for two objects X,Y of Sq(K), we have
an isomorphism

Hom(X,Y) ®z Z, ~ Hom(D(X),D(Y)).
The next lemma will be frequently used.

Lemma 2.4 (Lemma 3.1 in [11]). For a supersingular Dieudonné module M, there exists a
smallest superspecial Dieudonné module S°(M) in M ® frac W (K) containing M, and dually
there is a biggest superspecial Dieudonné module So(M) contained in M. Here frac W (K) stands
for the field of fractions of W(K).

Corresponding to Sy(M) of this lemma, for a supersingular abelian variety X over K, there
exists a superspecial abelian variety Y over K and a K-isogeny p : Y — X such that for any
superspecial abelian variety Y’ over K and any K-isogeny p’ : Y/ — X, there is a unique K-
isogeny ¢ : Y/ — Y such that p' = p o ¢. We denote by S°(X) the pair (Y, p). The isogeny p is
called minimal isogeny. Dually So(X) are also defined. See [12, 1.8].

If X has a polarization A : X — X', we get the non-degenerate W (K )-bilinear alternating
form

which satisfies (Fx,y) = (z,Vy)? by [14, p.101]. We call such an alternating form a quasi-
polarization of M. If X is principal, then (, ) is a perfect pairing.



2.2 Dieudonné modules over a general base

Let R be an Fj-algebra and S = Spec(R).

Definition 2.5. A Dieudonné module over S is a locally free W(R)-module M with W (R)-
linear homomorphism

F:M® — M, VM — M®),

Here M®) stands for the base change of M by the p-th power homomorphism R — R. A
quasi-polarization on M is a W (R)-bilinear alternating form

(,): Mewpr M— W(R)
satisfying
(Fa,y) = (z,Vy)?

for x € M®) and y € M.

2.3 Ekedahl-Oort stratification

In this subsection we give definitions and theorems related to the Ekedahl-Oort stratification
used later on. For the details, see [17]. For brevity, we restrict ourselves to the case of principally
quasi-polarized Dieudonné modules (M, ( , )) over perfect fields K.

Put N = M/pM, which is equipped with the K[F,V]-module structure. For a submodule
S of N, we denote by V1S the submodule V=1(SNVN) of N. We denote by W be the set of
finite words of F and V1. It follows that the set

{wN | w e W}
consists of finite elements N; (i =0, 1, -- -, 2r) satisfying
0=NyC---CN,C---CNgy.=N (1)

with N, = F'N. The filtration (1) is called a canonical filtration of N ([17, §2.2]).
Let us set p(i) := dimy, Nj, FN; = N, and V"I N; = Ny(;y. Then we have v(i)+ f(i) = r+i.

Definition 2.6. The elementary series ¢ of M, noted by ES(M), is the map
()0:{17"'79}_){0717"'79}

defined inductively as follows: For each i = 1,---,r and for all p(i — 1) < j < p(i),

() = e(i—1)+1 ifov(i—1)<wv(i),
LA PP if (i — 1) = v(3)
with ¢(0) := 0. See [17, §5.6] for this definition. For a principally quasi-polarized Dieudonné

module M over an arbitrary field, we denote by ES(M) the elementary series of a scalar exten-
sion of M to an algebraically closed field.



The a-number of M is written as

a(M) =g —¢(g)
with ¢ = ES(M).

Definition 2.7. For each elementary series ¢ as in the introduction, the EFkedahl-Oort stratum
Sy is the set of points of A, which are associated with Dieudonné modules with the elementary
series ¢ (see [17, §5.11]).

The stratum S, turns out to be a locally closed subscheme of A, as shown by Oort ([17,
Proposition 3.2]).
For an elementary series ¢, the sequence

w:{17"'72g}_>{071>"'7g}

defined by
V(29 —i) =g+ (i) —i
foralli=1,---, g is called a final sequence of w. In this paper, for convenience we set

(i) =9 ()
foralli=g+1,---,2g.
By [17, Theorem 9.4], there exists a filtration refining the canonical filtration {V;}:
0=NyC---CN,C--CNy,=N

such that dimy Nj = i, FN] = N,y and V~'N] = N,

gti—o(i) forall ¢ =1,---,2g. In general,

it is not unique (see [17, Remark 9.22]).

The following theorems are shown by Oort ([17, Theorem 9.4] and [17, §1]).

Theorem 2.8. For two principally quasi-polarized Dieudonné modiles M and M’, the K[F,V]-
modules N = M/pM and N' = M'/pM' are isomorphic over K if and only if ES(M) =
ES(M').

Theorem 2.9. For each elementary series ¢,

(1) the stratum Sy, is (regular as a stack) quasi-affine and the Zasiski closure S, of S, in A,
s connected,

(2) the dimension of any irreducible component of Sy is equal to |p] = > 7, ¢(i);
(3) we have
So= |J S
Sw/ﬂggﬁﬁ@

There are two orderings < and < on the set of elementary series. For two elementary series
¢ and ¢', we write ¢’ < ¢ if ¢/(i) < (i) for all i = 1,---, g, and write ¢’ < ¢ if S,y NS, # 0.
The second one < becomes an order by Theorem 2.9 (3). By [17, Proposition 11.1], it follows
that ¢’ < ¢ implies ¢’ < .



3 Supersingular Loci

First of all let us investigate structure of the supersingular locus W, in A,;. The number
of irreducible components of W, and the dimension of each irreducible component of W, is
determined in [12]. For our purpose, however, we need to analyze W, more explicitly.

3.1 Displays of supersingular Dieudonné modules
First let us recall the fact ([6, Lemma 3.5, 3.6]):

Proposition 3.1. Assume K be an algebraically closed field. Then for any principally quasi-
polarized supersigular Dieudonné module M over W(K), there exist A-generators vy, - - - ,vg—1
of M such that

(vi, Fog-1-5) = €bij,  (vi,v5) =0, (0<4,j<g—1) (2)
for fived ¢ = —e7 € W(F2)* and 6;; Kronecker’s delta, and
(F = V)vi = Tii410ig1 + Tiip2Vige + -+ Tig—10g-1. (3)
Here ;5 are elements of W (K), which automatically satisfy the symmetry:
Tij = Tg—1—j,g—1-i- (4)
Conversely, a principally quasi-polarized Dieudonné module which has A-generators
Vo, 5 Vg1
satisfying the equations (2) and (3) is supersigular.
This proposition is paraphrased as follows. We introduce a new basis of M
(X1, , X, Y1, , Yy}
defined by
X =vi_1, Y, = E_IV’Ug_Z'

foralli=1,2,---,g. Then {Xy,---,X,, Y1, ---,Y,} is a symplectic basis of M, i.e., a basis as
W (K )-module satisfying

(X3, Y)) = dij, (Xi, X;5) =0, (Yi,Y;) =0

for all 1 <14,j < g. The display of M with respect to this basis (see [13] and [16] about displays)

is written as
T —c1lw
( ew 0 ) (5)

where w = (0; g+1—;) and T' = (t;;) with

tij = Tj—1i-1  f1<j<i<y,
t;j =0 otherwise.



The matrix T is strictly lower triangular and the equation (4) is equivalent to the symmetry
condition:

Tw = "(Tw). (6)
Conversely for an arbitrary perfect field K, and for any strictly lower triangular matrix
T € M,(W/(K))

satisfying the symmetry (6), we have a principally quasi-polarized supersingular Diendonné
module, denoted by Mrp, over W(K) with display as (5). Hence there is a bijection from
the set of strictly lower triangular matrices T' satisfying the symmetry (6) with coefficients in
W (K) to the set of principally quasi-polarized supersingular Dieudonné modules over W (K)
with symplectic W (K)-basis {X1, -+, Xg, Y1, -+, Y,} satisfying

g
(F-V)X;= ) t;X;  forsomet; € W(K),
j=it1 (7)
Y, = E_IVXg_H_Z‘.

It follows ([6, Lemma 3.7]) that
a(Mr) = g — kT (8)

with T := T'mod p.
The semi-linear transformation for Frobenius map F' on My is given by

)
ew 0

(FXy, -, FXg,FY1,--- | FYy) = (X1, , X, Y1, -+, Y) F.

Namely, we have

Then F" corresponds to the matrix F() := FFo ... Fo "', Also the matrix for V is equal to

Vi 0 —petw
“\ew wrow )

Similarly V™ is represented by pn) .— VVU_I .. .Va‘(”‘l)'

3.2 A certain class of supersingular Dieudonné modules

Let K be a perfect field. In this subsection, we investigate a certain class of principally quasi-
polarized supersingular Dieudonné modules, i.e., we treat only those with display as in (5)
satisfying

TT =0  forallieZ (9)

for some good choice of symplectic basis {Xj;, Y;}. The reason why we investigate a Dieudonné
module with this type of T satisfying the condition (9) for some symplectic basis is that such
and only such a principally quasi-polarized Dieudonné module M satisfies S, C W, with ¢ :=
ES(M) (the proof of this will be completed in Section 5).



Remark 3.2. For g > 3 there are principally quasi-polarized supersingular Dieudonné modules
which never have displays as in (5) with condition (9).

Lemma 3.3. Assume T satisfies the symmetry (6) and TT? =0 for any i € Z. Then we have
the following:

(1)

27 —
‘7:(271-&—1) B pn Z?:O To J —pn+15 l’U)
- — 2541
pew —p"w Z?:(} T w )
(2)
_ 2
f(2n+2) _ pTL+1 . pn+15 1 Z;L:O To J'U)
pn&_w Z;’L:O To i+ pn-l—l ’
(3)
_9i _
V(2n+1) B _pn Z;L:I To J —pn+15 l’U)
= —25—1
pew prw i o T Tw )
(4)
1_—1xn+1 qrg—2i
PEn+2) _ ptt s —p"Tle Z?:1 T° “w ‘
—p”sw Z?:O To J pn-I—l

Proof. This lemma immediately follows by induction on n. We note that
P = }“(m)(y(m))am _ V(m)(]:(m))ff_m

for every natural number m. O

Corollary 3.4. Let M be a Dieudonné module associated with a T' satisfying the symmetry (6)
and TT®" =0 for every i € Z. Then for all n > 0,

FPHA c ™M and  VPPIM c p"M.

We need a general lemma to understand ES(M) for each M as in Corollary 3.4. For a
K|[F,V]-submodule S of N = M/pM, there uniquely exists an A-submodule S of M such that
pM C S C M and S/pM = S. Indeed the W (K )-module

S:={z e M|zmodp € S}
is stable under the actions of F and V.

Lemma 3.5. We have

(1) V1S = L{(FSnpM),



(2) FS= F§—|—pM. In particular if VM C §, then FS = FS.

Proof. (1) follows from the direct calculation:

V-5 = {xeM\(xmodp)EV_IS}:{xEM\(V:NL’modp)ES} )
V- HVr e VM|(Vrmodp) € S} =VHSNVM) =p Y (FSNpM).

Any element z of F'S = {z € M|xmodp € FS} is of the form
r=pm+ Fs

for some m € M and for some s € S. That is to say, FScCFS+ pM. Conversely FS + pM is
contained in F'S by definition. O

Proposition 3.6. Let M be as in Corollary 3.4. We have

(1) (V-1F)IiN = I%(FQJ'M NpFH2MN---Np' M),

—_~—

(2) VM C (V-1F)IN
for all 7 > 0.

Proof. First we show (1) implies (2). It suffices to show p/V M C p'F2=2 M for all integral
number 0 < I < j. It is equivalent to VZ~2+101  p?~!M, which holds by Corollary 3.4.
We show (1) by induction on j. For j = 0, there is nothing to prove. Suppose that this

lemma is true for j — 1 with j > 1. Then it follows VM C (V-1F)i—1N.
Applying the second statement of Lemma 3.5 (2) for S = (V~'F)/~! N, we have

—_~— —_~— 1

F(V-1F)i-IN = F {(V—IF)J‘—IN} = —(FY'MnpF¥3MA---np 'FM).  (10)

pi—1

by the hypothesis of induction. Then by Lemma 3.5 (1) and the equation (10), we have

(V-LF)iN = p—l(F{F(V/—TE)jN}mpM)

1, . . ,
= —j(F2JM NpFH2M N ---Np' M)
p

as required. O
Since N = M /pM is of finite length, we have a stabilizing filtration
. Cc(V'F)?PNc (V'F)N c N.
Hence (V™1F)®N is defined. Let us introduce an invariant of N.
Definition 3.7. We set
¢(N) :=dim N/(VLF)®N.,

Remark 3.8. By Proposition 3.6 (2), we have ¢(N) = dim FN/F(V~1F)*®N under the same
assumption as in Proposition 3.6.



Let /@2 be a g X g-matrix with entries in W (K):

—1 T_I_TO.Q —|—---—|—T0-2n)w
f(2n+2) no_ p N pe ( . 11
i e ) )

We denote by Im F’ (M) the W (K)-submodule of M generated by entries of the vector
(X17 T 7Xg7 Y17 T 7Yg)jr/(m)

Then immediately it follows from Proposition 3.6:

Corollary 3.9. Let M be as in Corollary 3.4 and N be M/pM. Then we obtain

—_~—

g :
(VIUFYIN = (Im FOrmAY 0. nmF® n pM) (12)

and therefore

—1

. _ -3 ——
dim(V'FY N = g+ dimker T° Nker T° N---Nker T°
with T := T'mod p.

Proof. The first statement is a paraphrase of Proposition 3.6 (1). For the second, we investigate
the composite ¢ of the natural inclusion and the natural projection:

¢:(VIFYN - N - K<Yy, -, Y, >.

By Proposition 3.6 (2) the map ¢ is surjective, since Y; € VM for all ¢ = 1,---,g. By the
equations (11) and (12), the dimension of the kernel of ¢ is calculated by using only the first g
column vectors of F/(*) (¢ =1,---,7). Explicitly it equals

—1

— — 53 27

dimker T° NkerT° N---Nker T°

as required. |
This corollary enable us to calculate the invariant c¢(V).

Lemma 3.10. Let ¢ be an integer with 0 < ¢ < [g/2]. For a matric T = (t;;) satisfying
Tw ="Tw) with t;; =0 fori < g—c orj > ¢, we consider the Dieudonné module M associated
with T. Then it follows ¢(N) < ¢ with N := M/pM.

Proof. For a matrix T as above, it is clear that T7°" = 0 for all i € Z. Then ¢(N) < ¢ follows
immediately from Corollary 3.9. O

Proposition 3.11. Let M be as in Corollary 3.4. Set ¢ := ES(M). Then it follows



Proof. Let j be the minimal integer such that (V"1F)/N = (V-1F)*N. Then (V- 'F)/tIN =
(V=IF)/ N implies F?(V~1F)IN = 0 and therefore p(g — ¢(N)) = 0.
Suppose p(g —¢(N)+1) = 0. Then taking a final filtration

0=NoyC-CN,C-C Nog=N,
we have
FNg_c(ny+1 =0. (13)
By the definition of j, it follows
Nag—evy = (VTIF)N © Noyg_ ()1 C (VTIEYTIN. (14)
Since F'Noyg_o(n)+1 = Ng—c(N)+1 by Remark 3.8, the equation (13) implies

(V_IF)N2Q—C(N)+1 = N29—c(N)+17
which contradicts (14) and (V='F)/N = (V-1F)(V=1F)J=IN. Hence (g — ¢(N) + 1) has to
be 1. =

4 Moduli Space 7,

In this section, we investigate the fine moduli space 7,,, which has already been introduced in
(12, 9.11]. In particular we construct a finite étale morphism from 7, (1 € A.) to the space
Ny, of some matrices (see Definition 4.8 (i)). By using this morphism, we show that 7, is
non-singular and irreducible (Corollary 4.10).

For each ¢ < [g/2], let A. be the set of the equivalence classes of polarizations p on EY such
that ker p ~ agﬂc.

Definition 4.1. For 1 € A, let 7, be the fine moduli scheme of isogenies
p: (B9 p) — (Y, X)
of polarized supersingular abelian varieties such that
(i) p=p*A
(ii) A is a principal polarization.

For a given ¢ < [g/2], corresponding to the dual of (EY, 1), we take a quasi-polarized super-
special Dieudonné module (M, {, ), ) satisfying My /M? ~ K%2¢ which will be shown to be
unique up to isomorphism in Lemma 4.3 below.

Definition 4.2. For (M, (, )ar) as above, we define the moduli space N, of isogenies of
quasi-polarized Dieudonné modules

(M7< ) >) - (M17< ) >M1)

satisfying
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(i) (, ) is the restriction to M of (, ),
(ii) (, ) is a principal quasi-polarization.

For each p € A, there exists a purely inseparable morphism from 7, to N, over [F,4 by the
same argument as [12, 7.4, 7.16], which is based on Li’s theory of a-sheaves ([11, §3]).
We define a non-commutative ring

H :=W(F.)[F,V]/(F-V). (15)
Let M; denote the skeleton of Mj, i.e.,
M :={veM | (F—-V)=0}.
Then M is a H-module and we have M; = M; ®W(Fp2) W(K).

Lemma 4.3. The quasi-polarized superspecial Dieudonné module (M, { , )ar,) as above has
A-generators x1,- -+, x4 with x; € My such that

(i, FPugi1-j) = €0y, (w5, Fagyi—j) =0  for1<i,j<e,
<$’i7 Fxg+1—j> = E(s’ijv <$’i7 xg+1—j> =0 fOT c< Z7j < [9/2]7 (16)
xi, Froi1_5) =0, Tiy Tgr1—i) =0 otherwise.

g+1=y g+1l—y

In particular, such (Mi,{, )ar,) are unique up to isomorphism.

Proof. Applying [12, Proposition 6.1] and then [12, Remark 6.1], we have A-generators z1, - - - , x4
as above. O

Definition 4.4. We denote by ®, = ®(M;) the set of (x4, - - - ,x,) with z; € M satisfying (16).
We say two elements (x1,---,z,) and (xf,---,zy) of i)(Ml) are equivalent if z; = x, mod pM;
foralli=1,---,g. Let &, = ®(M;) be a set of representatives of equivalence classes of elements
of ®(M;) inductively chosen such that (zy,--- ,z,) € ®(M;) implies (x, - - ,x4_1) € (M) for
the principally quasi-polarized superspecial Dieudonné module M| generated by xg,- -, xg_1.

Since Ml/p]\% is a finite set, the set ®,. is finite.

Definition 4.5. Let © = (21, -+, z,) be an element of ®.. For an Fi-algebra R, let VO(R)
be the subset of NV;(R) consisting M which has generators X1, - -, X, of the form

Xi :fl?z‘-l-Z?:g_cH aj;r; fori=1,--- ¢,
X; = fori=c+1,---,9—c, (17)
Xz‘:Ffl’gp) fori=g—c+1,---,g

with «;; € W(R) and
(Xi, FXP) ) =06, (X3, X;) =0 (18)
forall 1 <i,5 <g.

First we show:

12



Lemma 4.6. The functor V© is represented by an affine space of dimension c(c+ 1)/2.

Proof. We show that V© is represented by

Spec Fpa[&is]/ (§ij — €g+1-5.9+1-3) (19)

where the ;; are variables corresponding to @;; := «;; modp. Here the «;; are coefficients of
X;, see (17). Any element of V®© is determined only by a;;. It suffices to show for any element
of V© as in (17) there are only relations @;; = @,11—jg+1-i. The relations come only from the
conditions (18). The non-trivial relations are

{(Xi, Xg+1-5) =0
for0<i<cand g+ 1—c¢<j<g. Hence the calculation
(Xi, Xg+1-5) = P~ (j — Agy1-jg41-i)
ends the proof. O
Let us denote the affine scheme (19) by the same symbol V©.

Lemma 4.7. It follows that

Ne= | ve

0ed,

Proof. The case of ¢ = 0 is obvious because ¢ = 0 implies M is a superspecial Dieudonné module.
We suppose that ¢ > 1.

We show this lemma by induction of g. Let R be an arbitrary Fjs-algebra. Set Ar = W(R)H.
Let M C M; be an element of N.(R). Choose a (27, --,xy) € ®.. Without loss of generality,
we may assume that there exists a surjective homomorphism

M — ARLI?II
Then we have a self-dual complex
C ARF{L‘; — M — Agz)

We take the cohomology M’ := H'(C") of C". Tt is a supersingular Dieudonné module equipped
with the principal quasi-polarization. Moreover if we put M] := Ar < 2, - -+, 2} _; >, it follows
that (M’ C M) is an element of N._;(R) for genus g —2. Then by the assumption of induction,
there exist (z3,---,zy_1) € ®(Mj) and generators Xy, ---, X, 4 of M’ such that

X! =al + Z?;;_CH ajal  fori=2,--- ¢,

X! =z fori=c+1,---,9—c,

X! = Fa fori=g—c+1,- g1



forall 2 <4,57<g-—1.

By the definition of ®(M;), we can find an element (z1,---,xz4) of ®(M;) satisfying z1 =
rjmodp, z5 = rymodp and r; = 2] (2<i<g—1).

The Dieudonné module @ generated by z;(i = c¢+1,- - -, g—c) is a principally quasi-polarized

Dieudonné submodule of M such that M/Q is a free Dieudonné module. We put X, = F:):ép ).

For each i (2 < i < ¢), we choose a lift X! of X/ such that the coefficient of z4 is in W(R),

since Fqup ) is in M. Then there exists an element X{ of M such that X{ is mapped to x;

by the map M — Agx;, X{ have not terms of z; (i = 2,---,9 — ¢) and x;-coefficients of
X{ (i=g—c+1,---,g) are in W(R). We can choose an element 3 of W(R) such that

X := X/ — BX, satisfies (X1, FXP)) = 0. Set X; = X/ — (FXP) X!)X, for i =2,--- ,c. For
g—c+1<i<g—1, weput X; = F:):Ep). Thus we have generators X1, ---, X, of M satisfying
(17) and (18). O

From now on, let us take generators X1, - -, X, of M satisfying (17) and (18) for each point
(M C M) of VO. Let R be an F-algebra. For a point (M C M;) € VO(R), let us define a
g x g-matrix T = (t;;) by

g
FXP —vxP ) = 3 X, (20)
j=itl

Then t;; € W(R). By the equation (18), the matrix 7w is automatically symmetric. We note
that ¢;; = 0 for i < g —c or j > c¢. This means that M has a symplectic basis

{le"' 7Xg7Y17"' 7Yg}
for which the display of M is given by
T —tw
ew 0

with T of the form

tg—c+1,1 U tg—c—‘rl,c

tga . tg.e
For such a M, we can apply all results in Section 3.
Definition 4.8. (i) An affine scheme N . is defined by
Nyo(R) i= {T = () € My(R) | Tw = (Tw), ;=0 (1 <g—corj>c)}
with w = (0; g+1—5)-
(ii) Let h® denote the morphism from V® to N, . sending (M C M;) to T = (;;) defined by
equation (20). Here t;; := t;; mod p.
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Proposition 4.9. The morphism h® : VO — Ny is finite and étale.

Proof. With the notation in the proof of Lemma 4.6, the morphism A® is given by
VO = SpecFpu €]/ (€ij — Eg1-jgr1-i) = Noe = Spec Fpu[ig]/ (Bij — Tg1—jg+1-4)

which on affine rings corresponds to the homomorphism sending #;; to ff; —&i; by the equations
(20). O

Corollary 4.10. The moduli space N. and therefore T, (Vi € A.) are projective non-singular
geometrically integral varieties of dimension c(c+1)/2.

Proof. The moduli space N, is a closed subvariety of the Grassmann variety Grcg., since the
condition of polarization is closed. Hence N, is projective.

Since N, is covered by affine space V©, it suffices to show A, is connected. We show this
by induction of g. Indeed by the proof of Lemma 4.7, N, is a fiber space of N._; for genus
g —2. The fiber of each point is given by the fiber of VO — V& for some © = {z1, - - - ,x,} with
©" = {zy, -, x4-1}. Hence each fiber is identified with the affine space A® with coordinates @;
(i=g—c+1,---,g), which is connected. O

We will use the next lemma when we construct the morphism ¥, mentioned in the intro-
duction.

Lemma 4.11. Let ¢ and ¢’ be integers with ¢ < ¢’ < [g/2]. For any element p : (E9, ) — (Y, \)
of T,(K) with p € A, there exists an element p': (E9, /') — (Y, X) of T,y (K) with p' € Ao.

Proof. Tt suffices to show this lemma only for ¢/ = ¢+1. Let M be the associated quasi-polarized
Dieudonné module D(Y'). By Lemma 4.7, corresponding to p' : Y — (EY)!, we have an inclusion

M C M,

with M; generated by x1,- -, x4 for an element (z1,---,z4) € P.

Let us define elements z} (i = 1,---,g) of M; ® frac(W(K)) by 2/, = F~ 'z, and 2} = z;
for i # ¢ and denote by Mj the principally quasi-polarized superspecial Dieudonné module
generated by x7,---, 2. Then M C Mj is an element of N,.

Let f! be the isogeny EY9 — EY corresponding to My C M]. Then

po i (B, 1) — (V,))

with g/ := (po f)*\ is an element of 7,/ (K). O

Definition 4.12. For an elementary series ¢, let 7,(¢) be the subspace of 7, consisting of
(B9, 1) — (Y, A)

with ES(Y) = ¢.

In the next section, we will show that ¢([(g + 1)/2]) = 0 if and only if 7,(p) # 0 (1 € A¢)
for some ¢ < [g/2].
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5 Ekedahl-Oort stratification contained in supersingular locus

In this section, we give a lower bound of number of irreducible components of Ekedahl-Oort
strata contained in supersingular locus W, .

5.1 Oort’s criterion
In this subsection, we determine which S, is contained in supersingular locus W,.

Lemma 5.1. For any principally quasi-polarized Dieudonné module M with ¢([(g+1)/2]) =0
with ¢ = ES(M), we have

FPHN cp™™  and  VPHM cp™M
for allm > 0. In particular M is supersingular.

Proof. Let M be a principally quasi-polarized Dieudonné module satisfying ¢([(g +1)/2]) =0
with ¢ = ES(M). Put N = M/pM.

We show the next claim by induction of n.
Claim. For any | < n, we have F2+1 M C p! M. Moreover it follows

—_—~—

(n-) (V-IF)"FN =S p tF2H M,
(n-ii) dim(V=IF)"FN < g+ [(g+1)/2].

Proof of Claim. It is obvious for n = 0. Assume it holds for n. Let us compute (V-1F)"+1FN.
Since ¢([(g + 1)/2]) = 0 implies

(g +[(g+1)/2]) = (29 — [9/2]) = g+ ([9/2]) — [9/2] = [(g + 1)/2],
from (n-(ii)) we get
dim F(V'F)"FN < [(g +1)/2]
and therefore F?2(V~1F)"FN = 0. This means

F{F(V=IF)"FN} C pM (21)

with

n
F(V-IF)"FN =pM + > p 'F**2M
=0

by Lemma 3.5 (2). In particular, we have F2("+*D+1A1 < pn*+101. Applying Lemma 3.5 (1) for
S = F(V-1F)"FN, we obtain

(VIR N =Y p  FAH
=0

By the inclusion (21), we have
dim(VIF)" M FN = g + dim F(V~YF)"FN,

which is at most g + [(g + 1)/2]. O
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For a Dieudonné submodule @ of M, let us denote by 1L @ the Dieudonné submodule of
M @ frac(W(K)):

{ve M frac(W(K))|(v,Q) C pM}.
Then by the inclusion F?"*1AM C p" M, we obtain
V2n+1M — pn—lv2n+1(p—n+1M) — pn—lv2n+1(J_ pnM)
C pn—lv2n+1(J_ F2n+1M) — pn—lv2n+1(v—(2n+1) L M)
=p" (L M) =p"M.
By [2, Chapter IV §5], the property
F2 PN cp"M (Yn=1,2,---)

implies that M is supersingular. U

The following proposition is due to F. Oort!. Because his proof is not published, we give a
proof here.

Proposition 5.2 (Oort’s criterion). We have ¢([(g +1)/2]) = 0 if and only if S, C W,,.

Proof. If o([(g +1)/2]) # 0, then there exists a curve C' with generic point in S, and a special
point in Sy, with d < [(g + 1)/2], where ¢4 is the elementary series with exactly d zeros and
(9 — d) ones. Recall the intersection of Sy, and W, is empty, by the classification of p-divisible
groups with a-number g — 1 in [17, §8]. Since the supersingular locus W, is closed, it has to
follow that S, ¢ W.

Suppose ¢([(g + 1)/2]) = 0. Then every principally quasi-polarized Dieudonné module M
with ES(M) = ¢ is supersingular by Lemma 5.1. O

5.2 Construction of the morphism U,

Let us construct the morphism ¥, mentioned in the introduction.
Assume K is a perfect field containing [F.

Proposition 5.3. Let M be a principally quasi-polarized Dieudonné module over W (K) sat-
isfying o([(g + 1)/2]) = 0 with ¢ := ES(M). Then there exists a quasi-polarized superspecial
Dieudonné module My such that (M C My) is an element of N.(K) for some ¢ (see Definition
4.2 for N.). Moreover we can take S°(M) as M;.

Proof. For any M as above, M is supersingular by Proposition 5.2. It suffices to show that
SO(M)/So(M) is a K-vector space.
Recall that V2" 1M are contained in p"M for all n > 0 (Lemma 5.1). Then we have

FiVITlmiM c F972M 0<Vi<g-—1. (22)

Indeed F'VI~1=M C F972M is equivalent to V297372 c p9=2=i [,
Since SY(M) = F1=9(F, V)9~ M ([11, Corollary 1.7]), we have

FS°(M) c M,

by the inclusion (22). Since Syo(M) is the biggest superspecial Dieudonné module contained in
M, we have FSO(M) C So(M), which implies that S°(M)/So(M) is a K-vector space. O

'Private communication.
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Definition 5.4. We define a map v from the set of principally quasi-polarized supersingular
Dieudonné module over W (K) to Z>o by

1
V(M) := 7 lengthy SO(M)/So(M).
Proposition 5.5. Let M be as in Proposition 5.3. Put N = M/pM. Then we have an equation
V(M) = c(N).
(See Definition 3.7 for ¢(N).) In particular, v(M) is an invariant of N.

Proof. By Proposition 5.3, we have (M C S%(M)) € N.(K) with ¢ = v(M). By Lemma 4.7, we
can choose A-generators X1, ---, X, of M such that

(i) Xi1,--+,Xg Y1, , Yy is a symplectic basis of M with V; := e 'V X 11,

(ii) for an element (z1,---,x,) of ®(S°(M)) (see Definition 4.4), we have

Xi=wi+3 0, oz fori=1,--- ¢
X, =z fori=c+1,---,9—c,
X; = Fux; fori=g—c+1,---,g9.

Recall S9(M) = F'=9(F,V)9~'M. Namely S°(M) is generated over W(K) by FIVIX;
(0<j<g—1landi=1,---,g). Then

S={X1, -, Xg—¢, Frg_cy1, -+, Frg}
and
F'vEYFP-vX;  (1<i<g-1,andi=1,---,g)
generate S°(M) over W (K).

By using the equations
g
(F-V)Xi= > tpFz; (1<i<e),
J=g—c+1
the superspecial Dieudonné module S°(M) is generated by elements of S and

g
FIWVEYF-Xi= )
J=g—c+1

—(21-1)
0— .
i Lj

foralll=1,---,g— 1. Here the matrix T" = (t;;) is of the form

tg—c+1,1 e tg—c—‘rl,c

tg,1 T tg.c

18



On the other hand, S%(M) is generated by x1,- -+, x4, F21,- -+, Fz, over W(K). Hence the
column vectors of all of

—1 -3 _0.—(29—3)

generate a K-vector space of dimension ¢. This is equivalent to ¢(N) = ¢ by Corollary 3.9 O

Theorem 5.6. For each ¢ < [g/2], there exists a canonical quasi-finite surjective morphism

U, : H']L—> H Sp.

HEAC ¢(g—c)=0

Here Hgo(g—c)zo S, stands for the closed subscheme of the supersingular locus W, whose closed
points correspond to abelian varieties Y satisfying ¢(g —c¢) = 0 with o = ES(Y).

Proof. Tt suffices to show the image of the canonical quasi-finite morphism

117w
e

is precisely equal to

I s.

p(g—c)=0

Let E9 — Y be a point of 7,(K) (1 € A.) with a perfect field K. Set M := D(Y) and
N := M/pM. By Lemma 4.7, there exists a © € ®. such that (M C M;) € VO(K). Let
T = (t;;) be the associated matrix h®(M C M) (see Definition 4.8 (ii)). By Proposition 3.11,
we have ¢(g — ¢(IN)) = 0. Since ¢(N) < ¢ (Lemma 3.10), we have ¢(g — ¢) = 0.

Let (Y, ) be a principally polarized abelian variety satisfying ¢(g —c) = 0 with ¢ := ES(M)
and M :=D(Y). Then the condition ¢ < [¢g/2] implies ¢([(¢g+ 1)/2]) = 0. Applying Proposition
5.3, we get an element of NV, ()

M c S°(M).

By Proposition 5.5 and Proposition 3.11, we have

Hence (Y, \) is in the image of 7, for some p € A. by Lemma 4.11. O

Lemma 5.7. Let (Y, \) be a geometric point of W, in images of two different T, and T, with
w, 1 € Ae. Then we have v(D(Y)) < c.

Proof. Assume v(D(Y)) was equal to c¢. Let us denote by py the minimal isogeny EY — Y,
which is unique up to isomorphism. By the assumption, pg is of degree p°. Set pg = pjA. Let
p:(E9 pn) — (Y, ) be a point of 7,,. Then p has to factor pg by the minimality of py. Since pg
and p have the same degree, p and pg are the same up to automorphism of EY, that is to say, u
is equivalent to pg. By the same reason, y/ is equivalent to pg, which contradicts. U
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Let us recall the definition of class numbers of the quaternion unitary group G:
G = {h € GLy(B) | "hh = A(h)14, A(h) € Q}
with the quaternion algebra B ramified only at p and oo over Q.

Definition 5.8. For 0 < ¢ < [¢g/2], the class number H, . is defined to be
t GQNG(Af)/Pey-
Here P s is the product of parahoric subgroups [[;. e It defined by
5, Poy = {h € GLy(Opy) | "hfih = (k) f1}
where f; =14, 6; = 1, for [ # p and

fp_dlag(l”17<_0F 1(;)”(_0}7‘ 1(;)) (23)

g—2c

with an element §, of GL4(Op,) satisfying tgpdp = fp. For example, it suffices to take

. a bF a bF
5p_d1ag(17"'717<b aF)v"'v(z) CLF))

g—2c

[

where a,b € W(F,2) is defined by a = y~! and b = y~ 'z with a solution (x,y) € W(sz)@Q of

z%x = —1,
Yy =1z +=x.
By using the class number H,, ., we have a lower bound of the number of irreducible compo-
nents of each Ekedahl-Oort stratum S, contained in supersingular locus Wi.

Proposition 5.9. Assume ¢(g—c¢) =0 and p(g —c+ 1) =1 with ¢ < [g/2]. Then the number
of irreducible components of Sy, is greater than or equal to the class number Hy ..

Proof. For each p € A, there is at least one irreducible component Z of S, such that there is a
surjective map from an irreducible component of 7,,(¢) to Z. By Proposition 3.11, Proposition
5.5 and Lemma 5.7, there is no other y/ € A, such that there is a surjective map from an
irreducible component of 7,,/(¢) to Z. Hence the number of irreducible components of S, is at
least #A..

By the same argument as [9, §2] and [12, Chapter 8], we have a canonical bijection

Hence the number §A. is equal to the class number H, . O
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In the next section, it will be shown that the number of irreducible components of S, equals
the class number H .
There is an estimate of the class number Hy . by the mass mg . of G for genus f, at p:

Hy.>2mg,.

Here the mass my . is defined to be

1
2 f(hPesh=t N G(Q))’

heGON\G(&y)/Pe 5

which in fact termwise equals

Furthermore we have the mass formula:
Lemma 5.10. The mass my . is equal to
g 27, — 1 g 92 - ;
T (1) T+ conTet -
i=1 P2 =1 i=1

with the Riemann zeta function ((s) and the g-binomial coefficients

9\ ; (qi—l)
Q>Q_H,ﬂq—n (g — 1) < Zldl

Proof. For g = 1, this is none other than Deuring’s mass formula [3] because ¢ has to be 0.
Suppose g > 2. Since the class number My(B) is one for g > 2 (Eichler [4] and also see [9,
Theorem 2.1]), the mass mg . is equal to that associated with the group without similitude

G'={h € GLy(B) | 'hh = 1,}.
Applying Prasad’s mass formula [19] to this group G*, we have
19(29+1) p(dimﬁp+g(2g+1))/2

(20 — 1
Moe = H H ﬁSp?g F) 1M (Fy) 24

i=1

where M ,(F,) is the Levi subgroup of P, := P,modp. Then M,(F,) is isomorphic to the
subgroup of G Ly(F,2) consisting X satisfying

tXapr:fp

in My(F,[F]/(Fa = a’F,a € Fj,2)). Then from the direct computation by using the block
expression of matrices, we have

M, (F,) = Ug—2¢(F2) X Spac(F2)



with the unitary group
Un(Fp2) :={A¢€ Mm(Isz)|tA"A =1n}

in the notation of [1]. In particular we have dim M, = (g — 2¢)? + 2(2¢* + ¢). By the formulae

m
1Spam(Fy) = qm(2m+1) (1- q_%)v
i=1
m
) .
tUn(Fpe) = ¢ [J0—(=1)'¢™),
i=1
(see [1, Chapter 1] for example), we obtain the desired equality. O

By Proposition 5.9 and Lemma 5.10, it follows:

Corollary 5.11. For any elementary series ¢ satisfying ¢([(g + 1)/2]) = 0, the Ekedahl-Oort
stratum Sy, is reducible for sufficient large p’s.

Remark 5.12. In the notation of [12, 4.6,4.7], H, is the class number Hy(p, 1) of G for the
principal genus and Hy 49 is the class number H, ¢(1,p) of G. Also compare Lemma 5.10 with
the computation (Proposition 9 of [7] (I)) of the mass mgo. Although K. Hashimoto and T.
Ibukiyama explicitly calculate Hy o and Hs in [7], it seems difficult to get the explicit formula
of class numbers H, . for higher g’s. See [9], [10] and [8] for closer investigations for g = 2.
However for any elementary series ¢ satisfying (g —¢) = 0 and ¢(g — ¢+ 1) = 1, the number
of irreducible components of S, as a stack is equal to the mass my . (by using Theorem 6.19
below). In other words, for a natural number n such that (n,p) = 1 and n > 3, the number of
irreducible components of a variant S, with level n-structure is equal to §Spag(Z/nZ) - my .

5.3 Examples

In this subsection, we give some examples of S, contained in W,. By using such examples, we
can give a geometric proof of Proposition 3.11, which was used only in the proof of Theorem
5.6.

Lemma 5.13. For a natural number r less than or equal to [g/2], let M be a supersingular
Dieudonné module associated with a g x g-matriz T = (t;;) of rank r with t;; =0 fori < g—r
or for j > r. Then we have
ES(M) = ¢,
with
SO‘;Op = (07 ,0,1,2,- - 7T)'
Furthermore we have (M) = r.

Proof. By tkT = r and Corollary 3.9, we see that F(V~LF)(M/pM) is generated by

FXr—l—lv"'vFXg
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and therefore

dim F(VF)(M/pM) =g —r
F2(V=IF)(M/pM) = 0.

Since T is of rank r, we have ¢(g) = r and therefore ES(M) has to be (0,---,0,1,2,---,r). O
Corollary 5.14. For the generic point (E9 — Y) of T, (u € A.), we obtain
ES(Y) = 9.
Next we investigate, for ¢ < [g/2], the Ekedahl-Oort stratum with elementary series

bot.—(0,---,0,1,---,1). (25)

[

Let T'(t1,--- ,t.) be g X g-matrix of rank 1 for ¢,---,t. € W(K) with ¢; # 0:

0 0
T(tl, e 7tC) = tc . tl . (26)
: : 0
2/t - te
Also we introduce a polynomial J(ty,- - ,t.) in t1,- -+, t. with ¢; :== ¢; mod p
Zl z2 Zc
4 o
_ _ 2
J(th, -, Te) = det ¢ (27)
2c—2 _2c—2 _ 2‘(:—2
it te

Lemma 5.15. Assume M = My for T =T(ty, - ,t.) and J(t1, - ,t.) #0. Then
(1) dim(V=YFYN =2g —j forj =0,1,--- ¢,
(2) dim F(VIF)YIN =g —j forj=0,1,--- ¢,
(8) dim F2(V-IF)YIN =1 for j=0,1,---,c—1,
(4) FA(VIF)°N = 0.
Proof. (1) By Corollary 3.9 and the assumption J(ty,- -, t.) # 0, it follows

—1

. — -3 27
dim(V-IFYN = g+ dimkerT’ NkertT° M- Nker T’
= 29—

(2) immediately follows from (1) and Proposition 3.6 (2).
(3) Since we have

dim F2(V'F)*"IN < dim FA(V'F)Y'N < dim F?N =1
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for all 0 < j < ¢—1, it suffices to show F2(V-1F)"IN = 0. By Lemma 3.5 (2) and Proposition
3.6 (2), we see

{F2(Vf1\1‘;/)c_1N} AP Am @ A A A 4 M,

This is not contained in pM by the assumption J(ty, - ,t.) # 0.
(4) Since F(V™IF)°N is generated by FX.41,- -+, FX, by Corollary 3.9 and

FX,=VX;
foralli = c+1,---, g, we have F(V1F)°N = V(V~1F)¢N and therefore F2(V-1F)*N =0. O
By the lemma above and Definition 2.6, we obtain:

Proposition 5.16. Let T = T(t1,---,t.) and Mg be the associated Dieudonné module. If
J(t1, -+, tc) # 0, then it follows that

ES(Mr) = .
We also have v(Mr) = c.

Corollary 5.17. There exists a quasi-finite surjective morphism from T4, defined in the proof
of [12, Proposition 9.11] to each connected component of Slplc)ot. Moreover we have a finite étale
morphism from Tt to

1
J(mlvx% T 7xc)

SpecIF‘p4 L1, X2y, L,

Let us re-prove Proposition 3.11.

Lemma 5.18. For an integer n > 3 with (n,p) = 1, let W,,, be the supersingular locus in
Agin. We denote by §, the subvariety of Wy, consisting abelian varieties with elementary
series @ satisfying o([(g +1)/2]) = 0. Let f be a morphism from an F,-scheme S to Q, and
X — S be the corresponding family of principally polarized supersingular abelian varieties with
level n structure. Then the map v from S to Z>q sending s € S to

1(5) == A(D(A5)) = 7 des(5°(X5) — So( X))

is lower semi-continuous. Here Xs is the abelian variety Xs @y s) k(s).

Proof. By a version with level structure of Proposition 5.3, there is a proper surjective morphism

I 7-,

weMg/2],n

where A[y/9),, is the set
{polarizations p on EY | ker(u) ~ a?f}/ Aut(EY,0)

with level n-structure . Then it suffices to show that only for families on 7,.
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By definition, closed points of an affine open subvariety V© of /\/[g /2] correspond to principally
quasi-polarized supersingular Dieudonné modules generated by

X; = Zaierxj (e=0orl)

j>i

with o;; € A and oy; = 1 (see the equations (17)).
For any quasi-polarized superspecial Dieudonné module IV, the condition

MCN
is equivalent to
X;eN foralli=0,---,9—1,

which is a closed condition in the parameter space of «;;. Since M C N implies v(M) <
length N/M and for each non-negative integer m there are only finitely many superspecial
Dieudonné modules N satisfying M € N C M ® frac W(K) and length N/M = m, we have the
semi-continuity of ~. O

Lemma 5.19. For each elementary series ¢ satisfying

plg—c)=0, @g—c+1)=1, (28)

any generic point n of S, satisfies

v(n) =c.

Proof. Let ¢ satisfy the equations (28). It follows

P < < PP
Then by [17, Proposition 11.1], the Zariski closure of any irreducible component of S, contains
an irreducible component of S po. and the Zariski closure of any irreducible component of chop
contains an irreducible component of S,. Using the last statements in Lemma 5.13 and Propo-
sition 5.16, at the generic point 7 of each irreducible component of S,, we have v(n) = ¢, by
Lemma 5.18. ]

Proposition 5.20. For any point s = (Y, X) of S, with ¢ satisfying (28), we have y(s) = c

Proof. Proposition 5.5 means the invariant v(s) = v(D(Y ®x K)) of a principally polarized
abelian variety Y over K is determined by the isomorphism class of Y'[p]. Then by Proposition
5.19, it follows

with 7 in Proposition 5.19. U
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6 The number of irreducible components of S,

In this section, we prove the main theorem (Theorem 6.19) mentioned in the introduction.

Given an elementary series ¢, we have to determine what kind of matrix T' gives Mr such
that ¢ = (My). It seems difficult to write down explicitly which T is associated with My
with ¢ = @(Mr). (It was possible for the two cases: ¢ = ¢P°f and . See Lemma 5.13 and
Proposition 5.16.) However it is relatively easy to determine the form of the matrix giving the
Dieudonné module associated with each generic point of S,. This is done by introducing the
subspace Lg of Ngy.. (Here s is a combinatorial data determined by ¢.) The main theorem
follows from a close investigation of the structure of Lg, for example the a-number stratification
on L.

We will use three sets:

Definition 6.1. (i) I; = {¢ : elementary series | ¢([(g +1)/2]) = 0}.

(i) Jg = {(ris1,---580) | iy si < [9/2], si € Z>1 (Vi = 1,---,r)}. For an element of
s=(r;s1, -+, s) of Jy, we put so =g — > _7_; s;.

(iii) Let P, be the set of monotonically increasing functions 7 satisfying m(1) = 0, 7(g) —7(g—
1) <[g/2] and for alla =2,--- ,g—1

m(a+1) —7w(a) > n(a) —m(a—1)
unless 7(a) = 0.
There are canonical bijections v : I, — J, and 3 : J;, — P, defined as:
Definition 6.2. (i) Let v denote the map from I; to J, sending ¢ to
v(p) = (r(p); si(e), -5 sr(9))

defined by

r(p) == ¢(9),

si(p) =447 €{1,---, g} | o(j) =i}

(ii) Let 8 be the map from J, to Py sending s = (r; 51, -+, sr) to [, defined by

Bs(a) =0 fora<g-—r,
a—g+r—1
Bs(a) = Z (a—g+r—i)s,—; fora>g-—r.
i=0

Let us introduce an invariant of elementary series ¢.
Definition 6.3. We define a map
a:ly — Map({1,---, g}, Z>o)
in the following way. For an element ¢ of I, we associate a, defined by
ay(a) = codimg S,(a)
with a-number loci gw(a) = g@ N1y on gso' Here T}, is the closed subvariety of A, consisting of

principally polarized abelian variety X with a(X) > a (see [5] for the structure of T,).
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In this section, we will show that o = § o v. First we see:
Lemma 6.4. For any ¢ € I,, we have
O‘w(a) < ﬁu(g@) (a) (29)
for all a.
Proof. By [17, Proposition 11.1], S,(a) contains S, with elementary series ¢ defined by
(1) =) ife(i)<g—a
') =g—a ife()>g-a
Moreover we have codimgw Sy = Bu(y) (@) by loc. cit. O
Definition 6.5. Let V' be an Fj-vector space of dimension g. Fix a flag
{oy=VhcVic---CVy,=V

with dimV; = [ and a basis Xy41-,---, X, of V} for each [ = 0,---,g. For any F,-algebra R,
we denote by Vi and V; g by V ® R and V; ® R respectively.

(i) For s = (r;s1,---, ;) € Jg, we define the closed subscheme Lg of Ny as follows. For any
[F,-algebra R, the set Ls(R) of R-valued points consists of T' € Ny .(R) satisfying

dimp /p, (Vg—c;, RT mod mV) <i —1
forany i =1,---,r 4+ 1 and for any maximal ideal m of R with ¢ := ¢; and
Ci =8+ sip1+ o ts (i=1,2,-0,71),
Cr41 = 0

where V; gT' stands for the image of V| g by the right multiplication of the matrix T' = (t;;):

g

Xi T = thin.
7=1

(ii) Let LY denote subvariety of Ls whose R-valued points correspond to matrices
s
T= ZT(az‘b @i, i)
i=1

with a;1 € R* and a;; € R for all 4, j. Here T'(t1,t,- - -, t.) is the matrix of rank 1 defined
as the equation (26).

Remark 6.6. In general, for each elementary series ¢, the action of T € LY (s = v(y)) on
0O=WcWhc---CV,

does not coincide with the action of F' on the lower half of a final filtration (see §2.3) for M
with ES(M) = ¢:

0=NyC Ny C---CN,.
All that we can say is

dim VT =max{ i|so+s1+-+s <l}=p()=dimFNj.
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Proposition 6.7. (1) LY is dense in L.

(2) Forany s = (r;81, -+ ,87) € Jg, the variety Ly is irreducible and of dimension ((g).

g
(3) Let Ls(a) be the subvariety of Ly consisting of elements T' of rank g — a. Then we have

codimy,, Ls(a) = Bs(a).
Proof. By definition, LY is isomorphic to

ﬁ(Gm x A1),
i=1

Hence (2) immediately follows from (1), since we have in general

r

Z Ci = ﬁs(a)'

i=g—a+1

We show (1) by induction of r. For an element T of L2, let [ be the maximal integer such
that X;T # 0. There are two cases.
Case 1: X;T = Z}ng—lﬂ tgr1—;X; with ¢; # 0. Put

T :=T — T(tl,tl_l, s ty).

_(r — 1;89,-++,58:). By the hypothesis of induction, 7" has a
generalization 7] to LY (z € K). Namely 7] = T" and 7, € LY for z # 0.

We construct a generalization 7" of T'(¢;, t;—1,- -, t1) to L(()I;CI) by adding 22 to the (g —c; +
1, ¢1)-th entry,

Then T’ is in Ly with s

t11 ty
t(07"' 707\/Ex7ﬁx7"' 7ﬁx)
to the ¢;-th column vector and
ty t1—1
(ﬁxv 7%‘%7\/537707'“ 70)
to the (g — ¢1 + 1)-th row vector.

Case 2: X;T =5

Then we have a generalization 7, := T, + 7. of T to LY.
J=g-l'+1

tg+1—;X; with ¢; # 0 and I’ < I. Then I’ has to be at most cp. Let

T(ty, -~ sty s tygr, - S trga—1)
be the matrix of rank 2 with the form:
0 0
t e ty
-1 -+ 4] ly
0
b -1 131
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Set T =T —T(t1, -ty ; tygr, - s trgi—1).
As a generalization of T'(t1, -+ ,ty 5 tyy1, -+, tr4i—1), we can take matrix 7" of rank 2 with
the same (4, j)-th entries at it < g—10'+1or j > 1" as

T(tla RRIIN 7T tl/—i—lv T 7tl/+l—1) + xT(tl/vtl/—f—lv RN T 07 s 70)
l/

Then we have a generalization 7, := T + 7./ of T to matrices of Case 1.
Let us prove (3). For any s = (7551, -, s,) € Jg, by the proof of (1), any matrix 7" of rank
g —a in Lg has a generalization to a family of elements of Lg/ with

,
s = (9 —a;s1,-, Sg—a—1,5y_a); Sy_q = Z 5;.
Jj=g—a
Hence
codimy,, Ls(a) = dim Ly — dim Ly = Bs(a).
]
Definition 6.8. For an element s = (r;s1,---,s,) of J;, we define an elementary series £5(s)

as the elementary series of the generic point of Ls. Then we have a well-defined map
ES:Jy — 1.
We will use the important fact:

Proposition 6.9. Let ¢’ = £S(s) for s € J,. Then all Dieudonné modules with elementary
series ¢’ have displays

T —lw

Ew 0

for some T € LY where T is a lift of T. Moreover the set of such T’s is dense in LY.
In order to show this proposition, we need two lemmas:

Lemma 6.10. Let (M C M) be an element of VO(K) which is mapped to T € Ny .(K)
through the map in Definition 4.8 (ii). With the notation of Definition 4.5, the first cohomology
M’ := HY(C") of the self-dual complex

C:AFxy — M — Axq,

which is a principally quasi-polarized supersingular Dieudonné module of genus g—2, is associated
with the matriz T' which is obtained by removing the first and the last column vectors and the
top and the bottom row vectors from T.

Proof of Lemma 6.10. Tt obviously follows from the definition of the morphism h° : V€ — Ny
(Definition 4.8). O
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In the next lemma, for a principally quasi-polarized supersingular Dieudonné module M, if
we say

C:Ay - M — Ax
is a self-dual complex, it is supposed to satisfy, in addition to the self-duality,
(i) (F=V)x=0and (F-V)y=0,
(i) M — Ax is surjective and Ay — M is injective,
(iii) H'(C") is a free Dieudonné module.

Lemma 6.11. For given elementary series @ of length g and ¢’ of length g — 2, assume there
exist a principally quasi-polarized supersingular Dieudonné module M and a self-dual complex

C: Ay— M — Ax
such that we have

ES(M) = ¢,
ES(HY(C)) = ¢

Then for any principally quasi-polarized supersingular Dieudonné module My with ES(My) = ¢,
there exists a self-dual complex

Cy: Ayo— My — Axg
such that
ES(H'(Gy)) = ¢'.
Proof of Lemma 6.11. For any My as above, since ES(My) = ¢, we have an isomorphism
Mo/pMo = M/pM.
By the existence of complex C" : Ay — M — Ax, we have a self-dual complex
Cy

D Ay/pAy — My/pMy — Ax/pAx.

Taking a lift My — Axzy of My/pMy — Ax/pAzx and combining its dual, say Ayy — My, we
have a self-dual complex

CO : Ayo — M() — A.CE(),
which is a lift of Cj, ,. Since H'(Cy) modp = H'(Cy,), we have ES(H'(Cp)) = ¢'. O

Proof. Let us show Proposition 6.9 by induction of g. For the generic point of L2, the associated
Dieudonné module M has the elementary series ¢’ = £S(s) by definition. We have a self-dual
complex

C: AFzy — M — Ax;
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for some (1, ,z4) € D¢, and the matrix of M’ := H!(C") gives the generic point of L% with

s = (T§317"' y Sr—1, Sr — 1) if Sp > 1’
Sim (L) s =1

where r = ES(M)(g), by Lemma 6.10. By the hypothesis of induction, all principally quasi-
polarized supersingular Dieudonné modules M’ with the same elementary series as M’ corre-
spond to elements of Lg/.

By Lemma 6.11, for any principally quasi-polarized supersingular Dieudonné module M with
the same elementary series as M, there exists a self-dual complex

Cy: Ay — M — Ax

such that H'(Cy) is associated with an element of LY.

Then, by Lemma 6.10 and the fact that £S(M7)(g) = rk T for any T', the Dieudonné module
M has to be associated with a matrix in L? for a certain element (z1, -, z,) € ®., withz; ==
and Frg, =y, O

The task we should do is to show that v(¢") = s in Proposition 6.9, that is, v 0 £S = id,.
The next is the key for this purpose.

Proposition 6.12. We have an equality: 6= a o ES.

Proof. For s € Jg, let ¢ := £S(s). By Theorem 5.6 and Definition 4.12, there is a quasi-finite
surjective morphism

I 7.(¢) — S

HEA
with ¢ satisfying ¢'(g —¢) =0 and ¢'(g — ¢ + 1) = 1, and a finite étale morphism
Ve Ny

for an affine covering Ny := Uoca,, VO, Let Vf? be the inverse image of the closed subscheme

Ly of Ny». Corresponding to Vf/) , we have a subscheme U;?eo/ of 7, for each p € Av. By
Proposition 6.9, we have a quasi-finite surjective morphism

H H U;?eo/ — Sy

HEA  OED

Hence in order to see the codimension a(a) of Sy(a) in Sy, it suffices to investigate that of the
a-number locus Vf? (a) in Vf/) and therefore that of Ls(a) in Ls. It has already been calculated
in Proposition 6.7 (3). Namely it follows

ay (a) = codimy, Ly(a) = Bs(a)
foralla=1,---,g. O

Corollary 6.13. (1) The map « is injective and the image of o is Py.
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(2) ES is a bijection.

By Corollary 6.13, we obtain a commutative diagram of bijections:

J, 2.1, —* p,
| E (30)
Jg - Pg

B

where ¢ is defined to be fovoa™l.
In order to prove that £ is the identity map, we introduce a partial order on F;.

Definition 6.14. For two element 71, mp of P, we write m; < 7o if and only if m(a) < m(a)
foralla=1,---,g.

Lemma 6.15. We have {(m) > 7 for all m € P.
Proof. This is none other than Lemma 6.4, i.e., ap < By(y)- U
The next obvious lemma says that ¢ is the identity map and therefore vy, = B, (,)-
Lemma 6.16. Let (P, <) be a finite partial ordered set. Any bijective map
& P—P
satisfying £(w) > 7 for all m € P, is the identity map.
Proposition 6.17. vo &S =idy, .

Proof. Tt immediately follows from Proposition 6.12 and the commutative diagram (30), since £
is the identity map. O

Corollary 6.18. For a non-negative integer ¢ at most [g/2], let ¢ be an elementary series
satisfying p(g —c¢) = 0 and (g — c+ 1) = 1. Any principally quasi-polarized supersingular
Dieudonné module M with ES(M) = ¢ has a display

T —elw
ew 0

TGLS, SZV(SO)

such that T is a lift of

for a certain symplectic basis. Moreover the set of such T is dense in LY.
We denote by L& the dense subscheme of LY consisting of such 7" as in Corollary 6.18.

Theorem 6.19. Let ¢ be a non-negative integer at most [g/2]. For any elementary series ¢
satisfying (g —c) =0 and ¢(g —c+ 1) = 1, the number of irreducible component of S, is equal
to the class number H .
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Proof. For such an elementary series ¢, we set s := v(p) € J;. Let us denote by Vf) & an
irreducible component of the inverse image of L& by the morphism h° : VO — Ny, and by
U,?fen the associated affine subscheme of 7, for each p € A..

For any generic point 1 of S, associated with u € A, its display is of the same form by
Corollary 6.18. This means that they are isomorphic as principally quasi-polarized Dieudonné
modules. Then for any n as above, by using the same affine subscheme U,?fen of 7,,, we have
the diagram:

©,gen
Up

|7

n—— 5

L%en

where the image of f is corresponding to 1 by the second statement of Corollary 6.18. Hence
there is only one 7 associated with p € A.. O
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