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Abstract

We define new curvilinear integrals along paths of Feynman path integral. In
order to define curvilinear integrals along paths on a path space, It6 integrals use
initial points of line segments of broken line paths, and Stratonovich integrals use
middle points of them. However, our new curvilinear integrals use classical curvilin-
ear integrals along broken line paths. Therefore, the classical fundamental theorem
of calculus holds in Feynman path integral.

1 Introduction

In this paper, using the theory of the time slicing approximation in [4], we give
a mathematically rigorous definition of new curvilinear integrals along paths of
Feynman path integral [2]. It is a mathematical problem how to define curvilinear
integrals along paths on a path space. It6 integrals [1] and Stratonovich [5] integrals
are enormously successful in stochastic analysis.

Fix 9 € R? and # € R Let Agy is an arbitrary division of the interval [0, T
into subintervals, i.e.,

AT}OZT:TJ+1>TJ>"’>T]_>T0:0. (1.1)

Set 541 = «. Let x5, xj_1, -+, 1 be arbitrary ponits of R%. Let YAar, be the
broken line path which connects (7}, ;) and (Tj_1,z;—1) by a line segment for any
J=12,...,J+ 1 ie,va.;,(Tj) =5 Let 0<T' <T" <T.

Roughly speaking, when the Brownian motion B(7) is equal to the broken line
path ya,,(7), [to integrals are defined by initial points of line segments of the
broken line path ya, ,, i.e.,

T//

f(r, B(7))dB(T) ~ Z f(Tj—1,zj-1)(zj — xj-1) (1.2)
J
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and Stratonovich integrals are defined by middle points of line segments of the
broken line path ya, o, i.e.,

T//
F(r B(r)) o dB(r Zf(T+T SR 1)(xj—mj1). (1.3)

T’ 2

However, our new curvilinear integrals are the classical curvilinear integrals
themselves along the broken line path ya,,, i.e.,

vy (7)) dan o (7). (1.4)

Therefore, the classical fundamental theorem of calculus holds in Feynman path
integral [eiS0 ~ D[] in [4].

2 Results

In order to state our results, we recall the notations of Chapter 2 in [4].

For a path v : [0,7] — R? which starts from zo € R? at time 0 and reaches
r € R at time T, i.e. 7(0) = 29 and y(T') = x, we define the action S[y] along the
path v by

T
S[] = /0 %\2—’2 LVt y)dt. (2.1)

Let F[y] be a functional on the path space C([0,7] — R%) and 0 < h < 1 be a
parameter.
Let A7 be an arbitrary division of the interval [0, 7] into subintervals, i.e.,

AT7OIT:TJ+1>TJ>"‘>T1>T0:0. (2.2)

Set 541 = «. Let 2y, j_1, ..., x1 be arbitrary points of R%. Let YAz, be the
broken line path which connects (T}, z;) and (Tj_1,z;—1) by a line segment for any
J=12,...,J+1,ie, yap,(Tj) = x;. Set t; =T; —Tj_1. Let [Ar | be the size of
the division deﬁned by |[Arp| = max t;.

1<5<J+1
We define the Feynman path integral by
[ #SPFRIDR)
J+1 1 /2 s ot ] J
= ReUAT R daj . 2.3
|AT1,£I\1HO ]1;[1 (2’/Tihtj> /RdJ e i’YAT,oi ]1;[1 T ( )

Definition 1 We say that a functional F[v] is path integrable, if and only if the
right-hand side of (2.3) converges.

Our assumption for the potential V (¢, x) is the following:

Assumption 1 V(t,z) is a real-valued function of (t,xz) € R x R%, and for any
multi-index o, OSV (t,x) is continuous in R x R?. For any integer k > 2, there
exists a positive constant Ay such that

0:V (t,2)] < Ay, (lol = k). (2.4)



Using the assumption which was first found by D. Fujiwara [3], we defined Fu-
jiwara’s class F of functionals, and proved the following result. (See Theorem 2 in

[4])

Proposition 1 Under Assumption 1, assume that T is sufficiently small. Then, for
any F[y] which belongs to Fujiwara’s F, the right-hand side of (2.3) really converges
uniformly on any compact set of the configuration space (x,x0) € R*, i.e., F[y] is
path integrable.

Now we are ready to state theorems of this paper. First, we state a sufficient
condition to define our new curvilinear integrals along paths of Feynman path inte-
gral.

Assumption 2 Let m be non-negative integer. Z(t,x) is a vector-valued function
of (t,z) € R x R? into R, For any multi-index o, 00 Z(t,x) and 080;Z(t,x) are
continuous on [0,T] x RY, and there exists a positive constant C, such that

|09 Z(t,x)| + 050 Z(t, z)| < Co(1 + |z)™. (2.5)
Furthermore, 0, Z(t,x) is a symmetric matriz, i.e.,
HN0uZ) = 0,7 . (2.6)

Theorem 1 Let 0 < T' < T"” < T. Under Assumption 1 and Assumption 2, the
curvilinear integral along paths of Feynman path integral
T//
Fiol= [ () dao), 2.7
belongs to F. Therefore, if T is sufficiently small, F[vy] is path integrable.
Here Z - dy is the inner product of Z and dry in R?.

Remark 1 The domain of the functional F[vy] defined by (2.7) contains all of broken
line paths at least.

Next, we state a fundamental theorem of calculus for our new curvilinear in-
tegrals in Feynman path integral. This theorem is different from It6’s formula in
stochastic analysis. However this theorem is the same as the classical fundamental
theorem of calculus.

Assumption 3 Let m be non-negative integer. f(t,x) is a function of (t,z) € R x
R, For any multi-index o, 02 f(t,x) and 0%0:f(t,x) are continuous on [0, T] x RY,
and there exists a positive constant C,, such that

|07 (&, )| + 10500 f (¢, ) < Ca(1 + [2])™ . (2.8)

Theorem 2 Let 0 < T' < T"” < T. Under Assumption 1 and Assumption 3, the
curvilinear integral along paths of Feynman path integral

Fbl = [ @000 dr(e), 29)

belongs to F. Therefore, if T is sufficiently small, F[vy] is path integrable.
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Furthermore, the classical fundamental theorem of calculus
FI"A(T") = £ (T A(T7)

T T
= [ @A) @)+ [ @ 210
T T

holds in the Feynman path integral fe%SM ~ D[y].

Remark 2 If g = g(t,x) also satisfies Assumption 3, then the classical formula of
integration by parts

T T T
e, - L, O @eg)(77) dy = | f(7.7)(Grg) (T, y)dr
= [ s @n) A -+ [ o @n) i, 2.1)
T T

holds in the Feynman path integral [ erShl D[y].

3 Proofs

Proof of Theorem 1. For simplicity, we prove the case when 0 =T < T" < T.
(1) Let A7 be an arbitrary division of the interval [0, 7] into subintervals, i.e.,

AT,():T:TJ_A'_l>TJ>"'>T1>T(]:0. (3.1)
Let ya7, be the broken line path which connects (T}, z;) and (Tj-1,7;-1) by a

line segment for any j =1,2,...,J + 1, i.e., ya,,(Tj) = z;. Set t; =T; — Tj_.
Then there exist an integer M and 0 < ¥ < 1 such that

T = Y +Tar—1 . (3.2)

Therefore we can write

T//
Fiare) = [ 2 3000(0) - d1ag, (7)
M-1 .q
= Z /0 Z(Qtj + 711, ij + (1 — Q)Zj_l) . (a:j — .I'j_l)d@
j=1

9
+/ Z(0tar + Tar—r, 02ar + (1 — O)zas1) - (21 — 2ar-1)d0.  (3.3)
0

1
blay) = [ 204+ T 00+ (1=0y) (@ —9)db (1<7<M=1),

bar(z,y) = /OﬁZ(HtM%—TM1,9m+(1—9)y)-(x—y)d0,
by = 0 (> M). (34)



(2) We consider dybys(z,y).

9
0,1 (z,y) = —/ Z(0tar + Tar—r, 07 + (1 — 0)y)do
0
)
+/ YDy Z)(Otas + Tasr, 0z + (1 — Oy (1 — O) (@ —y)do.  (3.5)
0
Since Y(0,Z) = (0:Z), we have
¥
,ba(z,y) = —/ Z(0tar + Tar—1, 0 + (1 — 0)y)do
0
9
+/0 00 (Z(6ta1 + Tor—1.62 + (1 - 6)y)) (1 — 6)do
)
—tM/ (0.2)(0trs + Tas—1, 0z + (1 — 0)y)(1 — 0)do. (3.6)
0
Integrating by parts, we get
Opni(w,y) = Z(Ptar + Tarr, 02+ (1— 9)y)(1 - 9) — Z(Tyr-1,)
9
tr / (0:2)(Otar + Tar—1, 07 + (1 — O)y)(1 — 0)d6.  (3.7)
0
(3) We consider dybyr(y, 2). In a similar way to (2), we get
9
tar / (0.2)(Btrs + Tar1, 0y + (1 — 6)2)0d6.  (3.8)
0
(4) We consider dybj(x,y) for 1 < j < M — 1. In a similar way to (2), we get

Oybj(x,y) = —Z(Tj-1,y)
t; /Ol(atZ)(etj T 0+ (1—0)y)(1—0)do.  (3.9)
(5) We consider 9yb;(y, z) for 1 < j < M — 1. In a similar way to (3), we get
Aybi(y,2) = Z(Tjy)
t; /0 G20+ Ty1, 0y + (1—0)2)6d0.  (3.10)

(6) By (2) — (5), we have the following.
f1<j<M-2,

Oy (b1 (w,9) + b5 (3, 2))
= ~tys1 [ @2)Ots11+ Ty 00+ (1= 0)y)(1 - 0)dd

1
-y / (02)(8t; + Tj—1, 0y + (1 — 6)2)6d6. (3.11)
0



Ifj=M—1,

3y(bM(fan) + bel(yvz)>
=Z(Oty + Tar—1,9y + (1 — 19)2)(1 — )

—tm /Oﬂ(atZ)(HtM 4+ Thy—1,0x + (1 — 9)y)(1 — 9)d9

1
i / (0:2) (Ot rr—1 + Tar—o, 0y + (1 — 0)2)0d6 . (3.12)
0
If j = M,
ay (bMJrl (xa y) + bM(ya Z))
— Z(Otar + Tar1, 9y + (1 — 0)2)9
9
tar / (02)(0t; + Tj—r, 0y + (1 — 0)2)6d6. (3.13)
0
If j > M,
Oy (bj1(x,y) + bi(y, 2)) = 0. (3.14)

Weset uj=t; (1<j<M-—1),upy=1+ty andu;j =0 (j > M ). Then we

have
J+1

> u; <T+2. (3.15)
j=1

In a similar way to Chapter 10 in [4], we can prove that F[y] satisfies Assumption
5 in [4]. Therefore F[y] € F. O

Proof of Theorem 2. By Y(02f) = (02f) and Theorem 1, we have

.
Fbl = [ @:)(rA(m) - dr(r) e 7. (3.16)
We set
Ry = f@"A1") = £ (T, (T) (3.17)
T T
Bhl = [ @nHEaE)-am+ [ @nEa@dr. 619

By Theorem 3 in [4], we have

T
fraeF, [ @nEarrer. (3.19)

By Theorem 1 in [4], we have
FiyeF, FByleF. (3.20)

Now, using the classical fundamental theorem of calculus, we have

Fy [PYAT,O] = F2[7AT,0] ) (3'21>



for any broken line path ya; . Therefore we get

/e%SMFl[W]DM

J+1 1 d/2 sg ] J
= lim H (27Tihtj> /RdJ e AT Fl['YAT,o] Hdmj

‘AT70|4'0 j=1

J+1 1 d/2 ;g ] J
- ] RP VAT .
‘Ailﬁl_)o H <2m‘htj> /RdJ e Fy [’YAT,o] ]1;[1 dx;

Jj=1

= [eitRpDp).
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