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ABSTRACT. In this paper consider the Dirichlet problem of the Navier-Stokes equation
in the half space. We show the existence and the uniqueness of the mild solution when
the initial data can be represented as ug = Aq,;vo with a function vg coupled with the
pseudo-differential operator Ay, ; = 8j(—A’)_a/2, where A’ denotes the Laplace operator
in the tangential space R™ 1,

61 Introduction

We consider the initial-boundary problem of the Navier-Stokes equation in the half
space R, = {z = (x1,--- ,2,) ER" 1 2, > 0} (n > 2):

(1.1) up — Au+u-Vu+ Vp =0, divu =0 in R} x (0,00),
u =0 on IRY x (0,00),
u=1up at t =0.
Here u = (u?,...,u") is the unknown velocity field and p is the unknown pressure field.
The initial data ug is assumed to satisfy the compatibility condition : divug = 0 in R}
and the normal component of ug equals zero on OR?} = {x, = 0}.
To solve the equation, we consider the following integral equation equivalent to (1.1);

(1.2) u(t,z) = e o] (z) — /0 e~ (=)APY (4 @ u)(s, z)ds,

where u ® u = (u'u’)1<; j<n is a tensor matrix, P is the projection operator from
LP(RY) onto LE(RY) = {u € LP(RY);divu = 0in R%, w"[srr = 0}, and A is the

The author is grateful to Professor Hideo Kozono for valuable comments on the present paper.
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Stokes operator that generates the semigroup e *4, i.e., v(t) = et solves the non-
stationary Stokes problem
(1.3) vy — Av +Vq =0, divu =0 in R? x (0, 00),

v =0 on JRY} x (0,00),

v=ug at t =0.

The purpose of this paper is to show existence of local smooth solutions with non-
decaying initial data at infinity. To this goal, we need estimates of each term in (1.2)
in L>. First, we establish the estimate of spacial structure e~*4P3; related to the
non-linear term. Shimizu [15] showed that the first derivatives of the solution of (1.3)
decays in L like t—1/2, that is,

(1.4) IVo(6)]| ooy < Ct2|uo]| oo mny for &> 0.

Later on, Shimizu [16] proved that the L°°-norm in right-hand side of (1.4) can be
replaced by the BMO-norm. However in our problem, we need L*°-estimates of the
solution of (1.3) with ug = Pdjuo because (1.2) has the structure e~ =4 PV (u @ u)
of the non-linear term. In this paper, we show L>* — BMO estimate of the solution of
(1.3) with up = Q;vp, where Q; = ((Q;-)’, (Q;-)™) is the combination of the Helmholtz
projection with the first-order derivative in space, which can be expressed as

( 9;u'+ R'(R -9;u')+ R (R,0;u")
, for1 <j<n-—1,
Qi =9 oo R(R - 0ya) + R (Rutmi)
L for j =n,
( Oju"+ Ryn(R'-8;u') + R29,u"
n for1<j<n-—1,
A R (R’ - 0pu!) + R20,un
L for j =n.

Here R; = 0;(—A)~1/2 is the Riesz transform, R’ = (Ry,...,Rn_1), and @ (resp. )
denotes the odd (resp. even) extension of u for x,, < 0;

u(x) for z,, > 0,
{ —u(z', —x,) for z, <0,
u(x) for z,, > 0,
u(z', —xy,) for x, <0,
Roughly speaking, we see that @, is an extension of Pd; to the whole space R™ (c.f.
Proposition 2.2).

Our first result now reads as follows.
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Theorem 1.1. Let 1 < j < n. Assume that vo = (vg, ..., v) is in BMO(R")"™. Then
there exists a function Uj = Uj(t,x) such that U;(t) € L>(R") for allt >0 and Uj|ry
gives the solution of the Stokes equation (1.3) in RY} with the initial data ug = Q;vo.
Moreover, U; fulfills the estimate

(1.5) ’/n Uj(?f,.fl?) . (b(.fl?)d.%’ S Ct71/2[U0]BMOH¢HL1(Rn>, t>0

for all ¢ in C§°(R™), where C' is a constant independent of ¢ and vy.

Here [-]pmo denotes the semi-norm of BMO-space in R .
Next, we consider the estimate of the linear term in (1.2). Ukai [18] showed that for
any p and g with 1 < ¢ <p < o0,

1

(1.6a) le™ A uoll Lo @n) < Cpgt ™™ 72 2 ||ug|| Larn)

(1.6b) IVe™ gl Lo n) < Cpgt ™™ 77 272 lug| parrn)

holds for all ug € L9(R? ) and for all# > 0. Ukai [18] established a representation formula
to the solution of (1.3) in terms of the Riesz transform. Applying LP-boundedness of
the Riesz transform, he obtained (1.6). We have difficulty to show (1.6) for p = ¢ = oo,
because the Riesz transform is not bounded in L*. However, Shimizu [15] showed
(1.6b) for p = g = oo, which is equivalent to (1.4). For such a case, the first-order
derivatives make the spacial decay of solution more rapidly at infinity and lead the
boundedness of the integral kernels in the Hardy space H'. So we can expect that when
0 < a < 1, the a-th order derivatives of solution of (1.3) will decay in L like t~/2uq.
In this paper, we show the L>° —BMO estimate of the solution when the initial data can
be represented as ug = A, jvg with a function vy coupled with the pseudo-differential
operator A, ; = 0;(—A’)~%/2 where A’ denotes the Laplace operator in the tangential
space R~ 1,
Indeed, we have the following result.

Theorem 1.2. Let1 < j <n—1. Assume that vg = (v§,...,vy) is in BMO(R")" and
satisfies divog = 0. Then there exists a function Vo j = Vi, i(t,x) such that Vo ;(t) €
L(R™) for allt > 0 and Vo j|rn gives to the solution of the Stokes equation (1.3) in
R? with the initial data uo = Ay, jvo. Moreover, V, ; satisfies the estimate

(1.7) ’/ Vaj(t, @) - ¢()dz| < Ct~ = 2uglpmo |6l L1 gy, >0

for all ¢ in C§°(R™), where C is a constant independent of ¢ and vy.

As an application of Theorem 1.1 and 1.2, we can solve the original non-liniar equation
(1.1). To this end, we consider the following integral equation which is equivalent to
(1.2):

(1.8) u(t, ) = [e " uo] (z) —Z /0 e~ A0, (uiu) (s, x)ds.
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This formulation was first proposed by Shimizu [15] and we shall explain more precisely
in Proposition 2.2. To solve (1.8), we define a function space BC; r, 0 < ¢ < oo by

BC,r
={f € C((0,T); L*(RY)); |/l Boy r = sup_ t¥||fllLoe mn) < oo}
o<t<T

Based on the estimates (1.5) and (1.7), we have the following existence theorem of the
time-local smooth solution for (1.8) in BC(1_q) /2,7

Theorem 1.3. Assume that vo is in BMO(RY). Let up = Aajvo, j = 1,...,n —1,

for 0 <a < 1. Then there exist T > 0 and a unique solution u € BC(;_q4) /2,7 of (1.8).

The existence time interval can be written as T = C/ [vo]%/l\?fo with C' depending only on

Q.

This result may be regarded as treatment of the maginal case of Cannone [4] to the
half space. In [4], he showed local existence of smooth solutions in the homogeneous

Besov space B; Ln/p *(R™). In fact, the above theorem deals with the case when
p = o0.

The idea of this paper is to apply the modified version of Ukai’s formula to Q;vg or
A, jvo obtained by Shimizu [15]. By the duality arguement, it is sufficient to estimate
the test function coupled with the adjoint operator of solution in the Hardy space
H!. In [15], the integral kernel involving the square root of the tangential Laplacian
A= (=Y 9%/022)1/2? does not contain the characteristic function x4 := X{zn >0}
which causes singularities on {z,, = 0}. However in our case, we have to deal with the
term which contain x4 with the pseudo-differential operator A, ;. By investigating the
integral kernels of (—A’)~%/2 and (—A)~" precisely, we are able to contlol the singluler
behavior of the kernel functions in H'.

The proofs of our theorems are divided to five sections. In Section 2, we introduce
our main tools and represent the solution formula by Shimizu [15] which is a refined
version of Ukai[18]’s. We can eliminate some of these singularities from Ukai’s formula
by extending solutions u to {z,, < 0} as the odd function, so that the integral kernels
involving A have no singularities on x,, = 0. We also show a similar property to the
adjoint operator of the solution. In Section 3, we define the Hardy space and the BMO
space in R”'. We also recall the duality relation between H' and BMO. In Section
4, we prove Theorem 1.1 and give the estimates related to the non-linear part. The
difficulty appears when we estimate the kernel functions which contain y4. Since x4
and 0, do not commute, we cannot apply the well-known identity Z?:1 R? = —1 for
the Riesz transforms. However, if we divide the domain of integration into two parts
according to the distance from the singularity of the integral kernel of (—A)~!, then we
can handle each integration in H'. This procedure then provides an H'-boundedness
for integral kernels which are necessary for the L°°-BMO estimate of the non-linear
part. In section 5, we prove Theorem 1.2 and give the estimates of linear part. By
duality arguement, it is sufficient to show the H!-estimate of the integral kernels in the
representation formula. The difficulty of our problem is that the kernel functions which
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have singularities on {z,, = 0} contain both (—=A)~! and A, _;, which are represented as
the integral operators. However, if we divide the domain of integration into two parts
according to the distance from the singularity of the integral kernel of (—A)~! and A=,
then we can handle each integration in H'. This procedure then provide H'-estimates
for integral kernels which are necessary for the L°°-BMO estimate of the linear part.
Finally in section 6, as an application of our main theorems, we will show the time-local
existence of solution to the Navier-Stokes equation in the half space.

§2 Solution formula

In this section, we recall a solution formula of (1.2) by Shimizu [15].

First, we fix some notations. For an n-dimensional vector a, we denote the tangential
component (a1, ...,a,-1) by @’ € R"1, so that a = (a,a,). We set 9; = 9/dz; and
let V! = (01, ,0n—1). Hereafter, C' denotes a positive constant which may differ from
one occasion to another.

Let F be the Fourier transform in R"

Fi() = [ e fayda.

The Riesz operators R; (j = 1,...,n), the operator A and A, ; are defined by

FR,1)(6) = FHE)
FAN(E) = EFf(E),

F(Aa)(E) = i&IE 17 F£(8),

We set R = (R1,...,Ry—1) and R = (Ry,--- , R,).
We also define the operator F(t) and H(t) by

[Eifl(x) = | {Gi(x —y) — G2’ =y, 20 +yu)} f(y)dy,

RY

(H, f)(z) = / Gl — ) f(y)dy.

n

where Gy is the Gauss kernel Gy(z) = (47t)~"/2e~1=I°/4t Furthermore, we define the

operator Eyy by
[ELf](z) for x, > 0,

E ) =
(B f](@) { [Euf](2, —xy) for z, <O0.
Note that z = E, f solves the heat equation in R’} with zero-Dirichlet boundary condi-
tion;
z —Az=0in R} x (0,7),
Z’t:() - f7

2|a, =0 = 0. (resp. Opz|g,—0 = 0.)
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Moreover note that the functions [F; f](z) can be defined for all z in R™.
Let f(x) be a function defined in R”}. Then we denote the odd (resp. even) extension

of f by f (resp. f), i.e

[ fl@) for z,, > 0,
J(z) = { —f(e',—x,) for z, <0,
_ f(x) for x,, > 0,
Jz) = { fla',—x,) for x, <O0.

We define the Helmholtz-type operators P, P and P as

(2.1a) (Pu) =u' + R (R -u) + R (R,u™),
(2.1b) (Pu)" = u™ + R, (R - ) + R*u™,
(2.1c) (Pu) =u + R'(R -u')+ R (R,u"),
(2.1d) (Pu)" = u™ + R, (R -u) + R2um,
(2.1e) Pu = ((Pu)', (Pu)").

Moreover, we define the operators ; by

((9;u'+ R'(R'-0;u') + R'(R,0;u")
for1 <j<n-—1,
(2:20) Quy=4 , I
opu'+ R'(R -0nu)+ R (R,0nu™)
L for j =n,
( 8ju~”+ Rn(R’ . 6j1]’) + Riaju%
for1<j<n-—1,
2.2b u)"t = _ - _
( ) (Qsu) Opur+ Ry (R - 0pu') + R20,u™
L for j =n,
(2.2¢) Qju = ((Q;u)’, (Qju)").

We note that @; is the combination of P defined in (2.1) with the first-order derivative
toward z;-axis. Finally, we denote the characteristic function of {x,, > 0} (resp. {z, <

0}) by x4+ (resp. x-), i.e

(1) = 1 for z, >0,
X ) = 0 for x, <0,
X— (xn) =1- X+(xn)'

To show our main theorem, we apply the modified Ukai’s formula obtained by Shimizu
[15]:
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Proposition 2.1(Shimizu [15]). Assume that ug is in LP(RY}), 1 <p < oo. Let
(2.3a)
U™(t) = = A(=A)'V' - Buufy + 0, (=A) "'V - By u
— (=AY A'E ul — 0, (—A) TP AEwu,
(2.3b)
U'(t) =By + AV Byl
+ V'(=A) YV Brpu) — 0n(—A)TTATIV(V - Byug)
—V'(=A)'AEwf + 0, (=A) V' Ey L ul.
Then U is a function defined in R™ and U’Ri satisfies (1.3) with an initial data ug.

Before applying Proposition 2.1 to our problem, we recall the properties of the oper-
ator P:

Proposition 2.2.
(1) Ifu= (u',...,u™) € (LARY))™ satisfies divu = 0 in R? and u™(2’,0) = 0 on
R"~ !, then Pu = u holds in R%.
(2) If p € L3 (R™) satisfies p(2’,0) = 0 on R"™!, then PVp =0 and holds in R
(3)
divPu =V’ (u/ —u') + Op(u — u™)
+ (R - ROV - (u' — ) + R20, (u" — u™)
holds for u € (L*(R™))™.
Proposition 2.2 shows that P is an orthogonal projection operator from (LQ(Ri))”
onto (L2(R%))™ := {u € (L*(R%))" : divu = 0 in R}, u(2’,0) = 0} and the operator Q;
is well-defined.

Now We set ug = @jv9. Computing the initial data, we have the following corollary:
Corollary 2.3. Let 1 < j <n and assume that vo is in LP(R7}) (1 < p < o00). Let
(2.4a)

Ui(t) = = A(=A) 'V - Ei(Qjvo) + 8 (=A) 'V - Ery (Qjv0)’
— (=A) A B Qo)™ — 0n(—A) TTAE(Qjv0)",
(2.4b)
Ui (t) =E(Qju0)’ + AV Ey(Q;v0)"
+V'(=A)"H{V' - B (Qjv0)'}
— O (—A)TTATIV{V - Ey(Qjv0)'}
— V/(=A) " HAE(Qjv0)"} + 0n (= A) TV B {(Qjv0)" }-

Then Uj is a function defined in R™ and Uj’Ri satisfies (1.3) with an initial data ug =
Pj Vo-

By duality arguement, we have the following corollary:
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Corollary 2.4. Let U; (1 < j < n) be the function in Corollary 2.3 and let ¢ be in
C§e(R™)™.
(1) If1<j<n-—1, then

(2.5a) /n Uj;(t,z) - ¢p(x)dx
== [ {(Pw)@)- R R0 @)

(z)
+(Pvo) (z) - [0 Hi x4+ V' (=A) (V' - ¢/)}]($)
—(Puo)(z) - [0 H{x-V'(-A) "1 (V- ¢')}(=)
+(Pvo)' («) - V/(RjRa AV - [Hy ()
+

=~ [ {(Pu) @) R Rai6")(0)
[OnHy (X +V'On(=A)~ Lor
[OnHi(X-V'On(=A)~ Lon
on (@) [On Hi(x+A'(—=A)~ 1¢n)](93
(@) [0n Hy(x- A" (=) 1™ (=
" (x)AR:[Hyp")(x)

)0 [H¢'](z) — (Puo)' (z
Pug) () - [On Hi{x+ V' (=A)

) [OnH{x-V'(=A)"}(

~—  —

) V/(V' - A7 [Heg')(2)
v ’)}]( )
V' ¢} (x)
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)
) (

Poo) (2)[0n Hy {x+ V' - (V' - (—A)"10,6))}](x)

Puo)™ (@)[0n Hilx- V' - (V' (=A) "1 0n6) Y () }da.

Next we set ug = Ay jv0. Computing the initial data carefully, we have the following
corollary:

Corollary 2.5. Let 1 < j <n —1 and assume that vy is in LP(R?}), 1 <p < oco. Let
(2.6a)
VIi(t)=—A""RiR - By + 0n(—A) 'V - Eyy Mg v
— (=A)TA'Ei Ay vy — AR R, Bl

(2.6b)
Volz,j (t) :Aa,jEtU6 + Aa+17]‘V’Etv3

+ V(AN V' By Ao jvh) — RaRA™TIV!(V - Eyf)
— R'RA T Ewd + 00 (—A) 'V By Ay g
Then Va,; is a function defined in R™ and V_q jrr satisfies (1.3) with an initial data
uyg = A,advo.
By duality arguement, we have the following corollary:

Corollary 2.6. Let V, ; (1 <j <n—1) be the function in Corollary 2.6 and let ¢ be
in C°(R™)™. Then

(2.7) /n Vai(t,x) - ¢(z)dz

—— | {sh@) RRA @)
+0h (@) - [Aay He (x4 V'O (—A) "1™ ()
—0h(@) - [Aa He (x=V'0p(—A) "1™ (2)
05 (2)[Aa g He (x4 A (= A) L™ ()

—0f () [Aa s Hi(x A (=) 1™ ()

0 (@) AT R R [Hi9") ()

V) (2)Aa i [Hid') () + 03 (2)V + Aoy ;[ Hid] ()
+0h(@) - [Nay Hi{x+ V' (=A) "1V - ¢")}](@)

~0h(@) - [Aa Hi{x-V'(=A)"H(V" - ¢")}](2)
+op(x) - V(R Ry A=V - [Hy ) (2)
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+ug () AR, R - [Hyd'](z)
+0p (@) [Aag H{x+ V' - (V' - (=A) 10,8} (2)
0 (@) Aoy Hifx- V' (V- (~A) 10,0} (x) }da.

§3 Study of bouded mean oscillation spaces

In this section, we introduce two function spaces that appear in our theorem and
proof. First, we introduce the Hardy space H' that is a subspace of L!.

Definition 3.1. A function f € L'(R") belongs to the Hardy space H! = H(R") if

(3.1) frx) = sup |G * f(2)] € L'(R™),

where the symbol * denotes the convolution with respect to the space variable x. The
norm of f € HY(R") is defined by

(3.2) 1l = (1l ey

Next, we define the space of “Bounded Mean Oscillation” BMO.

Definition 3.2. A function g belongs to the space of bounded mean oscillation BMO
if g € L}, .(R") and

loc

1
(3.3) l9]BMO = sup —/ 9(x) — ggldz < oo,
Q: cube ’Q‘ Q

where |@Q)| means the lebesgue measure of ) and where gg means the mean of g on @
such that

1
(3.4) 0= 5 /Q g(w)de.

Note that [-]gmo is semi-norm because [C|pmo = 0 for any constant function C. So
we usually consider the quotient space BMO/R.

The definition of BMO seems to be complicated to apply. However, we do not have
to use that definition directly because we have the duality characterization that is easy
to apply for our problem.

Proposition 3.3(Fefferman-Stein[8]). Assume that f € H! and g € BMO. Then

(35) [ F@)gw)ds| < Cl o [gleno.
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Corollary 3.4. Assume that f € H' and g € BMO. Then the convolution function
f*gisin L* and

(3.6) 1f * gl < C[ fll#[g]BMO-

Moreover, we note an estimate introduced by Giga-Matsui-Shimizul9].

Lemma 3.5(Giga-Matsui-Shimizu[9]). Let K be an integral operator of form
(3.7) Kf(a) = [ k) o)y for z € B

If the kernel k(x,y) satisfies that

sup [[k(-,y)[l2r = ko < oo,
yER™

then K is a bounded operator from L'(R™) to H'(R™) i.e.

(3.8) K fllr < koll £l Lt (mny-

We note that the Riesz operators R; are bounded in H! and BMO, i.e.

IR fllrer < Cullfllaer,

[RjglBmo < CalglBMmo-
Remark. We remark the BMO space in the half space. Assume that g is a function
defined in the half space. A function g belongs to BMO if there exists an extension

function over the whole space which is equal to g in the half space and belongs to BMO.
The norm of ¢ is defined as

l9]Bmo(ry) == inf  [G]Bmo.

G:extension

84 Proof of Theorem 1.1

Now we are ready to prove our theorem. In this section, we show Theorem 1.1, the
estimates of non-linear part of Navier-Stokes equation. By (3.8), we have that the terms
with vg in (2.5) are bounded with [u]gyo. Now there remains H!-estimates of the terms
with ¢.

First we estimate the kernels without y+. Note that the estimates of Gauss kernel
in Hardy space has been obtained by Giga-Matsui-Shimizu [10].

Lemma 4.1. Let G; be the Gauss kernel. Then

(4.1a) 10;Gellrr < Ct™Y2 for1<i<n,
(4.1b) IAG |20 < CE71/2,

(4.1c) 10;0, A" 2G|l < Ct™ Y2 for1 < j,k <n—1.
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By Lemma 4.1 and Corollary 3.4, we have

(4.2a) 10; Hiplrr < [|@l 21 R |05 G202
< Ct7 V2|8l pr mny,

(4.2b) 10,06 A" E(#)llrer < Ct 2|9 L1 ey,

(4.2¢) 10,06 A~ F()bll3r < Ot 6]| L ey

By the boundedness of the Riesz operators in the Hardy space, we have

(4.3) | Rj ReAHuo || < ||9] 1 (mn) || R Rk AG || 30
< Ol9ll L1 [AG: 31
< Ct™Y2)||| 1. gmy-

Next, we estimate the terms containing x4, i.e.
0;[Hy(x+(—A) 719,010 (x),

where 1 <i<n—1land 1< 75,k <n.

Remark. Shimizu [15] showed the H-L' estimate of [H;(x+0; Rj Rx¢)](x) with 1 < i <
n—1and 1 < j,k <n. In this case, we may assume that j # n, because if j = k = n,
then we can reduce to j # n by using the property of the Riesz kernels, i.e.

(4.4) i R2 =—1I.
a=1

However in our problem, we cannot apply (4.4) when j = k = n, because x+ cause the
singularities on x,, = 0.

When j # n, we can reduce our problems to Shimizu[15]’s. Hereafter, we assume
that j = n. Since the integral kernel of (—A)™1 is ¢, || 7" %2, we have

@5 OulH O (-A) 0k (@)
o0 [ 0G0 xs )00 [ rpoldady
R AR NI s VIO
S R IR UL s = PO

= — Cn(Il(t,.fE> + Ig(t,-fE)),

where 1)1 is a smooth function with suppyy C B(0,1), 0 <91 <1 and 91|g(,1/2) = 1,
and where ¥y =1 — 1)1.
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By partial integral, we have

(4.6) Il (t,.ﬁl?)

=0kn /n o(2) /Rn_1 K?@(ZJ ,— z ,;‘i)Q (0,0,G0) (& — o, wn)dy'dz

Yy —2,=%2n

_/n (b(Z)/R Mayiaykayn[Gt(fE—y)]dydz

" |y — 2|2

=0kn o(2)11(t,x, z)dz — d(2)12(t, z,2)dz,
R” R™

(4.7) Ig(t,.x)

_ ) P22\I — <) r /
[ oo [ e UH] G- adyd:

o | daly — 2)

ayiaykayn [’y IR z]”Q}Gt(x - y)dydz
= d(2)121(t, x, 2)dz — d(2)122(t, z,2)dz,
R" R"

n
+

where 0y, is Kronecker’s delta. By Lemma 3.5, it is sufficient to estimate the integral
kernels in H! for z. First, we show the pointwise estimates of integral kernels.

Lemma 4.2.

(1) Let h =1,2. Assume that real parameters o and 3 satisfy 0 < o <n and 3 > 0.
Then there exists a constant C' = Cy, g independent of x € R"™ and t > 0 such
that

(4.8a) I (t,z,2)| < CtlatB=n=D/2p _ =g, | =8

(2) Let h = 1,2. Assume that a real parameter v satisfies 0 < v < n. Then there
exists a constant C = C,, 4 independent of x € R™ and t > 0 such that

(4.8Db) [T o(t, 2, 2)| < CtO—= /23 — 2|77

Proof. By the parameter arguement, it suffices to show (4.8) for ¢t = 1.
Computing derivatives, we have

(4.98,) ’11,1(1,.117,2)‘
1
gC/
|y’ —2",—zn|<1 ’(Z/, - 2,7 _zn)‘an
(1 + |25 — yillzr — Okny|)Gr(z" — ¢, 20)dy,
(4.9b) [112(1, 2, 2)|

1
< | L (o=l +lo — )G — v,
R N{|y—=z|<1} ly — 2|
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(4.9¢) [12,1(1, 2, 2)|
SC/ Hy/ . Z’, _Zn’fnJrZ + ’y/ o Z’, _Zn’fnJrl]
1/2<|y’ —z",—zn|<1
Gi(a' —y xn)dy
+C/ ’y/ _Z,v_znyinGt(x/ _y,v'xn)dylv
1/2<|y’ =2 ,—zn]|
(4.9d) [I2,2(1, 2, 2)|
= ly — 2172 4 Jy — 2|1 4 |y — 2]
Ry N{1/2<|y—2|<1}
Gt(l’ - y)dy

+ C/ ly — 2|72 G(x — y)dy.
R N{1/2<|y—=|}

To estimate (4.9a,b), we apply the following inequalities:

(4.10a) |z —y| < |z —z|+1,
(4.10b) 2" — | <|2' = 2| +1,
(4.10¢) o=y > (lv — 2> - 2)/2,
(4.10d) 2’ =y |2 > (]’ — 2] —2)/2.
So we have

(4.11a) |11,1(1, 2, 2)|

1
SC/I <1 |y =2, —= )\”*2(1+’xi_Zink'—(Sank!)
ylizlzfzn < 9 n

’ 12 2
ef|:c —z'| /8+1/4efxn/4dy/

<Clz’ = 2|, | 7,
(4.11Db)
[11,2(1, @, )
1
SC/ ﬁ(1+]:c—z]+]:c—z]3)
RN {|y—z|<1} ly — 2|

ef|:cfz|2/8+1/4dy
<Clz—z|7".

Next we estimate (4.9¢,d). For their first terms, we apply the same method on
(4.9a,b). For second terms, we apply the following inequalities:

(4.12a) 2" = 2| < Call2" = y'|* + |y = 2|*),
(4.12D) |z — 2" < Cy(Jlz —y|” + |y — 2|")
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For a > 0 and v > 0. Assuming that 0 < a <nand 0 <~ <n+ 1, we have

(4.13a)
[I2,1(1, 2, 2)|

<Cla’ — 2|~ |an| "
+ C’.CC/ - Z”a/ (‘y/ o Z/’fnJra + ’y/ o Z/’fn’x/ _y/’a)
1/2<]y’ =2’ ,— zn |

Gi(a' —y xn)dy’
<Clz' — z’]*a]:vnlfﬁ,

(4.13D)
[122(1, 2, 2)|

<Clz — 2|77
+Cla—o [ (g = =174+ Jy = 2| o~y
R7 N{1/2<|y—=|}
Gi(z — y,zn)dy
<Clz — 2|77
and complete the proof. [J
By Lemma 4.2, we have that there exists a function K = K(¢,z, z) such that

(4.14) On[Hy(x+(—A)7'9,010)) (x)
= d(x)K(t,z,2)dz
R7

and satisfiessatisfies
(4.15) |K(t,z,2)|
<CotOHB=n=D/213" _ |7, | 7P 4 Ot 2 — oY

for0<a<n,f>0,and 0 <~ <n+1.
Finally, we show the following lemma.

Lemma 4.3. There exists a constant C' depending only on n such that

(4.16) 1K (t,-, 2) [0 < Ct™V2

Proof. By Lemma 4.2, we have
(4.17) |Gs * K(t,x,2)| =|K(s+t,z,z2)|
<Co(s+ t)@FB==D/200 _ /=g, |77
+ Clt(vfnfl)/% — 2|7
SCt(aJrﬁfnfl)/?’x’ — 27w,

+ Clt(vfnfl)/ﬂx — 2|77,
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Note that a + 3 —n — 1 and v — n — 1 are non-positive. Therefore we obtain
(4.18) [ (2,5 2) || 741

4
< Zcot(aJr,@nl)/Q/ ’.CC/ o Z”ia’.fn’i’gdll?,
k=1

Qg

6
+ Z /2 / |z — 2|7 "dz,
k=5 2

where
0 = {l2" = 2| <t/ |on| <217},
Q= {|a’ — 2| > 172, |2, | < £V/7},
Q= (o' = 2| <82 o] > £1/%),
Qq = {|a' = 2| > tY2, |z, | > tY/2}
Qs = {Jo — 2| < t'/%},
Q6 = {|z — 2| > t1/?}.
We compute the integrals on the right-hand side of (4.18), taking
a=pF=0for k=1,
a=mn,0=0 for k=2,
a=0,8=0 for k=3,
a=n—1/2,8=3/2 for k =4,
v=0 for k=5,
vy=n+1for k=6,

to find that the integrals of (4.18) are all bounded above by a constant multiple of ¢ ~1/2.
This proves (4.16). O
By Lemma 3.5 and Lemma 4.3, we obtain
(1.19) 10u [ (ot (— )20kl < O 2| 11 ey
Combining the estimates in (4.2), (4.3), and (4.19), we finally obtain the desired esti-

mate.

§5 Proof of Theorem 1.2

In this section, we show Theorem 1.2, the estimates of linear-part. By Proposition
3.3, it is sufficient to show that the terms with ¢ in (2.7) are in H?.
First we show the pointwise estimates of terms with x4, that is,

(5.1) Loiji(t @) = Mo j Hy (x20i0k (= A) "1 9) (),
where ¢ is in C*°(R").
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Lemma 5.1. Let 0 < a < 1,1 < 4,7 < n—1, and 1 < k < n. Assume that
0<A<n—a+1,0<u<<n—a, and A > 0. Then

(5.2) Lo jk ()]
o L
+ vt a=1/2 10 | 2y, — wy |V )dw

holds for any (t,x) € (0,00) x R%, where C' is independ of ¢.

Before starting the proof of lemma, we define some functions. Let ¢;, [ = 1,2 be a
smooth function defined in section 4. And for | = 1,2, define ¢;(z") = ¢;(2',0).

Proof. By scaling arguement, we may fix ¢t = 1. Applying the integral presentation of
operators, we have

(53) I(:Ij‘) = Ia,i,j,k(1;x>

1
=0...
T j /Rn—l ’Z’ _x/’nflfoz

{/ Gi(Z' =y xn —yn)
R

n
+

<8yi8yk /Rn mww)dw)dy}dz’
2
"z

Yz —a')
axj Rn—1 ’Z’ _ x/’nflfoz
I,m=1

= Z V™ ()

I,m=1

where dw denotes the integral with a constant of operator (—A)~1.
First, we show the estimate of I''. Repeating partial integrals, we have

(5.4) ()

— [ o[ ,f’l_(i,,f;)a

</R 0y, 02, (G1(z" — v, 2n — yn)) 0y, <M)dy) dz’}ciw.

lw —y|"—2

n
+



18 YASUYUKI SHIMIZU

So we have

(5.5) [ ()]

1
<o [ o[ e

(/ (1417~ ) 0~ 32)
{lw—y|<1}4

1 1 _ _
< + )dy)dz’}dw,
w—y["*  |w—y[*?

where {|w —y| < 1}4 denotes {|w —y| <1} NR%. Since |2’ —2'| < 1 and |w —y| < 1,
the following inequalities holds:

(5.6a) 2~y < o —wl+2,
1 3
(5.6b) = san — )2 > gl —wf = 5.

Applying (5.6) to (5.5), we have
(5.7) [T ()|
1
SC/ o(w {/
Ny
</ (3 + ’.CC _ w’2)67|x7w|2/1663/8
{lw—y|<1}4
< ! + ! )dy)ciz’}c?w
jw =y |w -yt

<c / o)l — v A

for A > 0.
Next, we show the estimate of I*2. We have

(5.8) I'2(x)

[ o[

(/ Gi(Z =y xn — yn)
R

n
+

Dy, Oy, Oy, <%> dy) dz’ }ciw




EXISTENCE OF NAVIER-STOKES FLOW IN A HALF SPACE 19

and

(5.9) |[1%(x)]
1
<
<Cy /n ’¢(w)‘{/|z/x'|§1 2/ — /|1
(/ i ' 2n — )
{1/2<lw—y|<1}4
1 1 -
<!w —y =y )dy)dz }dw
1
von [ ol e

1 I
</ Gz — o, zp — yn)in“dy)dz’}dw
{lw—y|>1/2}4 |w —y|

— Oy V2 T2,

Since the integral domains are bounded, we can estimate I>! same as I'*!, so we have

(5.10) 1121 ()]

<C [ 1otwlie — vl du

for A > 0. To estimate 122, we apply that
jz—w* <CA(l2 = 2P+ Jw =y + (&' = ¢ 20— y)|Y)
holds for A > 0. Now we assume that 0 < A <n + 1. Then we have

(5.11) [1122(x))]
Ci 1
< A
_/n W)(U})‘ ’:C _w’A {/|z’x’|§1 ’Z’ _x/’n—l—a

(/ G o — )
{lw—y|>1/2}4

2 =P o =y U = =) N2
’U) _y’nJrl

1
SC’/ o(w :z;—wA{/
e e R e ==

(/ Gr(2 o v~ w)
{lw—y|>1/2}4

(2n+1’21 _x/’)\ + 2n+17)\’w . y’)\

+2 (2 — - yn)\’\)dy) Jz'}czw
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_ L+ 2 =2 - N -
<c [ jotw)lle -l ([ 2l d
Rn |

/
2 —z!|<1 ’Z — X

sc/;wmmm—wrww

for0 < A<n-+1.
Next, we show the estimate of I%!. We have

(5.12) I (2)

</ G1(Z — v,z — yn)6Zia$j < vl ~ ) )&z’)dy}
Rn—1

’Z’ _ x/’nflfoz

and

(5.13) 1% ()]

<ci [ jotw)

{/ (o= * o)
{lw—y|<1}, Nw —y["2 " Jw —y[2
</ Gl(zl_ylvxn_yn)
1/2<|z'—z'|<1
1 1 - -
d ’)d }d
<’Z/_x/’n1a + ’Z/_x/’na) < Y w
+Ca [ Jow)
{/ (o= * s
{lw—y|<1}, Mw —y["2  |w —y[n—2

1 -
Gi1(2" =y 20 — yn) dZ’)dy}
</1/2§|z/a:/|§1 T — gl el

= Oy 12 4 Cp 212,

By similar arguement on I''!, we have

(5.14) 1251 ()]
<c [ fow)lle — uldu
Rn
for A > 0. To estimate %12, we apply that

2" —w'[" < Cula’ = 21" + 2" =" + [w — yl")

dw
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holds for g > 0. Now we assume 0 < u < n — « + 1. Then we have

(5.15) 1212 ()|
CH

S/n W)(w)\m

{/ < 1 N 1 )
(w—yl<i}y Mw—y["2 " Jw -y 2

(/ G o — )
1/2<|z'—2'|<1

e el et A e 8 (Ul /| 5 AR
2 — 2o dz)dy}dw

<c [ Jotw)lle’ - w|
. 1 1
{/ et/ — =)
{Jw—y|<1}4 lw -y lw —y|

</ o127/
1/2<|z'—2'|<1

(gn-otlom jgn-atl _rm y gn—aklly, y’“)jz’)dy}ciw

<c [ Jotw)lle’ - w|

{/ | L1 )
{Jw—y|<1}4 lw —y|"~ lw —y|"

(14 |w— y[“)dy}ciw.

Since |wy, — yn| < |w —y| < 1, we have
1 2
(5.16) |Tn, — Yn| > §]xn—wn] — 1.

Applying (5.16) to (5.15), we have

(5.17) 1212 ()|

<c [ 1ol — |

{/ o~ |Tn—wal?/8+1/4
{lw—y|<1} 4

< ! + _Z,nQ)(l—F ]w—y!“)dy}cfw

jw =y fw

<c / $(w)][2” — w'|Flan — waldw
Rn

21
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for0<pu<n—a+1andv >0.
Finally we show the estimate of 122, We have

(5.18) 12 ()

[ ow{[ oot
</ G1(2' =y xn — yn)0y, 0y, <w)dy)dz’}dw.
R

w — y|"?
Now let 2/ — ¢/ = ¢ and z,, — y, = &,. Then we have

Y (2 —a')
5.19 Oy
( ) /Rn_l J ’Z’ _ x/’nflfa

n
+

Gi1(z' =y & — yn)0y, 0y, <w)dy) dz'

</Rj‘_ lw — |2

:/Ri G1(§) </Rn—1 Or ’Z?i_(i/’;xll)a

¢2(w/_zl+flawn_xn +€n) o,
agiagk <’(’LU’ — 2z 4+ flvwn — Ty + fn)‘nQ)dZ )df

Applying (5.19), we have

(5.20)
122 ()]

1
gC/‘¢w{/
1 . ’ ( )‘ 1/2< |2 —a | <1 ’Z’ _ x/’nflfa
(/ (2~ v )
{(1/2<|w—y|<1}4
1 1 N
< — t nfl)dy)dz }dw
lw — y| [w — y|

0 [ owl{ [ i)

n
+

1 1 _
</ / / 1 / / / dz,)dy} w
Do (z,w,8) |2/ = [r e (W — 2+ & wn — T+ )|

+Ca [ Jow)

| |
{ < n—2 + nfl)
{(1/2<|w—y<1}s Nw =y jw —y]

1
</ Gi(2' =y, on — yn)mdy)dz’}dw
|z/—z'|>1/2 ’Z -z ’
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i [ ewl{ [ i)

n
1 1 _ _
d ’)d }d
</D4<m,w,g> 2 — /e (' — 2+ & wn — i + e )T

4
=: E ChIQ’Q’h,
h=1

where
Do(z,w, &) ={1/2 < |2/ —2'| <1}
N{l(w' =2 + €& wn — 2 + &) > 1/2},
Dy(z,w, &) ={|z' — 2’| > 1/2}
N{[(w' =2+ & wn — 20 +&a)| = 1/2}.
By similar arguement on I''!, we have

(5.21) 1221 ()]
c | |¢ — w|

12 we have

for A > 0, and by similar arguement on I?

(5.22) 1223 ()|
<c / (w2’ — '[P |n — wa| " duw

for 0 < p<n—a+1and v > 0. To estimate 12?2 and I?2*, we apply that
2 —w < ON(|Z — 2/ + (W — 2 + & wn — 20 + O+ 1€P)
holds for A > 0. Now we assume that 0 < A <n — a + 1. Moreover, we denote that
Doy =Dyn{|z —2'| <|
Dss=DynN{|z —2'| > |
Dy1=Dyn{]z —2'| <|
Dyo=Dyn{|z —2'| > |

w/ _Z, +€/7wn — Tn +€n)‘}a
w/ _Z, +€/7wn — T +€n)‘}a
w, _Z, +€/7wn — Tn +€n)‘}a

)

w,_zl+€,7wn_xn +€n ‘}

o~ o~ o~ o~

Now we have

(5.23)
’12,2,2

< [ w2 { [ 6o

n
+

</ 1 1 i
Ds(z,w,8) |2/ — & |nmimem A (w! — 2+ wn, — w6 [
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+/ ! L dz'
Dan(zwe) |2 — @M () — 2+ wy — i+ ) [P

T S
Daa(wwe) 12— @' ["T (W — 2+ & wy — i+ ) [P
1
+mh/ _
Da(ewie) 12/ — @ [P717

(W' — 2" + ¢, uljn — Ty + fn)\“)d*”')dy}dw

= [ ol {

Since |2/ —a2/| " ~17% A is integrable for any A € R and |(w' —2'4+&', w, —x, +&,) [ > 27,
we have

GA O + > + Js + [€]Js)dy .

n
+

(5.24) J1

27 ,
< /D ’Z’ _ x/’nflfozf)\ dz
2

<C < >

for 0 < A <n —a+ 1. By the properties of the domains Ds 1 and D 2, we have

(5.25) J
1 7.
S /D ’Z’ _ x,’n,1,a+n,)\dz
2,1
<C' < o0,
(5.26) J3
2" — 2’| 7
< dz
> /Dg,z ’(w/ — + f’,wn —x, + fn)‘nfaf)\+n
1 _
< dz'
>~ /Dg,z ’(w/ — + f’,wn —x, + fn)‘nfaf)\+n
<C <o

for0<AX<n—-—a+1. Sincen—1—a>0andn >0, we have

(5.27) Ty

</ anlfonnCZZ/
>~ b,

<C < >
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for 0 < A <n— a+ 1. Combining (5.24-27), we have

(5.28) | 1222

<c [ jotw)

O
[ = w|=*

{| G+ ehdy}iv
<c [ fow)lle — uldu

for 0 < A <n — a+ 1. The estimate of I%2* is similar to I%22. We have

(5.29) | 1224
< [ == e

n
+

</ 1 1 Ex
z
Dy 1 (z,w,§) ’Z/ - x,’niai)\ ’(w/ -z + flvwn — Ty + fn)‘n

+/ ! ! 4z
2
Do (@,w,€) |2/ — &= |(w! — 2! + & wn — Ty + &)

+/ ! ! 4
z
Da1(z,w,6) |2/ — 2| (W — 2+ & we — T+ &)

T S
VA
Das(wawe) 12— @[ (w — 2" + & wp — 2 + &) |
1

Y A"
D471(m,w,£) ’Z/ _x/’n o

[(w' — 2" + f’,ul)n P fn)‘n)dzl)dy}dw

1
Ny A
D472(m,w,£) ’Z, - x/’n «

[(w' — 2" + f’,ul)n — Zn + gn)‘n)dzl)dy}dw

= [ ot 2 { [ e

n
+

<K1 + Ko+ Ks + Ky + €| K5 + 151K6))dy}c2w.

By similar arguement on J; and J3, we have

(5.30) K,

1 7.7
S /D ’Z’ _ x/’nfaf)d»n dz
4,1

<C' < o0,

25



26 YASUYUKI SHIMIZU

(5.31) K>
1 _
< dz
> /1)472 ’(’LU’ — 2+ f’,wn —z, + fn)‘nfaf)d»n
<C < o0,
(5.32) K

1 7.0
S /D ’Z’ _ x/’nfaf)d»n dz
4,1

<C < o0,
(5.33) Ky

< / ! 1
Das ’(’LU’ — 2+ f’,wn —x, + fn)‘nfaf)d»n
<C < o0,

(5.34) Ks

(5.35) K

1 _
= dz’
B /174,2 (W' — 2" + & wy — xp + &) |77

<C < >

for 0 < A <n— a+ 1. Combining (4.30-35), we have
(5.36) | %24

<c [ jotw)

—
T w]

{| G +lehi}au
<c [ fow)lle — uldu

for 0 < A\ < n — o + 1. Finally, we combine the estimates of I»™. Then we have
(5.37) I(x)
<c [ Jotw)l(le ~ w]
+ &’ — w'|TH |z — wp|Y)dw

for0<A<n—a+1,0<pu<n—a,and A > 0, which is our desired estimate.

Using Lemma 5.1, we can obtain H'-estimate of Ioijk-
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Lemma 5.2. There exists a constant C' depending only on n such that

(5.38) gkl < CEOD2]] L1 gy

Proof. The proof of this lemma is similar to Lemma 4.3. By Lemma 5.1, we have

(5.39)
|Gs * Lo ji(t, o) =[Iajk(s+1,1)]

<C [ Jotw)l((s+ 002l -]
Rn
+ (s 4 t)pFrmnta=b/2 100 ! | TRz, — wy|Y)dw
<c / 6 (aw) (OO D/2] A
Rn

+ (trtr=nta=D/2 00 ! | 7Rz, — wp|)dw

Note that A —n+a —1and g+ v —n + a — 1 is non-positive. Therefore we have

(5.40)

[ ei,g, e[l 72

2
<Yyt / lo(w)| | |z —w| P dedw
k=1 " Qe
6
30 Gtttz [ o] [ fa” 0| o, — w dadu
k=3 " Q

where

= {|lz —w| </},

Qy = {|lz — w| > t+/2,

Qs = {|l2’ —w'| < t/2, T — wn| < t1/2}7
Qq = {|a' — | > Y2, |z, — wy| < 12},
Qs = {|2’ —w'| <tY2)|zn — wy| > t1/?},

Qs = {|a' —w'| > Y2, |z, — wn| > /2],
We compute the integrals on the right-hand side of (4.18), taking

A=0for k=1,
A=n+1—afor k=2,

27
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pw=v=0for k=3,
u=n+1—qa,f=0for k=4,
u=0,0=n+1—afor k=25,
a=n—(1-a)/2,0=(3—«)/2 for k=6,
to find that the integrals of (5.40) are all bounded above by a constant multiple of
t(@=1)/2 This proves (5.38). O

Next we show the estimate of terms without y+. By similar arguement in Theorem
5.1, we have the following lemma:

Lemma 5.3. Let 0 < a < 1,1 < 4,7 < n-—1, and 1 < k < n. Assume that
0<A<n—a+1,0<u<<n—a, and A > 0. Then

(5.41a) |Aa,jGi(x)]
Sct(u+ufn+a71)/2’x‘f,u,’xn’V’
(5.41b) ’V’Aa,LjGt(l‘)‘
Sct(u+ufn+a71)/2’x‘fp,’xn’y’
(5.41c) IATTGy ()

Sct(u+ufn+a71)/2’x‘f,u,’xn’V

holds for any (t,x) € (0,00) x R%}, where C' is independ of ¢.

Applying Lemma 5.3 and Lemma 3.5, we obtain the H!-estimates of terms without
X+, that is,

(5.42a) [ Ao [Hied] |70

< Gt 2|l 1 gy,
(5.42b) IVAat1,5[Hi gl

< Gt 2|1 ¢]| 1 gy,
(5.42c¢) |R; RA' ™ *[H,¢)|| 21

< Ot D2 || 1.y,

Combining the estimates in (5.38) and (5.42), we finally obtain our desired estimate
and conclusion of Theorem 1.2.

66 Application: Local-solution of Navier-Stokes equation

In this section, we show Theorem 1.3, the existence of local solution of Navier-Stokes
equation in a half space, by applying Theorem 1.1 and Theorem 1.2. We recall the
integral equation provided by Navier-Stokes equation:

u(t,z) = [e " Puol(z) — Y te*(t*S)A J(utu) (s, 2)ds
(t,2) = [ uo)(a) Zj/ Qi (u'u)(s, 2)ds,
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where e~ %4 is the solution operator defined in Theorem 2.1 and P; is the combination

of the projection operator and space derivative defined in (2.2).
Before begining to prove theorem, we recall a function space BCy 7, 0 < g < 00;

BC,r
={f € C((0,T); L>RY)); 1 f By » = sup t¥||f]lLemn) < oo}
o<t<T

Now we begin to prove our theorem.

Proof of Theorem 1.3. We define the sequence {uy}72, by

(6.1a) uy(t) = e Aq 00,
(6.1b) U1 (t) = [e7 " A jvo)( Z/ ~0m0AQ; (ujur) (s)ds
for k > 1.

First we show that {uy} is bounded in BC(;_q)/2,7. By Theorem 1.1 and Theorem 1.2,
we have

(6.2a) ur ()| 2 < Cot~ =2 [ug]BMo,
(6.2b) lurr1()[lz= < Cot~ = [wg]mmo

e Z / ~V/2 [y () Jparods

SCot (1 /2 yo] Mo

t
" cl/ (= )2 fur(s) 2o ds
0
for k> 1.
Here we set X = [Juk|Bc_,, .- Then
(6.3a) X1 < ColvolBmo,
(6.3b) t=72|up 1 (1) || L~ < Colvo]mmo
t
+ Cpt(1=)/2 x2 / (t — )~/ 25= (=) s
0

< Colvo]mo + Cat®/? X2
for k > 1.

Taking supremum for 0 < ¢ < T in (6.3b), we have

(6.4) Xiy1 < Colvolpmo + CoT/2 X2
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for k > 1. Now we assume that D =1 — 4COCQTa/2[U0]BMO satisfies 0 < D < 1. Then
we have

P12
(6.5) X, < =D

- =X
= 205,T%/?

for k > 1. (6.5) shows that {uy} is bounded in C(1_q)/2,7-
Next, we show that {uy} is a Cauchy sequence in BC(;_4)/2,7. By (6.1), we have

(6.6a) (12 = w)(0) = =3 / ¢ =AQ, (ubuy) (s)ds,

n t
©00) (s —u)(® == [ Qw9
i=170
for k > 2.

By same arguement for boundedness, we have

(6.7a) [(uz = u1) ()| < 01/0 (t = )2 Jur ()]~ ds,
(6.7b)
[(wkt1 — we)(t) [l < Ch /0 (t = )72l (ur — ur—1)(s)l| =

(Jur(s)lloe + [[ur—1(s)]| = )ds

for k > 2.
Here we set Y = [|uk+1 — ukllBoy ., .- Then we have
¢
680 2 — ) (O < Cutl =2 [ (0 )20
0

< Oyt X2
(6.8b)
72 (g — ur) ()| e < Crt TPV (X + Xjo)

¢
/ (t —s)" /25t
0

< 204t“? X Vi1
for k > 2.

Taking supremum for 0 < ¢ < T in (6.8), we have

(6.9a) Vi < CoT/2 X2,
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t
(6.9b) Vi < Ot /2y, (Xy + Xkl)/ (t—s)"1/2s1 s
0

< 205T? X oYy
< (1 - DY%Y;_, for k > 2.

It is easy to see Y7 is bounded. By the assumption of D, there exists a constant A such
that 0 < A < 1 and satisfies

(6.10) Yi < A\Yi1
<Ay for k> 1.
(6.10) shows that {uy} is the Cauchy sequence in BC(;_q)/2 7. By the completeness
of the space of continuous functions, we finally obtain the existence of the solution for
(1.8).
Finally, we show the uniqueness of the solution for (1.8). Assume that the function
v also satisfies (1.8). Let w = u —v. Then w satisfies

n_ et
(6.11) w(t) = — Z/ e~ 9AQ; (u'w 4 wiv) (s)ds.
i=170
Now we show that ||w| B¢, = 0. By Theorem 1.1, we have

(6.12) lw(@®)ll L < 01/0 (t = 5) "2 Jw(s)lz= ([uls) |z + l[o(s)]|z=)ds.

By (6.5) and the assumption of {v;}, we have
Hu”Bc(l—a)/2,T = H/UHBC(l—a)/2,T < Xoo.

Now we take a non-negative number ¢, in (0,7’ and set W = ||w| ¢, ,, . Then we have

(6.13) |lw(t)||L~ <2Cy /t(t — ) V2w (-2 X ds
< QClB(’)tO‘/QXOOW.

Taking supremum for 0 < ¢ < ¢, in (6.13), we have

(6.14) W < 201 B't22 X o W.

Now we assume that t, < (2C1B'X..)~2/®. Then we have W = 0 and w(t,z) = 0 for
almost every (¢,z) € (0,t,) xR”.. Since X, depends only on 7" and [vo|pmo, We can ex-
tend the function w(s) from BCy+, onto BCy 1, by repeating the procedure (6.11-6.14)
for T'/t* times. So we finally obtain ||w|/pc,, = 0 and complete the proof. [J
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