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Abstract

We prove the L>°-BMO boundness of first-order space derivatives of
Stokes flow in a half space. To show the estimate, we apply the solution
formula of Stokes equation in a half space, which is a modified version of
Ukai’s formula.
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§1 Introduction

We consider the Stokes equation in the half space
R? ={z = (21, -+ ,2p) €ER" : 2, >0} (n > 2):

(1.1) uy — Au+ Vp = 0,divu = 0 in R x (0, 00),
u=1ugatt=0,
u = 0 on OR” x (0,00).

Here v = (ul,...,u") is the unknown velocity field and p is the unknown
pressure field. The initial data ug is assumed to satisfy a compatibility
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condition : divug = 0 in R? and the normal component of ug equals zero
on OR" = {x, = 0}.

This system is a typical parabolic-like equation and it has several prop-
erties resembling the heat equation. It is known that the Stokes equation
in the whole space R" can be reduced to the heat equation with initial
data ug and we have the regularity-decay estimate

(12) Hvu(t)HLP(R”) S Ct_1/2Hu0HLP(R”) for ¢t > O,

for all 1 < p < oo with C' independent of ¢ and ug, where V denotes the
gradient in space variables.

In [13], we have proved the L*-estimate of first-derivatives of Stokes
flow with zero boundary condition in a half space:

(1.3) IVu)|Lee@n) < Ct—1/2\|uo\|Loo(R1) for ¢ > 0,

where ug is the initial data. In this paper, we improve (1.3) by replacing
the right hand side by the norm of bounded mean oscillation space BMO.

Theorem 1.1. There exists a function U = U(t,x) such that U(t) €
L>*(R"™) for all t > 0, UlRi equals to the solution of the Stokes equation

in R with initial data uo € BMO(R") and such that
(1.4) Z\ O;U(t,x) - ¢p(z)dx| < Ct™*[ug]smo || L1z

for all t > 0, where ¢ is in C§°(R"™) and C' is a constant independent of
¢ anduy.

The estimate (1.4) means that the first derivatives of solution of the
Stokes equation is well-defined in sense of distribution when uq is in BMO.

Before explaining our problem, we recall the known results for the half
space. First, Ukai [15] showed |[Vu(t)||re@n) < Ct~2||ug||po(gn) for
the case 1 < p < oo by estimating the representation of solutions in LP.
In the case p = 1 or p = 00, the estimates do not follow from Ukai’s
method because the solution involves singular integral operators such as
Riesz transforms which are not bounded in L! or L*°. Instead of L!, by
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using the formula in the Hardy space H! of Fefferman and Stein (1.4) for
p = 1 was established by Giga-Matsui-Shimizu [8]. Moreover, Shimizu
[13] showed (1.4) for p = oo by applying the modified version of Ukai’s
formula.

We have two motivations for the estimate (1.2). First, we want to
apply the estimate to the integral equation which is formally equivalent
to the Navier-Stokes equations

(1.5) u(t, z) = (e ug)(z) —/0 (eCDAPY - u(s) @ u(s))(x)ds,

where e~ %4 is a solution operator of the Stokes equation in the half space

and P is a projection associated with the Helmholtz decomposition in
the half space. P is constructed from some Riesz transforms which are
not bounded in L*°. However, Riesz transforms are bounded in BMO, so
(1.4) may be useful to solve the problem (1.5).

Second motivation comes from the duality arguement. In fact in [8],
we have proved (1.2) for p = 1 by more strong estimate

(1.6) IVu(t)|3 < Ct~Y3|ug|, for t > 0.

Since the dual space of H! is BMO, (1.4) can be regarded as the dual
estimate of (1.6) although (1.4) does not follow from (1.6) directly.

An idea of this paper is to apply the modified version of Ukai’s formula
for Vu obtained by Shimizu [13]. We can extend the formula in [13] in
such a way that the terms involving the square root of the tangential
Laplacian A := — """ | 8%/0x? have no singularities on {z,, = 0}. By the
duality arguement, it is sufficient to estimate the corresponding integral
kernels in H' and we have established to estimate the terms involving
A. There remain the terms without A which contain singularities on
{z, = 0}. In [13], we treated the corresponding integral kernels in L.
However, by deeper analysis, we are able to estimate these terms by
investigating their integral kernels in H?.

The proof of our theorem is divided in three sections. In section 2, we
refine the solution formula obtained by Ukai [15]. We can eliminate some
of these singularities in Ukai’s formula by extending solutions u to {z,, <
0} as the odd function, so that the terms involving A have no singularities
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on x,, = 0. In section 3, we define the Hardy space and the BMO-space in
R’ . We also recall the duality between H' and BMO. It shall be noted
that we do not use the definition of BMO directly in our proof. Finally,
in section 4 we prove our thorem. By duality arguement, it is sufficient to
estimate the corresponding integral kernels in the representation formula
in H!. The H!-estimates of the kernels involving A are obtainded by
Shimizu [13]. It remains to estimate the kernels without A. These kernels
have singularities on xz,, = 0. Moreover, the tangential parts of these
kernels consist of the boundary integral on R*~1. However, we can handle
these parts in H! by a careful investigation. These estimates then provide

H!-estimates for integral kernels which are needed in estimating the terms
in L>°.

§2 Solution formula

In this section, we recall a new solution formula of (1.1) by Shimizu
[13] and construct the functional in (1.2).

First, we fix some notation. For an n-dimensional vector a, we de-
note the tangential component (ai,...,a,_1) by ' € R" ! so that
a = (a,an). We set 9; = 0/0z; and let V' = (0y,---,0,-1). Here-
after, C' denotes a positive constant which may differ from one occasion
to another.

Let F be the Fourier transform in R":
Fi©) = [ @

The Riesz operators R; (j =1,...,n), and the operator A are defined
by

F(R;f)(€) = %ff(ﬁ),
FIANE) = €1 FF(€).

We set R' = (Ry,...,Rp-1).
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We also define the operator E(t), F(t), and H(t) by

[Ecfl(z) = . {Gi(z —y) = Ge(@" =y, zn +yn)} f(y)dy,
Ffl(e) = | (G =) + Gule’ =o'+ 1)} )y
[H.fl(x) = - Gi(z —y) f(y)dy,

where G, is the Gauss kernel Gy(z) = (4mt)~"/2e~1¢I’/4t Furthermore,
we define the operator E;, by

[E:f](x) for x,, > 0,
Bt ={ 0

[E fl(2', —x,) for z, <O0.
Note that z = E.f (resp. Fif) solves the heat equation in R” with
zero-Dirichlet (resp. zero-Neumann) boundary condition;

2z — Az =01in R} x (0,7,
th:() - fa
2|4, =0 = 0. (resp. Onz|s, =0 =0.)

Moreover note that the functions [EF;f](x) and [F;f](z) can be defined

for all x in R™.
Let f(x) be a function defined in R’}. Then we denote the odd (resp.

even) extension of f by f (resp. f), i.e.

= [ f(@) for x,, > 0,
flz) = { —f(z', —x,) for x, <0,
- [ f(x) for x,, > 0,
f@) = { fla',—x,) for xz, <O0.

Finally, we denote the characteristic function of {z,, > 0} (resp. {x, <
0}) by x+ (resp. x-), i.e.
1 for z, >0,

X+ (@) = { 0 forx, <0,
X—(zn) =1 = x4 (zn).
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Now we are ready to show the modified Ukai’s formula obtained by
Shimizu [13]. In this paper, we recall the formula for the space derivatives
of solutions.

Theorem 2.1. Assume that ug is in LP(R?}), 1 < p < oo and satisfies
divug = 0. Let

(2.1a)
U™t) = — A=A)"'V' - E(t)ul) — 0n(—A) "IV - BL ()]
+ (—A)TTA B (t)uy — O (=A) T AE(t)ug,
(2.1b)
U'(t) =E(t)up + AV E(t)uf
+ V(=) YV By (Hug} — 0u(=A) ATV B(t)ug}
— V(=A)HAE®) Ul + 0 (—A) 'V Ey (Hul.

Then U 1s a function defined in R™ and UlRi satisfies (1.1) in = R7.
Theorem 2.2. Let U be a function in Theorem 2.1. Then

(2.1a)
0;U" = — R,;R - AE(t)uj + R; R,V - E4 (t)uy
— R;R -V'E, (t)uy — R;j R, AE(t)ug,
(2.1b)
0;U" =0; E(t)uy + w;
+ R;R{V'-E,()uy} — RjR, ATV {V' - E(t)u)}
— R;R{AE(t)uy} + RjR,V'E(t)uy,
where
(2.1¢) o { A9,V E(t)ul for j <mn,
! AV - F(t)upy  for j =n.

Note that the terms containing A do not contain E (which has sin-
gularities at z,, = 0).
By duality arguement, we have the following theorem:
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Theorem 2.3. Let U be the function in Theorem 2.1 and let ¢ be in

C5° (R™).

Then

— f: /R { () - R RjA[H ") (x)

[Hi(x4+ V'R Rpé™)] (2
[Hi(x-V'RjRn¢")|(z
[Hy(x+ V' R/Rj¢n)
[Hi(x-V' R/Rj¢n)
+ul (z)AR; n[Htgb”](x)}dx

- [ b)) )

)
)
z)

( I(
( 169

+ /Rn ug(az) - V'O; A [H " (x)dw
+ _6( ) - V(V' - A7 Hg']) (z)da

-y /R [HAXA V(R R - )} ()

—up(x) - [H{x-V'(R;R - ¢)}](x)

+up(x) - V(R Ry ATV - [Hy| ()

+ug (z)AR; R - [H;¢'] ()

up (z)[Hi{x+ V' - (RjRn¢)}(x)
()

H{x-V'- (R;R\¢)}](a) | da.

_'_

[
i ()

n
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§3 Study of bouded mean oscillation spaces

In this section, we introduce two function space that appear in our
theorem and proof. First, we introduce the Hardy space H! that is a
subspace of L',

Definition 3.1. A function f € L!(R™) belongs to the Hardy space
H' = HY(R") if

(3. F*(a) = sup|Gux f(@)] € L' (R"),

where the symbol % denotes the convolution with respect to the space
variable z. The norm of f € H!(R") is defined by

(3.2) 1l = 1 o

Next, we define the space of ”Bounded Mean Oscillation” BMO.

Definition 3.2. A function g belongs to the space of bounded mean
oscillation BMO if g € L} (R") and

loc

1
(3.3) l9]BMO = sup —/ l9(x) — ggldr < oo,
Q: cube |Q‘ Q

where |Q)| means the lebesgue measure of ) and where gg means the
mean of g on () such that

(3.4) 0= /Q g()da.

Note that [-]pmo is semi-norm because [Clpymo = 0 for any constant
function C. So we usually consider the quotient space BMO /R.

The definition of BMO seems to be complicated to apply. We do not
use this definition but the duality characterization.

Proposition 3.3(Fefferman-Stein[6]. Assume that f € H! and g €
BMO. Then

(35) [ f@g(w)dz] < Cllfle lglmvo
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Corollary 3.4. Assume that f € H! and g € BMO. Then the convolu-
tion function f * g is in L™ and

(3.6) 1S * gl < Cll 7 [9lBMmO-

Proof. By the definition of convolution,
frg(z)= . flz—y)g(y)dy.
Let f.(y) = f(x —y). Then

Gs* fz(y) = Gs(y — 2) fe(2)dz

R’I’L

= | Gs(y—2)f(z - 2)dz

R’I’L

= Gs(r+y—w)f(w)dw
RTL

=G f(z +y).

So we have £ (y) = £+ (2 +y) and | fulls = ||fllpr. Applying Proposi
tion 3.3, we obtain (3.6). [

We note that the Riesz operators R; are bounded in H' and BMO,
i.e.

IR fllnr < Crll flloer,
[Rjg]BMmo < Calg]lBMO.

Remark. We remark the BMO space in the half space. Assume that g
is a function defined in the half space. A function g belongs to BMO if
there exists an extension function over the whole space which is equal to
g in the half space and belongs to BMO. The norm of g is defined as

inf [G]BMO.

BM R™ =
[g] O( +) G:extension
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§4 Proof of theorem

Now we are ready to prove our theorem. By Proposition 3.3, it is
sufficient to show that the integral kernels in Theorem 2.3 are in H!.

First we estimate the kernels without x4+. Note that the estimates of
Gauss kernel in Hardy space has been obtained by Giga-Matsui-Shimizu
[3].

Lemma 4.1. Let G; be the Gauss kernel. Then

(4.1a) 10;Gy|lrr < Ct™Y2 for 1 <i <n,
(4.1b) [AGy||30 < Ct™1/2,
(4.1c) 10;0e A" Gll3r < Ct7V2 for 1 <jk<n—1.

By Lemma 4.1 and Corollary 3.4, we have

(4.2a) 10; Hepllrr < |9l 1) 105 Gl 21
< Ct72 8]l pr ey,

(4.2b) 10;06 A E(t)¢]l2 < Ct™V2(|]| 11 (),

(4.2¢) 10;06 A" F)@ll2r < Ct 2@ 11 ).

By the boundedness of the Riesz operators in the Hardy space, we have

(4.3) HRij;AHtUOHLoo < H¢HL1(R”)HRJ'RI<:AG75HH1
< O ol L1 mn) | AG || 41
< Ct—1/2\|¢|\L1(Rn)-

Next, we estimate the terms containing x4+, i.e. [H¢(x+0;R;Ri®)](x),
where 1 <i<n-—1and 1 < j,k <n. We may assume j # n, because
if 7 = k = n, then we can reduce to 5 # n by using the property of the

Riesz kernels, i.e.
n
2 _
g R, =—1.
a=1
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Since R; Ry, equals to 9;0x(—A)~! and the integral kernel of (—A)~! is
|| 712, we have
(4.4)
[Ht(x+0iR; Ry 9)] ()
= — 51<;n/ ¢(Z)/ I 07_2 — (0;0;G) (2" — v, xn)dy'dz
n Rn—1

2/ -, Zﬂ)'n 2

- / ¢(z)/R %(3 0;0kG1)(x — y)dydz

vz

= — O, d(2) 11 4 (x, 2)dz — ¢(2)12,4(z, 2)dz
R R

where d,, is Kronecker’s delta.

The term I, is essentially same as the recent case, so we can estimate
the second term such as Lemma 4.1.

Now we show the estimate of the first term.

Lemma 4.2. Assume that a real parameter o and (3 satisfies 0 < a < n
and 3 > 0. Then there exists a constant C' = C,, o 3 independent of
x € R™ and t > 0 such that

(4.5) I (2, 2)| < Ctl@FTB=n=D/21" _ /=g, | 7P
Proof. By the parameter arguement, it suffices to show (4.5) for ¢t = 1.

Let 11 be a smooth function with suppy; C B(0,1), 0 < 1 <1 and
¢1|B(0,1/2) = 1. Let @bg be @bg =1- @bl. Then we have

(4.6)

/
Z/ Cwl — Zi) (ayiaijl)(x/ - y/a wn)dy'
Rn— 1

(2 — o, Z)I”2

= J1 + J2.
First we estimate the term J;. We have
(4.7)
| J1]

C 11 e
S/K y<1 12—y 2) 72 <§+ Z|$'—y’|2)e o=y fa =k /gy
2=y zn)|< . Zn
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Since |z — /| < |(z' — ¢/, zn)| < 1, we have |2/ —¢/| < |2’ — 2| + 1 and
|z’ — |2 > (|2’ — 2'|* — 2)/2. Therefore we have

(4.8) |J1]
C 1 1
S {_+_(|x/_zll2+1)}
/I(z’—y’,zn)|§1 (2 =y, zn)|"2 L2 4
e—lw/_zl|2/8+1/4e—xi/4dy/

<Cla’ — 2'["*|an|™"

for « > 0 and 8 > 0.
Now we show the estimate of the term J5. Integrating partially, we
have

(4.9) Jo

=C 8wiawj ¢2(Z, — ' + wla Zn)'(zl — ' + w,7 Zﬂ)|_n+2
Rn—1

G1(w', xy,)dw'

+C {8wi¢2 (2" =2’ + zn) O, (2" — 2" 4+, Zn)|_n+2
Rn—1

+0uw, 2 (2" — &' + W', 2,) O, | (2 — 2" + 00, zn)|_”+2}
G1(w', ) dw'

+C Yo (2" — 2’ + ', zn){f)wi(‘)wj (2" — 2" + ', zn)|_n+2}
]Rn—l

G1(w', zp)dw'
=Ja1 + Jag + Jo3.

Since the support of V5 is compact, We can obtain the estimate of Jo;
and Jos by the same method on J;. So we have

(4.10) o] < Cla’ = 2| 7|an|*

for | = 1,2, « > 0 and § > 0. Finally, we estimate the term Jy3. We
have

(4.11) |Jog| < C (2" — 2’ + W', 2,)| "Gy (W', ) dw'.
[(z/—a'+w’,zpn)|>1/2
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Since |2/ —2/|* < C(|2' — 2" —w'|*+|w'|*) < CO(|(2' —2" +w’, zp,)|* +|w'|¥)
for a > 0, we have

(4.12) | J23]
<o~ | I = 4l 2
|[(z/—a'+w’,zn)|>1/2
+ (2" — 2"+ 2) | MW |G (W xy ) dw’
< Clz' — z'|_o‘/ (1+|w'|*)G1(w', zp)dw
[(z/—a'+w’,zn)|>1/2

< C|JJ/ . le—oze—|a:n|2/4
< Ola’ — 2|~

for 0 <a<nand g >0.
Combining the estimate Js1, Jo2, Jog, and Ji, we finally obtain

(4.13) 11| < Cla’ — 2|7 2n| ™
for0<a<nand >0 01
Finally we show the key lemma for the main theorem.

Lemma 4.3. There exists a constant C' depending only on n such that

(4.14) 111.4(-, )|]3¢ < CtV/2,

Proof. By Lemma 4.2, we have
(4.15)
|Gs * I14(%, 2)| =[I1,544(, 2)]
SC(s + ) P21 — 217, |70
SCHOHIT=D 21! — 7, | 7P,

where a and (8 satisfies the assumption in Lemma 4.2. Therefore we
obtain

(4.16) [[1,( 2) [l

4
<Y Ot [ =

k=1 Qp
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where

Ql _ {‘x/ . le < t1/2’ |33n| < t1/2}7

Qy = {|z = 2| > 12, |wn| < /%),

Oy = {|2’ — 2| < t'/2, |z, | > t1/2),

Qp = {|z’ — 2| > t'/2, |z, | > t1/?}.
We estimate the integrals on the right-hand side of (4.16), taking a« = 0
and 8 =0fork=1,a=nand g =0for k=2, a=0and g =n for
k=3,and a =n—1/2 and = 3/2 for k = 4, to find that the integrals

of (4.16) are all bounded above by a constant multiple of t~1/2. This
proves (4.14). O

By Lemma 4.4 and Corollary 3.4, we obtain
(4.17) I[H:(x+0: R Rid) 200 < Ct™2|| @] 1 ),
Combining the estimates in (4.2), (4.3), and (4.17), we finally obtain the
desired estimate

| | iUt a) - ()] < Ct 2 huolmroll ol 1 e
j=1“R"
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