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Abstract

New symmetries of the Painlevé differential equations, called folding transforma-
tions, are determined. These transformations are not birational but algebraic transfor-
mations of degree 2, 3, or 4. These are associated with quotients of the spaces of initial
conditions of each Painlevé equation. We make the complete list of such transforma-
tions up to birational symmetries. We also discuss correspondences of special solutions

of Painlevé equations.

1 Introduction

The Painlevé equations, except for the first one, admit classical solutions or algebraic so-
lutions when parameters contained in the equations take special values. For example, the

second Painlevé equation P:

d?q 3
has an algebraic solution
q=0, (1.2)
when a = 0; and when a = —1/2, a solution of the Riccati equation:
dg .t
a - 1Ty



solves Pj1. On the other hand, Py has the Backlund transformations generated by

moqgr =g,
a—i—%

s10 4 g+
@ Tt

see the section nine below. It follows that Py admits a classical solution if a+% is an integer,
while it has a rational solution if a is an integer; see [11].

Besides the Backlund transformations, Py with the special value, a = 0, can be converted

to that with a = —%. In fact, considering the equation
d?q
put
2dq
=—-—. 1.4

Then we can show that @@ = Q(t) satisfies the differential equation:

2Q 1

— = =Q° =2t 2 1.5

which is reduced again to Py by means of a suitable change of scales. This fact was already
pointed out by Gambier [2] and has been noticed in recent investigations; see [5, 13, 15].
We firstly make a study of the transformation: ¢ — @, given by (1.4). It is obvious that

the equation (1.3) remains invariant under the exchange,
T:q— —q, (1.6)
of a sign of the variable. We are interested in a differential equation satisfied by the variable
T =q, (1.7)

invariant under the action of w. We obtain in fact

Pz 1 (dz)?
- <i) + 4a? + 2ta. (1.8)

Az 2z \ dt

Since the general solution of (1.3) is meromorphic on the whole complex plane C, so is the
general solution of (1.8). Thus the equation (1.8) should be reduced to one of the Painlevé

equations through a certain transformation. We can show that such transformation is given

as follows:
1dx
Q - ;Eu
_1d@Q Q* t
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and then we obtain (1.5). Remark that transformation (1.4) is not canonical one, since it
relays (1.3) to (1.5) via (1.7); particular solution (1.2) is nothing but the fixed point of 7.
We can regard transformation (1.4) through (1.7) as folding Painlevé equation (1.3) along
special solution (1.2); by folding the equation up, we obtain again Painlevé equation (1.5).
The transformation considered above is an example of the folding transformations of the
Painlevé equations; the definition is given below in the second section. Note that (1.3) has

rational solution (1.2) and (1.5) admits a particular solution defined by

d@ 1,

— = — 2t. 1.9
= @t (1.9)
Therefore we see that folding transformation (1.4) combines the equation having rational

solution (1.2) to that having Riccati solution (1.9).

In the present article, we deal with the Painlevé systems, that is, the Hamiltonian systems
associated with the Painlevé equations. The transformation considered in what follows is
that between the canonical variables of the system. It is well-known that birational canonical
transformations of each of the Painlevé systems are placed under control of the affine Weyl
group; see [8, 11]. A folding transformation of the system is neither birational nor canonical,
but is contact one; this keeps algebraically Hamiltonian systems invariant.

The aim of this paper is to determine the whole list of folding transformations of the
Painlevé systems by means of a viewpoint of algebraic geometry. Recall that, to each of
the Painlevé systems, we associate the pair of a rational surface and a divisor, as the space
of initial conditions. Such a space has been investigated by the second author ([10]), and
the third author has classified space of initial conditions, starting from a pair of a rational
surface and a divisor satisfying some suitable conditions ([14]). The space obtained in [14] are
corresponding not only to the Painlevé systems but also to the difference Painlevé systems,
g-difference Painlevé systems, and elliptic Painlevé systems.

Among them, we take interest in the case of Painlevé differential equations. From the
viewpoint of algebraic geometry, we see that there are eight types of the Painlevé equations.
Precisely, we can classify space of initial conditions of second order differential equations
in eight types, which can be represented by the use of the Dynkin diagrams. The sixth
Painlevé equation can be represented by the extended Dynkin diagram Dil), the fifth one
by Dél), the fourth one by Eél), the second one by ES), and the first one by Eél). The
third Painlevé equation consists of three types, Dél), Dgl), and Dél). In this paper we adopt
this classification of the Painlevé equations. The degeneration of the eight equations are as

follows:
D§1) - Dél) Dél) . D&l) . DS)

H
N\ N\
EV - EO _ gW
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For the third Painlevé equation:

¢ 1 (@)2 1dq

1, . d
cd_ - B b ¢
arr g \dt pqr Fyler FhHer o,

we give in the following table the correspondence between the Dynkin diagrams and the
three types of the equation:

DV cd # 0
Dgl) c=0,d#0 or ¢#0,d=0
D c=d=0

In the present paper, we distinguish these equations and write as follows:

(1) (1) (1)
DY D! D
Py, Py By
By means of a suitable change of scales, the number of parameters contained in these equa-
tions are respectively
2, 1, 0.

. . p{V .
Researches on Pyip precedent to ours have been concerned mainly with Pj;° , the generic case

of the third Painlevé equation; see [11]. From the viewpoint of algebraic geometry and of
Hamiltonian structure, it is necessary and quite natural to study these three cases separately.
These three equations will be investigated in the forthcoming paper [9].

Besides the case of Py, several examples of folding transformations have been known;
for example a transformation between Py and Pl?lél) has been given already by P. Painlevé
([12]). This transformation is a particular case of that given below in the section four.
We cite the recent result [5] by A. V. Kitaev; he has studied quadratic transformations of
a 2 x 2-Schlesinger system, whose monodromy preserving deformation is governed by the
sixth Painlevé equation. In [15] the third Painlevé equation has been considered. Moreover,
Ramani et al. have studied such transformations for difference Painlevé equations and g-

difference Painlevé equations as well as for the Painlevé equations; see [13].

Birational transformation for the Painlevé systems can be reduced to contiguity relations
for classical functions such as the Gaufl hypergeometric functions, when we consider classical
solutions of the Painlevé systems. On the other hand, in addition to contiguity relations,
the Gaufl hypergeometric function F'(a,b, ¢; x) admits quadratic transformations, called the

Goursat transformations; for example,

a+b+1 abat+b+1
(CI,, b, 2 7x) (27 27 2 Y x( x))



The folding transformations for the Painlevé systems can be regarded as generalization of the
Goursat transformations. We have stated above some results on quadratic transformations
of the second Painlevé system. We consider now the fourth Painlevé system associated to

the fourth Painlevé equation:
g _ 1 (dg 2+33+4t2+2(t2 Jg+ (1.10)
—=—| = = —a - .
Az~ 2¢ \dt pd T R

which has a cubic transformation when, for example,
a=0, b=—=. (1.11)

Equation (1.10) is equivalent to the Hamiltonian system:

% _ 36_;[7 % _ _aa_j (1.12)
with
H = (p—q—2t)pq — 2a1p — 20sq. (1.13)
If oy = ay = 1/3, which is equivalent to (1.11), then (1.12) is invariant under the transfor-
mation

mTiq— —p, p+— —p+q+2t (1.14)
Note that the order of 7 is three and the fixed point of 7 is the rational solution of (1.12):

2 2

— 2 p=Z4
1=73" P73

By considering the variable

8
v=(p—q—2)pg— 5=t (1.15)

invariant under (1.14), we obtain the differential equation:

A2\ 2 dz)? dz\?
— 12 —t— — | =0. 1.1
(dt2) i <:1: tdt) +6(dt) 0 (1.16)

On the other hand, Hamiltonian (1.13) satisfies the equation:

d2H\? dH\? dH [/dH dH
—4(H-—t=— o (=X 44 4oy ) =0: 1.1
(dtQ) ( dt) LT (dt * O”) (dt 0‘2> 0 (1.17)

see [11]. By putting

X =—(=3)iz, s=(-3)it, (1.18)

we deduce from (1.16) the equation:

d2x )\ 2 dx 2 dx\?
— ) 4 x—s== 2( =2} =
(Gr) 1(x %) (&) =°



that is equation (1.17) with ay = ay = 0. Since, for a solution H of (1.17), a pair of functions

(¢,p) given by .
Tl 42 (H -4

g = 92
2(@ —daa) (1.19)
=2 (o)
2 (% —4aq)

solves Hamiltonian system (1.12), then we obtain the folding transformation of the fourth
Painlevé system, by combining (1.15), (1.18), and (1.19). The transformation converts the

case of a; = ay = 1/3 to that of oy = ap = 0; see the section eight.

In the next section, we will give the definition of folding transformations and make the
whole list of the transformations. In the rest of this paper, we investigate each of the Painlevé
systems. Section 3 is devoted to the sixth Painlevé system and Section 4 to the fifth one.
The third Painlevé systems Pl?lél), PI?IS), and Pl?lél) are studied respectively in Section 5, 6,
and 7. Section 8 concerns the fourth Painlevé system and we sum up in Section 9 results
on the second one. The correspondence between the system admitting an algebraic solution

and that having a classical solution is a subject of Section 11.

2 Folding transformations of the Painlevé equations

The birational symmetry of each Painlevé equation is completely determined by that of
the space of initial conditions. The space of initial conditions is a fiber of a fiber bundle

P = (E, p, B) equipped with a foliation F in P, satisfying the following properties ([10]):
a) Each leaf of F intersects with each fiber transversally;

b) Each path v on B can be lifted to a leaf 7, that runs through a given point p €
~1
p (1(0));

c) ply, 1 vp — B is surjective and 1, is a covering space of B by p.

Here F is associated with the Painlevé equation and B = P\ {the fixed singular points}.
The compactification of the space of initial conditions is a rational surface X with a
unique anti-canonical divisor D = Y m;D; of canonical type; we call X a generalized Halphen
surface ([14]). For each Painlevé equation, irreducible components of anti-canonical divisor
D have an intersection form of type Dl(l), l=4,...,8 or E,gl), k=6,7,8.
On the other hand, affine Weyl group symmetries for each Painlevé equation is also well

known ([11]). These symmetries are birational and are described by the use of the group of



Cremona isometries of X. An automorphism ¢ of Pic(X) is called a Cremona isometry if

the following properties are satisfied:

(Crl) o preserves the intersection form in Pic(X),

(Cr2) o fixes the canonical class of X,

(Cr3) o leaves the semi-group of effective classes Pic™(X) invariant.

Note that X is parameterized by the parameters of the equation and by the independent

variable ¢t of the equation. We denote the group of Cremona isometries as Cr, which is

determined as follows ([14]):

Table 1. R, Cr, and the Painlevé equations

R D" D) DS oy | plV | EV e | EY

rR-| DY ALY (24,)®) ALY - AV ALY -
RIS Do B

Py Pyr Py Py Py Prr Pry P P

Cr [ WD) | WA [ W(@a)O)a | WAl | & | Wl [ Wl | 1

Here R is a type of surface X (the intersection form), and P; represents the J-th differential
equation of Painlevé. The symbol /I/IV/(RL) denotes the extended affine Weyl group of type
R+ which is the group extension of affine Weyl group W (R*) by the group of Dynkin
automorphisms, ie. W(RY) = Aut(RY) x W(RLY).
Gs={g € G| g(S) =S} and denoted by A the set of classes of nodal curves disjoint from

the irreducible components of | — Kx|. In generic case, we have A = ¢ and G, = G. If

We have used above the notation

A # ¢ then there exists a Riccati type solution. Note that (24,)®) represents the following

intersection forms:

2 =20 2 0 0
(2141)(1) = Aﬁ” +A -1 =2 2 0 | ~A+ Aﬁ” =1 0 2 =2 [|;
0 0 2 0 -2 2

we denote by W ((24;)1) the extended Weyl group isomorphic to the automorphism group
of the root lattice characterized by this intersection form.

For each type of R, we can construct the action of Cr on a family of surfaces, parame-
terized by the parameters and the independent variable ¢ of the equation; this action is a
birational symmetry of the equation.

For a special value of parameters, a Cremona isometry yields an automorphism of a space
of initial conditions. Each automorphism appears on a fixed point of the parameter space

) . Here

with respect to the Cremona actions coming from G = Cr/Cr(D) C Cr except for D!
Cr(D) is the normal subgroup of Cr which leaves each irreducible component D; invariant.

In the case R = Dgl), G is not realized in Cr, and there exists no such automorphism.

7



We have to consider only the subgroup G; of G, which leave the independent variable
t invariant. In fact, we can prove that each surface has automorphisms only from such

constructions:

Theorem 2.1 Let X be a generalized Halphen surface with dim| — x| = 0 of type Dl(l),

l=4,...,8, and E,gl), k =6,7,8. Then the group of automorphisms of X is a subgroup of
Gy.

Before prove the theorem, we give the list of Gy:

Table 2. R+, G, and G,

DD DD D
Py Py Py’ P | Pl Py | Pu |
R DY AP [ 2ap® [ Al | - [AD Al -

G Sy Dy Dy Ds Cy G; | Oy |1
Gt 02 X 02 04 02 X 02 04 02 05 02 1

Here R* denotes the type of symmetries; s, is the dihedral group of order 2n, &, is the

symmetric group of order n!, and C,, is the cyclic group of order n.

Proof of Theorem 2.1. Let ¢ be an automorphism of X, then o induces a Cremona
isometry. Thus we obtain a homomorphism ¢ : Aut(X) — Cr. The kernel of ¢ is 1. In
fact, X has a blowing-down to P? and if o belongs to the kernel then o leaves this blowing-
down structure invariant. Here o induces an automorphism of P?; on the other hand, an
automorphism which fixes the center of blowing-up in P? is only the identity; see [14]. Now
we can conclude that Aut(X) is included in Cr.

We show next that o € Cr(D) coming from an automorphism of X is only the identity.
Let X be not a D{MV-surface. A D{"-surface and a E{"-surface have 1 as Cr(D). Aside from
these, the group Cr(D) is described as W (R*),. The parameter space neglecting ¢ (¢ is the
independent variable of Pj) is identified with H := b, /CK, where ; = {h € hc|(,h) = 1}
and K is the canonical central element. The intersection with the fundamental chamber
C = {h € bhc|{ay, h) < 0 for a; : simple root} is a fundamental domain for the action of
W (R*) on H. The theory of affine Weyl groups shows us that, for h € C N H, W(RY), =
{w € W(RY)|w(h) = h} is generated by the simple reflections; see [4]. Therefore, for our
purpose we have only to check that a simple reflection which fixes parameterization is the
identity.

If a simple reflection s; fixes the parameterization then the corresponding parameter «;
equals to 0. But in this case s; works as the identity.

For a Dgl)—surface, the subgroup of Cr which fixes the parameter t is expressed as trans-

lations on the other parameter. So a Dgl)—surface has no other automorphism except the

8



identity. O

Now we consider the quotient of the space of initial conditions with respect to such an
automorphism. After resolution of singularities, the quotient space may be again a space of
initial conditions of a certain Painlevé equation. We will show that it occurs certainly and
have a new class of symmetries of the Painlevé equations.

The rational function field of the quotient space coincides with that of the invariants with

respect to subgroup S of automorphisms:
L=F(q,p), L°=F(PQ),

where F'is the coefficient field attached with the parameters and the independent variable ¢

of the Painlevé equation considered; (¢, p) and (@, P) are the dependent variables.

Definition 2.2 An algebraic transformation of the Painlevé systems is called a folding trans-

formation, if it gives rise to a non-trivial quotient map of the space of initial conditions.

We denote by zbgni 5 the folding transformation from P; to Px with degree n. An explicit

form of each transformation will be given in the following sections.

Theorem 2.3 The whole list of folding transformations of the Painlevé equations, up to

birational transformations, is given as follows (see Figure 1):

(2] 4] W (2] 4] W (2]
VI VD v—111(D{M)’ v m(p{M)—v’
(2] 4] (2] (3] (2]
¢HI(D(§1)—>D§1))’ wIH(Dél))’ ¢IH(D§1)_>D§1))’ o I
[4] [4] (4] 2]
\%i v %(Dgln zZJIII(D((;MD;“)
) (e A R
1
V—III(Dg ) Dél) Dgl) Dél)
PVI PV PHI PHI PHI
¢[2] 2]
U (g —v L ¢III(Dé1)—>Dél)) )
[2]
Vi
Pry P Py
iy T

Figure 1: Folding transformations



Remark 2.4 In the case when a group is of the form: S = S; x S5, we can consider quotients
of surfaces twice successively. Then we can describe a folding transformation in the form of

composition of transformations. Here is the table of all the possible cases:

W o= o309y 0030 Yy : (2.1)
e0=0,e1=2¢ €Q=€1=¢€
4 _ 2] 2]
v o wIII(Dél))—N o ° wV—JII(Dél)) =1/4 (22)
(4] _ (2] (2]
¢HI(Dé1)) o wV—»IH(D(l)) o © ¢HI(D(1))—>V =1/2
_ (2] (2]
o wHI(D wIH(D -y’ (2:3)

where €, €y, and €; denote parameters of the Painlevé equations.

3 The sixth Painlevé equation: Py

The Hamiltonian considered in what follows is of the form:

tt—1)Hy = qlg—1)(q—t)p* —{aulg—1)(q—t) + asq(q — t) + (a0 — L)a(g — 1)}p
+as(ag + az)(q —t). (3.1)

The equation for y = q is the sixth Painlevé equation Pyp:

d2y 1/1 1 1 dy\? /1 1 1\ dy
= ottt —)\g) Gttt )
dt? 2\y y—1 y-— dt t t—1 y—t/) dt

yly—1)(y —1) t t—1 tit—1)
b— d
U G Ry (ra A s o
where ) ) ) )
(631 Qg Qa3 Qo —
a 2 b b 2 ) c 2 b d 2 b (3 )

and ag + a + 2a9 + a3z + a4 = 1. The symmetry of the equation is described as follows:

Cr=W(DV) =G x w(DP),
W(Dfll)) = (S0, S1, S2, S3, 54,

G= Aut(Dfll)) =64 = (01,09, 03),
Gy = Cy x Cy = (1, m3).
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The list of birational transformations are given by the following table:

x (o'} (671 (&%) a3 Oly q p t
so(x) | —ao Qq axtog | o3 Oy q P— 35 t
s1(x) Qo - | g+ oy a3 oy q p t
s2(x) ot oz |+ | — |aztas|aston|gt+ p t
s3(z) | ap o | taz| —as v q p— t
s4(x) Qo o Qg + oy Qs —Quy q D % t
mz) || a3 v n g % . —daptes) ¢
7o) o g o o s (ézq—_ 1t))t - p(q_tz(toﬁ (g—t) ¢
o1(z) o o 9 oy o3 1—gq —p 1—t
o2 () Qg Qy Q Qg Qg % —q(qp + 2) 3
o3(x) Qy ay Qe Qs %) =1 —(t—=1)p =

(3.3)

Here m; = 09010301 and my = 01090305.

3.1. The fixed value with respect to the action of S; = (m) C G, is
g = (g = €p, (1 = Oy = €7.
We have the folding transformation ¢ = w% given by

F =C(e, €1,t), L=F(q,p),

f:((:(eo,el,\/i_f), Zzﬁ(%l))a

L' = F(Q, P),
Yi(g,pt,H)— (Q, P s, K),

_ 1 1/q Vvt
Q_2+4(\/¥+q)’

q 1
P:4\/¥ﬁ (qu_ (604‘61—5))7

where

H = HVI(OZO,041,042,043,044;15%6]7]))7 Qg = Q3 = €p, 01 = Qg = €7,

K = Hvyi(ag, an, g, 03,058, Q, P), g = 260, 01 = 2€1, 03 = g = 0.

We can verify by straightforward computation that ¢ is exactly the transformation of Pyy;

we do not enter into details of computation.
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Remark 3.1 The transformation v is not canonical but a contact transformation; we have
in fact
dPANdQ —dK ANds=2(dp Adg —dH Adt).

Remark 3.2 Y. 1. Manin [6] considered the same transformation in different formalization.
Through the change of dependent and independent variables, Py is rewritten in the following

form:

d?z 1 i T;
A (2ry/o1) 2 9 <Z i 7’7) ’ 34
=0

with (Tp,...,T3) = (0,1,7,1 + 7) and (ag,as,as,a3) = (a;%/2,a4%/2, a3?/2, ?/2). Here
© = p(z,7) is the Weierstrass elliptic p-function with the primitive periods 2 and 27; and
©.(z,7) denotes the partial derivative of p-function with respect to z.

Consider the case when ay = a; = €,%2/2 and ay = a3 = €%/2. By applying the Landen

transform:

(+5) =t o (-7
pz 272 _pz ZvT @z z 277— I

we see that equation (3.4) is rewritten as

d?z € T € 1 1+7
e s = Hoenro (43S {o (4 hr) v (4 570}
2 2

_ A <21)+6_o LTy,
T Pe\my) T b 2'2 )’

thus we have

d?z 1 9 T 9 17
d(7/2? ~ (2ry/-1)? {261@2 <Z’ 5) 2609 (Z Ty 5) } ‘

This gives a transformation of solutions of (3.4). That is, if z(7) is any solution of (3.4) with

(v, a1, g, ) = (€, €1, €1, €9) then z(27) solves (3.4) with (v, a1, as, ay) = (0, 2€;, 0, 2¢).
The explicit formula of Manin’s transformation can be written in terms of the folding
transformation and birational transformations as o3 owg% ooy, that is nothing but the folding

transformation arising from the quotient with respect to the action of (m o my).
3.2.  The fixed value with respect to the action of Sy = (m, M) = Gy is

g — ¥y = (g = Oy = €.

12



The folding transformation ¢ = 1[)5% is described as follows:

F =Cl(et), L=F(qp),

L* = F(Q. P),
/l/) : (q7p7t7 H) = (Q?P787K)7
0= (¢® —t)?

4q(¢ = 1)(g—1t)’
4q(q —1)(q — 1)
(> —t)(q® — 2q +1)(¢*> — 2qt + 1)

«{data = Dla =00~ (e = Plata =V +ala =0+ (0= o= 1) |

P =

2¢(¢ = 1)p — (2¢ — 3)(2¢ — 1)
g% —2qt +1

s(s—1)K =4t(t —1)H — 2t(t — 1)

1 3
+(2¢€ — 5)(26 — 5)(215 — 1),

where

H = HVI(OéO,Oé17042,Oé3>Oé4§t; q,p), Qg = (1] = (3 = (yq = €,

K = Hyi(ag, on, a0, 03,0458, Q, P), g =03 =04 =0,0q = 4e.

We have
dPAdQ —dK Ads=4(dp Adg —dH Adt).

3.3. By using the above folding transformations, we can construct another symmetry of Py,
not birational nor folding transformations. We show some examples of these transformations.
In what follows, we consider Py with oy; =0 (i # 2) and ap = 1/2.

(i) We can iterate the folding transformation ¢ = w% The transformation ™ (n =1,2,...)
gives a transformation of the solutions of Py;. Note that 1" is an algebraic transformation
of degree 2.

(i) Let 7\ = ()" om o™ (n =1,2,...). Then "™ also is a transformation of Py;. For

n = 1, the explicit form of this transformation is given as follows:
" (q.p.t H) = (Q, P,s, K),
t t
<q+—+2¢i) (Q+_+m) — V(L4 VR,

Q
4 o) 825 o 3)
s =1,

where H = Hyi(t; q,p) and K = Hyi(s; Q, P). Note that
AP A dQ — dK Ads = dp A dg — dH A dt.

13



4 The fifth Painlevé equation: Py
Counsider the Hamiltonian:
tHy =p(p+t)q(q— 1) + aoqt — azpqg — arp(q — 1). (4.1)

By putting y = 1 — 1/¢, we have the fifth Painlevé equation Py:

de:(l Lt )(%)z_ld_er(y_l)Q (ay+§)+c%+dw, (4.2)

dr?

2y y—1) \dt t dt 2 y—1
where 9 9 1
a:%, bz_%? €= g — Qg d:_i’ (43)

and ap + a3 + s + ag = 1. The symmetry of the equation is

Cr=w(AM) =G x wAl),

W(Aé”) = (S0, S1, S2, S3),

G = Aut(D) = Aut(A) = Dy = (0, ),
Gy = Cy = (m).

The birational transformations are given as follows:

x Qg a Qo Qs q p t
so(x) || —ap | oq+ g Qg az+ao | g+ 7 p t
si(@) |ao+ar | —ar |ax+ag Qg q p—F |t
So() Qg oy —oay jagtaz| g+ F p t (4.4)
s3(x) || o + a3 Qaq Qo + (3 —Q3 q p— an31 t
m(z) || o s o g —% Jtg-1 | ¢
o(x) oo o3 o9 o 1—gq —p —t

4.1. The fixed value with respect to the action of S} = (7?) C Gy is

] = (3 = €, &0:&225—6.
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The folding transformation v = 1/)5} (o)
- 6

F =Cl(et), L=F(qp),

L% = F(Q, P),
V:(gp,t, H)— (Q, P s, K),

Q:42p—|—t

(29— 1)
P =4q(1 - q),

is given as follows:

sK =tH + (e—2q)t’

where

1
H = Hy(o, a1, 0, a33t;¢,p), 01 =03 =¢€,00= g = 576

)
K = HI?IG (Oé07051760761; S, Q7 P)u = 267 Qp = 1-— 26761 - 0760 =1
We have
dPAdQ —dK Ads=2(dp Adg —dH Adt).
4.2. The fixed value with respect to the action of Sy = (7) = G; is

1

Oé():Oél:OégzOé:gzz.

The folding transformation ¢ = 1/)5} is given as follows:

F=C(t), L=F(q,p),
L> = F(Q, P),
v (¢,p,t,H)— (Q, P, s, K),
Q:1+%3@+m@+r%w
2 t(2g—D(2p+1t)
B t(2¢ —1)*(2p +t)°
P_2¢jR%H¢P+ﬂ@q—DT
s = —2v/—1t,

2
oK —4(tm+ @ _P_ 1T
2 4 4 16

where
1
H = Hy(og, a1, 00, 03;t5¢,p), p=0a1 =0 =3 = 1
K = Hy(ag, a1, 00, 03;5,Q, P), ag=1,01 = =03 =0.
We have

AP AdQ — dK Ads =4 (dp Adg — dH A dt).

15



(1)
5 The third Painlevé equation: PIII)f

The Hamiltonian is

@y 1 (dyy’
dr2  y \dr

a=4(ar — B),

The symmetry of the equation is

with
b=—4(oy + /1 — 1),

Cr = W((241)") = G x W((241)Y),

W((241)V) = (so, 51, 50, 51),

G = Aut(D) = Aut((24,)D) = Dg = (my, ™2, 01),
Gy = Cy x Cy = (71, ™).

The birational transformations are given as follows:

(5.1)

(5.2)

(5.3)

Here g =1—ay, fo=1— 0, fi=0ig+ (p—1)¢* +t, and fo = a1q + pg* + 1.

5.1. The fixed value with respect to the action of Sy = (m) C Gy is

ap =y = 5,

2

ﬁ1:€>

16

ﬁ(]:l—E.

x o 3} Bo B q P t
so(x) —ap a1 + 2ag Bo I3} q+ (P‘U'*‘%—&-q% _ ao(2q(p—1)f-fa1+51—1) _ %21‘ t
si(@) | a0 +20 | —o Bo A q+ 5 p t
so(@) Qo ai —Bo | B1+260| q+ @ﬁ p— W — %; t
s (z) ap aq Bo + 261 —B1 q+ pﬁ_ll D 13
n@ | o ao Bo By L Tap—1)+8) +1 t
mo() ag a e Bo ; —%(qp +a) t
o1(z) Bo B g o —q 1-p —t
o) | & Bo a o q prath-l, ¢ .

! e




The folding transformation ¢ = wl[i(D“)) v is given as follows:
s )™

F'=C(e,t), L=F(qp),
F=C(e,vt), L=F(qp),
L% = F(Q,P),

¥ (g,pt, H) = (Q, P, s, K),
)

4 \vt ¢
2(p — 1
P = _4y-1 w’
a Vi
Vi g
5= —8vV—t,
sK =4tH —2q(p— 1) + (2v—t — 6)2,
where
PO 1
H = HIHG (%;Oébﬁo,ﬁl;t; q,p), ap = Qg = §,ﬁ1 =6[=1—¢,
K = Hy(ap, 01,00, 03;5,Q,P), a1=a3=0,0p=1—¢€,00 =€
We have

AP AdQ — dK Ads =2(dp Adg— dH A dt).

5.2. The fixed value with respect to the action of Sy = (m o M) C G is

0412040:51:50:

{

1

2

The folding transformation ¢ = 1/)51(1)(1) L is given by
6 s

F=C(), L=F(qDp),

L% = F(Q, P),
v:(g,p,t,H)— (Q,P,s,K),
2
_4
27
wm—1
= P _|_—3’
q q
t2
§=—,
4
1
sK:tH+(2qp—q—p+2—)t,
q

17



where
DY 1
H=Hpy (o, a1, Bo, Biit;q,p), a1 =g =P =Py = b%
D
K =H;} (5:Q,P).
We have
dPAdQ —dK Ads=2(dp Adg —dH Adt).
5.3. The fixed value with respect to the action of Sy = (m1, M) = Gy is
1

[4]
m(n{M)

F=C(), L=F(qgp),
L% = F(Q, P),

¢ : (q7p7t7H) = (Q7P7S7K)7
1 t
Q:_42pq—q—|—§+5

The folding transformation ¢ = is given by

@ _t ’
t q?
1 1 /¢ t
P—_-4- (L
2 +4 (t + q2)’
s = —4t,
t 1
SK:4tH—2qp+q+——4t+Z,
q
where
D 1
H:HIH() (a0>a1750751;t;(bp)7 aq :Oéozﬂl :ﬂoz 5,
(1)
K = HI?IG (0407041,ﬁ0,ﬁ1;55QaP)7 a1 =0,00=1,6=0,68=1.
We have

dPAdQ —dK Ads=4(dp Adg —dH A dt).

(1)
6 The third Painlevé equation: P111)17

The Hamiltonian is "
1
tHy = ¢*p° + arqp +tp + q.

The equation for y = ¢/7, t = 72 is the special case of Pp:

d’y 1 (dy)2 1dy

dr

dr2 5

(6.1)

(6.2)



with

The symmetry of the equation is

Cr = W(4") = (s1.0),
Crt =7 = <7T>
Here Cr; denotes the subgroup of Cr which leaves the independent variable ¢ invariant, and

T = 0 0O 8.

The birational transformations are given by

x Qg o q p t
so() — a1 + 20 q p+ % - q% —t (6.4)
s1(x) || o + 20 — —q+ % + # —p —t '
o(x) o o tp —1 —t

where ag =1 — . 0
1
Any element of Cr; has no fixed value of parameters; therefore Pl?f has no folding

transformation.

(1)
7 The third Painlevé equation: PIZI)I8

The Hamiltonian is
pWw 9 9 1 t
tHyt =qp +QP—§ Q‘f‘& : (7.1)
The equation for y = ¢/7, t = 72 is the special case of Pp:

2y 1 /dy\°> 1dy 1 . d
Y = (y) ———z+;(&y2+b)+cy3+§, (7.2)

dr?  y

with

The symmetry of the equation is
CI':G:Gt:OQZ<7T>.

The birational transformations are given by

(7.4)

_ q(2gp+1) n

8
SYEH
]

~

()
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The folding transformation ¢ = 1/)[2}

is given as follows:
1(p§M - M) &

F =C(et), L=F(qp),

LS = F(Q.P), §=(n).
/l/) : (q7p7t7 H) — (Q7P7S7K)7

4gp + 1
Q_ 21_ﬁ7
Vit q
1 1/¢q t
P==-+4+-(—+—],
2 4(\/5 q)
s:—8\/1?,
1
sK:4tH—2qp—4\/Z+Z,
where
P
]{:]{HIB (t’ q,p),
(1)
K = HI?I‘S (0517a0761750;8;Q7P>7 (0%} :61 :07 (&%) :ﬁo =1
We have

dPANdQ —dK Ads=2(dp Adqg —dH Adt).

8 The fourth Painlevé equation: Py

The Hamiltonian is
Hyy = (p —q — 2t)pq — 201p — 203q.
The equation for y = ¢ is the fourth Painlevé equation Ppy:
2y 1 [dy\® 33 ) ) b
— = = — + 4t 2(t° — —
d? Qy(dt IR ( a>y+y’
where
a=ag—ay b=—20>
The symmetry of the equation is
Cr=w(AM) =G x wAl),
W(Agl)) = <=5‘07 81, Sz),

G = Awt(E) = Aut(AV) = &5 = (04, 03),
Gt == 05 == <’/T>

20



The birational transformations are

T Q aq (&%) q p t
So(z) —ap |agt+ap|lastag| g+ ”% D+ 2% t
si(z) |ag+ a1 | —a1 |as+ o q D 2% t
so(x) |ap+as |ag+as| —as | g+ 2% D t
7(x) ay Qi ) —p —f t
U1($) Qo &%) aq —\/—_1]9 —\/——1q \/—_175
o2() Qg e%) (e %) V-If | V-Ip | VT

where ap =1—a; —ag and f =p—q— 2t.
The fixed value with respect to the action of S = (1) = Gy is

0502041:042:

(
1
3

The folding transformation ¢ = 1[)1[‘2’; is described as follows:

F=C(t),
L? =F(Q, P),
/l/) : (q7p7 t? H) — (Q? P7 87 K)?
(3p — 3¢ — 4t)(3p — 2t)(3q + 2t) — (=3)"/23(p+ ¢)(2p — q — 2t)(p — 2q — 2t)
2(—=3)34(3(p — q — 2t)(p — q) + 3pq + 4t2)
(3p — 3¢ — 4t)(3p — 2t)(3q + 2t) — (=3)"/23(p + ¢)(2p — ¢ — 2t)(p — 2¢ — 2t)
2(—=3)34(3(p — q — 2t)(p — q) + 3pq + 4t2)

p_=
§ = (_3)1/4t7
K=—(-3)% (

where

We have

L =F(q,p),

(8.4)

)

2
3

2 8 .
H+Zq+2p— =13
+ 30+ 5P 27),

H = HIV(a07a17a2;t;Q7p)7
K = Hy/(ap, a1, as;5Q, P),

a0:a1:a2:

0(0:1,

o) =

dP A dQ — dK Ads = 3(dp A dg — dH A db).

9 The second Painlevé equation: Fj

The Hamiltonian is

2

1 t
Hy = -p° — (q2+—

21

)p_OCIQ-

1
37
(&%)

= 0.

Y



The equation for y = ¢ is the second Painlevé equation Pi:
d?y B

72 2y +ty + a,

where a = a; — % The symmetry of the equation is

Cr=wAM) =ax wil),
W (A) = (so, 1),

G = Auwt(EBM) = Aut(AM) = ¢y = (7) = G,
The birational transformations are given by
x Qp oq t
so() —ap a1 +200 g+ F P+ 4a_f0q + 2?32 t
s1(x) || o + 20 — q+ % P t
() Qq Qp —q —f t

where ag =1 —«ay and f =p—2¢* — t.
The fixed value with respect to the action of S = (1) = G} is

05020(125.

The folding transformation ¢ = 1/)1[?} is given by the following:
F=C(t), L=1F(p)
L* = F(Q,P),
w : (q7p7 t? ‘H) — (Q7 P7 S? K)?

_n2 _
Q= 9P~ 1 t/2’
q
P =23¢,
5= —2§t,
2 q t?
K=-2 H+ =+ —
(oo19)
where
1
H = Hy(og, a13t;¢,p), g =0 = 3
K = Hyi(ag,0155,Q,P), a1 =0,09 =1.
We have

dP A dQ — dK Ads = 2(dp A dg — dH A db).

22
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10 The first Painlevé equation: P

The Hamiltonian is

t
Hi=p*— ¢ — 54 (10.1)
The equation for y = ¢ is the first Painlevé equation P:
d?y
— =6y* +t. 10.2
dt2 Y + ( )

This equation has no symmetry and thus no folding transformation.

11 Correspondences of special solutions

Consider the case when the Painlevé system admits algebraic solutions. These are two types
of such solutions; the first type of them appears as a special case of Riccati solutions and
the other one is written by means of special polynomials: Yablonskii-Vorob’ev polynomials
for P, Okamoto polynomials for Py, Umemura polynomials for Py, Py, and Pyg; see for
example [7].

It is known that the latter occurs as the fixed point of a Dynkin automorphism. We see
that folding transformations is a correspondence from such an algebraic solution to Riccati
solutions. In fact, an algebraic solution is related to a point of the space of initial conditions
and Riccati solutions can be regarded as to be raid on a projective line P! in the space of
initial conditions.

If we regard a Dynkin automorphism as a transformation of the space of initial condi-
tions, the fixed point of the automorphism defines an algebraic solution. By considering the
quotient space with respect to the automorphism, we obtain from the fixed point the quo-
tient singularity, and by means of blowing-up procedure we have P!, which is corresponding
to Riccati solutions. A folding transformation describes this correspondence; see Figure 2.

For example, consider the rational solution of Pi:

11 t
) S L 11.1
(a0aalaqap) (2727 72)7 ( )

that is the fixed point with respect to the Dynkin automorphism 7 given by (9.3). We see

that the folding transformation wl[?}, given above in Section 9, maps (11.1) to

(Oéo, a5 P> Q) = (17 0; 07 Q)
Here @) satisfies the Riccati equation:

d@ 5 S 1
— =) - = = —2l/3¢,
ds @ 2’ iy

23



() : automorphism
rational (or algebraic) solution -
l
fixed point w.r.t. # €

1 : folding transformation

blow up

i Xt/

quotient singularity P!
l

Riccati solution

XJ/ (O/; S)
C

Figure 2: Geometric picture of a folding transformation

Note that all of rational solutions of Py are obtained from (11.1) through birational symme-

tries.
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