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ABSTRACT. We study the scattering theory for the coupled Klein-
Gordon-Schrodinger equation with the Yukawa type interaction in
two space dimensions. The scattering problem for this equation be-
longs to the borderline between the short range case and the long
range one. We show the existence of the wave operators to this
equation without any size restriction on the Klein-Gordon compo-
nent of the final state and any restriction on the support of the
Fourier transform of the final state.

1. INTRODUCTION

We study the scattering theory for the coupled Klein-Gordon-Schrodinger
equation with the Yukawa type interaction in two space dimensions:

1
Ou 4+ —Au =
104U 5 U = UV, (KGS)

Ot — Av+v = —|ul”.

Here u and v are complex and real valued unknown functions of (¢, z) €
R x R?, respectively. This paper is a sequel to the previous paper [21].
In the present paper, we prove the existence of the wave operators to
the equation (KGS) without any size restriction on the Klein-Gordon
component of the final state and any restriction on the support of the
Fourier transform of the final state.

A large amount of works has been devoted to the asymptotic be-
havior of solutions for the nonlinear Schrodinger equation and for the
nonlinear Klein-Gordon equation. We consider the scattering theory
for systems centering on the Schrodinger equation, in particular, the
Klein-Gordon-Schrodinger, the Wave-Schrodinger and the Maxwell-
Schrodinger equations. In the scattering theory for the linear Schrodinger
equation, the (ordinary) wave operators are defined as follows. Assume
that for a solution of the free Schrodinger equation with given initial
data ¢, there exists a unique time global solution u for the perturbed
Schrodinger equation such that u behaves like the given free solution
as t — 0o. (This case is called the short range case, and otherwise we

call the long range case). Then we define the wave operator W, by
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the mapping from ¢ to ui—o. In the long range case, ordinary wave
operators do not exist and we have to construct modified wave oper-
ators including a suitable phase correction in their definition. For the
nonlinear Schrodinger equation, the nonlinear wave equation and sys-
tems centering on the Schrodinger equation, we can define the wave
operators and introduce the modified wave operators in the same way.
According to linear scattering theory, it seems that the equation (KGS)
in two space dimensions belongs to the borderline between the short
range case and the long range one, because the equation (KGS) has
quadratic nonlinearities, and the solutions of the free Schrodinger equa-
tion and the free Klein-Gordon equation decay as t~! in L™ as t — oo
in two space dimensions. The Maxwell-Schrodinger equation and the
Wave-Schrodinger equation in three space dimensions also belong to
the same case.

There are some results of the long range scattering for nonlinear
equations and systems. Ozawa [15] and Ginibre and Ozawa [4] proved
the existence of modified wave operators in the borderline case for the
nonlinear Schrédinger equation in one space dimension and in two and
three space dimensions, respectively. Their methods applied to the
Klein-Gordon-Schrodinger equation in two space dimensions by Ozawa
and Tsutsumi [16] and to the Maxwell-Schrédinger equation under the
Coulomb gauge condition in three space dimensions by Tsutsumi [23].
In all results mentioned above, the restriction on the size of the fi-
nal state is assumed. Furthermore in [16], the support of the Fourier
transform of the Schrodinger data is restricted outside the unit disk
in order to use the difference between the propagation property of the
Schrodinger wave and the Klein-Gordon wave and to obtain additional
time decay estimates for the nonlinear term ww, because we can not
apply the method of the phase correction mentioned above to this non-
linear term by the fact that all derivatives of the solution for the free
Klein-Gordon equation decay as fast as itself. In [23], the Fourier trans-
form of the Schrodinger data vanishes in a neighborhood of the unit
sphere by the same reason.

Recently Ginibre and Velo [5, 6, 7] have proved the existence of
the modified wave operators for the Hartree equations with long range
potentials with no restriction on the size of the final state. They de-
composed the unknown function v into the complex amplitude w and
the real phase ¢, and solved the system for w and ¢. Constructing the
modified wave operators for those equations such that the domain and
the range of them are same space, Nakanishi [13, 14] extended their
results. Using the methods in [5, 6, 7], Ginibre and Velo showed the
existence of modified wave operators for the Wave-Schrodinger equa-
tion ([8]) and for the Maxwell-Schrédinger equation under the Coulomb
gauge condition ([9]) in three space dimensions with no restriction on
the size of the final state. (The restriction on the support of the Fourier
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transform of the final state mentioned above is assumed in [8], and the
vanishing asymptotic magnetic field is considered in [9]).

On the other hand, recently, the author has proved the existence
of wave operators for the two dimensional Klein-Gordon-Schrodinger
equation in [18], and the modified wave operators to the three dimen-
sional Wave-Schrodinger equation in [17] and to the three dimensional
Maxwell-Schrodinger equations under the Coulomb and the Lorentz
gauge conditions in [19] for small scattered states without any restric-
tions on the support of the Fourier transform of them. The proof for
the Klein-Gordon-Schrodinger equation is mainly based on the con-
struction of suitable second correction term (@, v;) of the solution to
that equation so that (i9; + 3A); — ugvy and (87 — A + 1)vy + |ugl?
decay faster than ugvg and —|ug|? as t — oo, respectively, and that the
Cook-Kuroda method is applicable. Here uy and vy are the solutions
of the free Schrodinger and the free Klein-Gordon equations, respec-
tively. Furthermore combining idea of [8] with that of [17], Ginibre
and Velo [10] have proved the existence of modified wave operators
for the three dimensional Wave-Schrodinger equation with restrictions
on neither size of the scattered states nor the support of the Fourier
transform of them.

In the previous paper [21], the author proved the existence of the
wave operators for the equation (KGS) without any size restriction on
the Klein-Gordon component of the final state. But in [21], the small-
ness of the Schrodinger data is assumed, and the support of the Fourier
transform of the Schrodinger data is restricted outside the unit disk as
in [16]. In order to remove the size restriction on the Klein-Gordon
data from Ozawa and Tsutsumi [16], the difference between the exact
solution for that equation and the asymptotic profile have to decay
more rapidly than the derivatives of it as in [20] (see Proposition 2.1).
That difference decays as t™% (1 < k < 2) as t — oo in L?, though
the decay rate of that difference is order ¢~! in [16, 18]. Because of
this difficulty, we assumed the restriction on the support of the Fourier
transform of the Schrodinger data in order to obtain an improved time
decay estimate for the nonlinear term wov in [21]. For the Schrodinger
component, the method of the phase correction was applied in order to
handle slowly decaying terms caused by the second correction terms.

In this paper, we prove the existence of the wave operators to the
equation (KGS) without any size restriction on the Klein-Gordon com-
ponent of the final state and any support restriction on the Fourier
transform of the Schrodinger component of the final state. Namely
we remove the support restriction on the Fourier transform of the
Schrodinger data from the previous result [21]. We only assume the
smallness of the Schrodinger data. The proof is mainly based on the
choice of a suitable asymptotic profile which approximates the equa-
tion (KGS) better than that in [18] for large time. More precisely,
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we construct second correction terms and third ones of the asymptotic
profile, while, as mentioned above, we only constructed the second cor-
rection terms in [18]. For the Schrédinger component, the method of
the phase correction is also applied in order to handle slowly decaying
terms caused by the second correction terms as in [21].

Before stating our main result, we introduce some notations.

Notations. We use the following symbols:

0 0 .
(90:(2:&, (9]:8—% fOIj:1,2,
0% =05 =005 for a multi-index o = (ay, aa),
V = (81782)7 A:af+a§7
for t € R and x = (w1, 25) € R%
Let

1/q
L' = L(R?) = {w: o = (/ w<x>rqu) < oo} for 1< ¢ < oo,

L = L™(R?) = {¢: ||¢|~ = ess. Sup,epe [ (z)| < oo} .

We use the L2-scalar product

(p, ) = /R2 o(x)(z) d.

S denotes the Schwartz class, that is, the set of rapidly decreasing
functions on R2. Let S’ be the set of tempered distributions on R2. For
w € &', we denote the Fourier transform of w by . For w € L*'(R"),
w is represented as

w() = (27r)_”/2/ w(z)e ™ dr.

n

For s, m € R, we introduce the weighted Sobolev spaces H*™ corre-
sponding to the Lebesgue space L? as follows:

H™ = () € 8 |9l = II(1+ [P)™>(1 = A)72]| 12 < o0},

H? denotes H*Y. For 1 < p < oo and a positive integer k, we define
the Sobolev space sz corresponding to the Lebesgue space LP by

Wy=qvelr: [dllwg = D 109l < oo

|| <k

Note that for a positive integer k, H* = W} and the norms || - || = and
|- lwg are equivalent.
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For s > 0, we define the homogeneous Sobolev spaces H by the
completion of § with respect to the norm

e = (=8)"2w] 2. (1.1)

]

H* is a Banach space with the norm (1.1) for s > 0.
We set for t € R,

it

Ult)=ez®, Q=1-A)2 w=(-A)V?
K(t) = Q 'sinQt, K(t) = cos M,

1
Eziat+§A, K=0?-A+1, O0=0?-A.

C denotes various constants, and they may differ from line to line,
when it does not cause any confusion.

Let (uy,vy,04) be a final state. uy and (v, ;) are the Schrodinger
and the Klein-Gordon components, respectively. We introduce the fol-
lowing asymptotic functions:

up(t, ) =(U (£)e M/ 50" Ny, ) ()

L iai2/2e—i T (1.2)
— i|z|?/2t—iS(t,x /t) v
ite U <t> ’
12
uy(t, x) = <U(t)e—i|~Q/Qte—iS(t,—N)Z|2t| u+) (2)

1 , . (1.3)

L iera—iStaty A s (L

- 2t2€ AU-F (t) )
~ 1 s T\ . xX il — - ; —
w(t,x) =— ﬁfl <?) ag <?) Uy <?) ilwl?/2t—iS(ta/t)+ N -
t A TN ilz|2/2t—iS(t,z/t)—i —|z '
+ Egl (;) ag <;)u+ <?) ilel?/2t—iS(ta/t)—in /12— | \2’
vo(t,x) = (K(t)vy)(z) + (K(t)vy)(z), (1.5)
1. T\ |2
vi(t, ) U (z) ; (1.6)
‘ZE|2 2 X x . T\ |2
01(t, ) e\t T 2 (fl <?> -0 (z > Uy <?>) .
X <a0 <f> AV e N <%>6—i\/t2—|x|2)
for (t,z) € [1,00) x R?, where
2(1 — |=[*)
- f 1 1.8
W@ = sy Pl <t (18
2(1 — |z|?

UZBB) o forlel <1, (19)

)= S e
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i | ()
ao(x) = —i(1—|3:|2)1/2@+(—7(1 r )} if o <1, (110)

— )i

0 if |z| > 1,

S(tx) = %(|a+<x>12 +lao(x)[* fi(w) — lao(2)*g1(x)). (1.11)

The functions uy and vy are principal terms of the asymptotic profile.
Note that ug is an approximate solution for the free Schrodinger equa-
tion and vy is the solution for the free Klein-Gordon equation. It is
well-known that the function

Lo (f) Vel 1 (E)e—i\/ﬁ—w

t t t t
is the leading term of the asymptotic expansion of the solution for the
free Klein-Gordon equation in two space dimensions (see Lemma 3.2
below).

Let D denote the unit disk in R%. We define the functions g, and g,
in the unit disk D:
1 1

I T (e T

1.12)

Throughout this paper, we assume that the space dimension is two.

The main result is as follows.

Theorem. Letu, € H*®, §;°0%u, € L*(D) for|a| < 6 and §7 50" €
L*(D) for|a| <4,v, € S and v, € S. Assume that ||uy||g22 is suffi-
ciently small. Let 1 < k < 2. Then the equation (KGS) has a unique
solution (u,v) satisfying

ue CR;H?), veCR;H)NCHR; HY),
Stl>111>(tk|fu(t) — up(t) = (ur(t) + a1 (2))]| 22

+ tllut) —uo(t) — (ur(t) + @ (t))ll 2) < o0,
Stgllo[tk(llv(t) — vo(t) — (01(t) + 01(2)) |
+ [10:(v(t) = vo(t) = (01 (t) + 01(£)))|22)
+t([[o(t) —vo(t) = (vi(t) + 01 ()|l i
+ [10:(v(t) = vo(t) = (v1(t) + 01(8)) | )] < 0.
In particular,
[u(t) = U()usl[ 2 + [[v(t) — vo(t)] 2
+ ||0wv(t) — Ovo(t)|| gr — 0,

ast — +oo.



Furthermore for the equation (KGS), the wave operator
Wit (ug, vg, 04) = (u(0),v(0), Gp(0))

1s well-defined.
A similar result holds for negative time.

Remark 1.1. In Theorem, neither the size restriction on the Klein-
Gordon component (v, v, ) of the final state nor the restriction on the
support of the Fourier transform of the final state is assumed, while we
restrict the restriction on the size of the Schrodinger component u, of
the final state.

Remark 1.2. Since the function g; has a singularity on some circle
contained in the unit disk D, the singular assumption §i'9%u, € L*(D)
for || < 6 in Theorem implies that 0%ty vanishes on that circle as
in [18]. The assumption §7g50%u, € L*(D) for |a| < 4 also causes a
similar phenomenon.

Remark 1.3. It is well-known that the equation (KGS) is globally
well-posed in C(R; H?) & [C(R; H*) N CY(R; H')] (see Bachelot [1],
Baillon and Chadam [2]|, Fukuda and Tsutsumi [3] and Hayashi and
von Wahl [11]).

The outline of this paper is as follows. In Section 2, we solve the
final value problem for the equation (KGS) for the asymptotic profile
satisfying suitable conditions (see Proposition 2.1). In Section 3, we
determine an asymptotic profile satisfying the assumptions of above
final value problem.

2. THE FINAL VALUE PROBLEM

In this section, we solve the final value problem, that is, the Cauchy
problem at infinity, for the equation (KGS) of general form. Namely,
for an asymptotic profile (A, B) satisfying suitable assumptions, we
construct a unique solution (u,v) for the equation (KGS) which ap-
proaches (A, B) as t — oc.

For a given asymptotic functions (A, B), we introduce the following
functions.

Ry[A,B] = LA — AB, (2.1)
Ry[A, B] = KB + | A% (2.2)
Proposition 2.1. Assume that there exist positive constants 6, L1, Lo
L3 and Ly such that fort > 1,
A lwe, < 67" + Lt ™, (2.3
IB@lw, < Lot™, (2.4
|21 [A, BI(t) |2 < Lst™, (2.5)
[R2[A, BI(t) [ 1 < Lat™, (2.6)
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and assume that 6 > 0 is sufficiently small. Let 1 < k < 2. Then there
exists a constant T > 1, depending only on 0, Ly, Lo, Ly and Ly, such
that the equation (KGS) has a unique solution (u,v) satisfying

u € C([T,); H?), v € C([T,00); H*)NCY([T,00); H), (2.7)

sup(t[u(t) — A() 12 + eu(t) ~ AW)s) <00, (289
splt([o(6) — BO) | +00(t) ~ B0 22

o Uo(t) = B e + 100(8) = ABO)]|)] < oo

We can prove this proposition exactly in same way as in the proof of
Proposition 2.1 in [21]. Therefore we omit the proof of this proposition.

(2.9)

Remark 2.1. In Proposition 2.1, the asymptotic profile (A, B) is not
determined explicitly. In Section 3, we construct the asymptotic profile
satisfying the assumptions of Proposition 2.1.

Remark 2.2. In Proposition 2.1, we do not restrict the size of the pos-
itive constants L, Lo L3 and L4, though the smallness on the constant
0 > 0 is assumed.

Remark 2.3. By the global well-posedness of the equation (KGS),
the solution (u,v) on the time interval [T, 00) for the equation (KGS)
obtained in Proposition 2.1 can be extended all times.

3. ASYMPTOTICS AND PROOF OF THEOREM

In this section, by constructing an asymptotic profile (u,,v,) satis-
fying the assumptions of Proposition 2.1 under suitable conditions on
the final state, we prove Theorem. Let (u,,vy,?,) be a final state.
Throughout this section, we assume that all the assumptions in Theo-
rem are satisfied. Namely, we assume that uy € H*®, §{°0%u, € L*(D)
for |a] < 6, g7g50*0, € L*(D) for |a] < 4, v, € S, vy € S, and
that ||uy|gz2 < 1 is sufficiently small. Let C(uy), C(vy,0y) and
C(uy, vy, 04 ) denote various positive finite constants depending on u,,
(vy,v4) and (ug, vy, 04 ), respectively, and they may differ from line to
line.

We find an asymptotic profile of the form

(ua,va) = (UO + (u1 + le) + U2, Vg + (Ul + 171) + Ug). (31)

ug and vy are the principal terms of u, and v,, respectively. u; +
and v1 + 97 are the second correction terms, and u, and vy are the third
correction ones of u, and v,. (ug > uq, Uy > ug, vg > vy, 01 > vy). It
is natural to expect that (ug, vg) is the free profile or the modified free
profile.

As in [21], we set

wolt2) = (K (t)oy) () + (K (£)o) (@).
8



vp is a solution of the free Klein-Gordon equation with initial data
(vy,04+). The time decay estimates of vy are well-known. (See, e.g.,
Lemmas 2.2 and 2.3 in Ozawa and Tsutsumi [16]).

Lemma 3.1. There exists a constant C(v4,v4) > 0 such that for t >
L,
[vo(t) ||z < Clvy4,04),
[vo(®)[[wz, < Cloy, o)t
We recall the asymptotic expansion of the free profile vy for the

Klein-Gordon equation. The following lemma is well-known (see, e.g.,
Section 7.2 in Hérmander [12] and Lemma 2.1 in Sunagawa [22]).

Lemma 3.2. For any positive integer N, and any multi-index o € Z7,
there exists a constant Cn o(v4,04) > 0 such that

N-1
le' 1 z 7 —|z
o5 {vo(t, x)—2 Z Re(ﬁaj <;)€ V- |2) H
=0
<Cpa(vyg, vy )t 7N

for (t,x) € [1,00) x R?, where the functions a; € C*(R*C), j =
0,1,2,..., satisfy the following:

e a;j(z) =0 if |x| > 1.

e For any positive integer m and any multi-index o € 72, there
ezists a constant C; o m(v4,04) > 0 such that

0°,(@)| < Cham(vs, 6 )(1 = [22)™ for [a] < 1.

In particular, ag is given by (1.10).

Remark 3.1. According to Section 7.2 in Hérmander [12], the func-
tion @, in above lemma has the following form

_ ( x ) i o] < 1
a; | ———m if |z ,
aj(x) =4 7\ (1—]z[?)/?
0 if |z] > 1
with a suitable function a; € S.

We use the asymptotic expansion of vy in Lemma 3.2 for N = 1 and
N = 2. We introduce the following functions:

VO (¢, ) = %ao (%) VIR %ao (%) e—i\/t2_|gg|2_’
VO (¢, ) = ial (f) ENCEEE %Ch <%> e—i\/t2_|gg|2_’

12 t t
where the functions ag and a; appears in Lemma 3.2. According to
Lemma 3.2, the functions V() and V© 4+ V@) are asymptotic forms of

vg for large time.
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Let Ry and Ry be defined by (2.1) and (2.2), respectively. We con-
sider the asymptotic profile (u,,v,), which has the form (3.1). Then
we see that

Rl [um Ua] :ﬁua — UqUq
:E(Uo + 'LLl) + EU/Q + (E&l — UOV(O))
- ('LLl + &1)‘/(0) — UgU1 — U(]V(l) — Uo'ﬁl (32)
— UO(UO — (V(O) + V(l))) — (u1 + le)(UO — V(O))
— ((ul + &1) + ’LLQ)(Ul + {11) — U2Vp — UgV2,
Roltg, va] =Kv, + |ug]
:(’Cvl + |U0‘2) + (K:f)l + QRe(ﬂole))
+ (ICUQ + 2 Re(ﬂoul)) + 2 Re(ﬁ0u2)
+ \ul + 174 + U2‘2.

(3.3)

In the second equality of (3.3), we have used the fact vy = 0.
Hereafter we construct functions wg, uy, %1, us, v1, v7 and vy such

that the asymptotic profile (u,, v,) of the form (3.1) and the functions

Ry [ug, v,) and Rolug, v,) satisfy the assumptions in Proposition 2.1.

Recall that the function

]. .12 ~ (T 1 12 ~ [/

A ila[2/2t (_) _ 2 gilal?/atp (_)

2 0\g) et av
is an asymptotics of the free profile U(t)¢ for the Schrodinger equation.
In view of this, as in [21] we define

ug(t, ) =(U(t)e M2 e 0=y ) (2)

:ia_i_ <£) eilz\2/2t—z‘S(t,z/t),
1t t
12
il e) = <U(t)€_z|'Q/Qte_zs(t’_N)%M) (x)
1

T 02 )
_ T AD “\ ilx|?/2t—iS(t,x/t)
= gptt <t> ‘ ‘

We will determine a real phase function S satisfying the following
estimate later: If |a| < 4 and j = 0,1, then there exist constants
C(us,vy,04) >0 and C(uy) > 0 such that

Cluy, vy, 04)|Gu(2) [ if |2 < 1,
Cluy )t if x| > 1
for ¢ > 1, where the function g; is defined by (1.12).

020]5(t, )| < { (3-4)

We consider the first term Kv; + |ug|? in the right hand side of the
equation (3.3). Because |ug|? = t72|ay (z/t)|?, |||uo(t)|?]|z2 decays as
O(t™1). |ugl? does not satisfy the assumption (2.6) on Ry in Proposi-
tion 2.1. In order to obtain improved time decay estimates of Ry, we

10



choose the second correction term vy of v, such that v, + \u0|2 decays
faster than |ug|? = t2|d, (z/t)|* as in [16, 18, 21]. We put

I ANE:
ui(t,2) = —fuolt,x) = — |y ()
This function coincides with the right hand side of (1.6). Note that
lug|? is independent of a choice of the real phase function S though
it has not yet determined explicitly. (As mentioned above, S will be
determined later). Then
1 2
Koy (t, ) + |ug(t, z)|* = —O (t_2 Uy (%) ) :

By a direct calculation, we have the following lemma.

Lemma 3.3. Let k = 0,1,2. There exists a constant C(uy) > 0 such
that fort > 1,

lwtvr(®)llze < Clup)t™,
D 0o (®)l= < Clup)t™*2,

|a|=F
1K1 () + luo(®) [l < Clug)t™.

We consider the third term L, — uoV® in right hand side of the
equality (3.2). Because ugV® decays as t~! in L? as t — oo, it does
not satisfy the assumption (2.5) on R; of Proposition 2.1. Since all
derivatives of V() decay as fast as itself (= O(t~!) in L*°), we can not
apply the method of the phase correction to the slowly decaying term
1oV, In order to overcome this difficulty, we find a second correction
term @ such that £, — uoV(?) decays faster than uoV(® as t — oo as
in [18].

Let b > 1, m € R\ {0}, let P be a function on R? supported in the
unit disk {z € R?;|z| < 1}, and let

F(t,z) = .lP ({) pilel?/2t=iS(ta/t)
it t
By a direct calculation, we have

L <leim, /t2—|x|2F(t’ x))
A

B S O NP U L W=
) fb( (=) 2<1—<|x|2/t2>>) e

(g 2= )N AR gy
<b+ 2(1—<\x|2/t2>>3/2) Fit.z)

m .CE/t imy/t2—|z)2 T
_ s (1 — (‘x|2/t2))1/26 . F(t,x)

11



oom x/t
I

1 .
+ t—be””\/ PP LRt 1),

Vs <t, t) F(t, ) s

where

F(t,x) = %Vp <%) oilel?/2t—iS(t,z/t)
7

Remark 3.2. Noting the equality

1 i|x|? 1 —1
£1(,2) = e POy

(@08 (1) s p (z)),

t
we see that if the phase function S satisfies (3.4) and P is a polynomial
of 4, and its derivative, then the first term in the right hand side of
(3.5) decays as t7°, the second and the third ones decay as t !, and
the last two terms decay as t7 "2 as t — oo in H?. Indeed, the first
term in the right hand side of (3.5) is the principal part, and the other
terms are the remainder ones.

By the definitions of uy and V| we see that

wo(t, 2)VO(t, z) :%ei,/ﬁ—w (.lao (f) iy (%) 6ix|2/2t—iS(t,x/t))

it t
4L /Eer <lao (f)m <£) ez’|x2/2t—is<t,x/t>) ‘
/ it O\ /

In view of this, we construct a second correction term wu; of the form
1 . /a0 1 . /s
&1(t,$) = Ze’ t2_|x|2F1(t,.T) + ?6_2 t2_|x‘2FQ(t, .23),
where

1 . )
Fi(t,z) = EPI <%> ellel?/2t=i8e/) - qupp Py € {x € R% |z] < 1},

1 T\ :
Gi(t,x) = EQl (;) ez‘ﬂ?/%_zs(t’”/t), supp @1 C {r € R* |z| < 1}.

Applying the equality (3.5) to the cases of (b,m) = (1,1) and (b, m) =
(1, —1), we see that

" __LlaemeE ! 1 /e 1
Ly (t,z) = n fl(x/t)Fl(t’x) + ke gl(x/t)Gl(t’x)

i 2= (12P/) \ el p g,
7 (1+2<1—<|m|2/t2>>3/2) fiftz)
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RN
P (1 21— (al2/12)

3/2) e VIR (1, x)

~Ea e e

e VG (36)
a9 () A

= <|.f\/2t/t2>>1/2e_w_7 TS

1. /3 2 1 i 12 2
+ zel #=al [,Fl(t, .Z') + ze_l #=lal [,Gl(t, .Z'),
where

~ 1 ) '
Fi(t,r)= ZVP, (Z) et remistearn,

t
~ 1 ) ‘
Gi(t,x) = Ele <%> ez|ac\2/2t—zs(t,z/t)7

and the functions f; and g; are defined by (1.8) and (1.9), respectively.
We note that the first and the second terms in the right hand side of
(3.6) decay most slowly if the phase function S satisfies the estimate
(3.4) (see Remark 3.2). If we choose the functions P, and @; such that

1

1 .
uo(t, 2)VO(t,z) = — —etV Il Fi(t,x)

t
1 —3 t2—|:c|2 1

+ eV —Gi(t,x
t g1(z/t) 1t )

holds, then £, — 1oV decays faster than uoV (?). In fact, if we set

Pi(z) = = fiz)ao()ir(z),  Qi(z) = gi(x)ao(r)us(z),  (3.8)

then the equality (3.7) is satisfied. It follows from definitions (3.8) of
P, and @), that

ag <£) i, ({) pilz|?/2t=iS (/) +iy /[

t

f) ag (%)qu ({) pilal?/2t=iS(ta/t) =iy /P—[al”



By the equality (3.6), we have

Ly (t, z) — uo(t, z)VO(t, z)
_ 2 (jo/2)
& (e
(ST
)

T\ 2 (P

) eVl [ (¢, 1)

) VPP G (4, 1)

i x/t .
2 1= (PR
i Jf/t —iy/t2—]z]2 | A
SETre ey e UR
1 x/t S a x
“Ea Gy s (67) Ato)
1 x/t
£ (1= (Jo2/2) 2

]_ 2 2 1 ; 2 2
+ e VEEELR (1) + e VETERLG (8, ).

in/t?2—|z|? | Fl(t,x)

+ - B A L v (t, %) Gi(t, )

From this equality and Remark 3.2, we see that L, — uoV® decays
as t~2 in H? if the phase function S satisfies the estimate (3.4). This
term does not satisfy the assumption (2.5) on R; in Proposition 2.1
though it decays faster than oV, which decays as ¢t~ in L?. To
overcome difficulty, we have to construct a third correction term wu, for
the Schrodinger component. This will be done at the end of the choice
of an asymptotic profile (u4,v,) in the same manner.

Before constructing a third correction term wus for the Schrodinger
component, we have to find another second correction term v, for the
Klein-Gordon component in order to obtain an improved time decay
estimate for the second term Ko; 4+ 2 Re(uot) in the right hand side
of the equality (3.3). From the definitions of uy and @, we see

2 Re(uo(t, )i (¢, x))

2t i ( )i (L) e
o G (5) V] .
{( (D () +o () (7))ev ]

where the functions P; and @) are defined by (3.8). Here we note that
the function 2 Re(uo, ) is independent of a choice of the phase function
S though it has not yet determined explicitly. It follows from above

equality that the function 2 Re(ugt;) decays as ™2 in L? and that this
14



term does not satisfy the assumption (2.6) on R, in Proposition 2.1. We
construct a second correction term v; for the Klein-Gordon component
such that Ko; + 2 Re(upty) decays faster than 2 Re(uot;). In view of
the equality (3.10), we find a second correction term o of the form

e ( Ly (2 evEE
vi(t,z) = 2Re <th<t)e :

where b > 1 and Y is a function on R? supported in the unit disk
{z € R%* |z| < 1}. We determine the constant b and the function Y.
By a direct calculation, we have

K5 (5) V)

o\t

1 20— 1) x 1 o\ ;. /mm

| (3)+0 (b ()
e (Do (6)):

It is easyly seen that the first term in the right hand side of (3.11)

decays as t7 in L? and the second one decays as t°~! in the same
space. Namely the first term is the leading term. Now we put

(3.11)

b=2, (3.12)

Y(2) =~ £~ o) @ @A) + i ()01 ()
=5 (L= [2") (i) = ga(e)) () i+ (2)

so that the equality

(3.13)

—2Re(ug(t, x)u(t, x))
—9Re < 1 20—1)i <£) em) (3.14)

A= (e e\

holds. Therefore we determine the second correction term v, for the
Klein-Gordon component by

; _ Ly (%) oiv/ETaP
i(t, ) = 2Re <t2y<t)e , (3.15)
where the function Y is defined by (3.13). Note that this function
coincides with the right hand side of (1.7). It follows from the equalities
(3.10), (3.11), (3.14) and (3.15) that

K1 (t, z) + 2 Re(uo(t, )i (t, )
—2Re HD <ti2y G)) } ei\/m} | (3.16)

By the equalities (3.15) and (3.16), we obtain the following lemma.
15



Lemma 3.4. There exists a constant C(uy,vy,05) > 0 such that for
t>1,

101 ()| 72 < Cug, vy, 047,

1K1 (t) + 2 Re(ug(t) s () || g < Clug, vy, vy )t

Remark 3.3. In this lemma, we have used the assumption §i°0%, €
L*(D) for |a] < 6, where g; is defined by (1.12) and D is the unit disk
in R?, because the function g; appears in the definition of the function
U1.

We next consider the third term vy + 2 Re(tpuy) in the right hand
side of the equation (3.3). By the definitions of ug and wuy, ||wouy| 2
decays as O(t~?). This is not sufficient to satisfy the assumption (2.6)
on R, of Proposition 2.1. In order to obtain improved time decay
estimates of Ry, we choose the third correction term vy of v, such that

Kvs + 2 Re(uguy ) decays faster than 2 Re(wpu;) in the same manner as
in [21]. We put

va(t, ) = —2 Re(tiguy) = —ti3 Im <@Aa+ (f)) |

t

Here we note that the function 2 Re(@uy) is independent of a choice of
the phase function .S though it has not yet determined explicitly. Then

Kus(t, ) + 2 Re(Tgu,) = —O [tlg Im (@Am (f))} .

t
By a direct calculation, we have the following lemma.

Lemma 3.5. Let k =0,1,2. There exists a constant C(uy) > 0 such
that fort > 1,

ko ()22 < Clu )t 72,
S 0t < Clu )™
|a|=F

1KCoa (t) + 2 Re(uo(t)ur () [ < Clus)t™.

Finally we construct a real phase function S, which appears in the
definitions of uy and u, and a third correction term us of the Schrodinger

component .
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By the definitions of ug, V() and @, we see that

iy (t, )V O (¢, )
(%)

a6 (0) (D)
t2 21\/@ . ao ( ) P, (%) pilel?/2t=iS(t.a/t) (3.17)

t
T
t
+ o2 /—tg BE 1a0 < >Q1 < >€i\x|2/2t—i5(t,m/t)
t Y

where P, and @1 are defined by (3.8). By the equalities (3.2), (3.9)
and (3.17), we decompose R;[u,,v,] into three parts:

Rilug, va) = 1 + q2 + g3, (3.18)

2
UO(t> .CE)

where
o=t~ = (1 (5) =0 (5) oo (]
=L(uo + u1) (3.19)
A O (560 Do

q2 :EUQ — (Ulv(o) + Uov(l) + U01~)1)

iy 2= () N g
t2 <1 - 2(1 — (\a:|2/t2))3/2) Bt x)

_ 4 <1 _ 2 (=t ) e VERRG, (1, 2)

2 2(1 = (|l=[*/£2))*/>

i 3t NCEF:
£ (1= (P /)7 Filt.z) (3.20)
i a3/t NC=rE
M T it
1 ) )
o 21\/t2 |z|2 = i|x|?/2t—iS(t,x/t)
{ it <t) & <t) ‘
17— /2N , ,
—21 t2—|z|2 = L\ ilx|?/2t—iS(t,x/t)
e VI R ()@ (7)€ J
g3 = — ug(vo — (VO + V(l))) — (ug + 1) (vg — V)
— ((ug + @1) + ug)(v1 + 01) — Uty — UgV2
1 z/t i/l z
- : t,=) Bt
B = (/) vs (L) Aen
! z/t o NG=ry v
A e RN VS (t, t) G (t, 7)

1, /e 1 L /eap
+ Zel t=lal [,Fl(t,.fﬂ) + ;6_2 =l EGl(t,ZE)
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We choose a real phase function S such that ¢; defined by (3.19)
decays as t 7 in H? as t — 0o (see assumption (2.5) in Proposition 2.1).
We set

i
W =W+ Wy, Wytx)=1u.(x), Wtz = —%Amr(a:).

Then by a direct calculation, we have

; 1
=MDe™ ™ [iatWO + (iatW1 + —QAVVo)
(ats Ll + ol fr - \aoﬁgn) w
+ 2—t2AW1 52

—=MDe™* [(@S—i— (\U+\2 + |a0| Ji— ‘(10‘291)) w

9V VIV + WAS) - —\v5| W]

+ —AW1

o S5(2VS - VIW 4+ WAS) - —\v5| W]

where M and D are the following operators:

(M) (t2) = =2 (@), (Dg)(t,a) = 9 (1)

In the same way as in [21], we determine

S(t,) = 7 (1 () + lao() i) ~ lao(a) P ()

so that

05(t,7) = — 5 (14 () +lao() i 2) — lao(e) P ()
for (t,z) € [1,00) x R2. Then

:MDe-iS{ ! AW, — (zvs VW + WAS)

22 22

(3.22)
— |V S|*W
L]
We note that the function S defined above coincides with the right
hand side of (1.11) and that it satisfies the time decay estimate (3.4).
Therefore ug, u; and 4, are determined completely, and they are equal
to the right hand sides of (1.2), (1.3) and (1.4), respectively.
By using Lemma 3.2 and noting the equation (3.22), we have the fol-

lowing lemma exactly in the same way as in the derivation of Lemma 3.4
in [21].

18



Lemma 3.6. There exist constants C > 0 and C(uy, vy, 04 ) such that
fort>1,

o ()2 < Cllug| g + Cluy, ve, 00 )t
luo()]lwz, < Cllug||geet™ + Clug, vy, 04)E72,

wr ()] 2 < Cug, vy, 04 )t
w1 ()| w2, < Cluy, vq, vy )t
a1 ()] g2 < Cug, vy, 04t "
|21 () lwz, < C(uy, vy, +)t 2,
g1 ()] g2 < Clug, vy, 0472

Here the constant C' is independent of (uy,vy,0y), and the constant
C(uy,vy, 0y ) depends on them.

Remark 3.4. In this lemma, we have used the assumption §1°9%, €
L*(D) for || < 6, where g; is defined by (1.12) and D is the unit
disk in R2, because the function g; appears in the definitions of the
functions u; and S.

We next construct a third correction term wuy for the Schrodinger
component such that ¢y decays as 73 in H? as t — oo (see assumption
(2.5) in Proposition 2.1) exactly in the same way as in the construction
of the second correction term ;. Recalling the definitions of ug, w1,
VO V) and 9, we rewrite ¢o defined in (3.20) as

4o =Ly — {_26 in/t2— |x|2 1 <_) pilal?/2t=iS(ta/t)
t t
—in/t2— |x21q](1)< ) ilz|?/2t—iS(t,x/t)
21\/t2 |m|21 <
it

t
—2iy /12— |x|2 1 < ) ila|2/2t— zSt:p/t):|

t (3.23)

) ilw|2 /2t—iS(t,a/t)

where

dW(z) =i <1 + 2(12—_|—9$|))3/2) Pi(z)

W %Aﬁ+(x)a0(a:)

i (2)ar (@) + i (2)Y (2),
19
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2 — |af?

UW(z) =i <1 - W) Q1(x)

We construct a third correction term us such that ¢ decays faster than
...] in the right hand side of (3.23), which decays as ¢t~ in L?. We
find us of the form

1 . /mom: 1 . s
UQ(t,I) :t—262 t2_|m|2F2’1(t,I)+t—26_2 t2_|z‘2G2’1(t,Z’)
1 .. 1 .
+ t_2€21\/t2—|$|2F2’2(t7 I) + t_26—21\/t2—|l"2G2’2(t7x)7

where

1 T
ngj(t,x) = EPQJ‘ <;

1 A )
Gaj(t,z) = EQQJ <?> e"x|2/2t_15(t’”/t), supp Qq; C {z € R lz| < 1}

) eilrl?/2t=iS (e /) gupp Py C {x € R% |z < 1},

for j = 1,2. We determine the functions P ; and Q2 ; (j = 1,2).

Applying the equality (3.5) to the cases of (b,m) = (2,1), (2,—1),
(2,2), (2, —2) and noting Remark 3.2, we see that the principal part of
Lusg is

—iei v t2—|z\2 1 ngl(t,x) -+ ie_i \ t2—|m|2 1 ngl(t,x)

E en z 9:(2]1)
_ 2 /A1 2 ay/Er_ 1
2 Ry b+ e VT oy Caalt )

where the functions f; and g, are defined by (1.8) and (1.9), respec-
tively, and

fo(z) L— |z for |z < 1
2\T) = )
2((1 = [?)372 + |«?)
1— 2
2 for |z| < 1.

g2(x) =
2((1 = [z?)32 = |=?)
As in the construction of 4, we put
Pyj(w) = —f;(x)@V(2),  (j=1,2),

Qa5(x) = gj(2) ¥ (x), (j=1,2)
20



so that the principal term of Luy mentioned above coincides with [.. . ]
in the right hand side of (3.23). Then we see that ¢o decays faster than
...] in the right hand side of (3.23).

Therefore, recalling Lemma 3.2, we have the following estimates.

Lemma 3.7. There exists a constant C(uy, vy, 0y) such that fort > 1,
[ua() ]| 2 < Clug,vp, o)t
Jus(®llwe. < Clows v, 0,)6,
lg2(t) |z < Cluy,vp, 0 )t7°
Remark 3.5. In this lemma, we have used the assumptions §i%0%4, €
L*(D) for || <6 and g;g50*u, € L*(D) for || < 4, where g; and gy

are defined by (1.12) and D is the unit disk in R?, as in Lemma 3.6.
(Note that the function go appears in the definition of the function us).

Now the asymptotic profile (u,, v,) of the form (3.1) is determined ex-
plicitly. Noting Lemmas 3.1-3.7 and Remark 3.2 and using the Holder
inequality and the Sobolev embedding theorem, we have the following
lemma.

Lemma 3.8. There exists a constant C(uy, vy, 0y) such that fort > 1,
las (D)l < Clus, vy, 04 )t 77

Recalling the definitions of the functions (ug, v4), Ri[ta, v.] and Ra[u,, v,]
and using Lemmas 3.1-3.8, the Holder inequality and the Sobolev em-
bedding theorem, we obtain the following time decay estimates for u,,

Va, Ri[tg, ve] and Ra[ug, v,)-

Lemma 3.9. There exist constants C' > 0 and C(uy, vy, 0y) such that
fort>1,
@)z, < Ol et + Clus g )67
Joa(®lw, < Clus,vp, o)t
1R [t va] (t) ]| 2 < C'(ugey v, D)8,
1R [ta, va] (0) ][ < C'(uge, va, o)

Here the constant C' is independent of (uy,vy,0y), and the constant
C(uy, vy, vy ) depends on them.

Proof of Theorem. We assume that all the assumptions of Theorem are
satisfied. If we put

(A, B) = (’LLa,Ua),
6 = Clluy | 22,
L]_ = L2 = L3 = L4 = C(U+,U+,/&+),

where C' > 0 and C(uy,vy,0,) are the constants which appear in

Lemma 3.9, then the assumptions in Proposition 2.1 are satisfied. By
21



Proposition 2.1, if ||uy| 22 is sufficiently small and if 7" > 1, which
depends on ||u||g22 and C(uy, vy, 0y), is sufficiently large, then there
exists a unique solution (u,v) satisfying

ue O([T,00); HY), v e C([T,00); H) NCY(T,00); HY), (3.24)
jgg(t’“HU(t) — ua(t) |22 + tflu(t) — ua(t) ||l g2) < o0, (3.25)

igITD[tk(llv(t) — va(O)|[r + |00 (t) = Oyva(t)]|22)

+([[o(t) = vl g + [10r0(t) = Brva(t)]] )] < 00,

Since the equation (KGS) is globally well-posed in C(R; H?)&®[C(R; H?)N
CY(R; H')] (see Bachelot [1], Baillon and Chadam [2], Fukuda and
Tsutsumi [3] and Hayashi and von Wahl [11]), the unique solution
(u,v) on the time interval [T, 00) obtained above can be extended to
all times. Since ||ug(t)|| gz = O(t72) and |Jvg(t)||gz = O(t72) (see Lem-
mas 3.5 and 3.7) and since 1 < k < 2, the third correction terms us
and v, are negligible in the estimates (3.25) and (3.26), respectively.
This completes the proof of Theorem. O

(3.26)
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