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ABSTRACT. We study the scattering theory for the nonlinear Schrédinger
equations with cubic and quadratic nonlinearities in one and two
space dimensions, respectively. For example, the nonlinearities are
sum of gauge invariant term and non-gauge invariant terms such
as Aolul?u + Aju® + Aguii? + A\3u® in one dimensional case, where
Ao € R and A, A2, A3 € C. The scattering theory for these equa-
tions belongs to the long range case. We show the existence and
uniqueness of global solutions for those equations which approach
a given modified free profile. The same problem for the nonlinear
Schrodinger equation with the Stark potentials is also considered.

1. INTRODUCTION

We study the global existence and the asymptotic behavior of solu-
tions for the nonlinear Schrodinger equation in one or two space di-
mensions:

1
10 = —§Au + fu(u), (t,z) e R xR", (NLS)
where n = 1,2 and u is a complex valued unknown function of (¢, z).
Here f,,(u) is a nonlinear term of the form
fi(w) = XolulPu + A\u® + Xguii® + \3u®, when n = 1, (1.1)
f2(u) = XoJulu + \u? + Xou?,  when n = 2, (1.2)

where \g € R and A, A9, A3 € C. We also consider the following
Schrodinger equation with the Stark effect in the same space dimen-
sions:

1
10y = —§Au +V(z)u+ F,(u), (t,z) € RxR", (NLS-S)

where n = 1,2 and u is a complex valued unknown function of (¢, z).

Here F,,(u) and V are a nonlinearity and a linear potential, respectively,
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of the form

Fi(u) = Xolu|*u + \u® + A\w®,  when n =1, (1.3)
Fy(u) = Xojulu 4+ A\ju? + X\o@® + Asuti, when n = 2, (1.4)
V(z)=FE-ux, (1.5)

where \g € R, A, Ay, A3 € C and £ € R\ {0}. f, and F,, are critical
power nonlinearities between the short range case and the long range
one in n space dimensions (n = 1,2). The above potential V' is a Stark
potential with a constant electric field E. In this paper, we prove

the existence of modified wave operators to the equations (NLS) and
(NLS-S) for small final states.

A large amount of works have been devoted to the global existence
and the asymptotic behavior of solutions for the nonlinear Schrédinger
equation (see, e.g, [1, 3, 5, 6, 8, 11, 12, 16, 17, 18, 19, 20, 23, 28, 29,
30, 31]). In the scattering theory for the linear Schrodinger equation,
(ordinary) wave operators are defined as follows. Assume that for a
solution of the free Schrédinger equation with given initial data ¢, there
exists a unique time global solution u for the perturbed Schrodinger
equation such that u behaves like the given free solution as ¢ — oo (this
case is called the short range case, and otherwise we call the long range
case). Then we define a wave operator W, by the mapping from ¢ to
u|4=o. In the long range case, ordinary wave operators do not exist and
we have to construct modified wave operators including a suitable phase
correction in their definition. For the nonlinear Schrodinger equation,
we can define the wave operators and introduce the modified wave
operators in the same way.

We first recall several known results concerning the scattering prob-
lem for the equation (NLS) in the case of power nonlinearity f(u) =
|u|P~'u. We consider the existence of wave operators W for the equa-
tion (NLS). For the equation (NLS), the wave operator W is defined
as follows. Let X be L? or a dense subset of it. Let ¢ € &, and let

uo(t, z) = (U(t)9)(z),
where

it
e2?,

S
—~
-
N—
Il

Note that ug is the solution to the Cauchy problem of the free Schrodinger
equation

, 1

10y + éAu =0,

u(0, ) = o(x).
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If there exists a unique global solution u of the equation (NLS) such
that

[u(t) = uo(t)[ 2 — O,
as t — 400, then a mapping
W_|_Z ¢ — U(O)

is well-defined on ¥. We call the mapping W, a wave operator. ¢ is
called a final state, final data, a scattered state or scattered data. It
is known that when p > 1+ 2/n, the solution for the equation (NLS)
has free profile as t — 400, that is, there exist the wave operators W..
On the other hand, when 1 < p < 1+ 2/n, non-trivial solutions for
that equation have no free profile, that is, we cannot define the wave
operators (see, e.g., [1, 5, 6, 16, 20, 29, 30, 31]). Intuitive meaning
of these facts is as follows. Recalling the well-known time decay esti-
mates Juo(t)|| 2z = [6]lz2n) = O(1). and [[uo(t) | (ary = O,
we see that |||ug(t)[?||p2gny = O(t~"?~1/2). Roughly speaking, accord-
ing to the linear scattering theory (the Cook-Kuroda method), wave
operators exist if and only if |||ug(t)[?||L2(rn) is integrable with respect
to t over the interval [1, 00), that is, p > 1+ 2/n.

There are several results concerning the long range scattering for the
equation (NLS) in the case of p = 1 4 2/n. In the long range case, we
consider the existence of the modified wave operators. The modified
wave operator W, is defined as follows. We construct a suitable mod-
ified free profile A, and a unique solution u for the equation (NLS)
which approaches A, in L? as t — co. The mapping

Wt AL (0) — u(0)

is called the modified wave operator. Ozawa [20] and Ginibre and
Ozawa [5] proved the existence of modified wave operators for small
final data in one space dimension and in two and three space dimen-
sions, respectively. The proof of above results is mainly based on the
method of phase correction. More precisely, they put a modified free
profile of the form A(t) = U(t)e = ™V)¢ where ¢ is a given final
state and U(t) = /2, and chose the phase function S such that
|LAt) — |A@)|>"A(t)| 1> decays faster than |||U(t)¢|*"U(t)d||2 =
O(t™1), where £ = id; + (1/2)A. Recently, Ginibre and Velo [9] have
partially extended above results in the case of the nonlinearity a(t)|u|?u
without assuming the restriction on the size of final data, where a(t)
has a suitable growth rate with respect to t. The phase correction
method is applicable only for gauge invariant nonlinearities such as
AMulP~ u, where A € R. We cannot apply this method to non-gauge
invariant nonlinearities such as u? or |u|P~'u + u?.

Recently, for the nonlinear Schrodinger equations with non-gauge in-
variant nonlinearities, for example u? in one space dimension, Moriyama,

the second author and Tsutsumi [17] have proved the existence of the
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wave operators for small final data. The main idea of their proof
is as follows. Using the oscillation of the asymptotics for uj, they
could construct a suitable approximate function A = ug+ us such that
(10, + 3 A)us — uf and uy decays faster than uf and ug as t — oo, respec-
tively. On the other hand, by using similar idea, the first author showed
the existence of the wave operators for the Klein-Gordon-Schrodinger
and the Zakharov equations and the existence of the modified wave
operators for the wave-Schrodinger and the Maxwell-Schrodinger equa-
tions in [24, 25, 26, 27].

In this paper, we consider the nonlinearities which are sum of gauge
invariant terms and non-gauge invariant terms, that is, (1.1) and (1.2),
and prove that the equation (NLS) has a unique solution which ap-
proaches a given modified free profile. This implies the existence of
the modified wave operators. We also consider the same problem for
the equation (NLS-S), that is, the nonlinear Schrodinger equation with
the Stark potential. (The space-time behavior of propagators and the
scattering problem for the Schrodinger equation with Stark effect were
studied in [4, 13, 14, 15, 21, 22]).

Before stating our main results, we introduce several notations.

Notations. We use the following symbols:

0
80—&—&.
When n =1,
9 2
8—8m—a—x, A =0,
When n = 2,

r = (21,7,) € R?,
0 :
aj:a—xj for j = 1,2,
0% =0y = 0/"05*  for a multi-index a = (aq, ag),

V=(01,0,), A= 8% -+ (922.
Let

1/q
L' =LY(R") = {w: Y]l Le = </n |¢(x)|qda:) < oo} for 1 < ¢ < oo,

L% =L*(R") = {¢: [[{[|re = ess.sup,egn[(2)] < 00}
We denote the set of rapidly decreasing functions on R™ by S. Let

S’ be the set of tempered distributions on R". For w € &', we denote
the Fourier transform of w by . For w € L*(R™), @ is represented as

w() = (27r)_”/2/ w(z)e ™ dr.

n
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For s,m € R, we introduce the weighted Sobolev spaces H*™ corre-
sponding to the Lebesgue space L? as follows:

H™ = () € 8 |9l em = I(1+ [P)™>(1 = A)"2]| 12 < o0},

We also denote H*? by H*. For 1 < p < oo and a positive integer k,
we define the Sobolev space sz corresponding to the Lebesgue space
L? by

WE= v el [Pllwe = D 10°Y|r < o0

|| <k

Note that for a positive integer k, H* = W} and the norms || - || zx and
| - Her are equivalent.

For s > 0, we define the homogeneous Sobolev spaces H*® by the
completion of S with respect to the norm

e = [ (=8)"2w]| 2. (1.6)

[]
If s <0, we set
H ={weS: (-A)we L?).

Then H* is a Banach space with the norm (1.6) for s > 0. On the
other hand, H* is a semi-normed space with the semi-norm (1.6) for
s < 0.

Let U(t) be the free Schrodinger group, that is,

U(t) = A2,

The Schrédinger operator —(1/2)A + V' is essentially self-adjoint on
C°(R™), where the potential V' is defined by (1.5). H denotes the self-
adjoint realization of that operator defined on C§°(R™) and we define
the unitary group Uy generated by H:

Un(t)

C denotes a constant and so forth. They may differ from line to line,
when it does not cause any confusion.

e—itH‘

Our results are as follows:
Theorem 1.1. Let n = 1. Assume that ¢ € H* N H~* and that

01 = [0l mos + [l 74 (1.7)

is sufficiently small. Let d be a constant such that 1/2 < d < 1.

Then there exists a unique solution u for the equation (NLS) with (1.1)
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satisfying
u € C([0,00); L?),

td . . .
sup [ ||u(t) — U(t)e_’"Q/Qte_lsl(t’_zv)qSHLz} < 00,

t>2 | (logt)?

td 0 ) 1/
su u(s) — U(s)e 1/ 2somi51(s,=0%) g4 ds) < 00,
w [(logt)g ([ 1t v ol
where

S1(t,€) = Xolo(&)[* log t. (1.8)

Furthermore the modified wave operator W, : ¢ +— u(0) is well-
defined.
A similar result holds for negative time.

Theorem 1.2. Let n = 2. Assume that ¢ € H** N H™*, v € H2
and that

02 = [|@llmos + 9l g4 + [0l - (1.9)

is sufficiently small. Let d be a constant such that 1/2 < d < 1.
Then there exists a unique solution u for the equation (NLS) with (1.2)
satisfying

u € C([0,00); L?),

td , , .
sup [ ||u(t) — U(t)e_’"2/2t6_252(t’_zv)¢\|L2} < 00,

>2 | (logt)?

td o] 1/4
su u(s) — U(s)e P/25¢=i52(5-iV) g 4 ds) < 00,
s ([ s e
where

Sa(t, €) = No|o(€)| logt. (1.10)

Furthermore the modified wave operator Wi: ¢ +— u(0) is well-
defined.

A similar result holds for negative time.

Remark 1.1. The phase functions S; and Sy defined by (1.8) and
(1.10), respectively, were first introduced by Ozawa [20].

Remark 1.2. In Theorems 1.1 and 1.2, the singular conditions on the
final state ¢ such as ¢ € H j4 and z¢ € H~? are assumed. They yield
that the Fourier transform ¢ of the final state ¢ vanishes at the origin.

Theorem 1.3. Let n = 1. Assume that ¢ € H> N H%? and that

m = [0l + [0l mo2 (1.11)
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is sufficiently small. Let d be a constant such that 1/2 < d < 1. Then
there exists a unique solution u for the equation (NLS-S) with (1.3)
and (1.5) satisfying

u € C([0,00); L?),

td 2 . .
Sup | 7v——5 t) — U t e—zH /Qte—lsl(t,—zV) )
t>2 [(10 t)2 311u(t) m(t) ?llz

1d o0 - , . 1/4
up [—) ([ WO nsuts) - s ) ]<oo,

< o0,

(logt

where Sy is defined by (1.8).

Furthermore the modified wave operator W, : ¢ +— u(0) is well-
defined.

A similar result holds for negative time.

Theorem 1.4. Let n = 2. Assume that ¢ € H> N H®3 and that

2 = [|9lla2 + (¢l mos (1.12)

is sufficiently small. Let d be a constant such that 1/2 < d < 1. Then
there exists a unique solution w for the equation (NLS-S) with (1.4)
and (1.5) satisfying

u € C([0,00); L?),

up [ o lult) = Uty #2550 < o,

4d 00 - , . 1/4
[aogt) ([ 106U (-9puts) = s as) | <o
where Sy is defined by (1.8).

Furthermore the modified wave operator Wi: ¢ +— u(0) is well-
defined.
A similar result holds for negative time.

Our main idea of proof is as follows. We begin with Theorem 1.1.
First, we determine the principal term wu, of the asymptotic profile.
As is mentioned above, \o|u|?u is a long range effect in one space
dimension. To overcome this difficulty, we introduce the modified free
dynamics u, of the Dollard type for the Schrodinger equation such
that (0, + 3 A)u, — Aolup|*u, decays faster than Ao|u,|*u, by using the
method of phase correction as in Ozawa [20]. Next we note that as
is mentioned above, we can not apply the method of phase correction
to non-gauge invariant nonlinearities such as u®. To overcome this
difficulty, we construct a suitable second term wu, of the Schrodinger
part such that (i + 3A)u, — (Ayud 4+ Xw, i3+ Asi3) decays faster than
)\1U§ + )\gupﬂg + )\3&2, and we put an asymptotic proﬁle A=u,+u,
so that the Cook-Kuroda method is applicable as in [24, 26]. This idea
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is also applicable to the coupled systems of the Schrodinger equations
and the second order hyperbolic equations (see [10, 24, 25, 26, 27]).
Theorem 1.2 can be proved in the same way as above. For the equation
(NLS-S), by using change of variables (Proposition 3.1) which will be
mentioned later, we may consider the equation (NLS-S’) and prove
Propositions 3.2 and 3.3 in the same way as in the proof of Theorems 1.1
and 1.2.

2. PROOF OF THEOREMS 1.1 AND 1.2

In this section, we prove Theorems 1.1 and 1.2. Let n = 1,2, and
let A be a given asymptotic profile of the equation (NLS), namely an
approximate solution for that equation as ¢ — oo. We introduce the
following function:

r=LA— f.(A), (2.1)
where
£=id + %A. (2.2)
The function r is difference between the left hand sides and the right
hand ones in the equation (NLS) substituted u = A.

When n = 1, using the Strichartz estimates (see, e.g., Yajima [32]),
we can prove the following proposition by the contraction argument
exactly in the same way as in the proof of Theorem 1 in Ozawa [20].

Proposition 2.1. Let n = 1. Assume that there exists a constant
01 > 0 such that

[A®)||2 < 01,
IA@®) |z < 011 +1)72,

 (0g(2+1)°
e

fort > 0 and that §) > 0 is sufficiently small. Let d be a constant
such that 1/2 < d < 1. Then there ezists a unique solution u for the
equation (NLS) with (1.1) satisfying

{(bgt) lu(t) — (t)HL2:| < 00,

sup [ (kfgdt) ([ 1) = A as) 1/4] <o

A similar result holds for negative time.
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When n = 2, using the Strichartz estimates (see, e.g., Yajima [32]),
we obtain the following proposition by the contraction argument ex-
actly in the same way as in the proof of Proposition 3.1 in Ginibre and
Ozawa [5].

Proposition 2.2. Let n = 2. Assume that there exists a constant
0y > 0 such that

[A®) |22 < &,
JA@) ||z < a3(1+ )7,
(log(2 +t))?
(1+41)
for t > 0 and that 65 > 0 is sufficiently small. Let d be a constant

such that 1/2 < d < 1. Then there ezists a unique solution u for the
equation (NLS) with (1.2) satisfying

u € C([0,00); L?),

td
sup | o) = A0z < o,

sup [(ltTt) ( | uts) = Aol ds) 1/4] <o

A similar result holds for negative time.

Ir(@)]lz> < &

We construct an asymptotic profile A for the equation (NLS) which
satisfies the assumptions of Propositions 2.1 or 2.2 whenn = 1 orn = 2,
respectively. We find an asymptotic profile of the form A = u, + u,,
where u, and u, are a principal term and a remainder one, respectively.
Namely u, is a modified free profile of the Schrodinger equation.

First, we construct a principal term w, of the asymptotic profile.
It is well-known that if n = 1 and A\; = Ay = A3 = 0, the equation
(NLS) does not have a solution with a free profile (see, e.g., Barab [1]
and Tsutsumi [29]), that is, there do not exist ordinary wave operators.
Ozawa [20] proved the existence of modified wave operators in the above
case. A similar result holds in the case of n = 2 and \; = Ay = 0. These
mean that the nonlinear term )\o\u|2/ "y yields a long range effect. As
in Ozawa [20] or Ginibre and Ozawa [5], we construct a modified free
profile u, of the Dollard type by the method of phase correction such
that Lu, — Ao|u,|?/™u, decays faster than Ao|u,|?/u,.

Let ¢ be a given final data, S, the real valued function defined by
(1.8) and let

up(t, 2) =(U()e /S0 (1) 1

) n

9
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where z is a non-negative function in C*°(R;; R) such that z(¢) = 0 for
|t| <1/2, z(t) =1 for |t| > 1. Then for t > 1,
Luy(t,7) = olup(t, 2) "y (t, )
1 —i|-|? — —i
= = 5 (U] e mg) (a).

Lemma 2.1. Let n = 1,2. There exists a constant C' > 0 such that
fort >0,

(2.4)

[up()] 22 = 2(B)]| 0| L2 < O,
lup(®) |z < Cllgllzr (L +8)"2 < OO, (1 + )",

VA t —i RN
1Cup(t) — Moluy 12 <2 A S 2 + 0l eldr=(2)]

22
5 (log(2+1))*
sCUellaoz + o) =772
< QB2 0

(141t 7
where &, and o are defined by (1.7) and (1.9), respectively.

Proof. The first and the second inequalities follow from the definition
(2.3) of u, and the Young inequality. In the case of n =1 and n = 2,
the last estimate is proved in Lemma 2 in Ozawa [20] and Lemma 3.1
in Ginibre and Ozawa [5], respectively. O

We next consider effects caused by the nonlinear terms f,(u) —
)\0|u|2/ "u which are not gauge invariant. When \q = 0, the existence of
ordinary wave operators is proved under the suitable assumptions on
the final data in [17]. This means that the contribution of the nonlin-
earity f,(u) — Xo|u|*™u is negligible as t — oo. Since the time decay
estimate || f, (up(t)) — Xo|up(t)|?™up(t) | 2rny = O(t71) is not sufficient
to prove Theorems 1.1 and 1.2 directly by the Cook-Kuroda method, we
construct a second correction term u, of the asymptotic profile A such
that Lu, — f,(u,) + Xo|u,|?™u, decays faster than f,(u,) — Xo|u,|*™u,
as t — oo. In [24, 25, 26, 27|, this idea is also applied to the scattering
problem for the coupled systems of the Schrodinger equations and the
second order hyperbolic equations.

It is sufficient to construct a second correction term w, mentioned
above for the nonlinear term which has a single non-gauge invariant
nonlinearity, that is,

Fuu) = Xolu*™u + g (w),
where

gn(uw) = Mla™
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and

(I,m) =(3,0),(1,2),(0,3), whenn =1,
(I,m) =(2,0),(0,2), whenn =2.

As is mentioned above, the estimate ||g,(u,(t))||zz = O(t™') cannot
imply the existence of a unique solution for the equation (NLS) which
approaches u,. Our aim is to find a second correction term u, of the
asymptotic profile A such that Lu, — g,(u,) decays faster than g, (u,)
as t — o0.

Note that
1 z ialz|? —ia T
gn(up) = )\ina/QtnP/Qw <;) lelel faiaSn b 5 (1),
where
U(z) = p(z)'d(x) | (2.5)
2
p=l+m=1+—, a=1l—m. (2.6)
n

We construct a second correction term u, of the form

1 AN .
wlta) = P (§) okt eay,
where b is a positive constant and P is a complex valued function of
x € R™. We determine a constant b and a function P.
By a direct calculation, we have

Lu,(t,x)
—r (t_lbeia|m|2/2t) p <%> e=ia5n b2/t , (1yp

+ tlbeia|m|2/2t£ [P <%> 6—ia5'n(t,m/t)} Z(t)p

1 . .
+V, (Eem'”?t) .V, [P (%) e—msn“@/t))} 2(t)P
1 T
_p<_
+ b t
2
:tib a(12— a) |9§_2|P <%) iolel? /21 iaSn(ta/t) ()P

1 I .
+ tb? |i7/ <% . b) P <%) eza\x| /2t—zaSn(t,:1:/t)Z(t)p

°(7)

) ot sty

t

11



. ialx Z —iaSn
(o — e (T (Py)e S )|,y 2()7

1 1 —ia
gt 2 (A (P(y)e D)y ) 2(8) (2.8)

+ tbP < ) za\m|2/2t—ia5n(t,x/t)at(Z(t)p>‘

Here we have used the fact 9yS(t, 2) = t~'\o|d(z)[>/". Of all the terms
on the right hand side of (2.8), the first one is expected to decay most
slowly in L? as t — oo. We put

np

h=— 2.

v (2.9
2\ 1

P(x) = 2.1

(I‘) i”“/Qa(l _ CL) |x|2¢(x) ( 0)
so that
1 (1,(1 B (1,) |$|2 x ial|z|?/2t—iaSy (t,x/t

Here v is defined by (2.5). Then we see
Lur(t,x) = gn(up(t 50))

_ 1 [ P< ) ia|z|2 /2t —iaS (t2/0) (4P

tnp/2+1
oG )

+ z(a . 1) ialx|? /th

+ (1/)\0

T
t
2/n (f) ia|z|?/2t—iaSy (t,x/t) (t)p
t
- (2.12)

y(P(y)e @5 D) _ope) 2(2)

1 1 ialz|? —ia
p/212 56 /2t (Ay(P(y)e Sn(t’y))‘y=x/t> 2(t)P

i (2) ).

+

From the equality (2.12), we can expect that Lu, — g, (u,) decays faster
than g,(u,), and it is justified in Lemma 2.3 below.

Lemma 2.2. Let Sy, Sy, P, 6; and 09 be defined by (1.8), (1.10),
(2.10), (1.7) and (1.9), respectively, and let n = 1,2. Assume 6, < 1.
Then there exists a constant C > 0 such that fort > 2,

|Pei S 2
<{ (logt)*(Il¢ll -5 + @Il mos), whenn =1,
C(logt)* ([l -+ + loll -2 + [|@ll o), when n =2,
<C¥,(logt)?,
|z - V(Pe= )| 2 <Clog t) (|6l -2 + |0 go.tns2+2)

<Cé,(logt).
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Here [q] denotes the mazimal integer which is less than or equal to
q€R.

Proof. We note that
Pe~5n 4 A(Pem%5n) =75 (P + AP — 2iaVP - VS,
—iaPAS, — a*P|V S, %),
z-V(Pe ") = (- VP —iaPx - VS,)e ",
These imply
|Pe 5Ol yz <O(||P|| g2 + |AP| 2 + [ VP - VS, (t)]| 2
+HIPAS,(1)]12 + [|1P[VS,(1)[|12),
lz - V(Pe @ D)|| 2 < C(lla - VP2 + |- VS.(t)P])).  (2.14)
By the definition of S, we have
VS, = (p = DAo(log 1) 6" *Re(9V )
AS, =(p = DAo(log )[4 (Re(6A0) + V)
+(p = 3)|9]°|Re(6V )],
where p = 1 + 2/n. Substituting these into the inequalities (2.13)
and (2.14) and using Holder’s inequality and the Sobolev embedding

theorem H[M/2+1(R") < L>*(R"), we have this lemma. Here we have
noted (57’;” <9, for k> 1. O

(2.13)

Lemma 2.3. Let n = 1,2. There exists a constant C' > 0 such that
fort > 0 such that

[ur ()| 2 < Cou(1+1)71,
Hur(t)HL"o < Con(1+ t)_np/2v

(log(2 +t))?
(1+1¢)2 7

where &, and o are defined by (1.7) and (1.9), respectively.

[Lur(t) = gn(up(t)) |2 < Cdy

Proof. The first and the second estimates immediately follow from the
definition of u,. From the equality (2.12) and Lemma 2.2, we have the
third inequality. O

Thus we have determined the asymptotic profile A = u, + u,. Let r
be defined by (2.1). Then

r =Lu, — )\0|up\p_1up + Lu, — gn(uyp)
— Ao(Jup + ur‘p_l(up +u,) — ‘up|p_1up) (2.15)
- (gn(up +up) — gn(“p))a

where p =1+ 2/n.
13



Lemma 2.4. Let n = 1,2. There exists a constant C > 0 such that
fort >0,

A2 < Con,
IA@) ||z~ < COu(1+ )72,
(log(2 +t))?
2 < C6p—F—F——,
(0 < €5, 822
where 61 and 6y are defined by (1.7) and (1.9), respectively.
Proof. The first and the second inequalities directly follow from Lem-

mas 2.1 and 2.3. We prove the last estimate. By the equality (2.15),
Lemmas 2.1 and 2.3, we see that

()22 <[l £up(8) = Nolup (D) ()] 2
+1Lur(t) = gn(up(t)) 22
+ Clllur O (JupOF ™ + fur (O] 12
(log(2 + 1))
=T

for ¢ > 0. This completes the proof of this lemma. O

Proof of Theorems 1.1 and 1.2. We assume that 6, > 0 is sufficiently
small. In view of Lemma 2.4, we see that the asymptotic profile A
satisfies the assumptions of Propositions 2.1 and 2.2 for §/, = C9,,
where C' > 0 is a constant independent of §,, and ¢. Recalling the
first estimate in Lemma 2.3, we see that Theorems 1.1 and 1.2 follow
immediately from Propositions 2.1 and 2.2, respectively. The proof of
Theorems 1.1 and 1.2 is completed. ]

3. PROOF OF THEOREMS 1.3 AND 1.4

In this section, we prove Theoremx 1.3 and 1.4.
We consider the following nonlinear Schrodinger equation.

1
10w = —§AU + Gp(v), (t,z) e R xR", (NLS-5)

where n = 1,2 and G,,(v) = G, (v,t,z) are given by

Gl(v) :)\O‘U|2U + N\ v3e —2i(tE-z—13|E|?/3) + A\ vole 2i(tE-z—13|E|2/3)

W, 53 (LB~ t3| E|? /3) (3'1)

when n =1,

G (v) =o|v|v + A\jple {EEe=PIER/3) 4 ), 523t a—t|B/3)

i(tE-z—t3|E|? /3)7 (3-2)

+ A\gvve when n = 2.

By a direct calculation, we obtain the following relation between a

solution to the equation (NLS-S) and that to the equation (NLS-S).
14



The following proposition is not essentially new but almost well-known.
(See Cycon, Froese, Kirsch and Simon [4] and Kitada and Yajima [15]).

Proposition 3.1. If v solves the equation (NLS-S'), then

2
u(t,z) = v (t z+ t—E) ¢i(tEH|BI2/6)
) 5 2

solves the equation (NLS-S) with (1.5).
Conwversely, if u solves the equation (NLS-S) with (1.5), then

t2 , 31 )2
t —_ t - E i(tE-x—t°|E|*/3)
v(t,r) =u ( T ) e

solves the equation (NLS-S').

Remark 3.1. Recently, the above change of variables has been applied
to the nonlinear Schrodinger equation with the Stark effects and the
gauge invariant nonlinearity by Carles and Nakamura [2].

According to Proposition 3.1, Theorems 1.3 and 1.4 are immediate
consequences of Propositions 3.2 and 3.3 below, respectively.

Proposition 3.2. Let n = 1. Assume that ¢ satisfies all the assump-
tions of Theorem 1.3. Let d be a constant such that 1/2 < d < 1. Then
there exists a unique solution v for the equation (NLS-S') with (3.1)
and (1.5) satisfying

v € C([0,00); L?),

td , . .
sup [7Hv(t) — U(t)e_l‘|2/2te_lsl(t’_zv)¢|]y} < 00,

>2 | (logt)?

td e ) 1/4
sup | ————= v(s) — U(s)e /25 g=i51(s=iV) )14 ds) < 00,
w [(logt)g ([ 1ot - vts ol

where Sy is defined by (1.8).

A similar result holds for negative time.

Proposition 3.3. Let n = 2. Assume that ¢ satisfies all the assump-
tions of Theorem 1.4. Let d be a constant such that 1/2 < d < 1. Then
there exists a unique solution v for the equation (NLS-S') with (3.2)
and (1.5) satisfying
v e C([0,00); L),
td

sup | ———||v(t) — U(t)e 1?2t e=iS2(6=iV) ] < 00,
wp | ) - U ol

td e 1/4
sup | —— v(s) — U(s)e /25 g=i02(s,=iV) )14 ds) < 00,
w [(bgt)? ([ 1)~ vts ol
where Sy is defined by (1.8).

A similar result holds for negative time.
15



In what follows, we shall prove Propositions 3.2 and 3.3.

Let n = 1,2, and let B be a given asymptotic profile of the equation
(NLS-S'), namely an approximate solution for that equation as t — oo.
We introduce the following function:

R=LB— Gu(B), (3.3)

where the linear operator £ is defined by (2.2). The function R is
difference between the left hand sides and the right hand ones in the
equation (NLS-S') substituted v = B.

When n = 1, we can prove the following proposition exactly in the
same way as Proposition 2.1 (see the proof of Theorem 1 in Ozawa
20]).

Proposition 3.4. Let n = 1. Assume that there exists a constant
n; > 0 such that

[1B(t) 2 < my,
IB#)][r < ni(1+6)7"2
(log(2 +t))?
(141)2
for t > 0 and that ny > 0 is sufficiently small. Let d be a constant
such that 1/2 < d < 1. Then there ezists a unique solution v for the
equation (NLS-S) with (3.1) and (1.5) satisfying
v € C([0,00); L?),

d

t
sup [Wuvm - B(t)HLQ] <,

sup [(lo’:t)g ([ 1ot = B as) 1/4] < 0.

A similar result holds for negative time.

[R(1)][ 2 < m

When n = 2, we obtain the following proposition exactly in the same
way as Proposition 2.2 (see the proof of Proposition 3.1 in Ginibre and
Ozawa [5]).

Proposition 3.5. Let n = 2. Assume that there exists a constant
ny > 0 such that

1B(0)]]z2 < b,
IB)]z~ < np(1+4)7",

, (log(2 +1))*
[R(t)[[z2 < 772(1+—t)2

for t > 0 and that ), > 0 is sufficiently small. Let d be a constant

such that 1/2 < d < 1. Then there exists a unique solution v for the
16



equation (NLS-S") with (3.2) and (1.5) satisfying
v € C([0,00); L%),

s {(logt) lo(t) — (t)l|m} < 00,

sup [(ltTt) ([ 1) - Bl 1/4] <o

A similar result holds for negative time.

We construct an asymptotic profile B for the equation (NLS-S)
which satisfies the assumptions of Propositions 3.4 or 3.5 when n = 1
or n = 2, respectively. We find an asymptotic profile of the form
B = v, +v,, where v, and v, are a principal term and a remainder one,
respectively. Namely v, is a modified free profile of the Schrodinger
equation.

First, we construct a principal term v,. Since the first terms on the
right hand sides of (3.1) and (3.2) are gauge invariant and they are
expected to be dominant, we take the following function for a principal
term v,

(1) S(U e 25D ) ) (1)

_ ( 't)l /2<g <%) ei|z\2/2t—iSn(t,r/t)Z(t)7
) n

which is the exactly same one as that in the previous section (see (2.3))
and therefore the estimates in Lemma 2.1 with J,, replaced by 7, hold
for v,,.

We next construct a second correction term v, such that Lv, —
Gn(vp) + Nolv, | ™0, decays faster than G, (v,) — Ao|v,|* v, as t — oo.

It is sufficient to construct a second correction term v, for the non-
linear term which has a single non-gauge invariant nonlinearity, that
is,

Gn(v) = Xo|v[™ + gn(v),

where

Gu(V) = gu(v, t, ) = Mlpme o DtEe=IER/3)

(I,m) = (3,0),(0,3), whenn=1,
(I,m) =(2,0),(1,1),(0,2), whenn =2

anda=[0l—m
Note that

B 1 T\ s »
(13) = Azt (7) €+0F

17



where
U(x) = d(z)'dx) (3.4)
p:l—l—mzl—l—g (3.5)
n
and

9:a(%—5n<t,%>)—(a—1) (tE-x—@t?’).

We construct a second correction term v, of the form
1 T\

v(t, z) = EP (;) ez(t)P, (3.6)
where b is a positive constant and P is a complex valued function of
r € R™. We determine a constant b and a function P.

By a direct calculation, we have

Lo, (t, )
_ ((1 + 1)2(?1)__2 1)‘E‘ P(y)ewz(t)p
+ oy [(a +1)(a—1)E - yP(y)
logt

—a(a = 1)h—E - (VI (4) P(y)
- 1{%a<a — D|yP(y) +i(a—1)E- (VP><y>}

t
Fala— 15ty (V16 () Ply)

il { (M + adold)P") Ply)

2 2
+ (a1 v} - 2B i )| P
aXg logt

- D AR ) Py) + 218 w) - (VP () }

1 . 1 .

F o AP0 + SPu)CaGEr)

where y = x/t. Of all the terms on the right hand side of (3.7), the
first one is expected to decay most slowly in L? as t — oco. We put

(3.7)

b= +2, (3.8)
2
P@) = mre @ -nEp Y@ (3:9)
so that
gn(vp(t, 7)) = — a+ 1>2(Z)__2 DIE p (%) ez(t)P. (3.10)

18



Here 9 is defined by (3.4). Then we see that Lv, — g,,(v,) decays faster
than g, (v,) from Lemma 3.1 below.

Remark 3.2. Suppose that n = 1 and that (I,m) = (1,2), that is,
gn(v) = A2 2=IE/3)  Then we have a = —1. Therefore the first
term and the second one on the right hand side of (3.7) vanish and it
is the third one that decays most slowly in L? as t — oo:

logt

Lo, (t,z) = —TQ)\OE(WQ)/(y)P(y) + (faster decay terms).

Since logt appears in the numerator of the main term of Lv,, g,(v,)
and the main term of Lv, cannot be equal to each other for any b and
P. For v, of another form

ot x) = tb(;) p (E) (),

we have

1
t*(logt)e—1
1 2 . )
S (U P(y) + 2B P (y) ) (1)
+ Bog (VW) T UEP ())e(1)

+ (faster decay terms)

Lo (t,z) = — 200E(|0%) (y) P (y)e®=(t)?

Therefore Lv, —g,(v,) decays faster than g,,(v,) for v, with b = 3/2, ¢ =
~R2
Nil/2 oo
D0E (|gf2)
choice of v,, however, a rather complicated or strong condition seems
to be needed on ¢ because of the form of P and we can expect only
| Loy — gn(vp) |2 = O(“(}gt) as t — 0o, where we note that @ is not
integrable on [c, 00) for ¢ > 1. For this reason, F(u) does not contain
a uu’-term in our result (see (1.3)).

1 and P =

under a suitable condition on ¢. For this

Lemma 3.1. Let n = 1,2. There exists a constant C' > 0 such that
fort > 0 such that
[or ()] L2 < C(1+1)72,
o ()| Lo < Cmpu(1 4 £)777/272,
[ Lo (t) — gn('Up(t))”L2 < Onn(1+ t)_2>

where n; and 1y are defined by (1.11) and (1.12), respectively.

Proof. The first and the second estimates immediately follow from the

definition of v,. From the equalities (3.7) and (3.10), we have the third

inequality. O
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Thus we have determined an asymptotic profile B = v, +v,. Let R
be defined by (3.3). Then

R =Lv, — )\O\vp|p_1vp + Lv, — gn(vp)
- )‘0(|Up + Ur|p_1(vp +v,) — ‘Up‘p_lvp) (3.11)
- (gn(vp +v,) — gn(vp))a

where p = 1+2/n. We can prove the following lemma in the same way
as the proof of Lemma 2.4.

Lemma 3.2. Let n = 1,2. There exists a constant C' > 0 such that
fort >0,

B2 < Cnp,
IB#)]loe < Crn(1+1)7"72,
(log(2 +t))?
(1+1¢t)2 7
where n; and 1y are defined by (1.11) and (1.12), respectively.

IR(®)]|> < O

Proof of Theorems 1.3 and 1.4. We assume that n, > 0 is sufficiently
small. In view of Lemma 3.2, we see that the asymptotic profile B
satisfies the assumptions of Propositions 3.4 and 3.5 for 0/, = Cn,,
where C' > 0 is a constant independent of 7, and ¢. Recalling the
first estimate in Lemma 3.1, we see that Theorems 1.3 and 1.4 follow
immediately from Propositions 3.4 and 3.5, respectively. The proof of
Theorems 1.3 and 1.4 is completed. ]
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