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THE HARMONIC VOLUMES OF HYPERELLIPTIC CURVES

YUUKI TADOKORO

ABSTRACT. We determine the harmonic volumes for all the hyperelliptic curves.
This gives a geometric interpretation of a theorem established by A. Tanaka
[10].

1. INTRODUCTION

Let X be a compact Riemann surface of genus ¢ > 3. A harmonic volume [ of
X were introduced by B. Harris [5], using Chen’s iterated integrals [3]. The aim
of this paper is to determine the harmonic volumes of all the hyperelliptic curves,
which are 2-fold branched coverings of CP!. As was already pointed out by
Harris, some important algebraic cycles in the Jacobian variety J(X) are related
to 21, which vanishes for all the hyperelliptic curves. The harmonic volumes of
hyperelliptic curves, however, have been still unknown. First of all, we give the
statement of the main theorem of this paper. We denote by H the first integral
homology group of X. Harris defined the harmonic volume I as a homomorphism
(H®3) — R/Z. Here (H®3)' is a certain subgroup of H®3. See Section 2 for the
definition of (H®3)". We denote by C' a hyperelliptic curve.

Theorem 4.1. For any hyperelliptic curve C, let {z;,y; }iz12...4 be a symplectic
basis of H = H,(C;Z) in the figure below, where v is the hyperelliptic involution.
We denote by z; either x; or y;. Then,

I(zi®@z @)= 0 fori#j#k#4i,

1/2 fori<k,k=2,3,...,9—1 and z, = y,
[(2:@yi @2 Th1 DY @2) :{ (/) fforz' >k+2,k=1 kg:g or zy k:xkyk

The elements z; @ 2; @z, and T; @ Y; @ 2, — Tp41 D Yp41 @ 2k are the parts of a basis
of (H®3)" whose harmonic volumes depend on the complex structure of Riemann
surfaces.

Figure 1.1.
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By using the harmonic volume of the compact Riemann surface X whose coef-
ficients are extended over C, Harris [7] studied the problem of characterizing the
condition when the cycles W; and W, are algebraically equivalent to each other.
Here W is the image of the Abel-Jacobi map X — J(X) and W[ is the image
of Wy under the involution (—1) of J(X). Harmonic volumes or extended ones
tell us the non-triviality of W; — Wy in J(X) as follows. If W, — W[ is trivial as
an algebraic cycle, then 2] = 0 modulo Z. As is well known, if X is hyperelliptic,
then Wy — W, is trivial. It is known that / = 0 or I = 1/2 modulo Z for any
hyperelliptic curve C' by the hyperelliptic involution. It has been still unknown
which elements in (H®?)" have nontrivial I or not. Our main theorem gives the
complete answer for this problem.

We have two ways to compute the harmonic volumes of all the hyperelliptic
curves on Theorem 4.1. One is an analytic way and the other is a topological.
In the former way, the computation of the harmonic volumes of all the hyper-
elliptic curves can be reduced to that of a single hyperelliptic curve Cy, which
is considered as a point of the moduli space of hyperelliptic curves, denoted by
H,. The harmonic volume I varies continuously on the whole Torelli space Z,,
which is the space consisting of all the compact Riemann surfaces with a fixed
symplectic basis of H. Gunning [4] obtained quadratic periods of hyperelliptic
curves. The periods are defined by iterated integrals of holomorphic 1-forms
along loops. In general, iterated integrals are not homotopy invariant with fixed
endpoints. When we add some correction terms, they are homotopy invariant.
Because of the correction terms, the computation of harmonic volumes is more
difficult than that of quadratic periods. In the latter way, we use basic results on
the cohomology of the hyperelliptic mapping class group. It is denoted by A,.
The following theorem is obtained in the latter topological way.

Theorem 5.9. We have
Homn, (H**),Z/2Z) = Z/2Z.

This theorem gives a geometric interpretation of a theorem established by
Tanaka [10]. It is concerning about the first homology group of A, with coethi-
cients in H.

Theorem 5.11. (Tanaka[10], Theorem 1.1)
If g > 2, then
H\(A, H) = Z)21.

We denote by ¢ a connected homomorphism HY(A,; ((H®*)')*) — H'(A,; H*)®3
defined in Section 5. We may regard the restriction of 67|y as the generator of
Hl (Ag, H)
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2. PRELIMINARIES

In this section, we define a harmonic volume of a compact Riemann surface X
of genus g > 3. We begin with recalling the definition of an iterated integral on
X. Let v :[0,1] — X be a path in X, and A'(X) the 1-forms on X. The iterated
integral of 1-forms wy,ws,...,w;, € AY(X) along v is defined by,

where v*(w;) = fi(t)dt in terms of the coordinate ¢ on the interval [0,1]. The
integral is not invariant under homotopy with fixed endpoints. But, the following
lemma is well known. See Chen [3] for details.

Lemma 2.1.
Let wyj,wa 4,1 =1,2,...,m be closed 1-forms on X and v a path m X. Suppose

thatZ/ wii Awa; = 0. Take a 1-form n on X satisfying dn—Zu)l,/\u)gZ

=1
m
E /wl,iw2,z‘ —/77
i=1 7 v

1s invariant under homotopy with fixed endpoints.

Then the integral

Using iterated integrals, Harris [5] defined the harmonic volume in the following
way. In order to define it, we have to define a pointed harmonic volume for (X, zg),
where z is a point on X. We identify H,(X;Z) with H'(X;Z) by Poincaré
duality and call them H. Let K be the kernel of ( , ) : H ® H — Z induced
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by the intersection pairing. On the compact Riemann surface X, the Hodge
star operator * : A'(X) — AYX) is locally given by *(f1(2)dz + f2(2)dz) =
—V/=1f1(2)dz + v/=1f5(2)dz in a local coordinate z and depends only on the
complex structure and not the choice of Hermitian metric. Let 7 denote the
free abelian group of rank 2¢g spanned by all the real harmonic 1-forms on X with
integral periods. We identify H with 777 by the Hodge theorem.

Definition 2.2. (The pointed harmonic volume [8])
The pointed harmonic volume for (X, z) is a linear form on K ® H with values
in R/Z defined by

Ix()(Z <iai,k ® b@k) X Ck) = Z (i/ a; 1:bi i — / nk> mod Z,
k=1 =1 k=1 i=1 Yk Yk

where ; is a loop on X with the base point xg, whose homology class is Poincaré-
dual to the cohomology class of ¢, and 7 is a 1-form on X, which satisfies
dn, = ZZ":’“I a; N\ b and fX M A\ *a = 0 for any closed 1-form o on X.

The harmonic volume is given as a restriction of the pointed harmonic vol-
ume. A natural homomorphism p : H®? — H®3 is defined by p(a ® b ® ¢) =
((a,b)c, (b, c)a, (c,a)b). We denote by (H®3)’ the kernel of p. It is a free Z mod-
ule and satisfies the following short exact sequence

p

0 — (H®3) H®3 H® 0.

The rank of (H®?)" is (2g)® —6g and (H®®) C K ® H. Harris [5] proved that the
restriction of the pointed harmonic volume on K ® H to (H®3)' is independent
of the choice of the base point.

Definition 2.3. (The harmonic volume [5])
The harmonic volume I for X is a linear form on (H®3) with values in R/Z
defined by

)

The map I is a well-defined homomorphism (H*?)" — R/Z. We have I(}", ho(1),®
ho(2)i @ ho)i) = sgn(o) (3, h1;®@ha; ®hs;), where >, hy ;@ ho; @hg,; € (H®?)
and o is an element of the third symmetric group Ss. See Harris [5] and Pulte [§]
for details. In the sequel, we regard (H®?)" as a Ss-module by this action. We
(2i,y;) = 0ij = —(y;,x;), where 0;; is Kronecker’s delta. Let z; denote z; or y;.
We define the subset 2l C (H®3)’ consisting of the following elements,
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£tk
and i # k + 1)

)
)

2 @ 2; ® 2y (7

T QY @ 2p — Tpg1 @ Y1 @ 2k (i #k
T QT 2k (1 #k
Yi D Yi @ 2 (1 #k
Yi QYi QYi

Tit1 @ X @ Yiy1 + Yit1 @ Ty @ Titq

Yir1 QY @ Tiy1 + Tip1 QY @ Yiga

Ti QT QYi — Ti @ Tit1 @ Yir1 — Tit1 @ Ti @ Yiq1

Yi QUi QT — Y @ Yir1 © Tig1 — Yiy1 @ Yi @ Tig-

Here i,7,k € {1,2,...,¢g} and all subscripts are read modulo g. Then B =
{o(a);a € A, 0 € S3} is a basis of (H®3)'.

S Ot Ot =W W N =
~— —

e N e N e N e

a/-\/\/\/&r\/\/-\/-\/—\
T Oy O T ®

By the definition of the harmonic volume, it is obvious that I = 0 mod Z for
the type (3), (4) and (5). Furthermore, I = 1/2 mod Z for the type (6). So it is
enough to consider the type (1) and (2).

3. THE PERIODS AND ITERATED INTEGRALS OF A HYPERELLIPTIC CURVE

In this section, we compute the periods and iterated integrals on a hyperelliptic
curve of genus g > 3. First of all, we take a symplectic basis of H.

3.1. A homology basis of hyperelliptic curves.
We define a hyperelliptic curve C' as follows. Let pg,pi,...,p2g+1 be distinct
points on C. It is the compactification of the plane curve in the (z,w) plane C?

2g+1
ot =[]z - ),

i=0
and admits the hyperelliptic involution given by ¢ : (z,w) — (z,—w). Let 7
be the 2-sheeted covering C' — CP*, (z,w) ~ z, branched over 2g + 2 branch
points {p;}i=o1,. 29+1 and P, € C' a ramification point so that 7(P;) = p;. On
the curve C, we choose endpoints Qg, Q1(= t(Qp)) as in Figure 3.1. We define by

9

Q) the simply-connected domain CP*\ U D2;P2j+1, Where pa;pajy1 is a simple arc
j=0

connecting po; and pg;j1. Then 7 1(2) consists of two connected components.

We denote by g, Q; the connected components of 7=(2) which contain Qg, Q;

respectively. Let e;,7 = 0,1,...,2g + 1, be a path in C' which is to be followed

from @) to P; and go to ); along the arcs QoP; and P;Q);. See Figure 3.1. We

write simply €; for 7(e;). It is a loop in CP! with the base point 7(Qp).
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Figure 3.1.

N
.
o0 0 : o0 0
P2971 Pj+1 P]
Qo

P2g+1D2g Pj+1 by P1 Po

Ccp!

It is obvious that e, - ¢(ej,) is a loop in C with the base point (), where the
product e, - t(e;,) indicates that we traverse e;, first, then ¢(e;,). So we have the
homotopy equivalences relative to the base point ()

ej-u(ej)~1, j=0,1,...,29g+1,

and
eo-tley) - egq * L(ezg+1) ~ 1.

We define the loops a;,b;,i = 1,2,..., g, in C' with the base point )y by

a; = egi1 - t(e;),

by = egi_1 - L<€2i72) I L(eo)-
So a symplectic basis of H;(C;Z) can be given by {[a], [bi]}i=1,2,..4, Where [a;]
and [b;] are the homology classes of a; and b; respectively. In fact, we have
([ai], [b;]) = di; = —([bj], [a:]) and ([as], [a;]) = ([bs], [b;]) = 0. It is clear that [a;]

[b)
and [b;] are equal to x; and y; respectively in Figure 1.1.
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3.2. The hyperelliptic curve Cj.
A hyperelliptic curve Cp is defined by the equation w? = 2%%* — 1. We take

Qi = (0,(=1)"v/—1),i = 0,1, and P; = (¢,0),7 = 0,1,...,2g9 + 1, where ¢ =
e2™V=1/(20+2) We define a path e; :[0,1] = Co,j=0,1,...,2g+1, by

(2t¢7,v/—14/1 — (2t)2+2) for 0<t<1/2,
{ (2 —2)¢7, —/=1y/1— (2 - 21)2+2) for 1/2<t<1.

We denote w; = 27 'dz/w,i = 1,2,..., g, which are holomorphic 1-forms on

B(u,v) denote the beta function fol 2 11 — )" !dz for u,v > 0. It is easy to
show.

Lemma 3.2. We have

/wi:—2\/—_1CijB(i/(29+2),1/2)/(2g+2):—/ w;.

€j t(ej)

(29 +2)v/~1
2B(i/(29 +2),1/2)

We denote by w! the holomorphic 1-form w;. The periods

of Cy are obtained by Lemma 3.2.

Lemma 3.3. We have

/ W = (1 ¢y,

aj

/ , o
wi_ . 9
b ¢+1

J

where i,j € {1,2,...,g}.

Remark 3.4. Since w} is a closed 1-form, the integral f7 w; depends only on the
homology classes of ~.

Using Lemma 3.3, we compute the iterated integrals of w, along a; and by.

Lemma 3.5. We have

1 ... . . o
ag

/
b

where i,j € {1,2,...,g}.

KU~

- i %C(z’+j)(2l—2)(1 _9ci 4 <i+j) + Z (Cz _ 1)(Cj _ 1)<z'(21—2)+j(2m—2)7
=1

1<l<m<k

For the rest of this section, we compute the iterated integrals of real harmonic
1-forms of Cjy with integral periods. Let 2, and €2, be the non-singular matrices
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i o ) [ ARE TR
: " and : :

/ / / /
a Yo ag “g fbl W fbg Wy

respectively. Then we obtain the period matrix (£2,)7'€;, denoted by Z. In
general, it is well known that Z € GL(g,C) is symmetric and its imaginary part
37 is positive definite. In particular, Schindler [9] proved the theorem below.
We deduce it directly from Lemma 3.3.

Theorem 3.6. (Schindler[9], Theorem 2)
Let Z be the period matriz on the curve Cy as above. Then its (ij)-entry is given
by

1 (PR = 1) (¢ - 1)
g+1 1— (% '

Furthermore, all the entries are pure imaginary.

We define real harmonic 1-forms oy, 5;,1 =1,2,..., g, by

(051 wll 51 wll
=273 ()] and [ | =R| Q)| :
Qg Wy By Wy

It is clear that [ o; = [, 8; =0and [, o =;; = — [, 3; by Lemma 3.3. Let

PD denote the Poincaré dual Hy(Co;Z) — H'(Cy;Z). We have PD([a;]) = «;

and PD([b;]) = §; for i = 1,2,...,9. Hence, {a, Bi}iz12..4 C H' (Cy;Z) is a
symplectic basis.

g
Let t, be Z ¢"P for any integer u. It is obvious that
p=1

g for uw=0,
. —1 for w # 0 and u : even,
u T 1 u
o for w:odd.
1—(v

Using Lemma 3.5, we can calculate the iterated integrals by means of ¢, as
follows.
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Lemma 3.7. On the curve Cy, we have

i J
/ BifB; = 20g+ 1) { — (tor — tok—2;) Z tok—2u + (tor — tog—2i) Z t2k—2u+2}7
u=1

u=1
by
/ Oéi(l/j = 0,
ak

k
1
/bk ;0 = Q(QT{ uz::l tou—a;tou—2i — 2toy—oj_oloy—2i + tou—oj—2tou_2i—2)

k
+ Z 2(tov—2j — tav—2j—2)(tap—2i—2 — t(f2i))}-
v=2
Herei,j, k€ {1,2,...,g}.

Remark 3.8. For k = 1, 25 2 2(t2v72j — t2072j72)<t21),2@',2 — t(_gz)) = 0.

4. THE HARMONIC VOLUMES OF HYPERELLIPTIC CURVES

In this section, we consider the harmonic volumes of hyperelliptic curves. They
can be reduced to the computation for the hyperelliptic curve Cy

Theorem 4.1. For any hyperelliptic curve C, let {z;,y;}iz12...4 be a symplectic

basis of H = H,(C;Z) as in Figure 1.1, where v is the h&pefézliptic mwvolution
We denote by z; either x; or y;. Then,

I(z®2;@z)= 0 fori#j#k#1,

1/2 fori<k,k=2,3,...,9—1 and z = yx,
I<xi®yi®zk_mk+l®yk+l®zk):{ (/) g fori>k k=1 k::gg orzk:];ck. .

In order to prove Theorem 4.1, we need the following two lemmas. Let 77 be
all the real harmonic 1-forms on Cjy with integral periods.

Lemma 4.2. On the curve Cy, let n be a 1-form on Cy satisfying the conditions
dn =Y I A hoy,
k

/ n A xa =0 for any closed 1-form o on X,
X

where hy g, hoy € 7, such that Y, (hi g, hog) = >, fCo hi g A hoy = 0.
Then for any j

[ n=o

J
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Proof. For any Z hik A hop, there exist a; ;, a?; € C such that Z hyg A hoy =
k k
Z a; jw; NW; + a; ;0; Awj, where i,j € {1,2,...,g}. The (1,1)-form w; Aw; is
4,3
)\z‘—1xﬂ'*1 _
~————dX Ad) in a coordinate \ satisfying p? = A\29%2 — 1. Take a polynomial
ufi

_ _ A _
f(A,A) of degree at most 2g — 2 which belongs to C[\, A] so that L_)d)\ NdA =

i
A _
Z hig N heg. It is clear that f(_) dX\ A dA is invariant under the action of the
i
k
hyperelliptic involution ¢ : (A, u) +— (X, —pu), since pg = |p?| = [N2972 — 1] =

A _
|(—)?]. So we regard %d)\ Ad\ as a 1-form on CP!. On the curve Cy, Harris

I
([5] in Section 5,6 and [6]) gave n in the following explicit forms.

-1 dz f(N) -
= — R dX N dA
" 27 )\e(cpl\s<2—)\>‘)\29+2—1|
-1 1 1 ) T 1 A <
=——|(d AANd\ — dz dA N d\
zmw/_—1( Z/z—)\|)\29+2—1| " Z/(z—)\>|)\29+2—1| NdR),

in a coordinate z satisfying w? = 22972 — 1. We may consider 7 as a 1-form on

CP!. There exists a 1-form 1 on CP! such that 7*n’ = 7. For a sufficiently small
positive number €, we define by €;(¢) a loop in Cy with the base point 7(Q) in
Figure 4.3. When € — 0, ;(¢) is equal to €; in Section 3.2.

Figure 4.3.

——®)
& >—= €
m(Qo) = m(Q1) b

CP!
Let B(¢’,¢) be {z € C;|z — ¢¥| < e}. The boundary dB(¢’,¢) is the circle
in Figure 4.3 with the radius €. In order to prove fe_n = 0, we have only

1 A
to obtain lim._,g fa(s) n =0, ie., lim‘/ dz/ f) A\ A
’ 0B(¢7e)  Jaecpr 2

e—0 -\ |/\2g+2 — 1|
dX‘ = 0. Take a sufficiently small positive number ¢y with € < 5. We denote
A 1 A —
A= sup S It is easy to show that ) |[dA A dA|

sece) [Tl A= ¢ [z = A oz =1
is Lebesgue integrable on 9B((?,¢) x CP!. Using Fubini’s theorem, we compute
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as follows:
1 A _
/ dz/ ) AN dN
OB(¢7 ) xecpt 2 — A [A%T2 — 1|
d A _
=/ (/ =) ) A dX|
cpt \Jop(cig) 2 — A [A2F2 1]
V= L
—l2 _ S
™ /CJ)‘)\QJFQ_Hd)\/\d)\
SN 1 ~
§27r/ A A N
B(¢Je) | Hl;éj A— Cl’ ‘)‘ - O|
A _
§27r/ _|dA A dN
B(¢3e) |A _'C]|
=(2mA)(2me)2.
We have fej n = 0, since lim,_,o féj o7 =0. 0

Lemma 4.4. On the curve Cy,
I(z®2;@z)= 0 fori#j#k#1,
1/2 fori<k,k=2,3,...,9—1 and z = y,
[(#:@y @2k Oy D7) = { (/) fforz' >k+2k=1 k:g: g or z k: xkyk

Proof. Tt is enough to consider the iterated integral part of the harmonic volume
by Lemma 4.2.

Type (1)
Lemma 3.7 gives us [(z; ® z; ® 2z;,) = 0 for i # j # k # .

Type (2)
We compute I(z; ® y; @ 2z — Tpr1 @ Ypy1 @ 2x) for i # k and i # k+ 1. When
1<k, k=23,...,9g—1and 2z = y,

I(z; @ Y @ Y — Tor1 @ Y1 @ Yi)
= / Biby, — Br+15%
Qg1

k

1 1

— 2(g n 1) { g +1 Ztm 2u+2} (g T 1) { (g + ].) ;tQ(/ﬁ-l—l)—Qu-&-Q}
1

= S iE @ Dk D) = g =g+ D)

= —1/2

=1/2 mod Z.

It is similarly shown that I(z; ® y; ® 2 — Tpr1 @ Yps1 Q@ 2x) = 0 for i > k + 2,
k=1, k=gor z, =xy. O
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Before the proof of Theorem 4.1, we recall some results about the moduli space
of compact Riemann surfaces. Let >, be a closed oriented surface of genus g.
Its mapping class group, denoted here by I'y, is the group of isotopy classes of
orientation preserving diffeomorphisms of ¥,. This group acts on the Teichmiiller
space 7, of £, and the quotient space M, is the moduli space of Riemann surfaces
of genus g. The group I', acts naturally on the first homology group H;(X,;Z)
of ¥,. Let .7, be the subgroup of I'y, which acts trivially on H;(X,;Z) and we
call it the Torelli group. Its action on 7 is free and the quotient Z, = Z,\7,
called the Torelli space, is the moduli space of compact Riemann surfaces with a
fixed symplectic basis of Hy(2,;Z). There is a natural projection pr : Z, — M,.

Let 'H, C M, be the moduli space of hyperelliptic curves of genus g. The
hyperelliptic mapping class group A, is the subgroup of I'; defined by

{o € Lg; o0 = 1},
where ¢ is the hyperelliptic involution of ;. We choose ﬁg a connected com-
ponent of p;'(H,) with the symplectic basis in Figure 1.1. H, is a complex

submanifold of dimension 2g — 1 of Z,. Let ﬂgH denote the group £, N A,.
The moduli space H, is known to be connected and has a natural structure of
a quasi-projective orbifold. Hence we have H, = pr(H,). The group A, can be
considered as its orbifold fundamental group and ng is the fundamental group

of ﬁg.

Proof. (Theorem 4.1)

One of the key points of this proof is that the harmonic volume of C' belongs to
Homa, ((H®?),Z/27Z) = Homg((H®®)',Z/2Z)%s. Let E — H, be a flat vector
bundle with a fiber Homgz((H®?)',Z/27Z) and (pT|ﬁg)*E the pullback of the flat
vector bundle E. Harris [5] proved that [ varies in Z, continuously. For any
hyperelliptic curves, I = 0 or I = 1/2 modulo Z. Hence the flat vector bundle
(pT|H )*E has a locally constant section I associated to I. Moreover, H is arcwise

connected and the monodromy representation IH — Aut(HomZ((H ®3Y Z/27))

is trivial. Therefore I is constant on H Since H, = pT(H ), the harmonic
volumes of hyperelliptic curves can be reduced to the calculation of Cjy. The
result follows from Lemma 4.4. 0J

5. THE HARMONIC VOLUMES OF HYPERELLIPTIC CURVES
FROM A TOPOLOGICAL VIEWPOINT

In this section, we investigate Homa, ((H®%)', Z,) which contains the harmonic
volume I. Let Zy denote the field Z/27Z.

Birman and Hilden proved the following theorem.

Theorem 5.1. ([2], Theorem 8) The hyperelliptic mapping class group A, admits
the following presentation;
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e generators: 01,09, ...,02511
e relations:
(1): 0,00 = 0on, |In —m| > 2,
(2) OnOn+10n = Op410n0n+1, I1<n< 2.9’
(3): 9% =1,
(4): (6r)? =1,
(5): 01(0k) = (OK)oy,

where 0 = 0102 02941 and Kk = 092g+4102¢ " 01.

Remark 5.2. The generator g;, 1 <1 < 2g+1, is equal to the Dehn twist along
the simple closed curve [; on C' in the figure below.

Let Hy, denote Hy(C;Zs). A homomorphism p : A, — Sp(2¢; Zs,) is given by
the action on the homology group Hyz,. So Hy, is a ZyAj,-module, where Zy A, is
the group ring of A,. We consider e;,a; and b; for 0 <¢ <2¢g+1land1<j<g
in Section 3.1. The first homology classes of a; and b; are denoted by z; and

y; € Hy, respectively. Let B denote the branch locus {p;}i=o1,..24+1. We deform
e;, denoted by €., to avoid P; in a sufficiently small neighborhood of P; so that
7(€}) surrounds p; and {m(€}) }iz0.1, 2g+1 is a generator of H;(CP*— B;Z,). Since
the coefficients are in Z,, the homology class of € is independent of the choice of
e;. See the figure below.

Figure 5.3.
m(€;)
& >—= @
m(Qo) = m(Q1) i

CP!

Arnol’d [1] proved the following. A linear map v : Hz, — H,(CP! — B;Zs,)
defined by v(w;) = 7(eh;_y) + m(ey;), v(y:) = m(eg) + m(ey) + -+ 4 w(eh;_y) i
injective. This map gives the short exact sequence

0 Hy, - Hl(CPI_B§Z2)4>Z24>O.

Here the map H;(CP' — B;Zy) — Z, is the augmentation map 7(e}) — 1. Let
fi denote 7(ey) + w(el) for i = 1,2,...,2g + 1. Using v, we identify Hz, with
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the subgroup of H;(CP' — B;Z,) generated by fi, fo,..., fagt1. It is clear that
fi+ fot- -+ fog41 = 0. A surjective homomorphism 1 : Ay — Sag 9 is defined by
p(oj) = (j—1,7). Let p': Soyro — Sp(2¢; Zs) be the homomorphism induced by
the action on H,(CP' — B;Zs) given by the permuting 7(ep), w(€}), ..., m(e541)-
Arnol’d [1] obtained the commutative diagram

(o)
Hy, s Hy,

| &

H\(CP' - B:Zy) —“U"Y g (CP' - B;Z,).

We identify the actions of oy,09...,09, and 03541 on Hy, with those of the
transpositions (0, 1), (1,2),...,(2g — 1,2¢g) and (2g,2g + 1) respectively.

We denote by A} = {0 € Ay; o(Fy) = B} and A] = {0 € Ay o(P) =
Py and o(Py) = Pi}. We have pu(A)) = Sygi1 and p(A]) = Sy, where Sy =
{0€ Sayzi olr(eh)) = m(eh)} and Sy — {7 € Say 0 0(x{eh)) = m(eh) and ar((e)) =
m(e})}. As in the proof of Theorem 4.1, the pointed harmonic volume Ip, is
an element of Homa, (K ® H,Z;). For a ZAj-module M, we denote M* =

Homgz (M, Z), which is naturally regarded as a ZoAj-module. Clearly we have
H* = H,.

The homomorphism of short exact sequences

(,)®id

0—K®H H®3 H 0
0 —> (H=3Y e3P pres 0,

induces the homomorphism of long exact sequences,

(5.1)
H®(S2g41; H*) ———> H°(Sag41; (H®?)") —— H°(S2g41; (K ® H)*) ———> H'(S2441; H")

T T T T

H®(S2g415 (H®?)) —— H%(Sag11; (H®?)*) —— H°(Sag11; (H®?)')*) —— H'(S2g41; (H®*)").

Lemma 5.4. We have
H0(52g+13 H*) =0.

Proof. We take ¢ € H°(Sq,41; H*). Since  is So,41-equivariant, o(f1) = ¢(f2)
oo = @(fagy1). Using fitfot- -+ fagpr =0, wehave 0 = @(fi+ fot+ -+ fags1)
(29 + De(f1) = ¢(f1). From ¢(f;) =0, 1 < i < 29+ 1, H(Syg41; H*) =
follows.

ol

We recall the notion of induced and co-induced modules. Let Indgzz“Zg denote

the induced module ZyS5y11 ®z,s,, Zs and CoindgzZ“Zg the co-induced module
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Homg,, (Z9S54+41,Z2). They are 2g + 1-dimensional vector spaces over Z,. We
denote by r; = (i,1)®1 € IndéiZHZQ fori=1,2,...,294+1. Then {r;}ic12. 2441
is a basis of Indiii“Zg. Since [Sag41 : Sag] < 00, we have a natural isomorphism
A 1 Coindg?*™' Zy — Indg?*' Zy given by A(s) = Y1237 (4, 1) @ s((i, 1)) for s €
Coindgz‘;’“Zg. Let s; be the element of Coindgzz“Zg such that A(s;) = r;. We
have a natural exact sequence A

(5.2) 0 —> Hz, > Coind 2 Zy > Z, —> 0,

where ¢(nafo +n3fs + -+ nogi1fagr1) = Masy + nasy + -+ -+ Nggp182 + (N2 +
Ng + -+ + Nogt1)Sag+1 and x is the augmentation map.

The transfer map is defined as follows. The canonical surjection 7 of Sy 1-
modules Indgz‘;“Zg — Zs is defined by 7(0 ® a) = 0a = a. By Shapiro’s lemma,
we obtain H*(Sg,11; Coindéii“Zﬂ = H'(Say;Zs) for any i. The transfer map
Corgzj+1 i H'(Say;Zs) — H'(Sag41;7Z9) is induced by Shapiro’s lemma and the
following composite mapping

Coind g’ Zy — Ind g’ "' Zy —— Zy.
It immediately follows that y is equal to 7o .

Lemma 5.5. We have
H'(Syg115 H*) = 0.

Proof. The exact sequence (5.2) induces the exact sequence

o . 2941 *
0 —_ > HO(SQQ+1; HZ2) —_— HO(Sgngl; Comdigf Zg) L> HO(SQQ_H; Zg)

*

e H1(529+1; HZQ) E—— Hl(Sgg_H; COind§§§+1ZQ) L> H1(529+1; Zz)

By Shapiro’s lemma, we obtain H*(Sy,1; Coindgz;’“Zg) = H'(Say;Zs) for i =
0,1. We have H°(Ssy41;Z2) = Zo and HY(Sq;Zy) = Zs, since the actions of
Sog+1 and Spg on Zo are trivial. Let sign; the signature map S; — Zo for i =
29,29 + 1. Since 2g,2g +1 > 6 > 5, we obtain H'(Ssy.1;Z2) = Zs and sign,
generates H'(Sag41;Zs) for i = 29,29 + 1. In order to prove H'(Sy,.1; H*) =
H*(Sa441; Hz,) = 0, it is enough to prove that x* is an isomorphism. Let 1; denote
the non-trivial element of H°(S;;Zs) for i = 2g,2g + 1. Since x = 7o \, we have
i (:01“22‘(’+1 : HO(Say;Zs) — H°(Sa411;Zs). Lemma 5.4 gives H°(So,11; Hy,) =

29
H°(S5441; H*) = 0. Then we obtain COI‘g;ZJrl(]_Qg) = 1gy41 and the isomorphism

X"+ H%(Say; Zo) — H(Sag41; Z2). We apply the transfer formula

corgjj“ (resgzz“(signQQ) U 1yy) = signy, U corgzj“ (194)
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to signy, and 1. So Cor§§§+lresgz;’+l(sign29) = sign,,. Since x* is surjective,
we have the isomorphism y* = Corggz+1 : H'(S2y;Zs) — H'(S2441;Z2). Then
H'(Sagy1; H*) = H' (Sag41; Hz,) = 0. O

Using the diagram (5.1), Lemma 5.4 and Lemma 5.5, we get the homomorphism
of the commutative diagram

H(S3g41; (H®®)*) —— H(Syg11; (K ® H)*)

T !

HO(Sag415 (H)") —— H(Sag41; (H)')")).

The two horizontal and one left-hand vertical homomorphisms are isomorphisms.
Then the other right-hand vertical homomorphism is an isomorphism. We have
HO(Sog41; (H®)*) = HO(Sagr1; (H?))")) = HO(Sag41; (K @ H)*).

Lemma 5.6.

HO(Sng; (H®3)*> = Ls.
Moreover, the unique non-trivial element ¢ € H°(Sa,i1; (H®®)*) is an Sagy1-
homomorphism H®3 — Zy defined by

0 fori#j#k#i,
V(i fi®fi)=< 0 fori=j=k,
1 otherwise.

Proof. Let ¢ be an element of H(Syy.1; (H®®)*). Since ¢ is Sy, 1-equivariant,
there exist a, bl,bQ,bg and ¢ € ZQ such that 1/)(]01 X fz &® fz) = a, ’lb(fj X fz X
fi) = b, 0(fi® f; @ fi) = b, ¥0(fi ® fi ® fj) = b3 for i # j and ¥(f; ® f; @
fx) = cfori # j # k # i. The dimension of Zs-vector space H°(Say:1; (H®)*)
is not greater than 1. Since [(z; ® ; @ ¥ — T; @ Tivg @ Yiy1 — Tiv1 @ T; ®
Yir1) = 1/2, Ip, € HO(AL; (H®)')*)) = H°(Sag41; ((H®*)*) is not 0. We obtain
HO(Say41; (H®3)')*)) # 0. Hence we have H°(Sy,11; (H®*)*) = Zy. It is clear
that the generator of H°(Sy,11; (H®?)*) is ¢ as above. O

Corollary 5.7.
HO(Say12: (H)") = 0.

Proof. Take 1 € H°(Syy11; (H®®)*) in the proof of Lemma 5.6. Let b denote
by = by = bs. Using p(o1)(f;) = fi + fi for i = 2,3,...,29g + 1, we have 0 =
V(fa® f3 f1) = Y(p(o1)(foe @ f3® f1)) = 3b = b. The equation a = by = by =
by = ¢ =0 gives H(Say42; (H®?)*) = 0. O

Using the diagram (5.1), Lemma 5.4, Lemma 5.5 and Lemma 5.6, we have

Proposition 5.8.
0 . *\ _ 170 . EAVAY 2
HY(Ag; (K @ H)") = HY (A (H®))") = Zo.
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This gives us the following theorem.

Theorem 5.9.
HO(Ag; (H®)')*) = Zy.

Proof. We have a natural injection H(Ag; ((H®?)')*) < H°(AL; (H#*)")*). Us-
ing Proposition 5.8, the dimension of Zs-vector space H°(A,; ((H*3))*) is not
greater than 1. As in the proof of Lemma 5.6, the harmonic volume [ €
HO(Ay; (H®?))*) is not 0. Hence H(Ay; (H®?)')*) = Zo. O

Proof. (The second proof of Theorem 4.1)

Using Theorem 5.9, Proposition 5.8 and Lemma 5.6, we identify H° (S, 1; (H®?)*)
with HO(Ay; ((H®*)')*), whose generator is regarded as ¢ in Lemma 5.6. We sub-
stitute

x; = faic1 + fa,
vi=fi+ fo+ -+ faiz,

for elements of the type (1) and (2) in Section 2. Then the direct computation
of ¢ give us Theorem 4.1. O

The harmonic volume [ gives a geometric interpretation of a theorem estab-
lished by Tanaka.

Theorem 5.10. (Tanaka[10], Theorem 1.1)
If g > 2, then

Hl(Ag,H) = Zg.

Tanaka obtained the generator of Hq(Ay; H), using the relations of A, in The-
orem 5.1. Since A, acts transitively on H, Hyo(A,, H) = 0. By the universal
coefficient theorem,

H'(Ag; H*) = Homy (Hy(Ay; H); L) = L.
We have HY(Ay; H*) = Zos.
By Corollary 5.7, it is clear that H°(A,; (H*?)*) = 0. The short exact sequence

p

00— (H®3Y H®3 H®3 0

gives us a connected homomorphism 6 : H°(A,; (H®))*) — HY(A,; (H®*)*)
and it is injective. Since [ is Sz-invariant, we may consider 61 = (61 |y, 01|y, dI|y) €
HY'(A,; H*)®3. Here 01y is the restriction HY(A,; (H®*))*) — HY(A,; H*).

Proposition 5.11. The generator of H'(Ay; H*) is 61 |p.

Proof. 1f 61|y is not the generator of H*(Ay; H*), we have 61 =0 € H'(A,; (H®?)*).
This contradicts that J is injective.



18

[1

YUUKI TADOKORO

REFERENCES

| Arnol’d, V. I.: A remark on the branching of hyperelliptic integrals as functions of the
parameters. Funkcional. Anal. i Prilozen. 2 1968 no. 3, 1-3.

[2] Birman, Joan S.; Hilden, Hugh M: On the mapping class groups of closed surfaces as

covering spaces. Advances in the theory of Riemann surfaces (Proc. Conf., Stony Brook,
N.Y., 1969), pp. 81-115. Ann. of Math. Studies, No. 66.

[3] Chen, Kuo Tsai: Algebras of iterated path integrals and fundamental groups. Trans. Amer.

Math. Soc. 156 1971 359-379.

[4] Gunning, R. C.: Quadratic periods of hyperelliptic abelian integrals. Problems in analy-

sis (Papers dedicated to Salomon Bochner, 1969), pp. 239-247. Princeton Univ. Press,
Princeton, N.J., 1970.

[5] Harris, Bruno: Harmonic volumes. Acta Math. 150 (1983), no. 1-2, 91-123.
[6] Harris, Bruno: A triple product for automorphic forms. Quart. J. Math. Oxford Ser. (2)

34 (1983), no. 133, 67-75.

[7] Harris, Bruno: Homological versus algebraic equivalence in a Jacobian. Proc. Nat. Acad.

Sci. U.S.A. 80 (1983), no. 4 i., 1157-1158.

[8] Pulte, Michael J.: The fundamental group of a Riemann surface: mized Hodge structures

and algebraic cycles. Duke Math. J. 57 (1988), no. 3, 721-760.

[9] Schindler, Bernhard: Period matrices of hyperelliptic curves. Manuscripta Math. 78 (1993),

no. 4, 369-380.

[10] Tanaka, Atsushi: The first homology group of the hyperelliptic mapping class group with

twisted coefficients. Topology Appl. 115 (2001), no. 1, 19-42.

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF TOKYO, 3-8-1 KOMABA,

MEGURO, TOKYO 153-8914, JAPAN

E-mail address: tado@ms.u-tokyo.ac.jp



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS
200324

2003-25

200326

2003-27

2003-28

2003-29

2003-30

2003-31

2003-32

2003-33

2003-34

2003-35

J. Cheng and M. Yamamoto: Uniqueness in the inverse scattering problem
within polygonal obstacles by a single incoming wave.

Mourad Choulli and Masahiro Yamamoto: Conditional stability in determining
a heat source.

Shushi Harashita: The a-number stratification on the moduli space of supersin-
gular abelian varieties.

Xu Bin: Derivatives of spectral function and Sobolev norms of eigenfunctions
on a closed Riemannian manifold.

Li Shumin and Masahiro Yamamoto: Inverse source problem for Mazwell’s
equations in anisotropic media.

Igor Trooshin and Masahiro Yamamoto: Identification problem for one-
dimenstonal vibrating equation.

Xu Bin: The degree of symmetry of certain compact smooth manifolds II.

Miki Hirano and Takayuki Oda: Integral switching engine for special Clebsch-
Gordan coefficients for the representations of gl with respect to Gelfand-
Zelevinsky basts.

Akihiro Shimomura:  Scattering theory for the coupled Klein-Gordon-
Schrodinger equations in two space dimensions.

Hiroyuki Manabe, Taku Ishil, and Takayuki Oda: Principal series Whittaker
functions on SL(3, R).

Shigeo Kusuoka: Approximation of expectation of diffusion processes based on
Lie algebra and Malliavin Calculus.

Yuuki Tadokoro: The harmonic volumes of hyperelliptic curves.

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153, JAPAN

TEL +481-3-5465-7001 FAX +81-3-5465-7012



