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1 Introduction

It is important to compute expectations of diffusion processes numerically, in the case
when we apply mathematical finance to practical problems. There are a lot of works
in this field (cf.. Ballay and Talay [1], Kloeden and Platen [2]). The author gave a
new method in [3] and some related works have already appeared (Lyons and Victoir [7],
Ninomiya [8]).

In the present paper, we refine and extend the idea in [3] by using notions in [9].
We use the notation in [9] for free Lie algebra. Let (2, F, P) be a probability space and
let {(B(t),...,B%(t);t € [0,00)} be a d-dimensional Brownian motion. Let B%(t) = t,
t € [0,00). Let Vo, Vi,...,Vy € C*(RN;RY). Here C°(RN; R") denotes the space of
R"-valued smooth functions defined in R whose devivatives of any order are bounded.
We regard elements in C°(RY; RY) as vector fields on R”.

Now let X (t,z), t € [0,00), z € RY, be the solution to the Stratonovich stochastic
integral equation

X(t,) :x+z/0tm(X(s,x))odBi(s). (1)

Then there is a unique solution to this equation. Moreover we may assume that with
probability one X (¢, z) is continuous in ¢ and smooth in x.

Let A = Ay = {vo,v1,...,v4}, be an alphabet, a set of letters, and A* be the set of
words consisting of A including the empty word which is denoted by 1. For v = u' - - - u* €
A w € A, j = 1,....k k > 0, we denote by n;(u), i = 0,...,d, the cardinal of
{je{l,... k};v/ = v} Let |u| = no(u)+. . .4+nq(u), alength of u, and || u || = |u|+no(u)
for u € A*. Let R{A) be the R~algebra of noncommutative polynomials on A, R{{A)) be
the R-algebra of noncommutative formal series on A, £(A) be the free Lie algebra over
R on the set A, and L((A)) be the R Lie algebra of free Lie series on the set A.

Let ¢ denotes the left normed bracketing operator, i.e.,

L(Uil .. 'Uz‘n> = [ .. [vil,vig], P ,Uz‘n].

For any w; = 3 ,ca- @i, € R(A), 1 = 1,2, let us define an inner product (wy, ws)
and a norm || wy || by

(wy,wy) = Z a1,a2, € R and || wy ||o= ((wl,w1>)1/2.
u€eA*



We can regard vector fields Vj, V4, ..., V; as first differential operators over RY. Let
DO(RY) denotes the set of smooth differential operators over RY. Then DO(RY) is a
noncommutative algebra over R. Let @ : R(A) — DF(RY) be a homomorphism given
by

®(1) = Identity, S(viy -vy,) =Viy - Vi

n>1, i, in=0,1,....d.
Then we see that
D(e(vyy - vi)) = [Viy, Vi), -+, Vi ], n>2 iy,...,0,=0,1,...,d.
Let B(t;u), t € [0,00), u € A*, be inductively defined by
B(t;1) =1, B(t;v;)) = B'(t), i=0,1,...,d,

and .
B(t; uv;) :/ B(s;u) o dB'(s) ue A", i=0,...,d.
0

Also we define B(t;w) t € [0,00), w € R(A) by
B(t; Y ayu) = > a,B(t;u).

ucA* ucA*

Let A}, = {u € A [ u ||=m}, m > 0, and let R{A),, = >,c4: Ru, and R(A)<,
= 2ito R{(A)r, m > 0. Let j,, : R((4)) — R(A)<m be a natural sujective linear map
such that j,,(u) = u, u € A* || u [|[<m, and j,(u) =0, u € A* || u ||> m+ 1. Let L(A),,
= L(A)NR(A)m, and L(A)<p, = LIA)NR(A) <y, m > 1. Let A™ ={u € A*; u # 1,0},
and AY ={ue A | u|<m}, m>1.

Let ¥, : R{(A)) — R((A)), s > 0, be given by

T( D )= > S22, Tm € R(A),,, m>0.

m=0 m=0

Now we introduce a condition (UFG) on the family of vector field {V, Vi,..., Vy} as
follows.
(UFG) There are an integer £ and @, € Cp°(RY), u € A, v’ € A%, satisfying the

following.
CD(L(’LL)) = Z Spu,u/cD(L(u/)): ue A",
u/EA*S*Z
Let us define a semi-norm || - ||y, n > 1, on C;°(RY; R) by

n

[FRIZEDS > I (eun) - - e(wr)) f lloo -

k=1 wi,.,up€A** |lus-ug=n

Here || f [[oo = sup{|f(2)]; € R"}.
Now let us define a semigroup of linear operators {Pt}te[o,oo) by

(Pf)(@) = Elf(X(t,2))],  t€0,00), feCFRY).

Let us think of a family {Q); s € (0,1]} of linear operators in C,(R").



Definition 1 We say that Q(s), s € (0,1], is m-similar, m > 1, if there are a constant
C>0and M >m+1 such that

M

I Pof = Qo f lloe< OC 30 ™21 f llvie +sT 02|V [loo),

k=m+1

| Q) f = Pof lloo< C52 [ V£ Iloo,
and
| Q) f o= exp(C's) || f [loo
for any s € (0,1], and f € C°(RY; R).

Definition 2 (1) We say that an L((A))-valued random variable & is L™, if
E[l| jn(€) I5] <00 foranyn > 1.

(2) We say that an L((A))-valued random variable & is m-L-moment similar, m > 2, if
Jm(€) is L,
(&) =1 a.s.,
and if
Eljm(exp(€))] = Eljm(X(1))].
Our main results are the following.

Theorem 3 Letm > 1 and £ be an L((A))-valued m-L-moment similar random variable.
Also, let Y : (0,1] x RN x Q@ — RY be a measurable map such that Y (s,-,w) : RY — RN
is continuous for any s € (0,1] and w € 2, and

sup s~ MHI2E[Y (s, 2)]] < oo.
s€(0,1],zeRN

Let us define linear operators Qs), s > 0, in Co(RY) by

Qe f)(@) = E[f(exp(®(jm(Ts())))(z) + Y (s,2))],  f € Cy(RY).

Then {Qs); s € (0,1]} is m-similar.

Theorem 4 Assume that the family of vector fields satisfies the condition (UFG). Let

m > 1 and Qs), s > 0, be an m-similar family of linear operators in Cy(RN). Also, let
kYT

T >0 and~y > 0, tk:tén) =—,n=>Lk=01...,n andlet sy = s;”) =ty — tp_1,
n

k=1,...,n. Then we have the following.

For v € (0,m — 1), there is a constant C' > 0 such that

| Prf—QunQsn 1) Qunf o< Cn || VS ||y f € CERY), n>1.

For v =m — 1, there is a constant C' > 0 such that

| Prf = QuunQusucry++ Quanf o< Cn™ " log(n+1) || V [|uo,
feCERY), n>1.
For v > m — 1, there is a constant C' > 0 such that

—1

| Prf=QunQeun Qo f IS O™ T | Vo, fECFERY), n>1.



2 Proof of Theorem 4

First, note the following (cf. [4]).

Theorem 5 Assume that the family of vector fields satisfies the condition (UFG). Then
for any n > 2 there is a constant C' > 0 such that

C
| Pt S s | VF e f € GE(RY), £ (0,1]

Now let us prove Theorem 4. Note that for k=2,...,n,and £ > m + 1,

4/2 k y—1,70\4/2
Sk _ /2 (Jy_1 78" ds) 12,06, =v/2(1. _ 1\(v—0)/2 ko o1
t;f 11)/2 =T W2k = D)2 STy (k= 1) ((—k—l) V1),
So we have

| Prf—Qsny - Qs f oo
<Y N Qswy Q) P f = Qo)+ Qary P f Nloo
k=1

S €CT Z H PSthk_1f - Q(sk)ptk_1f Hoo
k=1

n

M
< CCTOCY s Po o f llvie +s0 2 1 VP, Hloo) + 82 VF [loo)

k=2 f=m+1
n M 56/2 ( /
m+1 2
SCI(Z( Z (zk1)/2 +Z ) H Vf Hoo
k=2 f=m+1 tj,_

< 02(n—v/2 Z(k _ 1)(7—(m+1))/2 + n—(m+1)/2) H Vf Hoo
k=2

So we have the assertions in Theorem 4.

3 Algebraic Structure of itterated integrals
We define a metric function dis over R((A)) by

dis(wi, we) = Y (d+2)" (1A |ar, — az.])

ueA*

for w; = X eax@inu, i = 1,2, a;,, € R, u € A*. Then R((A)) becomes a Polish space.
Let B(R((A))) be a Borel algebra over R{({A)).

Let (€2, F, P) be a complete probability space. One can define R((A))-valued random
variables and their expectaions etc. naturally. Let {F;}cjo,00) e a filtration satisfying a
usual hypothesis, (BY(t),..., B%t)), t € [0,00), be a d-dimensional {F; };¢[o,cc)-Brownian
motion, and B%(t) = ¢, t € [0,00). We say that X(¢) is an R((A))-valued continuous
semimartingale, if there are continuous semimartingales X,,, u € A*, such that X (t) =



>wear Xu(t)u. For R((A))-valued continuous semimartingale X (t),Y (¢), we can define
R((A))-valued continuous semimartingales 3 X (s) o dY(s) and [3 odX(s)Y (s) by

/OtX()odY > /X ) o dY,y(s))uw,
[edx@Y()= 3 ([ Yals) o dXa(s))uw,
where e
= > Xult)u,  Y()= Y Yu(bw
Then we have - o
XY (t) = +/ )odY (s +/ odX (s)Y (5).

Since R is regarded a vector subspace in R((A)), we can define [j X(s) o dB(s),
1=20,1,...,d, naturally.
Now let us consider the following SDE on R((A4))

d ¢ A
X(¢) :1—1—2/ X(s)v; o dB*(s), t>0. (2)
i=0 70
One can easily solve this SDE and obtains

= > B(t;u)u

ucA*
We also have the following.
Proposition 6 log X(t) € L((A)), t > 0, with probability one.

Proof. Note that

5(X(8)) _1®1+Z/ (v @1+ 1@ ;)0 dBi(s),
and
X(t)®X(t):1®1+/0tod(X(s) D(1® X(s) + [ (X(s) @ ) od(1 @ X(s))
_1®1+Z/ (8)(v; ® 1+ 1®v;) o dB(s).

Here ¢ is the coproduct (see [9] p.19). Since one can easily see the uniqueness of such
SDE on R((A)), we have
(X (1) = X(t) @ X(1).

Then we have our assertion from [9] Theorem 3.2. 1



Proposition 7 For any m,n > 1, and x € L((A)) with (x,1) =0,
Jm (7n €xp(2)) = T (jm exp(z))-
Here 7, is the canonical projection (see [9] p.57-61).

Proof. Let x € L((A)) with (z,1) = 0. Then there are z, € L(A)g, k = 1,2,..., such
that x = > 72, 2. Then we see that

1
exp(x) =1+ Z | Z Z Lhoy """ Loy
/=1

= (€'>2 k‘l,...k‘[ O'ESZ

One can easiely see that

Jm(ﬂ-n( Z Loy " xka(@))) = Wn(jm( Z Lhoay " xka((f)))'

og€Sy og€Sy

So we have our assertion. 1
Let Ep = L(A)<m N (XCyea~ Ru), m > 1, and let @, : E,, — R(A)<;m, m > 2, be an
algebraic map given by

D, (z) = Jm(exp(x + v9)), x € E,,.
Then by Proposition 7, we see that
1 (P () = 2 + v, x € En,.

So we see that ®,, is an immersion and ®,,(E,,) is a closed manifold in R(A4)<,, of
dimensions dim FE,,.

Lemma 8 The distribution of j,,(log X(1) —vg) on E,, is absolutely continuous and its
density is smooth for any m > 2.

Proof. 'This lemma is somehow well-known in Malliavin calculus, so we give a sketch
of a proof only. Let Y = j,,(log X(1) — vg). Let H be the Cameron-Martin space of d-
dimensional Wiener process, that is, H is the Hilbert space consisting of h = (h!,... h?) :
[0,00) — R such that h'(t), i = 1,...,d, are absolutely continuous in ¢, and

d
b2 = / L i) 2dt < oo
b= [ 0P < o

Then we see that for each h € H
d

D(X(t))(h) =)

=0

1

/Ot D(X(s))(h)v; o dB'(s) + Z /()tX(s)vid;ihi(s)ds,

and so we have



Note that for w € R(A)
d t )
X(OwX (1) = w + Z/ X (), w]X(s)" 0 dBi(s), ¢ >0.
— Jo
Then we have

(D) WXT) ) =Y [ B{tu) () SH ()t T >0

Here ¢ is an operator defined in [9] . Then by the usual argument (e.g. [4]), we see that
Efin{]] (jm(D(X(D)()X (1)), 0) 5 0 € B (w,0) = 17 < 00, p & (1,00).

Note that j,,,(X (1)) = ®,,(Y). So we have our assertion from Taniguchi [10]. 1

4 Proof of Theorem 3

For any vector field V € Cp°(RY; RY) on RY, let us think of ODE given by
—l'(t,l') = V(.I'(t,l‘)), t>0,
dt

2(0,z) =2 € R",

and let us define a diffeomorphism exp(V) : RN — RY by exp(V)(z) = z(1, z). Then we
have

 Hexp(tV)(2) = (V) exp(tV)(2)

for any f € C=(R").
So we have the following.

Proposition 9 For any vector field V € Cg°(RY; RN),

Flexp(tV) () = z n)+ [ e ) ep(sv) (),
foranyn>1,¢t >0,z € RN and f € C°(RYN). In particular,
" 1 1
| f(exp(V Z oV m V" oo

for anyn > 1,z € RN and f € C*(RY).

Corollary 10 Let z € L((A)) and n,m > 1. Then we have

() (1) = 3 g (#((Gn) ) 0)] < | 2((m)" ) Il

1
(n+1)!
for any x € RN and f € C®(RY).



Then we have the following.
Lemma 11 Let 21,22 € L((A)) and m > 1. Then we have
: : 1 Nk g
[f(exp(®(jmz1)) (exp(@(jmz2)) (2)) = > 7 (2((mz2)" (mz1) ) (@)]

k4+L<m "7

<y m | @((Gm2)™ (1)) oo
=0 "" '

for any x € RN and f € C®(RY).

Proof. Note that

(m21)) ) ()] < 1 2((mz)™ ) lloos

N|}—L

exp(®(,0)(w) =3 (0 r—

and

((Jmz2)" (Gmz1)") ) ()]

W‘|»_n

(@) N exp(@in)o)) — 3 i

<
~ (m+1-1)

Thus we have our assertion.

12 ((mz2)™ " (G 21))f Nl -

Corollary 12 Let z1,29 € L((A)) and m > 1. Then we have

|F(exp(®(jm21)) (exp(P(jm22)) (7)) = (P(Fm(exp(jm22) exp(jm21))) f)(@)]

< S (G~ ) (G G2 ) DS e

2<k+H0<m+1 7"

for any x € RN and f € C®(RY).

Proof. Note that
Jm (eXp(ijQ) eXp(jmz1>>

1 _ 1 | | |
— Z kg (jm22> (]mzl)g _ Z W(jmm+l _jm)((]mZQ)k(jmzl)e)’
Frtsm o<k re<m © I
and i
> G =g e )
=0
1 . - .
- X 71 — ) ((Gm22)* (jm=1)")-
k+l=m-+1

So we have our assertion.



Lemma 13 For any n > 1, there is a C,, > 0 such that
| ©(jn2)f loo< Cn |l Gz [l2ll Vf [[ens
for any z € L((A)) and f € C*°(RY). Here
ak
n= 00 a . a 00 2 0
I len=l £ e+ 3 Z N g e

Proof. For each w € A*\ {1}, there exists a C,, > 0 such that

| ®(w)f [loo< Cow | Vf [l
for any f € C=(RY). Then we have

F20n2)f o< > Cullz,w) | VS oo -

weA, 1< |w||<n

This implies our assertion.
Lemma 14 For any m > 1, there is a C,, > 0 such that
’f(exp(q)(jmqjszl>>(eXp((b(jm\IjszQ))(x))
— f(exp(®(jim (log(exp(jim Wsz2) exp(jm ¥s21)))) (x))]
< Cons™ VP14 || Gimza o + || Gmza )™ VS flom

for any s € (0,1], 21,20 € L((A)) and f € C=(RN).

Proof. Let w = log(exp(jmz2) €xp(jm=z1)). Then we have

Uw = log(exp(jmVsz2) exp(jm¥s21))

and
Jm eXp(jm\Ijsw> = jm(exp(jm\psz2> eXp(jm\Ijszl>>-

Then letting z; = w and 2z = 0 in Corollary 12, we have

|/ (exp(@(jm sw))(2)) = (P (jm(exp(jm ¥sw))) f)(2)]
m+1
< Z (G = ) () f oo -
Therefore by Corollary 12, there isaC >0
|/ (exp(@(jm W s21)) (exp(P(jm Ws22)) () — f(exp(P(jm Vsw))(x))]

< C( Z H (jmm+1 _jm>((jm\1j822)k(jmqj8zl)€) HQ

2<k+0<m+1
m+1

+ ]; I G = ) ((Gw)™)) 12) || V. llem



for any s € (0,1] and f € C*(R"). Note that

| Gt = Gin) (G Ws22)* (G W s21)") [[2< 82| (Gimnza)* (Gmz1)” |2

< s Gz I3 ma Iz

and that . - .
o o= (S TS ) )0
i=1 1<k+4<m
i:1 1<k+e<m
These imply our assertion. 1

Corollary 15 Let &,& be L((A))-valued L>~ random variable. Then for any m > 1
and p € [1,00), there is a C > 0 such that

| exp(P(jim ¥s&1)) (exp(P(jm ¥s&2)) (2))
— exp(®(jm (10(exp(jm U s62) exp(jm V1)) (2) [|1r < CsH/2
for any s € (0,1] and x € R".

Proof. Let f(z) =2, z = (z',...,2") € RN. Then we have | Vf |[cn= 1. Applying
Lemma 14, we have our assertion. 1

Proposition 16 (1) For any m > 1 and f € C*(RY),

FX(t, ) = (@G X (8))f)(2)

e [odn (s0) [ odB(sa)-- [ 0B () (Vi Vi (X (312))

0

Here > is the summation taken foriy, ... i, = 0,1,..., N such that || v, _,vi,_, ... v, ||<
m and || v, _,vi,_,...vy |[>m+ 1.
(2) For anym > 1 and p € [1,00), there is a C > 0 such that

I FX (7)) = (@ (X)) (@) | < O™V f |
for any t € (0,1] and f € C®(RN).

Proof. The assertion (1) is easy to prove by induction in m. The assertion (2) follows

from the fact that s
/0 odB™ (s,)(Vi, ... Vi, £)(X (50, 7))

DO |

= [ W Vi X (s 2))dB (50) +1§jaﬂn [ W VD (X (s ) s
j=1

This completes the proof. 1

10



Corollary 17 For any m > 1, there is a C' > 0 such that
|E[f(X(s,2))] — E[f(exp(®(jmVslog X(1))))(z)]] < Cs"™ 2| V|l
for any x € RN, s € (0,1] and f € C:°(RY).

Proof. Let H(z) = x, x € R". Then by Proposition 16 (2), there is a C; > 0 such
that

I X(5,2) = (@(m(X () H)(2) 1< Crs™ D2 2 e RN, s € (0,1].
So we see that
[ELf(X(s,2)] = BIf (@(m(X () H)(2))]| < Crs"™ D2 |V |lw, x€RY, s €(0,1].
Also by Corollary 12 we have

| exp(®(jm Vs log X(1)))(2) — (P (Gm (VX (1)) H) ()]

m+1 1 ) ) .
<3 2 B = ) ((m log XU DH [l 2 € RY, s € (0,1]
k=2 """

So we see that there is a Cy > 0 such that
| exp(®(jin s log X (1)))(2) = (2(jin (VX (1)) H)(2) |11 < Cos™ 1/
for any x € RY, s € (0,1], which implies that
| BLf (exp(®(jm Vs log X(1)))(2))] = E[f (2 (jm (X (1)) H)(@)]] < Cos™ D72 | Vf ||

for any z € RV, s € (0,1]. Since j,,(X(s)) and j,, ¥, X (1) has the same law, we have our
assertion. 1

Lemma 18 Let m > 2 and £ is a m-L-similar L((A))-valued random variable. Then
there is a constant C' > 0 such that

[ELf(X (s, 2))] = E[f (exp(®(jm V&) (2))]]

mm+1

<CCY SN fllvg +sD2 ) VF o)
k=m+1

for any s € (0,1] and f € C°(RY).

Proof. Let ny = log(exp(—vg)X (1)) and 1, = log(exp(—vo)exp(§)). Then 7y and m
are L((A))-valued L>~ random variable and we see that

Eljm(exp(mo))] = Eljm(exp(—v0)jm(X(1)))]

= E[jm(exp(—v0)jm(exp(§))] = Ejm(exp(m))].

11



Note that j,(n;) € L(A) N (X ,ea~ Rw), i =0,1. So there is a C; > 0 such that

mm+1

| (Gt = Gim) G Wsti) ) f oo Cr D0 82 (| f (v
k=m+1

for any i = 0,1, s € (0,1] and f € C;°(RY). So we see that there is a Cy > 0 such that

I f(exp(®(GmWsmi)) () = (P (exp(im Wsi) ) ) () [|21< Co kmil SN F v
for any i = 0,1, s € (0,1], y € RY, and f € C°(RY). However,
E[®(jm(exp(jm¥sni)) f)(y)], ¢ = 0,1 are coincident. So letting y = exp(®(jm ¥sv0))(),
e | ELf (exp (P (jm W s10)) (exp(P(jm Vo)) (2)))]
—E[f (exp(®(jm Wsm)) (exp(P(jm ¥sv0)) ()))]| < 2C2 ;E:; S v

for any x € R, and f € Cp°(RY). Note that

Jm 10g(exp((jmv0))(exp(jm™ni))) = jm log(exp(vo)(exp(n:))),  i=0,1.

Then by Corollaries 15 and 17, we have our assertion.
This completes the proof. 1
Now Theorem 3 follows from Lemma 18, since

|ELf (exp(®(jm ¥s€)) (@))]| = ELf (exp(P(jm Vf))(x) + Y (s, 2))]| < E[[Y (s, 2)[] | V/f [l -

This completes the proof of Theorem 3.

References

[1] Bally, D., and D. Talay, The law of the Euler scheme for stochastic differential
equations I. Convergence rate of the distribution function, Probab. Theory Relat.
Fields 104(1996), 43-60.

2] Kloeden, P.E., and E. Platen, Numerical Solution of Stochastic differential Equations,
Applications of Mathematics vol.23, Springer, Berlin,1994.

[3] Kusuoka, S., Approximation of Expectation of diffusion processes and Mathematical
Finance, Advanced Studies in Pure Mathematics 31, Proceedings of Final Taniguchi
Symposium, Nara 1998, (edited by Sunada, T.), Mathematical Society of Japan, 2001,
pp. 147-165.

[4] Kusuoka, S., Malliavin Calculus revisited, J. Math. Sci. Univ. Tokyo 10(2003),
261-277.

[5] Kusuoka, S., and D.W.Stroock, Applications of Malliavin Calculus II, J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 32(1985),1-76.

12



Kusuoka, S., and D.W.Stroock, Applications of Malliavin Calculus III, J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 34(1987),391-442.

Lyons, T., and N. Victoir, Cubature on Wiener Space, Preprint

Ninomiya, S., A new simulation scheme of diffusion processes: application of the
Kusuoka Approximation to finance problems, Mathematics and Computer in Simu-
lation 62(2003), 479-486.

Reutenauer, C., Free Lie Algebras, Clarendon Press, Oxford, 1993.

Taniguchi, S., Malliavin’s stochastic calculus of variations for manifold-valued Wiener
functionnals and its applications, Z.Wahrsch., verw, Gebiete 65(1983), 269-290.

13



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS
2003-23
2003-24

2003-25

200326

2003-27

2003-28

2003-29

2003-30

2003-31

2003-32

2003-33

2003-34

Sungwhan Kim: Recovery of a support of a source term in an elliptic equation.

J. Cheng and M. Yamamoto: Uniqueness in the inverse scattering problem
within polygonal obstacles by a single incoming wave.

Mourad Choulli and Masahiro Yamamoto: Conditional stability in determining
a heat source.

Shushi Harashita: The a-number stratification on the moduli space of supersin-
gular abelian varieties.

Xu Bin: Derivatives of spectral function and Sobolev norms of eigenfunctions
on a closed Riemannian manifold.

Li Shumin and Masahiro Yamamoto: Inverse source problem for Mazwell’s
equations in anisotropic media.

Igor Trooshin and Masahiro Yamamoto: Identification problem for one-
dimensional vibrating equation.

Xu Bin: The degree of symmetry of certain compact smooth manifolds II.

Miki Hirano and Takayuki Oda: Integral switching engine for special Clebsch-
Gordan coefficients for the representations of gls with respect to Gelfand-
Zelevinsky basis.

Akihiro Shimomura:  Scattering theory for the coupled Klein-Gordon-
Schrédinger equations in two space dimensions.

Hiroyuki Manabe, Taku Ishil, and Takayuki Oda: Principal series Whittaker
functions on SL(3, R).

Shigeo Kusuoka: Approximation of expectation of diffusion processes based on
Lie algebra and Malliavin Calculus.

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153, JAPAN

TEL +481-3-5465-7001 FAX 481-3-5465-7012



