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Hiroyuki MANABE, Taku ISHII, and Takayuki ODA

Introduction

The origin of this paper is the master thesis [1] of the first named author Manabe, who ob-
tained the holonomic systems for the A-radial part of (non-spherical) principal series Whit-
taker functions on SL(3,R), and also the formal power series solutions of this holonomic
system. The untimely disease made it impossible for him to develop this research further.
The last named author who has been the advisor of this thesis asked the second named

author Ishii, to push forward this study to have integral expressions of the solutions for the
holonomic systems mentioned above, and other related results.
The study of Whittaker models of algebraic groups over local fields has already some

history. The Jacquet integral is named after the investigation of H.Jacquet [9]. Multiplicity
free theorem by J.Shalika for quasi-split groups, was later enhanced for the case of the real
field by N.Wallach. For reductive groups over the real field, this theme was investigated by
M.Hashizume [6], B.Kostant, D. Vogan, H.Matsumoto, and the joint work of R.Goodman
and N.Wallach [5].
More specifically GL(n,R), explicit expressions for class 1 Whittaker functions are ob-

tained, firstly for n = 3 by D.Bump [2]. The main contributor for the case of general n seems
to be E.Stade. Other related results will be found in the references of the papers of him
([12],[13]).
Let us explain the outline of this paper. The purpose of the master thesis [1] refered

above is to investigate the Whittaker functions belonging to the non-spherical principal series
representations of SL(3,R). The minimal K-type of such representations is 3-dimensional.
So we have to consider vector-valued functions. The main results are, firstly, to obtain
the holonomic system of the A-radial part of such Whittaker functions with minimal K-
type explicitly (§4), and secondly to have 6 formal solutions (§5, Theorem (5.5)), which are
considered as examples of confluent hypergeometric series of two variables. We also have
integral expressions of these 6 solutions(§5, Theorem (5.6)). In the subsequent section, the
Jacquet integral (so to say, the primary Whittaker function) is written as a sum of these
6 secondary Whittaker functions (§6-8). We believe these formulae obtained in this paper
would be fundamental for deeper studies of these functions.
This year happens to be the centennial of the first edition of A Course of Modern Analysis

[17] by Whittaker and Watson. We, the user of this fascinating book, are glad to be able to
investigate the A2-type Whittaker functions rather explicitly and exhaustively, together with
the study BC2-case by the authors [11], [8].
The authors thank the referee for careful reading to correct a number of typographic

errors in an earlier draft of this paper.

1 Preliminaries. Basic terminology

1.1 Whittaker model

Given an irreducible admissible representation (π,H) of G = SL(3,R), we consider its model
or realization in the space of Whittaker functions. This means, for a non-degenerate unitary
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character ψ of a maximal unipotent subgroup N = {
1 ∗ ∗
0 1 ∗
0 0 1

 ∈ G} of G defined by

ψ(

1 x12 x13

1 x23

1

) = exp{2π√−1(c1x12 + c2x23)}

with c1, c2 ∈ R being non-zero, we consider a smooth induction C∞-IndGN (ψ) to G, and the
space of intertwining operators of smooth G-modules

HomG(H∞, C∞-IndGN (ψ))

with H∞ the subspace consisting of C∞-vectors in H. Or more algebraically speaking,
we might consider the corresponding space in the context of (g,K)-modules (with g =
Lie(G),K = SO(3)):

Hom(g,K)(H∞, C∞-IndGN (ψ)).

1.2 Principal series representations

Let P0 be a minimal parabolic subgroup of G given by the upper triangular matrices in G, and
P0 =MAN be a Langlands decomposition of P0 withM = K ∩{diagonals in G}, A = expa,
with

a = {diag(t1, t2, t3)|ti ∈ R, t1 + t2 + t3 = 0}.
In order to define a principal series representation with respect to the minimal parabolic

subgroup P0 of G, we firstly fix a character σ of the finite abelian group M of type (2, 2)
and a linear form ν ∈ a∗ ⊗R C = HomR(a,C). We write ν(diag(t1, t2, t3)) = ν1t1 + ν2t2.
For such data, we can define a representation σ ⊗ eν of MA, and extend this to P0 by the
identification P0/N ∼=MA. Then we set

πσ,ν = L2-IndGP0
(σ ⊗ eν+ρ ⊗ 1N ).

Here ρ is the half-sum of positive roots of (g, a) for P0, given as follows. For i < j (1 ≤
i, j ≤ 3), we put ηij(a) = ai/aj for a = diag(a1, a2, a3) (a1a2a3 = 1). Then we have
a2ρ =

∏
i<j ai/aj = a2

1/a
2
3 = a4

1a
2
2 by definition. Hence a

ρ = a2
1a2.

Here the characters σj of M are identified as follows. The group M consisting of 4
elements is a finite abelian group of (2, 2) type, and its elements except for the unity is given
by the matrices

m1 =

1 0 0
0 −1 0
0 0 −1

 ,m2 =

−1 0 0
0 1 0
0 0 −1

 ,m3 =

−1 0 0
0 −1 0
0 0 1

 .

Since M is commutative, all the irreducible unitary representations of it is 1-dimensional.
For any σ ∈ M̂ , we have σ2 = 1. Therefore the set M̂ consisting of 4 characters {σj : j =
0, 1, 2, 3}, where each σj, except for the trivial character σ0, is specified by the following table
of values at the elements mi.

m1 m2 m3

σ1 1 -1 -1
σ2 -1 1 -1
σ3 -1 -1 1
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Proposition (1.1) (i) If σ is the trivial character of M , the representation πσ,ν is spherical
or class 1, i.e., it has a (unique) K-invariant vector in the representation space Hσ,ν .
(ii) If σ is not trivial, then the minimal K-type of the restriction πσ,ν |K to K is a 3-
dimensional representation of K = SO(3), which is isomorphic to the unique standard one
(τ2, V2). The multiplicity of this minimal K-type is one:

dimCHomK(τ2,Hσ,ν) = 1,

namely there is a unique non-zero K-homomorphism

ι : (τ2, V2)→ (πσ,ν |K ,Hσ,ν)

up to constant multiple.

2 Representations of K = SO(3)

2.1 The spinor covering

To describe the finite dimensional irreducible representations of SO(3), the simplest way
seems to utilize the double covering s : SU(2) = Spin(3) → SO(3), which is realized as
follows.
The Hamilton quaternion algebra H is realized in M2(C) by

H = {
(

a b
−b̄ ā

)
∈ M2(C)|a, b ∈ C}.

Then SU(2) is the subgroup of the multiplicative group consisting of quaternions with reduced
norm 1, i.e.,

SU(2) = {x ∈ H|detx = 1}.
Let P = {x ∈ H|trx = 0} be the 3-dimensional real Euclidean space consisting of pure
quaternions. Then for each x ∈ SU(2), the map

p ∈ P �→ x · p · x−1 ∈ P

preserve the Euclid norm p �→ det p and the orientation, hence we have a homomorphism

s : SU(2)→ SO(P,det) = SO(3),

which is surjective, since the range is a connected group. The kernel of this homomorphism
is given by {±12}.
By the derivation of s ds : su(2)→ so(3), the standard generators:

u1 =
(√−1 0
0 −√−1

)
, u2 =

(
0 1
−1 0

)
, u3 =

(
0

√−1√−1 0

)
are mapped to 2K1, 2K2, 2K3 with

K1 =

0 0 0
0 0 −1
0 1 0

 ,K2 =

 0 0 1
0 0 0
−1 0 0

 ,K3 =

0 −1 0
1 0 0
0 0 0

 ∈ k,

respectively. Here k is the Lie algebra of K.
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2.2 Representations of SU(2)

The set of equivalence classes of the finite dimensional continuous representations of SU(2) is
exhausted by the symmetric tensor products τl (l = 0, 1, . . . , ) of the standard representation.
These are realized as follows.
Let Vl be the subspace consisting of degree l homogeneous polynomials of two variables

x, y in the polynomial ring C[x, y]. For g ∈ SU(2) with g−1 =
(

a b
−b̄ ā

)
, and f(x, y) ∈ Vl we

set
τl(g)f(x, y) := f(ax+ by,−b̄x+ āy).

Passing to the Lie algebra Lie(SU(2)) = su(2), the derivation of τl, denoted by the same
symbol, is described as follows by using the standard basis {vk = xkyl−k (0 ≤ k ≤ l)} and
the standard generators

u1 =
(√−1 0
0 −√−1

)
, u2 =

(
0 1
−1 0

)
, u3 =

(
0

√−1√−1 0

)
.

Namely we have

τl(u1)vk =
√−1(l − 2k)vk, τl(X+)vk = (l − k)vk+1, τl(X−)vk = −k · vk−1.

Here we put X+ = 1
2(u2 +

√−1u3), X− = 1
2(u2 −

√−1u3).
The condition that τl defines a representation of SO(3) by passing to the quotient with

respect s : SU(2) → SO(3) is that τl(−12) = (−1)l = +1, i.e., l is even. Therefore the
dimension of Vl, l + 1 is odd in this case.
The representation τ2 of SU(2) is equivalent to the spinor homomorphism. Hence passing

to the quotient, τ2 is equivalent to the tautological representation SO(3)→ GL(3,C).

2.3 Irreducible components of τ2 ⊗ τ4 and τ2 ⊗ Adp

For our later use, we want to specify the standard basis of the unique irreducible constituent
τ2 in the tensor product τ2 ⊗ τ4.

Lemma (2.1) Let {vi (i = 0, 1, 2)} and {wj (0 ≤ j ≤ 4)} be the standard basis of (τ2, V2)
and (τ4, V4), respectively. Then the elements

v′0 = v0 ⊗ w2 − 2v1 ⊗ w1 + v2 ⊗ w0,
v′1 = v0 ⊗ w3 − 2v1 ⊗ w2 + v2 ⊗ w1,
v′2 = v0 ⊗ w4 − 2v1 ⊗ w3 + v2 ⊗ w2

define a set of standard basis in τ2 ⊂ τ2⊗τ4, which is unique up to a common scalar multiple.
Proof. We have

X−v′0 = X−v0 ⊗ w2 + v0 ⊗X−w2 − 2X−v1 ⊗ w1 − 2v1 ⊗X−w1 +X−v2 ⊗ w0 + v2 ⊗X−w0

= 0 + v0 ⊗ (−2)w1 + 2v0 ⊗ w1 − 2v1 ⊗ (−1)w0 + (−2)v1 ⊗ w0 + 0
= 0.

This means that v′0 is the lowest weight vector of some irreducible subrepresentation in the
tensor product. By a similar computation we have

X+v′0 = 2v
′
1, X+v′1 = v′2, and X+v′2 = 0.

✷
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2.4 The K-module isomorphism between pC and V4

We denote by pC the complexification of the orthogonal complement p of k with respect to
the Killing form, on which the group K acts via the adjoint action Adp. We denote by Eij

the matrix unit with 1 at (i, j)-th entry and 0 at other entries. Then Eii and Eij + Eji are
considered as elements in p. We set Hij = Eii − Ejj for i �= j.

Lemma (2.2) Via the unique isomorphism V4 and pC as K-modules we have the identifi-
cation

w0 = −2{H23 −
√−1(E23 + E32)},

w1 =
√−1{(E12 + E21)−

√−1(E13 +E31)},
w2 = 2

3 (H12 +H13),
w3 =

√−1{(E12 + E21) +
√−1(E13 +E31)},

w4 = −2{H23 +
√−1(E23 + E32)}.

Proof. This can be confirmed by direct computation. The adjoint action of 1
2u1 on the right

hand side of the third formula reads

[K1,
2
3
diag(2,−1,−1)] = 0.

Applying the adjoint actions of X± on these elements, we can confirm other identification. ✷

3 Principal series (g, K)-modules

3.1 The case of the class one principal series

3.1.1 The Capelli elements

A set of generators for the center Z(g) of the universal enveloping algebra U(g) of g = sl3 is
obtained as Capelli elements, because sl3 is of type A2 (cf. [7, §11]).
Let

E′
ii = Eii − 13(

3∑
a=1

Eaa), E′
ij = Eij (i �= j).

Then E′
ij ∈ g. Define a matrix C of size 3 with entries in g by

C =
E′

11 E′
12 E′

13

E′
21 E′

22 E′
23

E′
31 E′

32 E′
33

+ diag(−1,0, 1).
Then for

A = (Aij)1≤i,j≤3 = x · 13 − C ∈ M3(g[x]) ⊂ M3(U(g)[x]),

we define its vertical determinant by

det ↓ (A) =
∑
σ∈S3

sgn(σ)A1σ(1)A2σ(2)A3σ(3).

Then it is written in the form x3 + Cp2x− Cp3 ∈ U(g)[x] with some elements Cp2 and Cp3

in Z(g).

Proposition (3.1) The set {Cp2, Cp3} is a system of independent generators of Z(g). Here
are explicit formulae of Cp2 and Cp3:

Cp2 = (E′
11 − 1)E′

22 + E′
22(E

′
33 + 1) + (E

′
11 − 1)(E′

33 + 1)
−E23E32 − E13E31 − E12E21,

Cp3 = (E′
11 − 1)E′

22(E
′
33 + 1) + E12E23E31 + E13E21E32

−(E′
11 − 1)E23E32 − E13E

′
22E31 − E12E21(E′

33 + 1).
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3.1.2 Reduction of Capelli elements

For the class one principal series, σ = σ0 is the trivial character of M . Let f0 be the element
generating the minimal K-type in Hσ0,ν normalized such that f0|K ≡ 1.
To compute the infinitesimal character of our πσ0,ν , we investigate the action of the Capelli

elements Cp2, Cp3 on f0. By simple computation, we have

Cp2 = (E′
11 − 1)E′

22 + E′
22(E

′
33 + 1) + (E

′
11 − 1)(E′

33 + 1)
−E2

23 − E2
13 − E2

12 − 1
2E23u1 + 1

2E13u2 − 1
2E12u3.

Therefore we have

Cp2 ≡ (E′
11 − 1)E′

22 + E′
22(E

′
33 + 1) + (E

′
11 − 1)(E′

33 + 1)
−E2

23 − E2
13 − E2

12 (modU(g)k).

By similar computation we have

Cp3 ≡ (E′
11 − 1)E′

22(E
′
33 + 1) + E12E23E13 + E13E12E23 − E2

13

−E2
23(E

′
11 − 1)− E2

13E
′
22 − E2

12(E
′
33 + 1) (modU(g)k).

3.1.3 Eigenvalues of Cp2, Cp3

We want to compute the value Cp2f0(e) and Cp3f0(e). For elements X in n = Lie(N) we
have Xf0(e) = 0. Hence it suffices to check the first terms of Cp2 and Cp3. We have

E′
11f0(e) = 1

3 (2E11 −E22 −E33)f0(e)
= 1

3 (H12 +H13)f0(e)
= 1

3{2(ν1 + ρ1)− (ν2 + ρ2)}
= 1

3 (2ν1 − ν2 + 3) = 1
3 (2ν1 − ν2) + 1.

Similarly

E′
22f0(e) =

1
3
(2ν2 − ν1) and E′

33f0(e) = −1
3
(ν1 + ν2 + 3) = −1

3
(ν1 + ν2)− 1.

Therefore
Cp2f0(e) = S2(

1
3
(2ν1 − ν2),

1
3
(2ν2 − ν1),

1
3
(ν1 + ν2))

and
Cp3f0(e) = S3(

1
3
(2ν1 − ν2),

1
3
(2ν2 − ν1),

1
3
(ν1 + ν2)).

Here S2(a, b, c) = ab+ bc + ca and S3(a, b, c) = abc are the elementary symmetric functions
of three variables of degree 2 and 3, respectively.
Now summing up the above computation, we have the following.

Proposition (3.2) The infinitesimal character of πσ0,ν is given by

Cp2f0 = S2(
1
3
(2ν1 − ν2),

1
3
(2ν2 − ν1),−13(ν1 + ν2))f0

and
Cp3f0 = S3(

1
3
(2ν1 − ν2),

1
3
(2ν2 − ν1),−13(ν1 + ν2))f0.
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3.2 (g, K)-module structure of non-spherical principal series at the minimal
K-type

3.2.1 Construction of K-equivariant differential operators

Lemma (3.3) Let {fi (i = 0, 1, 2)} be the set of the standard basis of the minimal K-type
τ ⊂ πσ,ν of a non-spherical principal series representation πσ,ν = π. Define another three
C∞-elements {ϕi (i = 0, 1, 2)} by the formulae:

ϕ0 = 2
3π(2E11 − E22 − E33)f0

−2√−1π(E12 +E21 −
√−1(E13 + E31))f1

−2π(E22 − E33 −
√−1(E23 + E32))f2,

ϕ1 =
√−1π(E12 + E21 +

√−1(E13 +E31))f0

−4
3π(2E11 − E22 − E33)f1

+
√−1π(E12 + E21 −

√−1(E13 + E31))f2,
ϕ2 = −2π(E22 − E33 +

√−1(E23 + E32))f0

−2√−1π(E12 +E21 +
√−1(E13 + E31))f1

+2
3π(2E11 − E22 − E33)f2.

Then (ϕ0, ϕ1, ϕ2) is a constant multiple of (f0, f1, f2).
Proof. Let ι : τ2 ⊂ π be the injective K-homomorphism unique up to constant multiple.
Since the canonical surjection

π(pC)⊗ Im(ι)→ π(pC) · Im(ι)
is a K-homomorphism, the target space is contained in the sum of τ2, τ4 and τ6 isotypic
subspaces of π. By the previous Lemmata (2.1) and (2.2), the 3 elements {ϕi (i = 0, 1, 2)}
corresponds to the image of the standard basis in the τ2-isotypic component in the tensor
product π(pC) ⊗ Im(ι). Since the K-type τ2 occurs with multiplicity one in π, we have the
conclusion of our lemma. ✷

3.2.2 Computation of eigenvalues

The previous lemma tells that there exist a scalar λ(σ, ν) depending on σ and ν such that
ϕi = λ(σ, ν)fi (i = 0, 1, 2). We determine this eigenvalue λ(σ, ν) by using explicit models of
the principal series πσ,ν .
To do this, we have to find functions in

L2-IndKM (σi) = L2
M,σi
(K) = {f ∈ L2(K)|f(mk) = σi(m)f(k) for all m ∈ M,k ∈ K}

corresponding to the standard basis in the minimal K-type for each i.
In the larger space L2(K), the τ2-isotypic component is generated by the 9 matrix elements

sij(k) (1 ≤ i, j ≤ 3) of the tautological representation
k ∈ K �→ S(k) = (sab(k))1≤a,b≤3 ∈ SO(3).

It is directly confirmed that sib(k) (b = 0, 1, 2) belong to the subspace L2
M,σi
(K) for each i.

Diagonalizing the action of u1, we find that si1 corresponds to v1 for each i. And finally
we find that the standard basis is given by

v0 =
√−1(si2 −

√−1si3), v1 = si1, and v2 =
√−1(si2 +

√−1si3).
We need the values of these standard functions fa(k) = va (a = 0, 1, 2) at the identity e ∈ K.

Lemma (3.4) The values of the standard functions at e ∈ K is given as follows.
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1. If σ = σ1, (f0(e), f1(e), f2(e)) = (0, 1, 0).

2. If σ = σ2, (f0(e), f1(e), f2(e)) = (
√−1, 0,√−1).

3. If σ = σ3, (f0(e), f1(e), f2(e)) = (1, 0,−1).
Now we can proceed to the computation of the value λ(σi, ν).

Lemma (3.5)

λ(σ1, ν) = −4
3
(2ν1 − ν2), λ(σ2, ν) =

4
3
(ν1 − 2ν2), λ(σ3, ν) =

4
3
(ν1 + ν2).

Proof. If σ = σ1, the values of the standard functions at e ∈ K is given by (f0(e), f1(e), f2(e)) =
(0, 1, 0). Hence to determine λ(σ, ν) it suffices to compute the value ϕ1(e) = λ(σ, ν). Since
the principal series is the induced representation IndGP0

(σ⊗eν+ρ⊗1N ), for any element X ∈ n

the values Xfi(e) is equal to 0. Hence π(Eij + Eji)fi(e) = π(Eji − Eij)fi(e) for i < j. Thus

ϕ1(e) =
√−1π(E21 − E12 +

√−1(E31 − E13))f0(e)− 4
3π(H12 +H13)f1(e)

+
√−1π(E21 − E12 +

√−1(E31 − E13)f2(e)
= 1

2

√−1π(u3 −
√−1u2)f0(e) + 1

2

√−1π(u3 +
√−1u2)f2(e)

−4
3π(H12 +H13)f1(e)

= π(X+)f0(e)− π(X−)f2(e)− 4
3π(H12 +H13)f1(e)

= 2f1(e) + 2f1(e)− 4
3{2(ν1 + ρ1)− (ν2 + ρ2)}f1(e)

= −4
3(2ν1 − ν2)f1(e).

Therefore λ(σ1, ν) = −4
3(2ν1 − ν2).

If σ = σ2 we have (f0(e), f1(e), f2(e)) =
√−1(1, 0, 1). Thus by similar computation, we

have

ϕ0(e) = 2
3π(H12 +H13)f0(e)
−2√−1π(E21 − E12 −

√−1(E31 − E13))f1(e)
−2π(H23 −

√−1(E32 − E23))f2(e))
= 2

3π(H12 +H13)f0(e) + 2π(X−)f1(e)− 2π(H23 − 1
2

√−1u1)f2(e)
= 2

3π(H12 +H13)f0(e) + (−2)f0(e) + 2f2(e) + (−2)π(H23)f2(e)
= 2

3{2(ν1 + ρ1)− (ν2 + ρ2)}f0(e) + (−2)f0(e) + (−2){(ν2 + ρ2)− 1}f2(e)
= 2

3(2ν1 − ν2)f0(e) + (−2)ν2f2(e).

Since f0(e) = f2(e) in this case, we have ϕ0(e) = 4
3(ν1−2ν2)f0(e), i.e., λ(σ2, ν) = 4

3(ν1−2ν2).
If σ = σ3, the initial values are given by

(f0(e), f1(e), f2(e)) = (1, 0,−1).

Quite similarly as the case σ2, we have the equality

ϕ0(e) =
2
3
(2ν1 − ν2)f0(e) + (−2)ν2f2(e).

Input f0(e) = 1 and f2(e) = −1 to get

ϕ0(e) =
4
3
ν1 − 23ν2 + 2ν2 =

4
3
(ν1 + ν2).

✷

Summing up the lemmata in this section, we have the following.

8



Proposition (3.6) Let {fi (i = 0, 1, 2)} be the set of the standard basis of the minimal
K-type τ ⊂ πσ,ν of a non-spherical principal series representation πσ,ν = π. Define another
three C∞-elements {ϕi (i = 0, 1, 2)} by the formulae:

ϕ0 = 2
3π(H12 +H13)f0

−2√−1π(E12 +E21 −
√−1(E13 + E31))f1

−2π(H23 −
√−1(2E23 + 1

2u1)f2,
ϕ1 =

√−1π(E12 + E21 +
√−1(E13 +E31))f0

−4
3π(H12 +H13)f1

+
√−1π(E12 + E21 −

√−1(E13 + E31))f2,
ϕ2 = −2π(H23 +

√−1(2E23 + 1
2u1)f0

−2√−1π(E12 +E21 +
√−1(E13 + E31))f1

+2
3π(H12 +H13)f2.

Then we have
(ϕ0, ϕ1, ϕ2) = λ(σi, ν)(f0, f1, f2)

with eigenvalue λ(σi, ν) given by

λ(σ1, ν) = −4
3
(2ν1 − ν2), λ(σ2, ν) =

4
3
(ν1 − 2ν2), λ(σ3, ν) =

4
3
(ν1 + ν2).

In the next section, we consider the Whittaker realization of the equation of the above
proposition. Then we need the following Iwasawa decomposition of standard elements of g.

Lemma (3.7) We have the following decomposition of standard generators of g with respect
to the Iwasawa decomposition g = n+ a+ k. For Hij ∈ a we have

Hij = 0 +Hij + 0.

Since Eij + Eji = 2Eij − (Eij − Eji), we have

E12 +E21 = 2E12 + 0+K3, E13 +E31 = 2E13 + 0+ (−K2), E23 +E23 = 2E23 + 0+K1.

4 The holonomic system for the A-radial part of the principal
series Whittaker functions

4.1 The case of the class one principal series

Let I be a non-zero Whittaker functional from the class one principal series πσ0,ν to C
∞-IndGN (ψ).

Let F be the restriction of the image I(f0) of the K-fixed vector f0 to A. We write here the
holonomic system for F with respect to the variables y1 = η12(a) = a1/a2, y2 = η23(a) =
a2/a3 = a1a

2
2.

Proposition (4.1) Put F (y1, y2) = y1y2G(y1, y2) (note aρ = y1y2). Then G(y1, y2) satisfies
the partial differential eqautions:

∆2G =
1
3
(ν2

1 + ν2
2 − ν1ν2)G

and

{∂1(∂1 − ∂2)∂2 + 4π2c22y
2
2∂1 − 4π2c21y

2
1∂2}G = − 1

27
(2ν1 − ν2)(2ν2 − ν1)(ν1 + ν2)G.

9



Here ∂i is the Euler operator yi
∂
∂yi

for i = 1, 2. and we write

∆2 = (∂2
1 + ∂2

2 − ∂1∂2)− 4π2(c21y
2
1 + c22y

2
2).

Proof. By definition the action of any element X in k on F is zero. We have two lemmata.
Lemma (4.2) The A-radial part of the operators E12, E13, E23 are the multiplication oper-
ators of the functions

2π
√−1c1y1, 0, 2π

√−1c2y2,

respectively.
Proof of Lemma. The action of exp(tE12) on the restriction F ′ of some element in the
Whittaker model to A is given by

F ′(a · exp(tE12)) = F ′(a exp(tE12)a−1 · a)
= ψ(a exp(tE12)a−1)F ′(a)
= exp(2π

√−1c1y1)F ′(a),

for a exp(tE12)a−1 ∈ N . The derivation of this in t at t = 0 yields E12F
′ = 2π

√−1c1y1F
′.

The cases E13, E23 are done similarly. ✷

Lemma (4.3) For F ′ = F ′(y) on A which is the restriction of some element in the Whittaker
model, the action of Hij are given by

H12F
′ = (2∂1 − ∂2)F ′(y),

H13F
′ = (∂1 + ∂2)F ′(y),

H23F
′ = (−∂1 + 2∂2)F ′(y).

Moreover for E′
ii we have

E′
11F

′ = ∂1F
′, E′

22F
′ = (−∂1 + ∂2)F ′, E′

33F
′ = −∂2F

′.

Proof of Lemma. By one parameter subgroup exp(tH12) (t ∈ R), (y1, y2) is mapped to
(y1 exp(2t), y2 exp(−t)). Then

H12F
′ =

d

dt
{F ′(y1 exp(2t), y2 exp(−t)}}|t=0

= 2y1
∂

∂y1
F ′ − y2

∂

∂y2
F ′.

The other two Hij are settled in the same way.
The latter statement follows immediately from the former, since

E′
11 =

1
3
(H12 +H13), E′

22 =
1
3
(−H12 +H23), E′

33 =
1
3
(−H13 −H23).

✷

Now let us go back to the proof of Proposition above. Since the Capelli element Cp2 is
equal to

(E′
11 − 1)E′

22 + E′
22(E

′
33 + 1) + (E

′
11 − 1)(E′

33 + 1)− E2
23 − E2

13 − E2
12,

its action on the A-radial part F of the K-invariant element in the Whittaker model is given
by the operator

(∂1−1)(−∂1+∂2)+(−∂1+∂2)(−∂2+1)+(∂1−1)(−∂2+1)−(2π
√−1c1y1)2−(2π

√−1c2y2)2.

10



By aρ-twist, it gives the operator

∂1(−∂1 + ∂2) + (−∂1 + ∂2)(−∂2) + ∂1(−∂2)− (2π
√−1c1y1)2 − (2π

√−1c2y2)2

on G. Therefore the first equation follows from the first equation of Proposition (3.2).
The second equation is obtained similarly from the A-radial part

ρA(Cp3) = (∂1 − 1)(−∂1 + ∂2)(−∂2 + 1)− (2πc2y2

√−1)2(∂1 − 1)− (2πc1y1

√−1)2(−∂2 + 1).

By aρ-twist of this, we have the second equation of the proposition above.

Remark From these equations for the monodromy exponents α1, α2 at the origin y1 = 0, y2 =
0, we have an equality of sets of complex numbers:

{α1,−α1 + α2,−α2} = {1
3
(2ν1 − ν2),

1
3
(2ν2 − ν1),−13(ν1 + ν2)}.

4.2 The holonomic system for the A-radial part of non-spherical Whittaker
functions

Let I be a non-zero Whittaker functional from the principal series πσi,ν . For the set {fi|(i =
0, 1, 2)} of standard functions, we put Fi = I(fi).

Theorem (4.4) Let F (a) = t(F0(a), F1(a), F2(a)) = (y1y2)t(G0(y),G1(y),G2(y)) be the
vector of the A-radial part of the standard Whittaker functions with minimal K-type of the
principal series representation πσ,ν with non-trivial σ = σi. Then it satisfies the following
partial differential equations:

(i): ∂1 4πc1y1 ∂1 − 2∂2 − 4πc2y2

−2πc1y1 −2∂1 −2πc1y1

∂1 − 2∂2 + 4πc2y2 4πc1y1 ∂1

G0(y)
G1(y)
G2(y)

 = 1
2
λi

G0(y)
G1(y)
G2(y)

 ,

(ii):

∆2 · 13 ·
G0(y)
G1(y)
G2(y)

− 2πc2y2

 G0(y)
0

−G2(y)

+ 2πc1y1

 G1(y)
1
2(G0(y) +G2(y))

G1(y)

 = 1
3
µ

G0(y)
G1(y)
G2(y)

 .

Moreover the eigenvalues λi and µ depending on the representation πσ,ν are given by
λ1 = −4

3(2ν1 − ν2) (σ = σ1)
λ2 = 4

3 (ν1 − 2ν2) (σ = σ2)
λ3 = 4

3 (ν1 + ν2) (σ = σ3)
and µ = ν2

1 + ν2
2 − ν1ν2.

Remark We can write the differential equations (i) and (ii) of the above Theorem as

(i): D1G = λiG (ii): D2G = µG,

with Di (i = 1, 2) 3 by 3 matrix-valued differential operators. Then we have

D1 · D2 −D2 · D1 = 0.

Proof of Theorem. (i): This equation is obtained from Proposition (3.6), i.e., it is the

11



Whittaker realization of this proposition. The main ingredient to compute this realization is
the Iwasawa decomposition of the standard elements in g, i.e., Lemma (3.7). After that it
suffices to apply Lemmata (4.2) and (4.3).

(ii): The Capelli element Cp2 is written as

Cp2 = (E′
11 − 1)E′

22 + E′
22(E

′
33 + 1) + (E

′
11 − 1)(E′

33 + 1)
−E2

23 − E2
13 − E2

12 − E23K1 + E13K2 − E12K3.

Since E13 belongs to the commutator of n we can drop the terms E2
13 and E13K2. Then the

Whittaker realization of the first 5 terms are the same as the case of class one:

−{(∂2
1 + ∂2

2 − ∂1∂2)− 4π2(c21y
2
1 + c22y

2
2)}13.

We need to compute only the sum of the remaining two terms −E23K1 −E12K3. Since −E23

and −E12 are the multiplication operators −2π
√−1c2y2 and −2π

√−1c1y1 respectively, this
sum is realized as

+2πc2y2

1 0 0
0 0 0
0 0 −1

− 2πc1y1

0 1 01
2 0 1

2
0 1 0

 .

4.3 The equations via the tautological basis

Let k ∈ K �→ S(k) = (sij(k))1≤i,j≤3 be the tautological representation of K = SO(3). Let
I ∈ Homg,K(πσi,ν , Ind

G
N (ψ)) be a Whittaker functional and define function Tij on A by

I(sij)|A = y1y2Tij(y) (1 ≤ i, j,≤ 3).

Then G0

G1

G2

 =
0 √−1 1
1 0 0
0

√−1 −1

Ti1
Ti2
Ti3

 .

Then for each i, the equation (1) of the above theorem is transformed to −∂1 −2π√−1c1y1 0
−2π√−1c1y1 ∂1 − ∂2 −2π√−1c2y2

0 −2π√−1c2y2 ∂2

Ti1
Ti2
Ti3

 = 1
2
λi

Ti1
Ti2
Ti3

 ,

and the equation (ii) to∆2 · 13 +
 0 2π

√−1c1y1 0
−2π√−1c1y1 0 2π

√−1c2y2

0 −2π√−1c2y2 0

Ti1
Ti2
Ti3

 = 1
3
µ

Ti1
Ti2
Ti3

 .
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5 Power series solutions at the origin

We determine 6 linearly independent formal power series at the origin (y1, y2) = (0, 0) for
generic parameter ν in this section. These formal solutions converges because the singularity
at the origin is a regular singularity. These solutions do not have exponential decay at infinity,
different from the unique ‘good’ solution given by Jacquet integral. We refer to these solutions
as secondary Whittaker functions sometimes.

5.1 The case of the class one principal series

This case is more or less discussed in the paper of Bump [2], up to some difference of notations.

Theorem (5.1) Assume that 1
4 (λk − λl) �∈ Z. Let {e1, e2, e3} be a permutation of the three

complex numbers {−1
3 (2ν1−ν2),−1

3 (2ν2−ν1), 1
3 (ν1+ν2)} = {1

4λ1,
1
4λ2,

1
4λ3}. Then the power

series

Φ(y1, y2) := y−e1
1 ye22

∞∑
n1=0

∞∑
n2=0

(e2−e1
2 + 1)n1+n2(πc1y1)2n1(πc2y2)2n2

n1!n2!(e2−e1
2 + 1)n1(

e2−e1
2 + 1)n2(

e3−e1
2 + 1)n1(

e2−e3
2 + 1)n2

.

Here the symbol (α)m means Γ(α+m)/Γ(α).

An integral expression of this power series solution was found by Stade ([12, Lemma 3.10],
[14, Theorem 2]) as an analogue of an integral formula for Jacquet integral by Vinogradov
and Takhadzhyan [15].

Theorem (5.2) For Re(e2 − e1) > 2,

Φ(y1, y2) = Γ(e2−e1
2 + 1)Γ(e3−e1

2 + 1)Γ(e2−e3
2 + 1)(πc1y1)

e3
2 (πc2y2)−

e3
2 (πc1)e1(πc2)−e2

· 1
2π

√−1
∫
|u|=1

I e2−e1
2

(2πc1y1

√
1 + 1/u)I e2−e1

2

(2πc2y2

√
1 + u)u− 3

4
e3 du

u
.

5.2 The case of the non-spherical principal series

In this case also, the holonomic system obtained in Theorem (4.4) has regular singularities at
the origin (y1, y2) = (0, 0). The rank of this system is 6, i.e., the order of the Weyl group of
SL(3,R), for generic values of parameter ν. We want to determine the characteristic indices
and the convergent formal power series solutions at y = 0. Here to abridge the notation, we
write the set of variables (y1, y2) as y collectively.
Also after some computation, by inspection we find that it is convenient to introduce

scalar functions Φi(y1, y2) (i = 0, 1, 2) by

F (y) = y1y2G(y) = y1y2{Φ0(y)

01
0

+Φ1(y)

10
1

+Φ2(y)

 10
−1

}.

5.3 The holonomic system for Φi(y)

Now we can rewrite the holonomic system for Gi to that for Φi.

Proposition (5.3) The holonomic system in Theorem (4.4) is equivalent to the following
system for Φi = Φi(y1, y2) (i = 0, 1, 2).

(1) (i) [∂1 + 1
4λi]Φ0 + (2πc1y1)Φ1 = 0,

(ii) [∂1 − ∂2 − 1
4λi]Φ1 + (2πc1y1)Φ0 + (2πc2y2)Φ2 = 0,
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(iii) [∂2 − 1
4λi]Φ2 − (2πc2y2)Φ1 = 0,

(2) (i) [∆2 − 1
3µ]Φ0 + (2πc1y1)Φ1 = 0,

(ii) [∆2 − 1
3µ]Φ1 + (2πc1y1)Φ0 − (2πc2y2)Φ2 = 0,

(iii) [∆2 − 1
3µ]Φ2 − (2πc2y2)Φ1 = 0.

5.4 The characteristic indices at the origin (y1, y2) = (0, 0) and the recur-
rence formulae.

Let

Φk(y) = y−e1
1 ye22

∑
n1,n2≥0

ck;n1,n2(πc1y1)n1(πc2y2)n2 , (k = 0, 1, 2)

be a system of formal power series solutions at the origin y = 0. Then the first task is to
compute the characteristic indices (−e1, e2) of the system at the origin and to determine the
first coefficients ck;0,0. Moreover we need the recurrence relations between the coefficients.

Now we can determine the 6 pairs (−e1, e2) of characteristic indices, and the corresponding
initial values conditions for F or Φi.

Lemma (5.4) When σ = σi for i = 1, 2 or 3, we have the following:

(1) The characteristic indices take the six values:

(−e1, e2) = (−1
4λk,

1
4λl) (1 ≤ k �= l ≤ 3).

(2) For each case, the set of first coefficients, or the initial values at the origin are given as
follows:

(i) If (−e1, e2) = (−1
4λi,

1
4λk) (k �= i),

(ye11 y−e2
2 G)(0,0) =

01
0

 , i.e., (ye11 y−e2
2 Φ0)(0,0) = 1, and (ye11 y−e2

2 Φj)(0,0) = 0 for

other j.

(ii) If (−e1, e2) = (−1
4λk,

1
4λl) (k �= i, l �= i, k �= l),

(ye11 y−e2
2 G)(0,0) =

10
1

 , i.e., (ye11 y−e2
2 Φ1)(0,0) = 1, and (ye11 y−e2

2 Φj)(0,0) = 0 for

other j.

(iii) If (−e1, e2) = (−1
4λk,

1
4λi) (k �= i),

(ye11 y−e2
2 G)(0,0) =

 10
−1

, i.e., (ye11 y−e2
2 Φ2)(0,0) = 1, and (ye11 y−e2

2 Φj)(0,0) = 0

for other j.

(3) We have the following recurrence relations for the coefficients:

(i) (n1 − e1 + 1
4λi)c0;n1,n2 + 2c1;n1−1,n2 = 0;

(ii) (n1 − n2 − e1 − e2 − 1
4λi)c1;n1,n2 + 2c0;n1−1,n2 + 2c2;n1,n2−1 = 0;

(iii) (n2 + e2 − 1
4λi)c2;n1,n2 − 2c1;n1,n2−1 = 0.
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Proof. (1): From the holonomic system we have−e1 + 1
4λi

−e1 − e2 − 1
4λi

e2 − 1
4λi

c0;0,0
c1;0,0
c2;0,0

 =
00
0

 ,

and

(
(−e1)2 + e2

2 − (−e1)(e2)− 13µ
)
13

c0;0,0
c1;0,0
c2;0,0

 =
00
0

 .

Hence we have

(−e1 +
1
4
λi)(−e1 − e2 − 14λi)(e2 − 14λi) = 0,

(e1)2 + e2
2 − (−e1)(e2)− 13µ = 0.

By the first equation, we have either

−e1 = −1
4
λi, e2 =

1
4
λi, or − e1 − e2 =

1
4
λi.

Input either of these three values, then the second equations give both −e1 and e2.
(2): This is a just exercise of linear algebra.
(3): Direct computation yields the relations. ✷

5.5 Power series solutions at the origin

Now we can show the following formulae for the power series solutions.

Theorem (5.5) Assume that 1
4(λk − λl) �∈ Z. Then we have the following.

(I) When σ = σ1 we have the following six independent solutions.

t(Φ1,I
0 ,Φ1,I

1 ,Φ1,I
2 ) = y

−λ1
4

1 y
λ2
4

2

·



∑
m1,m2≥0

(λ2−λ1
8 + 1

2)m1+m2

(λ2−λ1
8 + 1

2)m1(
λ2−λ1

8 + 1
2)m2

· (πc1y1)2m1(πc2y2)2m2

m1!m2!(λ3−λ1
8 + 1

2 )m1(
λ2−λ3

8 + 1)m2

−
∑

m1,m2≥0

(λ2−λ1
8 + 1

2)m1+m2+1

(λ2−λ1
8 + 1

2 )m1+1(λ2−λ1
8 + 1

2)m2

· (πc1y1)2m1+1(πc2y2)2m2

m1!m2!(λ3−λ1
8 + 1

2)m1+1(λ2−λ3
8 + 1)m2

−
∑

m1,m2≥0

(λ2−λ1
8 + 1

2)m1+m2+1

(λ2−λ1
8 + 1

2 )m1+1(λ2−λ1
8 + 1

2)m2+1

· (πc1y1)2m1+1(πc2y2)2m2+1

m1!m2!(λ3−λ1
8 + 1

2 )m1+1(λ2−λ3
8 + 1)m2


,

t(Φ1,III
0 ,Φ1,III

1 ,Φ1,III
2 ) = y

−λ2
4

1 y
λ3
4

2

·



∑
m1,m2≥0

(λ3−λ2
8 + 1)m1+m2

(λ3−λ2
8 + 1)m1(

λ3−λ2
8 + 1)m2

· (πc1y1)2m1+1(πc2y2)2m2

m1!m2!(λ1−λ2
8 + 1

2)m1+1(λ3−λ1
8 + 1

2)m2

−
∑

m1,m2≥0

(λ3−λ2
8 + 1)m1+m2

(λ3−λ2
8 + 1)m1(

λ3−λ2
8 + 1)m2

· (πc1y1)2m1(πc2y2)2m2

m1!m2!(λ1−λ2
8 + 1

2)m1(
λ3−λ1

8 + 1
2)m2

−
∑

m1,m2≥0

(λ3−λ2
8 + 1)m1+m2

(λ3−λ2
8 + 1)m1(

λ3−λ2
8 + 1)m2

· (πc1y1)2m1(πc2y2)2m2+1

m1!m2!(λ1−λ2
8 + 1

2 )m1(
λ3−λ1

8 + 1
2)m2+1


,

t(Φ1,V
0 ,Φ1,V

1 ,Φ1,V
2 ) = y

−λ2
4

1 y
λ1
4

2
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·



−
∑

m1,m2≥0

(λ1−λ2
8 + 1

2)m1+m2+1

(λ1−λ2
8 + 1

2 )m1+1(λ1−λ2
8 + 1

2)m2+1

· (πc1y1)2m1+1(πc2y2)2m2+1

m1!m2!(λ3−λ2
8 + 1)m1(

λ1−λ3
8 + 1

2)m2+1∑
m1,m2≥0

(λ1−λ2
8 + 1

2)m1+m2+1

(λ1−λ2
8 + 1

2)m1(
λ1−λ2

8 + 1
2)m2+1

· (πc1y1)2m1(πc2y2)2m2+1

m1!m2!(λ3−λ2
8 + 1)m1(

λ1−λ3
8 + 1

2)m2+1∑
m1,m2≥0

(λ1−λ2
8 + 1

2)m1+m2

(λ1−λ2
8 + 1

2)m1(
λ1−λ2

8 + 1
2)m2

· (πc1y1)2m1(πc2y2)2m2

m1!m2!(λ3−λ2
8 + 1)m1(

λ1−λ3
8 + 1

2)m2


,

and other three solutions Φ1,II
i ,Φ1,IV

i and Φ1,VI
i are given by exchanging the role of λ2 and λ3

in the expression for Φ1,I
i ,Φ1,III

i and Φ1,V
i , respectively.

(II) When σ = σ2, exchange λ1 and λ2 in the part (I).
(III) When σ = σ3, exchange λ1 and λ3 in the part (I).

Proof. The third statement of the previous lemma, i.e., the recurrence relations between
coefficients determines the coefficients ck;n1,n2 recursively from the initial coefficients ck;0,0.
So the necessary task is to check that our formulae are compatible with these relations and
the other relations coming from the system of equations (ii) in Theorem (4.4).

Case 1: When (−e1, e2) = 1
4(−λ1, λ2) (or (−e1, e2) = 1

4(−λ1, λ3), resp.). This means that
we consider Φ1,I

i (or Φ
1,II
i , resp.).

The assumption 1
4(λk − λl) �∈ Z implies

(i) c1;n1−1,n2 = 0⇒ c0;n1,n2 = 0,

(ii) c1;n1,n2−1 = 0⇒ c2;n1,n2 = 0,

(iii) c0;n1−1,n2 = c2;n1,n2−1 = 0⇒ c1;n1,n2 = 0.

Since

c0;0,0

c1;0,0

c2;0,0

 =
10
0

, the c0;n1,n2, c1;n1,n2, c2;n1,n2 are zero unless (n1, n2) ∈ {(even, even)},

(n1, n2) ∈ {(odd, even)}, (n1, n2) ∈ {(odd, odd)}, respectively.
For Φ1,I

i the remaining recurrence relations are

Sublemma 1.

(1) (i) 2m1c0;2m1,2m2 + 2c1;2m1−1,2m2 = 0;

(ii) (2m1 − 2m2 + 1
4(λ3 − λ1) + 1)c1;2m1+1,2m2 + 2c0;2m1,2m2 + 2c2;2m1+1,2m2−1 = 0;

(iii) (2m2 + 1
4 (λ2 − λ1) + 1)c2;2m1+1,2m2+1 − 2c1;2m1+1,2m2 = 0.

(2) (i) [(2m1− 1
4λ1)2+(2m2+ 1

4λ2)2−(2m1− 1
4λ1)(2m2+ 1

4λ2)− 1
32(λ

2
1+λ2

2+λ2
3)]c0;2m1,2m2−

4c0;2m1−2,2m2 − 4c0;2m1,2m2−2 + 2c1;2m1−1,2m2 = 0;

(ii) [(2m1 − 1
4λ1 + 1)2 + (2m2 + 1

4λ2)2 − (2m1 − 1
4λ1 + 1)(2m2 + 1

4λ2) − 1
32(λ

2
1 + λ2

2 +
λ2

3)]c1;2m1+1,2m2−4c1;2m1−1,2m2−4c1;2m1+1,2m2−2+2c0;2m1,2m2−2c1;2m1+1,2m2−1 = 0;

(iii) [(2m1 − 1
4λ1 +1)2 + (2m2 + 1

4λ2 +1)2 − (2m1 − 1
4λ1 +1)(2m2 + 1

4λ2 +1)− 1
32(λ

2
1 +

λ2
2 + λ2

3)]c2;2m1+1,2m2+1 − 4c2;2m1−1,2m2+1 − 4c2;2m1+1,2m2−1 − 2c1;2m1+1,2m2 = 0.

And up to constant multiple, the unique system of non-zero solutions of these recurrence
relations is given by

(i) c0;2m1,2m2 =
(p)m1+m2

(p)m1 (p)m2

1
m1!m2!(q)m1 (r)m2

,
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(ii) c1;2m1+1,2m2 = − (p)m1+m2+1

(p)m1+1(p)m2

1
m1!m2!(q)m1+1(r)m2

,

(iii) c2;2m1+1,2m2+1 = − (p)m1+m2+1

(p)m1+1(p)m2+1

1
m1!m2!(q)m1+1(r)m2

.

with

p =
1
8
(λ2 − λ1) +

1
2
, q =

1
8
(λ3 − λ1) +

1
2
, r =

1
8
(λ2 − λ3) + 1 (−p+ q + r = 1).

Proof. These are obtained by direct computation.

Case 2: When (−e1, e2) = 1
4(−λ2, λ1), or (−e1, e2) = 1

4(−λ3, λ1), i.e., we consider Φ
1,V
i or

Φ1,VI.

Similarly as Case 1, the initial condition Since

c0;0,0
c1;0,0
c2;0,0

 =
00
1

, implies that the c0;n1,n2,

c1;n1,n2, c2;n1,n2 are zero unless (n1, n2) ∈ {(odd,odd)}, (n1, n2) ∈ {(even,odd)}, (n1, n2) ∈
{(even,even)}.
The remaining recurrence relations are

Sublemma 2.

(1) (i) (2m1 + 1
4 (λ1 − λ2) + 1)c0;2m1+1,2m2+1 + 2c1;2m1,2m2+1 = 0;

(ii) (2m1 − 2m2 + 1
4(λ3 − λ1)− 1)c1;2m1 ,2m2+1 + 2c0;2m1−1,2m2+1 + 2c2;2m1,2m2 = 0;

(iii) 2m2c2;2m1,2m2 − 2c1;2m1,2m2−1 = 0.

(2) (i) [(2m1 − 1
4λ2 +1)2 + (2m2 + 1

4λ1 +1)2 − (2m1 − 1
4λ2 +1)(2m2 + 1

4λ1 +1)− 1
32(λ

2
1 +

λ2
2 + λ2

3)]c0;2m1+1,2m2+1 − 4c0;2m1−1,2m2+1 − 4c0;2m1+1,2m2−1 + 2c1;2m1,2m2+1 = 0;

(ii) [(2m1 − 1
4λ2)2 + (2m2 + 1

4λ1 + 1)2 − (2m1 − 1
4λ2)(2m2 + 1

4λ1 + 1) − 1
32(λ

2
1 + λ2

2 +
λ2

3)]c1;2m1,2m2+1−4c1;2m1−2,2m2+1−4c1;2m1,2m2−1+2c0;2m1−1,2m2+1−2c2;2m1,2m2 = 0;

(iii) [(2m1− 1
4λ2)2+(2m2+ 1

4λ1)2−(2m1− 1
4λ2)(2m2+ 1

4λ1)− 1
32(λ

2
1+λ2

2+λ2
3)]c2;2m1,2m2−

4c2;2m1−2,2m2+1 − 4c2;2m1,2m2−2 − 2c1;2m1,2m2−1 = 0.

And up to constant multiple, the unique system of non-zero solutions of these recurrence
relations is given by

(i) c0;2m1,2m2 = − (p)m1+m2+1

(p)m1+1(p)m2+1

1
m1!m2!(q)m1 (r)m2+1

,

(ii) c1;2m1+1,2m2 =
(p)m1+m2+1

(p)m1 (p)m2+1

1
m1!m2!(q)m1 (r)m2+1

,

(iii) c2;2m1+1,2m2+1 =
(p)m1+m2

(p)m1 (p)m2

1
m1!m2!(q)m1 (r)m2

.

with
p =
1
8
(λ1 − λ2) +

1
2
, q =

1
8
(λ3 − λ2) + 1, r =

1
8
(λ1 − λ3) +

1
2
.

Proof. These are obtained by direct computation.

Case 3: When (−e1, e2) = 1
4(−λ2, λ3), or (−e1, e2) = 1

4(−λ3, λ2).
In this case, the c0;n1,n2, c1;n1,n2, c2;n1,n2 are zero unless (n1, n2) ∈ {(odd,even)}, (n1, n2) ∈
{(even,even)}(n1, n2) ∈ {(even,odd)}.
The remaining recurrence relations are

Sublemma 3.
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(1) (i) (2m1 + 1
4 (λ1 − λ2) + 1)c0;2m1+1,2m2 + 2c1;2m1,2m2 = 0;

(ii) (2m1 − 2m2)c1;2m1,2m2 + 2c0;2m1−1,2m2 + 2c2;2m1,2m2−1 = 0;

(iii) (2m2 + 1
4 (λ3 − λ1) + 1)c2;2m1,2m2+1 − 2c1;2m1,2m2 = 0.

(2) (i) [(2m1 − 1
4λ2 + 1)2 + (2m2 + 1

4λ3)2 − (2m1 − 1
4λ2 + 1)(2m2 + 1

4λ3) − 1
32(λ

2
1 + λ2

2 +
λ2

3)]c0;2m1+1,2m2 − 4c0;2m1−1,2m2 − 4c0;2m1+1,2m2−2 + 2c1;2m1,2m2 = 0;

(ii) [(2m1− 1
4λ2)2+(2m2+ 1

4λ3)2−(2m1− 1
4λ2)(2m2+ 1

4λ3)− 1
32(λ

2
1+λ2

2+λ2
3)]c1;2m1,2m2−

4c1;2m1−2,2m2 − 4c1;2m1,2m2−2 + 2c0;2m1−1,2m2 − 2c2;2m1,2m2−1 = 0;

(iii) [(2m1 − 1
4λ2)2 + (2m2 + 1

4λ3 + 1)2 − (2m1 − 1
4λ2)(2m2 + 1

4λ3 + 1) − 1
32(λ

2
1 + λ2

2 +
λ2

3)]c2;2m1,2m2+1 − 4c2;2m1−2,2m2+1 − 4c2;2m1,2m2−1 − 2c1;2m1,2m2 = 0.

And up to constant multiple, the unique system of non-zero solutions of these recurrence
relations is given by

(i) c0;2m1+1,2m2 =
(p)m1+m2

(p)m1 (p)m2

1
m1!m2!(q)m1+1(r)m2

,

(ii) c1;2m1,2m2 = − (p)m1+m2
(p)m1 (p)m2

1
m1!m2!(q)m1 (r)m2

,

(iii) c2;2m1,2m2+1 = − (p)m1+m2
(p)m1 (p)m2

1
m1!m2!(q)m1 (r)m2+1

.

with

p =
1
8
(λ3 − λ2) + 1, q =

1
8
(λ1 − λ2) +

1
2
, r =

1
8
(λ3 − λ1) +

1
2
(p = q + r).

Proof. These are obtained by direct computation. ✷

5.6 Integral representations of the secondary Whittaker functions

In this subsection, we rewrite the power series solutions of the previous subsection by integral
expressions.

Theorem (5.6) (I) When σ = σ1 we have

t(Φ1,I
0 ,Φ1,I

1 ,Φ1,I
2 ) = (πc1y1)

λ3
8

+ 1
2 (πc2y2)−

λ3
8

+ 1
2

·(2π√−1)−1Γ(λ2−λ1
8 + 1

2)Γ(
λ3−λ1

8 + 1
2)Γ(

λ2−λ3
8 + 1)(πc1)

λ1
4 (πc2)−

λ2
4

·



∫
|u|=1

Iλ2−λ1
8

− 1
2

(2πc1y1

√
1 + 1/u)Iλ2−λ1

8
− 1

2

(2πc2y2

√
1 + u)u− 3

16
λ3+ 1

4
du

u

(−1)
∫
|u|=1

Iλ2−λ1
8

+ 1
2

(2πc1y1

√
1 + 1/u)Iλ2−λ1

8
− 1

2

(2πc2y2

√
1 + u)u− 3

16
λ3− 1

4 (1 + u)
1
2
du

u

(−1)
∫
|u|=1

Iλ2−λ1
8

+ 1
2

(2πc1y1

√
1 + 1/u)Iλ2−λ1

8
+ 1

2

(2πc2y2

√
1 + u)u− 3

16
λ3− 1

4
du

u


for Re(λ2−λ1

8 ) > 3
2 ,

t(Φ1,III
0 ,Φ1,III

1 ,Φ1,III
2 ) = (πc1y1)

λ1
8 (πc2y2)−

λ1
8

·(2π√−1)−1Γ(λ1−λ2
8 + 1

2)Γ(
λ3−λ1

8 + 1
2)Γ(

λ3−λ2
8 + 1)(πc1)

λ2
4 (πc2)−

λ3
4
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·



(πc1y1)
∫
|u|=1

Iλ3−λ2
8

(2πc1y1

√
1 + 1/u)Iλ3−λ2

8

(2πc2y2

√
1 + u)u− 3

16
λ3− 1

2
du

u

(−1)
∫
|u|=1

[
πc1y1

√
1 + 1/u Iλ3−λ2

8
−1
(2πc1y1

√
1 + 1/u) + (λ1−λ3

8 + 1
2)

·Iλ3−λ2
8

(2πc1y1

√
1 + 1/u)

]
Iλ3−λ2

8

(2πc2y2

√
1 + u)u− 3

16
λ3− 1

2
du

u

(−1)(πc2y2)
∫
|u|=1

Iλ3−λ2
8

(2πc1y1

√
1 + 1/u)Iλ3−λ2

8

(2πc2y2

√
1 + u)u− 3

16
λ3+

1
2
du

u


for Re(λ3−λ2

8 ) > 1,

t(Φ1,V
0 ,Φ1,V

1 ,Φ1,V
2 ) = (πc1y1)

λ3
8

+ 1
2 (πc2y2)−

λ3
8

+ 1
2

·(2π√−1)−1Γ(λ1−λ2
8 + 1

2)Γ(
λ1−λ3

8 + 1
2)Γ(

λ3−λ2
8 + 1)(πc1)

λ2
4 (πc2)−

λ1
4

·


(−1)

∫
|u|=1

Iλ1−λ2
8

+ 1
2

(2πc1y1

√
1 + 1/u)Iλ1−λ2

8
+ 1

2

(2πc2y2

√
1 + u)u− 3

16
λ3+

1
4
du

u∫
|u|=1

Iλ1−λ2
8

− 1
2

(2πc1y1

√
1 + 1/u)Iλ1−λ2

8
+ 1

2

(2πc2y2

√
1 + u)u− 3

16
λ3− 1

4 (1 + u)
1
2
du

u∫
|u|=1

Iλ1−λ2
8

− 1
2

(2πc1y1

√
1 + 1/u)Iλ1−λ2

8
− 1

2

(2πc2y2

√
1 + u)u− 3

16
λ3− 1

4
du

u


for Re(λ1−λ2

8 ) > 3
2 .

To have the integral expression for Φ1,II
i ,Φ1,IV

i and Φ1,VI
i , we have to exchange the role of λ2

and λ3 in the expression for Φ1,I
i ,Φ1,III

i and Φ1,V
i , respectively.

(II) When σ = σ2, exchange λ1 and λ2 in (I).
(III) When σ = σ3, exchange λ1 and λ3 in (I).

5.7 Proof of Theorem (5.6)

Firstly we need the following.

Lemma (5.7) For Re (x+ y + 1) > 0,

1
2π

√−1
∫
|u|=1

Iα(2πc1y1

√
1 + 1/u)Iβ(2πc2y2

√
1 + u)u

α
2
−x(1 + u)x+y−α+β

2
du

u

=
∑

k1,k2≥0

(πc1y1)2k1+α(πc2y2)2k2+β

k1!k2! Γ(k1 + α+ 1)Γ(k2 + β + 1)
Γ(k1 + k2 + x+ y + 1)
Γ(k1 + x+ 1)Γ(k2 + y + 1)

Proof of Lemma. Utilize the formula ([14, Theorem 1])

1
2π

√−1
∫
|u|=1
(1 + 1/u)x−1(1 + u)y−1 du

u
=
Γ(x+ y − 1)
Γ(x)Γ(y)

for Re(x+ y − 1) > 0.

Then (LHS) is

1
2π

√−1
∫
|u|=1

∞∑
k1=0

(πc1y1

√
1 + 1/u)2k1+α

k1! Γ(k1 + α+ 1)

∞∑
k2=0

(πc2y2

√
1 + u)2k2+β

k2! Γ(k2 + β + 1)

·uα
2
−x(1 + u)x+y−α+β

2
du

u
.
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Interchanging the order of integration and summation, the last formula equals to∑
k1,k2≥0

(πc1y1)2k1+α(πc2y2)2k2+β

k1!k2! Γ(k1 + α+ 1)Γ(k2 + β + 1)

· 1
2π

√−1
∫
|u|=1
(1 + 1/u)k1+ α

2 (1 + u)k2+ β
2 u

α
2
−x(1 + u)x+y−α+β

2
du

u
.

Here in view of the equality u = 1+u
1+1/u , the last integrand is equal to

(1 + u)k2+y(1 + 1/u)k1+x.

Therefore the last integral equals to

Γ(k1 + k2 + x+ y + 1)
Γ(k1 + x+ 1)Γ(k2 + y + 1)

as desired. ✷

Proof of Theorem (5.6). We consider only the case σ = σ1. Other cases are settled completely
similarly by symmetry.
Case 1: For Φ1,I

i or Φ
1,II
i . Also by symmetry λ2 ↔ λ3, it suffices to consider Φ

1,I
i . Then

characteristic indices are (−λ1
4 , λ2

4 ). Rewrite the power series expression of Φ
1,I
0 as

Γ(
λ2 − λ1

8
+
1
2
)Γ(

λ3 − λ1

8
+
1
2
)Γ(

λ2 − λ3

8
+ 1)(πc1)

λ1
4 (πc2)−

λ2
4

∑
m1,m2≥0

(πc1y1)2m1− 1
4
λ1(πc2y2)2m2+ 1

4
λ2

m1!m2!Γ(λ2−λ1
8 + 1

2 +m1)Γ(λ2−λ1
8 + 1

2 +m2)

Γ(λ2−λ1
8 + 1

2 +m1 +m2)

Γ(λ3−λ1
8 + 1

2 +m1)Γ(λ2−λ3
8 + 1 +m2)

.

Apply the previous lemma with

α = β =
λ2 − λ1

8
− 1
2
, x =

λ3 − λ1

8
− 1
2
, y =

λ2 − λ3

8
,

then we have the formula in the theorem. For Φ1,I
1 and Φ1,I

2 the factor before summation
should be taken as

−Γ(λ2 − λ1

8
+
1
2
)Γ(

λ3 − λ1

8
+
1
2
)Γ(

λ2 − λ3

8
+ 1).

And to apply the lemma, we set

α =
λ2 − λ1

8
+
1
2
, β =

λ2 − λ1

8
− 1
2
, x =

λ3 − λ1

8
+
1
2
, y =

λ2 − λ3

8
,

and
α = β =

λ2 − λ1

8
+
1
2
, x =

λ3 − λ1

8
+
1
2
, y =

λ2 − λ3

8
,

respectively. We have done the case 1.

Case 2: Φ1,V
i is considered, i.e., the case where the characteristic indices is given by (−λ2

4 , λ1
4 ).

The case Φ1,VI
i is similar.

Here we note the symmetry with the case Φ1,I
i . Say, Φ

1,V
0 is obtained from Φ1,I

2 by
replacement of variables and parameters:

y1 ↔ y2, (λ1, λ2, λ3) = (−λ1,−λ2,−λ3), and u → 1/u in the integral.
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Case 3: Φ1,III
i and Φ1,IV

i . It suffices to show the former case, where the characteristic indices
are (−λ2

4 , λ3
4 ). For Φ

1,III
0 and Φ1,III

2 firstly we pull out the gamma factor

Γ(
λ3 − λ2

8
+ 1)Γ(

λ1 − λ2

8
+
1
2
)Γ(

λ3 − λ1

8
+
1
2
)

before the summation symbol. After that we apply the previous lemma with

α = β =
λ3 − λ2

8
, x =

λ1 − λ2

8
+
1
2
, y =

λ3 − λ1

8
− 1
2
,

and
α = β =

λ3 − λ2

8
, x =

λ1 − λ2

8
− 1
2
, y =

λ3 − λ1

8
+
1
2
,

respectively.
The remaining case Φ1,III

1 is slightly different from other cases. We start from Φ1,III
1 =

− 1
2πc1y1

(∂1 + λ1
4 )Φ

1,III
0 . The derivation in the integrand shows our formula.

Now we have finished the proof of our Theorem. ✷

6 Evaluation of Jacquet integrals

In this section, we give explicit descriptions of Jacquet integrals for non-spherical principal
series Whittaker functions. The procedures of evaluation is similar to the class one case ([15]).

6.1 Jacquet integrals

Let us denote by g = n(g)a(g)k(g) the Iwasawa decomposition of g ∈ G. We define Jacquet
integral Jij for σi ∈ M̂ (1 ≤ i, j ≤ 3) as

Jij(g) =
∫
N

ψ(n)−1a(s−1
0 ng)ν+ρsij(k(s−1

0 ng))dn

for 1 ≤ j ≤ 3. Here

s0 =

 −1
−1

−1


the longest element in the Weyl group of SL(3,R) and sij(k) is the element of the tautological
representation of K (cf. [5, (7.1)]).
Since

v0 =
√−1(si2 −

√−1si3), v1 = si1, v2 =
√−1(si2 +

√−1si3)

(§3.2.2) and

Φ0 = G1, 2Φ1 = G0 +G2, 2Φ2 = G0 −G2,

(§5.2) the vector of integrals t(Ji1,
√−1Ji2, Ji3) has the same K-type as t(Φ0,Φ1,Φ2).

Lemma (6.1) If we use the coordinate (y1, y2) = (a1/a2, a1a
2
2) for a = diag(a1, a2, 1/(a1a2))∈

A, the Iwasawa decomposition s−1
0 na = n(s−1

0 na)a(s−1
0 na)k(s−1

0 na) is described as follows.

a(s−1
0 na) =

(
y

1
3
1 y

2
3
2√
∆1

,
(y2

y1

)1
3

√
∆1

∆2

)
,
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n(s−1
0 na) =

 1 (y2
1n2 + n1(n1n2 − n3))/∆1 n3/∆2

0 1 n1(y2
2 + n3)/∆2

0 0 1


and k(s−1

0 na) is

1√
∆1∆2


√
∆2(n3 − n1n2)

√
∆2y1n2 −

√
∆2y1y2

y1y
2
2n1 + y1n2n3 n3(n1n2 − n3)− y2

1y
2
2 y2n1(n3 − n1n2)− y2

1y2n2

−
√
∆1y1y2 −

√
∆1y2n1 −

√
∆1n3

 ,

with

∆1 = y2
1y

2
2 + y2

1n
2
2 + (n1n2 − n3)2, ∆2 = y2

1y
2
2 + y2

2n
2
1 + n2

3.

Proof. Direct computations. ✷

Under the symbol of the lemma

Jij(y) = y
(2ν1−ν2)/3+1
1 y

(ν1+ν2)/3+1
2

·
∫
R3
∆(ν2−ν1−1)/2

1 ∆(−ν2−1)/2
2 kij exp

(−2π√−1(c1n1 + c2n2)
)
dn1dn2dn3.

Here (kij)1≤i,j≤3 = k(s−1
0 na).

6.2 Integral representations of Jacquet integrals

To write down our results, we use the following notation.

Notation.

K(α, β, γ, δ ; y) := 4π
3
2 (π|c1|)

λ3
4 (π|c2|)−

λ1
4 (y1y2)(π|c1|y1)

λ2
8 (π|c2|y2)−

λ2
8

·
∫ ∞

0
Kλ3−λ1

8
+α
(2π|c1|y1

√
1 + 1/v)Kλ3−λ1

8
+β
(2π|c2|y2

√
1 + v) v−

3
16

λ2+γ(1 + v)δ
dv

v

with Kν(z) the K-Bessel function.

6.2.1 The case of the class one principal series

In the case of class one, the Jacquet integral J0(y) is

J0(y) = y
(2ν1−ν2)/3+1
1 y

(ν1+ν2)/3+1
2

·
∫
R3
∆(ν2−ν1−1)/2

1 ∆(−ν2−1)/2
2 exp

(−2π√−1(c1n1 + c2n2)
)
dn1dn2dn3.

Theorem (6.2) ([15]) For Re(λ2 − λ1) > 0, Re(λ3 − λ2) > 0,

J0(y) =
1

Γ(λ2−λ1
8 + 1

2)Γ(
λ3−λ2

8 + 1
2 )Γ(

λ3−λ1
8 + 1

2)
K(0, 0, 0, 0 ; y).

22



6.2.2 The case of the non-spherical principal series

Theorem (6.3) For Re(λ2 − λ1) > 0, Re(λ3 − λ2) > 0, the Jacquet integrals Jij can be
written as follows.J11(y)

J12(y)
J13(y)

 = (π|c1|) 12 (π|c2|) 12 (π|c1|y1)
1
2 (π|c2|y2)

1
2

Γ(λ2−λ1
8 + 1)Γ(λ3−λ2

8 + 1
2)Γ(

λ3−λ1
8 + 1)

·
 ε1ε2K(−1

2 ,−1
2 ,

1
4 , 0 ; y)

−√−1 ε2K(12 ,−1
2 ,−1

4 ,
1
2 ; y)

−K(12 ,
1
2 ,−1

4 , 0 ; y)

 ,

J21(y)
J22(y)
J23(y)

 = 1
Γ(λ2−λ1

8 + 1)Γ(λ3−λ2
8 + 1)Γ(λ3−λ1

8 + 1
2)

·
−√−1 ε1K(0, 0,−1

2 , 0 ; y)
−K(0, 0, 1

2 ,−1 ; y)√−1 ε2K(0, 0, 1
2 , 0 ; y)

 ,

J31(y)
J32(y)
J33(y)

 = (π|c1|) 12 (π|c2|) 12 (π|c1|y1)
1
2 (π|c2|y2)

1
2

Γ(λ2−λ1
8 + 1

2)Γ(
λ3−λ2

8 + 1)Γ(λ3−λ1
8 + 1)

·
 −K(12 ,

1
2 ,

1
4 , 0 ; y)√−1 ε1K(−1

2 ,
1
2 ,−1

4 ,
1
2 ; y)

ε1ε2K(−1
2 ,−1

2 ,−1
4 , 0 ; y)

 .

Here εi (i = 1, 2) means 1 if ci > 0 and −1 if ci < 0.

6.3 Preparation for the proof of theorem

Let us start the most computational subsection in this paper. We want to prove the following
lemma.

Lemma (6.4) Let

I(α, β, γ) = I(α, β, γ ; ν, µ ; y)

:=
∫
R3

nα
1n

β
2n

γ
3∆

ν
1∆

µ
2 exp

(−2π√−1(c1n1 + c2n2)
)
dn1dn2dn3,

with α, β, γ ∈ Z, ν, µ ∈ C and put

A(α, β, γ, δ ; y) =
4π

3
2 (π2|c1c2|)−ν−µ−1(y1y2)ν+µ

Γ(−ν)Γ(−µ)Γ(−ν − µ− 1
2)

·
∫ ∞

0
Kν+µ+α(2π|c1|y1

√
1 + 1/v)Kν+µ+β(2π|c2|y2

√
1 + v) v

ν−µ
2

+γ(1 + v)δ
dv

v
.

For Re(ν) < −1
2 and Re(µ) < 0,

(1) I(0, 0, 0) = y1y2 A(1, 1, 0, 0 ; y),

(2) I(1, 0, 0) = −√−1 ε1 y
2
1y2 A(2, 1,−1

2 ,
1
2 ; y),

(3) I(0, 1, 0) = −√−1 ε2 y1y
2
2 A(1, 2, 0, 1

2 ; y),

(4) I(0, 0, 1) = −ε1ε2 y
2
1y

2
2 A(2, 2,−1

2 , 0 ; y),

(5) I(1, 1, 0) = −ε1ε2 y
2
1y

2
2 A(2, 2,−1

2 , 1 ; y),

(6) I(1, 0, 1) =
√−1 ε2

{
(π|c1|)−1(ν + µ+ 3

2)y
2
1y

2
2 A(2, 2,−1

2 , 0 ; y) + y3
1y

2
2 A(1, 2,−1, 1

2 ; y)
}
,

(7) I(0, 1, 1) = −√−1 ε1

{
(2π|c2|)−1y2

1y
2
2 A(2, 2,−1

2 , 0 ; y) − y2
1y

3
2 A(2, 3,−1

2 ,
1
2 ; y)

}
,

(8) I(2, 1, 0) =
√−1 ε2

{
(π|c1|)−1(ν + µ+ 3

2)y
2
1y

2
2 A(2, 2,−1

2 , 1 ; y) + y3
1y

2
2 A(1, 2,−1, 3

2 ; y)
}
,

(9) I(0, 0, 2) − I(1, 1, 1) = (2π|c2|)−1y3
1y

2
2 A(1, 2, 0,−1

2 ; y)− y3
1y

3
2 A(1, 3, 0, 0 ; y)

− (π|c1|)−1(ν + µ+ 3
2)y

2
1y

3
2 A(2, 3, 1

2 ,−1
2 ; y).
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Proof. Our calculation is similar to [15]. We first collect some Fourier transforms which will
be used in the proof of lemma (cf. [4]).

Auxiliary formulae For a > 0, b > 0, c ∈ R and ν ∈ C,

(i)
∫
R
(ax2 + b)ν exp(−2π√−1cx)dx = 2a

2ν−1
4 b

2ν+1
4 |c|−ν− 1

2

πν Γ(−ν)
Kν+ 1

2

(
2π|c|

√
b

a

)
,

([4, chap I, 1.3 (7)])

(ii)
∫
R

x(ax2 + b)ν exp(−2π√−1cx)dx = 2a
2ν−3

4 b
2ν+3

4 |c|−ν− 1
2√−1πν Γ(−ν)
sgn(c)Kν+ 3

2

(
2π|c|

√
b

a

)
,

([4, chap II, 2.3 (11)])

(iii)
∫
R
exp(−ax2 + 2π

√−1cx)dx =
(π

a

)1
2 exp

(
−c2π2

a

)
,

(iv)
∫
R

x exp(−ax2 + 2π
√−1cx)dx = √−1 c

(π

a

)3
2 exp

(
−c2π2

a

)
,

(v)
∫
R

x2 exp(−ax2 + 2π
√−1cx)dx = aπ

1
2 − 2c2π 5

2

2a
5
2

exp
(
−c2π2

a

)
.

Here the conditions on the parameters are (i) Re(ν) < 0 and (ii) Re(ν) < −1
2 .

Now we return to the proof of lemma. The change of variables (n1, n3) �→ (n1y1, n3y1y2),
induces the replacement{

∆1 �→ y2
1(1 + n2

1)
(
n2 − y2n1n3

1+n2
1

)2 + y2
1y

2
2(1+n2

1+n2
3)

1+n2
1

,

∆2 �→ y2
1y

2
2(1 + n2

1 + n2
3).

Then I(α, β, γ) is equal to∫
R3
(n1y1)α(n3y1y2)γ

(
y2
1y

2
2(1 + n2

1 + n2
3)
)µ

y2
1y2 exp

(
−2π√−1(c1y1n1 +

c2y2n1n3

1 + n2
1

))
·
(
n2 +

y2n1n3

1 + n2
1

)β(
y2
1(1 + n2

1)n
2
2 +

y2
1y

2
2(1 + n2

1 + n2
3)

1 + n2
1

)ν
exp(−2π√−1c2n2)dn1dn2dn3.

After the integration with respect to n2 by using (i) and (ii) of Auxiliary formulae, we get

I(α, 0, γ) =
2 |c2|−ν− 1

2

πνΓ(−ν)
y2ν+2µ+2+α+γ
1 y

ν+2µ+ 3
2
+γ

2

·
∫
R2

nα
1n

γ
3(1 + n2

1)
− 1

2 (1 + n2
1 + n2

3)
µ+ 2ν+1

4 exp
(
−2π√−1(c1y1n1 +

c2y2n1n3

1 + n2
1

))
·Kν+ 1

2

(
2π|c2|y2

√
1 + n2

1 + n2
3

1 + n2
1

)
dn1dn3,

I(α, 1, γ) =
2 |c2|−ν− 1

2

πνΓ(−ν)
y2ν+2µ+2+α+γ
1 y

ν+2µ+ 5
2
+γ

2

·
∫
R2

nα
1n

γ
3(1 + n2

1)
− 3

2 exp
(
−2π√−1(c1y1n1 +

c2y2n1n3

1 + n2
1

))
·
[
n1n3(1 + n2

1 + n2
3)

µ+ 2ν+1
4 Kν+ 1

2

(
2π|c2|y2

√
1 + n2

1 + n2
3

1 + n2
1

)
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−√−1 ε2(1 + n2
1 + n2

3)
µ+ 2ν+3

4 Kν+ 3
2

(
2π|c2|y2

√
1 + n2

1 + n2
3

1 + n2
1

)]
dn1dn3.

for Re(ν) < −1
2 . We modify the K-Bessel function in the above. In view of

Kν(ct) =
cν

2

∫ ∞

0
exp

(
−(x+ c2

x

) t
2

)
x−ν dx

x
(c, t > 0),

c−ν =
1
Γ(ν)

∫ ∞

0
exp(−cx)xν

dx

x
(c > 0, Re(ν) > 0),

we find

(1 + n2
1 + n2

3)
pKq

(√
1 + n2

1 + n2
3 ·
2π|c2|y2

1 + n2
1

)
=
1
2

( 1 + n2
1

π|c2|y2

)p+ q
2
(
π|c2|y2

1 + n2
1 + n2

3

1 + n2
1

)p+ q
2

∫ ∞

0
exp

(
−π|c2|y2

1 + n2
1

(
t1 +

1 + n2
1 + n2

3

t1

))
t−q
1

dt1
t1

=
1

2Γ(−p− q
2)

( 1 + n2
1

π|c2|y2

)p+ q
2

·
∫ ∞

0

∫ ∞

0
exp

(
−π|c2|y2t2

1 + n2
1 + n2

3

1 + n2
1

− π|c2|y2

1 + n2
1

(
t1 +

1 + n2
1 + n2

3

t1

))
t−q
1 t

−p− q
2

2

dt1
t1

dt2
t2

=
1

2Γ(−p− q
2)

( 1 + n2
1

π|c2|y2

)p+ q
2

·
∫ ∞

0

∫ ∞

0
exp

(
−π|c2|y2

(
t2 +

1
t1
+

t1
1 + n2

1

)− π|c2|y2

1 + n2
1

(
t2 +

1
t1

)
n2

3

)
t−q
1 t

−p− q
2

2

dt1
t1

dt2
t2

.

for Re(p+ q
2 ) < 0. We apply this formula for (p, q) = (µ+

2ν+1
4 ,−ν − 1

2), (µ+
2ν+3

4 ,−ν − 3
2)

(note that Kν(z) = K−ν(z)). Then, for Re(µ) < 0,

I(α, 0, γ) =
π−ν−µ|c2|−ν−µ− 1

2

Γ(−ν) Γ(−µ)
y2ν+2µ+2+α+γ
1 y

ν+µ+ 3
2
+γ

2

∫
R2

∫ ∞

0

∫ ∞

0
nα

1 (1 + n2
1)

µ− 1
2

· exp
(
−π|c2|y2

(
t2 +

1
t1
+

t1
1 + n2

1

)− 2π√−1c1y1n1

)
nγ

3

· exp
(
−π|c2|y2

1 + n2
1

(
t2 +

1
t1

)
n2

3 − 2π
√−1 c2y2n1n3

1 + n2
1

)
t
ν+ 1

2
1 t−µ

2

dt1
t1

dt2
t2

dn1dn3,

I(α, 1, γ) =
π−ν−µ|c2|−ν−µ− 1

2

Γ(−ν) Γ(−µ)
y2ν+2µ+2+α+γ
1 y

ν+µ+ 5
2
+γ

2

∫
R2

∫ ∞

0

∫ ∞

0
nα

1 (1 + n2
1)

µ− 3
2

· exp
(
−π|c2|y2

(
t2 +

1
t1
+

t1
1 + n2

1

)− 2π√−1c1y1n1

)
nγ

3(n1n3 −
√−1 ε2t1)

· exp
(
−π|c2|y2

1 + n2
1

(
t2 +

1
t1

)
n2

3 − 2π
√−1 c2y2n1n3

1 + n2
1

)
t
ν+ 1

2
1 t−µ

2

dt1
t1

dt2
t2

dn1dn3.

Now we consider the integration with respect to n3. If we define Pδ (δ = 0, 1, 2) by∫
R

nδ
3 exp

(
−π|c2|y2

1 + n2
1

(
t2 +

1
t1

)
n2

3 − 2π
√−1 c2y2n1n3

1 + n2
1

)
dn3 = Pδ exp

(
− πn2

1|c2|y2

(1 + n2
1)(t2 + 1/t1)

)
,

then (iii) (iv) and (v) of Auxiliary formulae lead
P0 = (|c2|y2)−

1
2 (1 + n2

1)
1
2 (t2 + 1/t1)−

1
2 ,

P1 = −√−1ε2(|c2|y2)−
1
2n1(1 + n2

1)
1
2 (t2 + 1/t1)−

3
2 ,

P2 = (2π)−1(|c2|y2)−
3
2 (1 + n2

1)
3
2 (t2 + 1/t1)−

3
2 − (|c2|y2)−

1
2n2

1(1 + n2
1)

1
2 (t2 + 1/t1)−

5
2 .
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Therefore we find the following.

I(α, 0, 0) =
π−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+2+α
1 yν+µ+1

2

·
∫
R

∫ ∞

0

∫ ∞

0
nα

1 (1 + n2
1)

µ(t2 + 1/t1)−
1
2 t

ν+ 1
2

1 t−µ
2

· exp
(
−π|c2|y2

(
t2 +

1
t1
+

1
t2 + 1/t1

+
1

1 + n2
1

t1t2
t2 + 1/t1

)− 2π√−1c1y1n1

)dt1
t1

dt2
t2

dn1,

I(α, 0, 1) = −
√−1 ε2π

−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+3+α
1 yν+µ+2

2

·
∫
R

∫ ∞

0

∫ ∞

0
nα+1

1 (1 + n2
1)

µ(t2 + 1/t1)−
3
2 t

ν+ 1
2

1 t−µ
2

· exp
(
−π|c2|y2

(
t2 +

1
t1
+

1
t2 + 1/t1

+
1

1 + n2
1

t1t2
t2 + 1/t1

)− 2π√−1c1y1n1

)dt1
t1

dt2
t2

dn1,

I(α, 1, 0) =
π−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+2+α
1 yν+µ+2

2

∫
R

∫ ∞

0

∫ ∞

0
nα

1 (1 + n2
1)

µ−1

·ε2

[−√−1n2
1(t2 + 1/t1)

− 3
2 t

ν+ 1
2

1 −√−1(t2 + 1/t1)−
1
2 t

ν+ 3
2

1

]
t−µ
2

· exp
(
−π|c2|y2

(
t2 +

1
t1
+

1
t2 + 1/t1

+
1

1 + n2
1

t1t2
t2 + 1/t1

)− 2π√−1c1y1n1

)dt1
t1

dt2
t2

dn1

= −
√−1 ε2π

−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+2+α
1 yν+µ+2

2

·
∫
R

∫ ∞

0

∫ ∞

0
nα

1 (1 + n2
1)

µ−1(t2 + 1/t1)−
3
2 t

ν+ 1
2

1 t−µ
2 (1 + n2

1 + t1t2)

· exp
(
−π|c2|y2

(
t2 +

1
t1
+

1
t2 + 1/t1

+
1

1 + n2
1

t1t2
t2 + 1/t1

)− 2π√−1c1y1n1

)dt1
t1

dt2
t2

dn1,

I(α, 1, 1) =
π−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+3+α
1 yν+µ+3

2

∫
R

∫ ∞

0

∫ ∞

0
nα

1

·
[
(2π|c2|y2)−1n1(1 + n2

1)
µ(t2 + 1/t1)−

3
2 t

ν+ 1
2

1

−n3
1(1 + n2

1)
µ−1(t2 + 1/t1)−

5
2 t

ν+ 1
2

1 − n1(1 + n2
1)

µ−1(t2 + 1/t1)−
3
2 t

ν+ 3
2

1

]
t−µ
2

· exp
(
−π|c2|y2

(
t2 +

1
t1
+

1
t2 + 1/t1

+
1

1 + n2
1

t1t2
t2 + 1/t1

)− 2π√−1c1y1n1

)dt1
t1

dt2
t2

dn1.

We change the variables (t1, t2) �→ (v1, v2) by

v1 = t2 +
1
t1

, v2 =
t1t2
1 + n2

1

.

Then

t1 =
1 + (1 + n2

1)v2

v1
, t2 =

(1 + n2
1)v1v2

1 + (1 + n2
1)v2

and
dt1dt2
t1t2

=
dv1dv2

v1v2
.

Further we integrate with respect to v1 by using∫ ∞

0
v−p
1 exp

(
−π|c2|y2

(
v1 +

1 + v2

v1

))dv1

v1
= 2(1 + v2)−

p
2Kp(2π|c2|y2

√
1 + v2).
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Therefore,

I(α, 0, 0) =
π−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+2+α
1 yν+µ+1

2

·
∫
R

∫ ∞

0

∫ ∞

0
nα

1 v
−µ
2

(
1 + (1 + n2

1)v2

)ν+µ+ 1
2

·v−ν−µ−1
1 exp

(
−π|c2|y2

(
v1 +

1 + v2

v1

)− 2π√−1c1y1n1

)dv1

v1

dv2

v2
dn1

=
2π−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+2+α
1 yν+µ+1

2

·
∫
R

∫ ∞

0
nα

1 v
−µ
2

(
1 + (1 + n2

1)v2

)ν+µ+ 1
2 (1 + v2)

−ν−µ−1
2

·Kν+µ+1(2π|c2|y2

√
1 + v2) exp(−2π

√−1c1y1n1)
dv2

v2
dn1,

I(α, 0, 1) = −
√−1 ε2π

−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+3+α
1 yν+µ+2

2

·
∫
R

∫ ∞

0

∫ ∞

0
nα+1

1 v−µ
2

(
1 + (1 + n2

1)v2

)ν+µ+ 1
2

·v−ν−µ−2
1 exp

(
−π|c2|y2

(
v1 +

1 + v2

v1

)− 2π√−1c1y1n1

)dv1

v1

dv2

v2
dn1

= −2
√−1 ε2π

−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+3+α
1 yν+µ+2

2

·
∫
R

∫ ∞

0
nα+1

1 v−µ
2

(
1 + (1 + n2

1)v2

)ν+µ+ 1
2 (1 + v2)

−ν−µ−2
2

·Kν+µ+2(2π|c2|y2

√
1 + v2) exp(−2π

√−1c1y1n1)
dv2

v2
dn1,

I(α, 1, 0) = −
√−1 ε2π

−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+2+α
1 yν+µ+2

2

·
∫
R

∫ ∞

0

∫ ∞

0
nα

1 v
−µ
2 (1 + v2)

(
1 + (1 + n2

1)v2

)ν+µ+ 1
2

·v−ν−µ−2
1 exp

(
−π|c2|y2

(
v1 +

1 + v2

v1

)− 2π√−1c1y1n1

)dv1

v1

dv2

v2
dn1

= −2
√−1 ε2π

−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+2+α
1 yν+µ+2

2

·
∫
R

∫ ∞

0
nα

1 v
−µ
2

(
1 + (1 + n2

1)v2

)ν+µ+ 1
2 (1 + v2)

−ν−µ
2

·Kν+µ+2(2π|c2|y2

√
1 + v2) exp(−2π

√−1c1y1n1)
dv2

v2
dn1,

I(α, 1, 1) =
π−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+3+α
1 yν+µ+3

2

·
∫
R

∫ ∞

0

∫ ∞

0
nα+1

1

[
(2π|c2|y2)−1v−ν−µ−2

1 v−µ
2

(
1 + (1 + n2

1)v2

)ν+µ+ 1
2

−v−ν−µ−3
1 v−µ

2 (1 + v2)
(
1 + (1 + n2

1)v2

)ν+µ+ 1
2

]
· exp

(
−π|c2|y2

(
v1 +

1 + v2

v1

)− 2π√−1c1y1n1

)dv1

v1

dv2

v2
dn1
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=
2π−ν−µ|c2|−ν−µ−1

Γ(−ν) Γ(−µ)
y2ν+2µ+3+α
1 yν+µ+3

2

·
∫
R

∫ ∞

0
nα+1

1 v−µ
2

(
1 + (1 + n2

1)v2

)ν+µ+ 1
2

·
[
(2π|c2|y2)−1(1 + v2)

−ν−µ−2
2 Kν+µ+2(2π|c2|y2

√
1 + v2)− (1 + v2)

−ν−µ−1
2

·Kν+µ+3(2π|c2|y2

√
1 + v2)

]
exp(−2π√−1c1y1n1)

dv2

v2
dn1.

Finally, we integrate with respect to n1. By means of (i) and (ii) of Auxiliary formulae,

Qδ =
∫
R

nδ
1

(
1 + (1 + n2

1)v2

)ν+µ+ 1
2 exp(−2π√−1c1y1n1)dn1

is as follows.

Q0 =
2π−ν−µ− 1

2 (|c1|y1)−ν−µ−1

Γ(−ν − µ− 1
2)

v
ν+µ

2
2 (1 + v2)

ν+µ+1
2 Kν+µ+1(2π|c1|y1

√
1 + 1/v2),

Q1 = −2
√−1 ε1π

−ν−µ− 1
2 (|c1|y1)−ν−µ−1

Γ(−ν − µ− 1
2)

v
ν+µ−1

2
2 (1 + v2)

ν+µ+2
2 Kν+µ+2(2π|c1|y1

√
1 + 1/v2),

Q2 =
2π−ν−µ− 3

2 (|c1|y1)−ν−µ−2

Γ(−ν − µ− 3
2)

v
ν+µ−1

2
2 (1 + v2)

ν+µ+2
2 Kν+µ+2(2π|c1|y1

√
1 + 1/v2)

−2π
−ν−µ− 1

2 (|c1|y1)−ν−µ−1

Γ(−ν − µ− 1
2)

v
ν+µ−2

2
2 (1 + v2)

ν+µ+3
2 Kν+µ+1(2π|c1|y1

√
1 + 1/v2).

Thus we complete the proof of lemma. ✷

6.4 Completion of the proof of theorem

The formulae for J1j and J3j are immediate from the lemma. From (2) and (7) of lemma

J21(y) = y
(2ν1−ν2)/3+1
1 y

(ν1+ν2)/3+1
2

4π
3
2 (π2|c1c2|)

ν1
2

+1(y1y2)−
ν1
2
−2

Γ(ν1−ν2+2
2 )Γ(ν2+2

2 )Γ(
ν1+3

2 )
(
√−1 ε1y

3
1y

3
2)

·
∫ ∞

0
K− ν1

2
(2π|c1|y1

√
1 + 1/v)

[
−(2π|c2|y2)−1K− ν1

2
(2π|c2|y2

√
1 + v)

+(1 + v)
1
2

(
−K− ν1

2
−1(2π|c2|y2

√
1 + v) +K− ν1

2
+1(2π|c2|y2

√
1 + v)

)]
v

−ν1+2ν2−2
4

dv

v

By using the relation

Kν−1(z) −Kν+1(z) = −2ν
z

Kν(z) (∗)

for the bracket [ ], it becomes

−ν1 − 1
2π|c2|y2

K− ν1
2
(2π|c2|y2

√
1 + v) = −ν1 + 1

2
1

π|c2|y2
K ν1

2
(2π|c2|y2

√
1 + v).

Thus

J21(y) = −4
√−1 ε1π

3
2 (π|c1|)

ν1
2

+1(π|c2|)
ν1
2

Γ(ν1−ν2+2
2 )Γ(ν2+2

2 )Γ(
ν1+1

2 )
y

ν1−2ν2
6

+2

1 y
−ν1+2ν2

6
+1

2
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·
∫ ∞

0
K ν1

2
(2π|c1|y1

√
1 + 1/v)K ν1

2
(2π|c2|y2

√
1 + v)v

−ν1+2ν2−2
4

dv

v
.

In a similar way, we can prove for J23(y).
Finally we treat J22(y). From (1) and (9) of the lemma, J22(y) is equal to

− 4π
5
2 (π|c1|)

ν1
2 (π|c2|)

ν1
2

Γ(ν1−ν2+2
2 )Γ(ν2+2

2 )Γ(
ν1+3

2 )
y

ν1−2ν2
6

+1

1 y
−ν1+2ν2

6
+1

2 (π|c1c2|y1y2)

·
∫ ∞

0

[
−K ν1

2
+1(2π|c1|y1

√
1 + 1/v)K ν1

2
+1(2π|c2|y2

√
1 + v)

− 1
2π|c2|y2

√
1 + v

K ν1
2

+1(2π|c1|y1

√
1 + 1/v)K ν1

2
(2π|c2|y2

√
1 + v)

− ν1 + 1
2π|c1|y1

√
1 + 1/v

K ν1
2
(2π|c1|y1

√
1 + 1/v)K ν1

2
−1(2π|c2|y2

√
1 + v)

+K ν1
2

+1(2π|c1|y1

√
1 + 1/v)K ν1

2
−1(2π|c2|y2

√
1 + v)

]
v

−ν1+2ν2
4

dv

v
.

If we use (∗) for the integrand, the term in the bracket [ ] is written as

− ν1 + 1
2π|c2|y2

√
1 + v

K ν1
2

+1(2π|c1|y1

√
1 + 1/v)K ν1

2
(2π|c2|y2

√
1 + v)

− ν1 + 1
2π|c1|y1

√
1 + 1/v

K ν1
2
(2π|c1|y1

√
1 + 1/v)K ν1

2
−1(2π|c2|y2

√
1 + v).

Then J22(y) becomes

− 4π
5
2 (π|c1|)

ν1
2 (π|c2|)

ν1
2

Γ(ν1−ν2+2
2 )Γ(ν2+2

2 )Γ(
ν1+1

2 )
y

ν1−2ν2
6

+1
1 y

−ν1+2ν2
6

+1
2

·
[
(|c1|y1)

∫ ∞

0
K ν1

2
+1(2π|c1|y1

√
1 + 1/v)K ν1

2
(2π|c2|y2

√
1 + v)v

−ν1+2ν2
4 (1 + v)−

1
2
dv

v

+(|c2|y2)
∫ ∞

0
K ν1

2
(2π|c1|y1

√
1 + 1/v)K ν1

2
−1(2π|c2|y2

√
1 + v)v

−ν1+2ν2+2
4 (1 + v)−

1
2
dv

v

]
= − 4π

5
2 (π|c1|)

ν1
2 (π|c2|)

ν1
2

Γ(ν1−ν2+2
2 )Γ(ν2+2

2 )Γ(
ν1+1

2 )
y

ν1−2ν2
6

+1
1 y

−ν1+2ν2
6

+1
2

·
∫ ∞

0
K ν1

2
(2π|c1|y1

√
1 + 1/v)K ν1

2
(2π|c2|y2

√
1 + v)v

−ν1+2ν2+2
4 (1 + v)−1 dv

v
.

Here we use the formula∫ ∞

0

{
x1

√
1 + 1/vKν+1(x1

√
1 + 1/v)Kν(x2

√
1 + v)

+x2

√
1 + vKν(x1

√
1 + 1/v)Kν−1(x2

√
1 + v)

}
vγ(1 + v)−1 dv

v

=
∫ ∞

0
Kν(x1

√
1 + 1/v)Kν(x2

√
1 + v)vγ(1 + v)−1 dv

v
,

which can be verified by considering the Mellin transform of both sides (cf. Lemma (7.1)).
This completes the proof of theorem. ✷
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7 Integral expression of Mellin-Barnes type

As in [12], we consider the Mellin-Barnes integral expression for Jij(y) to find linear relations
between Jacquet integrals Jij and power series solutions Φ

i,∗
k .

Lemma (7.1) For p, q ∈ C,

(π|c1|y1)p(π|c2|y2)q
∫ ∞

0
Kα(2π|c1|y1

√
1 + 1/v)Kβ(2π|c2|y2

√
1 + v) vγ(1 + v)δ

dv

v

=
1

24(2π
√−1)2

∫ ρ1+
√−1∞

ρ1−
√−1∞

∫ ρ2+
√−1∞

ρ2−
√−1∞

V0(s1, s2)(π|c1|y1)−s1(π|c2|y2)−s2ds1ds2,

with

V0(s1, s2) =
Γ( s1+p+α

2 )Γ(s1+p−α
2 )Γ(s1+p+2γ

2 )Γ(s2+q+β
2 )Γ(s2+q−β

2 )Γ(s2+q−2γ−2δ
2 )

Γ( s1+s2+p+q
2 − δ)

.

Here the lines of integration are taken as to the right of all poles of the integrand.

Proof. Mellin transform of the left hand side is∫ ∞

0

(∫ ∞

0
Kα(2π|c1|y1

√
1 + 1/v)(π|c1|y1)p+s1 dy1

y1

)
·
(∫ ∞

0
Kβ(2π|c2|y2

√
1 + v)(π|c2|y2)q+s1 dy2

y1

)
vγ(1 + v)δ

dv

v

= 2−4Γ
(s1+p+α

2

)
Γ
( s1+p−α

2

)
Γ
( s2+q+β

2

)
Γ
( s2+q−β

2

)
·
∫ ∞

0
vγ+(s1+p)/2(1 + v)δ−(s1+s2+p+q)/2dv

v
.

Here we use the formula∫ ∞

0
Kν(ax)xs

dx

x
= 2s−2a−sΓ

(s+ ν

2
)
Γ
(s− ν

2
)

(Re(s) > |Re(ν)|, a > 0) and then the Mellin inversion formula implies the assertion. ✷

Proposition (7.2) Let

M(a1, a2, a3 ; b1, b2, b3 ; c ; y)

=
1

(2π
√−1)2

∫ ρ1+
√−1∞

ρ1−
√−1∞

∫ ρ2+
√−1∞

ρ2−
√−1∞

V (s1, s2)(π|c1|y1)−s1(π|c2|y2)−s2ds1ds2,

with

V (s1, s2) =
Γ( s1+a1−λ1

2 )Γ(s1+a2−λ2
2 )Γ(s1+a3−λ3

2 )Γ(s1+b1+λ1
2 )Γ(s1+b2+λ2

2 )Γ(s1+b3+λ3
2 )

Γ( s1+s2+c
2 )

.

Here the lines of integration are taken as to the right of all poles of the integrand. ThenJ11(y)
J12(y)
J13(y)

 = π
3
2 (π|c1|)

λ3
4 (π|c2|)−

λ1
4 y1y2

4Γ(λ2−λ1
8 + 1)Γ(λ3−λ2

8 + 1
2)Γ(

λ3−λ1
8 + 1)

·
 ε1ε2M(0, 1, 1 ; 1, 0, 0 ; 1 ; y)
−√−1 ε2M(1, 0, 0 ; 1, 0, 0 ; 0 ; y)

−M(1, 0, 0 ; 0, 1, 1 ; 1 ; y)

 ,

J21(y)
J22(y)
J23(y)

 = π
3
2 (π|c1|)

λ3
4 (π|c2|)−

λ1
4 y1y2

4Γ(λ2−λ1
8 + 1)Γ(λ3−λ2

8 + 1)Γ(λ3−λ1
8 + 1

2)
·
−√−1 ε1M(1, 0, 1 ; 0, 1, 0 ; 1 ; y)

−M(0, 1, 0 ; 0, 1, 0 ; 0 ; y)√−1 ε2M(0, 1, 0 ; 1, 0, 1 ; 1 ; y)

 ,
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J31(y)
J32(y)
J33(y)

 = π
3
2 (π|c1|)

λ3
4 (π|c2|)−

λ1
4 y1y2

4Γ(λ2−λ1
8 + 1

2)Γ(
λ3−λ2

8 + 1)Γ(λ3−λ1
8 + 1)

·
 −M(1, 1, 0 ; 0, 0, 1 ; 1 ; y)√−1 ε1M(0, 0, 1 ; 0, 0, 1 ; 0 ; y)

ε1ε2M(0, 0, 1 ; 1, 1, 0 ; 1 ; y)

 .

Proof. It is obvious from Lemma (7.1). ✷

Remark. In view of this proposition, we can see the following symmetry for Jij with respect
to the parameter (λ1, λ2, λ3). This is natural but is not immediately seen from the formulae
for Jij (Theorem 6.3). We denote

J̃i(λ1, λ2, λ3) =
(

π
3
2 (π|c1|)

λ3
4 (π|c2|)−

λ1
4 y1y2

Γ(λ2−λ1
8 + pi)Γ(λ3−λ2

8 + qi)Γ(λ3−λ1
8 + ri)

)−1
t(Ji1(y), Ji2(y), Ji3(y))

with (pi, qi, ri) = (1, 1
2 , 1) (i = 1), (1, 1,

1
2) (i = 2), (

1
2 , 1, 1) (i = 3). Then

J̃2(λ1, λ2, λ3) = (−
√−1) ε2J̃1(λ2, λ1, λ3), J̃3(λ1, λ2, λ3) = −ε1ε2J̃1(λ3, λ2, λ1).

8 Relation between Jacquet integrals and power series solu-
tions.

8.1 The case of the class one principal series

Theorem (8.1) ([12]) Let

Φ0(λ1, λ2, λ3) = y
−λ1

4
1 y

λ3
4

2

∑
m1,m2≥0

(λ3−λ1
8 + 1)m1+m2(πc1y1)2m1(πc2y2)2m2

(λ3−λ1
8 + 1)m1(

λ3−λ1
8 + 1)m2(

λ2−λ1
8 + 1)m1(

λ3−λ2
8 + 1)m2

(Theorem (5.1)). Then

J0(y) =
π

3
2 (π|c1|)

λ3
4 (π|c2|)−

λ1
4 y1y2

4Γ(λ2−λ1
8 + 1

2)Γ(
λ3−λ2

8 + 1
2)Γ(

λ3−λ1
8 + 1

2)

·
∑
w∈W

w
(
(π|c1|)−

λ1
4 (π|c2|)

λ3
4 Γ(λ1−λ2

8 )Γ(λ1−λ3
8 )Γ(λ3−λ2

8 )Φ0(λ1, λ2, λ3)
)
.

Here W ∼= S3 is the Weyl group of SL(3,R) and whose elements permute (λ1, λ2, λ3).

Remark. Hashizume ([6]) studied the linear relation between the Jacquet integrals and power
series solutions for class one principal series for arbitrary semisimple Lie group inspired by
the work of Harish-Chandra for spherical functions.

8.2 The case of the non-spherical principal series

In the same way of [12] for class one case, we move the lines of Mellin-Barnes integral expres-
sion in Proposition (7.2) to the left and sum up the residues at the poles. Then we obtain
the following.

Theorem (8.2)

t(J11(y), J12(y), J13(y)) =
π

3
2 (π|c1|)

λ3
4 (π|c2|)−

λ1
4 y1y2

4Γ(λ2−λ1
8 + 1)Γ(λ3−λ2

8 + 1
2)Γ(

λ3−λ1
8 + 1)

·
[
ε1ε2(π|c1|)−

λ1
4 (π|c2|)

λ2
4 Γ(λ1−λ2

8 + 1
2)Γ(

λ1−λ3
8 + 1

2)Γ(
λ3−λ2

8 ) t(Φ1,I
0 ,Φ1,I

1 ,Φ1,I
2 )
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+ε1ε2(π|c1|)−
λ1
4 (π|c2|)

λ3
4 Γ(λ1−λ3

8 + 1
2)Γ(

λ1−λ2
8 + 1

2)Γ(
λ2−λ3

8 ) t(Φ1,II
0 ,Φ1,II

1 ,Φ1,II
2 )

−ε2(π|c1|)−
λ2
4 (π|c2|)

λ3
4 Γ(λ2−λ1

8 + 1
2)Γ(

λ1−λ3
8 + 1

2 )Γ(
λ2−λ3

8 ) t(Φ1,III
0 ,Φ1,III

1 ,Φ1,III
2 )

−ε2(π|c1|)−
λ3
4 (π|c2|)

λ2
4 Γ(λ3−λ1

8 + 1
2)Γ(

λ1−λ2
8 + 1

2 )Γ(
λ3−λ2

8 ) t(Φ1,IV
0 ,Φ1,IV

1 ,Φ1,IV
2 )

−(π|c1|)−
λ2
4 (π|c2|)

λ1
4 Γ(λ2−λ1

8 + 1
2 )Γ(

λ3−λ1
8 + 1

2)Γ(
λ2−λ3

8 ) t(Φ1,V
0 ,Φ1,V

1 ,Φ1,V
2 )

−(π|c1|)−
λ3
4 (π|c2|)

λ1
4 Γ(λ3−λ1

8 + 1
2 )Γ(

λ2−λ1
8 + 1

2)Γ(
λ3−λ2

8 ) t(Φ1,VI
0 ,Φ1,VI

1 ,Φ1,VI
2 )

]
,

t(J21(y), J22(y), J23(y)) =
−√−1π 3

2 (π|c1|)
λ3
4 (π|c2|)−

λ1
4 y1y2

4Γ(λ2−λ1
8 + 1)Γ(λ3−λ2

8 + 1)Γ(λ3−λ1
8 + 1

2)

·
[
ε1(π|c1|)−

λ2
4 (π|c2|)

λ1
4 Γ(λ2−λ1

8 + 1
2)Γ(

λ2−λ3
8 + 1

2)Γ(
λ3−λ1

8 ) t(Φ2,I
0 ,Φ2,I

1 ,Φ2,I
2 )

+ε1(π|c1|)−
λ2
4 (π|c2|)

λ3
4 Γ(λ2−λ3

8 + 1
2)Γ(

λ2−λ1
8 + 1

2 )Γ(
λ1−λ3

8 ) t(Φ2,II
0 ,Φ2,II

1 ,Φ2,II
2 )

−(π|c1|)−
λ1
4 (π|c2|)

λ3
4 Γ(λ1−λ2

8 + 1
2 )Γ(

λ2−λ3
8 + 1

2)Γ(
λ1−λ3

8 ) t(Φ2,III
0 ,Φ2,III

1 ,Φ2,III
2 )

−(π|c1|)−
λ3
4 (π|c2|)

λ1
4 Γ(λ3−λ2

8 + 1
2 )Γ(

λ2−λ1
8 + 1

2)Γ(
λ3−λ1

8 ) t(Φ2,IV
0 ,Φ2,IV

1 ,Φ2,IV
2 )

−ε2(π|c1|)
−λ1

4 (π|c2|)
λ2
4 Γ(λ1−λ2

8 + 1
2 )Γ(

λ3−λ2
8 + 1

2 )Γ(
λ1−λ3

8 ) t(Φ2,V
0 ,Φ2,V

1 ,Φ2,V
2 )

−ε2(π|c1|)−
λ3
4 (π|c2|)

λ2
4 Γ(λ3−λ2

8 + 1
2)Γ(

λ1−λ2
8 + 1

2 )Γ(
λ3−λ1

8 ) t(Φ2,VI
0 ,Φ2,VI

1 ,Φ2,VI
2 )

]
,

t(J31(y), J32(y), J33(y)) =
−π

3
2 (π|c1|)

λ3
4 (π|c2|)−

λ1
4 y1y2

4Γ(λ2−λ1
8 + 1

2)Γ(
λ3−λ2

8 + 1)Γ(λ3−λ1
8 + 1)

·
[
(π|c1|)−

λ3
4 (π|c2|)

λ2
4 Γ(λ3−λ1

8 + 1
2)Γ(

λ3−λ2
8 + 1

2)Γ(
λ2−λ1

8 ) t(Φ3,I
0 ,Φ3,I

1 ,Φ3,I
2 )

+(π|c1|)−
λ3
4 (π|c2|)

λ1
4 Γ(λ3−λ2

8 + 1
2 )Γ(

λ3−λ1
8 + 1

2)Γ(
λ1−λ2

8 ) t(Φ3,II
0 ,Φ3,II

1 ,Φ3,II
2 )

−ε1(π|c1|)−
λ2
4 (π|c2|)

λ1
4 Γ(λ1−λ3

8 + 1
2)Γ(

λ3−λ2
8 + 1

2 )Γ(
λ1−λ2

8 ) t(Φ3,III
0 ,Φ3,III

1 ,Φ3,III
2 )

−ε1(π|c1|)−
λ1
4 (π|c2|)

λ2
4 Γ(λ2−λ3

8 + 1
2)Γ(

λ3−λ1
8 + 1

2 )Γ(
λ2−λ1

8 ) t(Φ3,IV
0 ,Φ3,IV

1 ,Φ3,IV
2 )

−ε1ε2(π|c1|)−
λ2
4 (π|c2|)

λ3
4 Γ(λ1−λ3

8 + 1
2)Γ(

λ2−λ3
8 + 1

2)Γ(
λ1−λ2

8 ) t(Φ3,V
0 ,Φ3,V

1 ,Φ3,V
2 )

−ε1ε2(π|c1|)−
λ1
4 (π|c2|)

λ3
4 Γ(λ2−λ3

8 + 1
2)Γ(

λ1−λ3
8 + 1

2)Γ(
λ2−λ1

8 ) t(Φ3,VI
0 ,Φ3,VI

1 ,Φ3,VI
2 )

]
.

Proof. By Proposition (7.2), poles of the integrand of J11 are

{(s1, s2) = (λ1
4 − 2k1,−λ2

4 − 2k2), (λ1
4 − 2k1,−λ3

4 − 2k2),

(λ2
4 − 1− 2k1,−λ3

4 − 2k2), (λ3
4 − 1− 2k1,−λ2

4 − 2k2),

(λ2
4 − 1− 2k1,−λ1

4 − 1− 2k2), (λ3
4 − 1− 2k1,−λ1

4 − 1− 2k2) | k1, k2 ∈ Z≥0}.

The residue at (s1, s2) = (λ1
4 − 2k1,−λ2

4 − 2k2) is (π|c1|y1)2k1−λ1
4 (π|c2|y2)2k2+

λ2
4 times

(−1)k1+k2

k1!k2!
Γ(λ1−λ2

8 + 1
2 − k1)Γ(λ1−λ3

8 + 1
2 − k1)Γ(λ1−λ2

8 + 1
2 − k2)Γ(λ3−λ2

8 − k2)

Γ(λ1−λ2
8 + 1

2 − k1 − k2)
.

By using

Γ(a− k) = Γ(a)
(−1)k
(1− a)k

, Γ(a+ 1
2 − k) = Γ(a+ 1

2)
(−1)k
(12 − a)k

,
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the above is equal to

Γ(λ1−λ2
8 + 1

2)Γ(
λ1−λ3

8 + 1
2 )Γ(

λ3−λ2
8 ) · (λ2−λ1

8 + 1
2)k1+k2

k1!k2!(λ2−λ1
8 + 1

2)k1(
λ2−λ1

8 + 1
2)k2(

λ3−λ1
8 + 1

2)k1(
λ2−λ3

8 + 1)k2

.

Thus
∑

k1,k2≥0Res(s1,s2)=(
λ1
4
−2k1,−λ2

4
−2k2)

is

(π|c1|)−
λ1
4 (π|c2|)

λ2
4 Γ(λ1−λ2

8 + 1
2)Γ(

λ1−λ3
8 + 1

2)Γ(
λ3−λ2

8 )Φ1,I
0 .

We see the pole (s1, s2) = (λ2
4 − 1 − 2k1,−λ3

4 − 2k2) similarly. Since the residue is

(π|c1|y1)2k1−λ2
4

+1(π|c2|y2)2k2+
λ3
4 times

(−1)k1+k2

k1!k2!
Γ(λ2−λ1

8 − 1
2 − k1)Γ(λ2−λ3

8 − k1)Γ(λ1−λ3
8 + 1

2 − k2)Γ(λ2−λ3
8 − k2)

Γ(λ2−λ3
8 − k1 − k2)

=
Γ(λ2−λ1

8 + 1
2)Γ(

λ1−λ3
8 + 1

2 )Γ(
λ2−λ3

8 ) · (−1)(λ3−λ2
8 + 1)k1+k2

k1!k2!(λ3−λ2
8 + 1)k1(

λ3−λ2
8 + 1)k2(

λ1−λ2
8 + 1

2)k1+1(λ3−λ1
8 + 1

2)k2

(note Γ(a− 1
2−k) = Γ(a+ 1

2)(−1)k+1/(12−a)k+1), then
∑

k1,k2≥0Res(s1,s2)=(
λ2
4 −1−2k1,−λ3

4 −2k2)

is

ε1(π|c1|)−
λ2
4 (π|c2|)

λ3
4 Γ(λ2−λ1

8 + 1
2)Γ(

λ1−λ3
8 + 1

2)Γ(
λ2−λ3

8 )Φ1,I
1 .

Also, the residue at (s1, s2) = (λ2
4 −1−2k1,−λ1

4 −1−2k2) is (π|c1|y1)2k1−λ2
4

+1(π|c2|y2)2k2+
λ1
4

+1

times

(−1)k1+k2

k1!k2!
Γ(λ2−λ1

8 − 1
2 − k1)Γ(λ2−λ3

8 − k1)Γ(λ2−λ1
8 − 1

2 − k2)Γ(λ3−λ1
8 − 1

2 − k2)

Γ(λ2−λ1
8 − 1

2 − k1 − k2)

=
Γ(λ2−λ1

8 + 1
2)Γ(

λ3−λ1
8 + 1

2)Γ(
λ2−λ3

8 ) · (λ1−λ2
8 + 1

2)k1+k2+1

k1!k2!(λ1−λ2
8 + 1

2 )k1+1(λ1−λ2
8 + 1

2 )k2+1(λ3−λ2
8 + 1)k1(

λ1−λ3
8 + 1

2 )k2+1

.

Then
∑

k1,k2≥0Res(s1,s2)=(
λ2
4 −1−2k1,−λ1

4 −1−2k2)
is

ε1ε2(π|c1|)−
λ2
4 (π|c2|)

λ1
4 Γ(λ2−λ1

8 + 1
2)Γ(

λ3−λ1
8 + 1

2)Γ(
λ2−λ3

8 )Φ1,I
2 .

Therefore we get the relation between J11 and Φ
1,∗
k and the others can be shown in the same

way. ✷
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