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Abstract

Let e(x,y,A) (cf (1)) be the spectral function and x» (cf (2)) the unit spectral projection
operator, with respect to the Laplace-Beltrami operator on a closed Riemannian manifold M.
We generalize the one-term asymptotic expansion of e(z,z,\) by Hérmander [3] to that of
8?856(1:, Y, A)|z=y for any multi-indices a, @ in a sufficiently small geodesic normal coordinate
chart of M. Moreover, we extend the sharp (L?, LP) (2 < p < oo0) estimates of x» by Sogge [10]
[11] to the sharp (L?, Sobolev LP) estimates of .
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1 Introduction

Let (M, g) be a smooth closed Riemannian manifold of dimension n > 2 and A the positive
Laplace-Beltrami operator on M. Let L?(M) be the space of square integrable functions on M with

respect to the Riemannian density dv(M) := \/det (g;;) de =: \/g(x)dx. Let ei(z), ea(z), --- be
a complete orthonormal basis in L?(M) for the eigenfunctions of A such that 0 < A\ < A2 < ...
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for the corresponding eigenvalues, where A; are nonnegative real numers. Also, let e; denote the

projection onto the 1-dimensional space Ce;. Thus , an L? function f can be written as

f= Zej(f),

where the partial sum converges in the L? norm. Let A be a positive real number > 1. We define

the spectral function e(z,y, A) and the unit spectral projection operator (USPO) x as follows:

e(w,y,A) = > €()é(y) (1)

A <A

wi= Y e 2)

AFE[X, A+1]

Since in (1) the definition of e(x,y, A) does not depend on the choice of the orthogonormal basis
{ej(®)}52,, without loss of generality from now on we assume that e;(z) (1 < j < oo) are real-

valued functions on M so that

e(x,y,A) == Z ei(xz)e;(y) -

A <A

Approximating the fundamental solution of the wave equation precisely enough, Hormander [3] [5]

obtained a one-term asymptotic expansion of the spectral function e(z, z, A) as following:
ez, 2, )) = C, A" + O(A" 1), as A — oo, (3)

where C), is equal to (27)™" times the volume of the unit ball of R”. As a consequence Hérmander

proved the uniform estimate of eigenfunctions for z € M

Y leglm)P <o, (4)

A€, A+1]
which implies
afllee < CATTD2Y )5 (5)

Here [|f]]» (1 <7 < o0) means the L™ norm of the function f on M. Let d(r) be the critical exponent
max(n-|1/r—1/2|—1/2, 0) for Bochner Riesz means of the Laplacian on L"(R"). With the help of
the oscillatory integral theorems of Carleson-Sjolin [1] and Stein [13], Sogge showed in [10] and [11]

XA fllg < CND|f]l2, g = 2(n+1)/(n — 1) (6)

by using the Hadamard parametrix for A — (A +)? and the wave operator (9/9t)? + A respectively.
Interpolating (6) with (5) and the inequality

Iz < 1 (7)
from the orthogonal relation, Sogge proved the following
Proposition 1.1. (cf C. D. Sogge [10] and [11])
Il < XD f]ls, 2 < r < oc, (%)
where

4r
a(r) ifwgrgoo.

n—1

) {ﬁ”_—lﬂﬂl if2<r<ﬂn_+111
e(r) = = - by

The estimate (&) is sharp in the sense that the bounds cannot be replaced by o(A“(")).



Remark 1.1. Sharpness of the bounds of estimates in this paper always has the similar meaning as

above.

For a positive integer m, we set the following notations:
2m-D:=02m-1)2m-3)---3-1, (-)1:=1.

We say a = # (mod 2) for two multi-indices o, 8 € Z7} if and only if o; = f; (mod 2) for 1 < j < n.
Let V be the Levi-Civita connection on M and |V*u| be the length of the k-covariant derivative of
a smooth function u on M. (cf Subsection 2.1) Let B, be the unit ball in R™ with center at 0. We

firstly generalize Hormander’s asymptotic expansion (3) of the spectral function in the following

Theorem 1.1. In a sufficiently small geodesic normal coordinate chart (X ,z) of M, for multi-

indices o, B € 27} the following estimates hold uniformly for x € X as A — oo:

Cn,a,p Antlotpl O(/\”+|°‘+f6|_1) if a =4 (mod 2),
O(AHe4Bl=1)  otherwise,

3?356(%3}, /\)|ny = { (8)

where for multi-indices o, f such that a = 8 (mod 2),

Conp = Qa7 (=010 [ et g (9)
n . - Il
= (=1)lel=ish/2 [jmalog +4; = D! (10)
mn /2 gntlekBl/2 ( |o<+/23|+n +1)

In particular, if « = 3, then the following estimate holds uniformly for x € X as A — oo:

> 0% ()P = Co oA Pl O s A 00 (11)
A <A

where Cp o = Cp oo > 0. Moreover, the following uniform estimate holds for x € M and it s sharp:
ST V@) < oxEeL (12)

AFE[X, A+1]

Remark 1.2. More precisely speaking, Theorem 1.1 always holds for the geodesic coordinate (X, x)
satisfying the condition (25). (cf Subsection 2.2)

Using the notations in Definition 2.1, we generalize the sharp L° estimate 5 in the following

Corollary 1.1. The following estimate holds and it s sharp:
afllor < CARF=D2] 7],

As a consequence of Proposition 1.1 and Corollary 1.1, it is not hard for us to generalize the
sharp LP estimate of x» by Sogge to the sharp Sobolev P estimate on M. (cf Definition 2.1 for
Sobolev spaces Hi and C* spaces on M)

Theorem 1.2. Let k be a nonnegative integer, 2 < r < oo and €(r) be the same as Proposition 1.1.
Then the following estimate holds :

Ml < CXCOTHIFL2 ()

Moreover the estimate (#) is sharp. In particular, for a single eigenfunction e;(x) the following

holds:
llejllay < CAIHE

which in general can not be improved in the sense of Example 1.1.



Example 1.1. Let M7 be the unit n-sphere S” of the Euclidean space R?*!. Let Z,, be the zonal
harmonic function of degree m with respect to the north pole and @, the spherical harmonic defined

by
Qm(x) = (22 + ix1)™ .
Then there exists a positive constant C independent of m such that the following inequalities hold:

1 Zunl 11 /1| Zmll2 > Cm O+, 2(n 1) /(n = 1) < 7 < oo; (13)

NQumllap /|Qumll2 > Cm T, 2 < <2(n+1)/(n—1). (14)

Remark 1.3. Let N be a compact Riemannian manifold with smooth boundary ON. On N we
consider the Dirichlet Laplacian Apx with respect to the Dirichlet boundary value problem

Ayu=f, z€N°; u(z) =0, = €IN.
Let {ejv(x)};ozl be the real normalized eigenfunctions of Ay such that
ANej»V(x) = ﬂ?ejy(x), re N°; ejv(a:) =0, 2 € IN;

where 0 < p? < p3 < ... are the eigenvalues of Ay. Similarly to (2) we can also define the USPO
Xn,» associated to Ax. In particular, when N is a bounded region in R”, by studying the heat
kernel of Ay, Ozawa [8] proved

2.

B <A

2
3(3;\,(1‘)

5 = CA"T2 L O\, as A — o0, (15)
v

for every « € ON, where v is the unit outward normal derivative at # € 9N. For the general
Riemannian manifold N with boundary N, Grieser [2] and Sogge [12] proved that the estimate (5)
holds for xw x, by which Xiangjin Xu [15] used a clever maximum principle argument to show the

estimate

Ixnafllerany < C/\(n+1)/2||f||L2(N) : (16)
The results of Ozawa and Xiangjin Xu stimulated the author to think of Theorem 1.2.

Now we sketch the proof of Theorem 1.1. Firstly we make an observation that

D 0%;(2)0 ej(x) = 050] e, Y, Moy - (17)
Aj<A
We recall that the wave kernel K (¢, z,y) € Z2'(Rx M x M) is the Schwarz kernel of the wave operator
cos(tv/A) associated with the Laplace-Beltrami operator A. For each x,y € M, by (17.5.9) of [5]

K (t,z,y) is the Fourier transformation with respect to 7 of the temperate measure dm(z,y, 7):

m(z,y,7) = Vg(y) (sen ) e(z, y,[7]) -

In Proposition 2.2 and Corollary 2.1 of Subsection 2.3, we obtain the detailed information of the
singularities for 3?35 K(t,2,y)|e=y for « in a sufficiently small geodesic coordinate X of M and ¢
in a small interval (—c¢, ¢), where ¢ is a positive constant depending on the geometry of M. In
particular, by Corollary 2.1 t"+|°‘+’6|3§‘35 K(t,2,y)|e=y 1s smooth in [0, ¢) x X. Then in Subsection
2.4 we complete the proof of (11) with the help of a Tauberian lemma (cf Lemma 2.5). As long
as the constant C), g is concerned, we firstly observe that it does not depend on the Riemannian

manifold M and then obtain its accurate value by the computation on the n-dimensional flat torus.



(cf Subsection 2.5) We can easily derive Corollary 1.1 from (11) and the detail is given in Lemma
2.7.

Then we state the outline of the proof of Theorem 1.2. We have only to consider 2 < r < oo by
Corollary 1.1. Making reduction by the elliptic regularity (cf Corollary 3.1) and the duality, we only
need to show that the following estimates hold for 7 = 0,1, and they are sharp:

AT XA fl]2 < CAZFEO £, [lgrad Adyy flls < CAFFIFON f| 10 7/ = /(P = 1), (18)

Finally we can obtain the above estimates and their sharpness by Proposition 1.1 and direct compu-
tations. The detail will be given in Section 3.

As long as the organization of the rest of this paper is concerned, in Subsection 2.1 we set
the notations related to the covariant derivatives, Sobolev spaces and the wave kernel on M. In
Subsection 2.2 we give a quick review for the Hadamard parametrix of cos(t\/Z), which approximates
the wave kernel K (¢, z,y) as well as we desire, and is the crucial tool to the proof of Theorem 1.1.
In Section 4 we have some explicit calculations to check the validity of (13) and (14), in which the

asymptotic property of the Jacobi polynomials is involved.
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like to express my sincere gratitude to the referee for several valuable comments.

2 Derivatives of spectral function

2.1 Sobolev spaces and the wave kernel

For k a nonnegative integer and u € C°°(M), V*u denotes the kth covariant derivative of u (with
the convention V%u = u). As an example, the components of Vu in local coordinates are given by

(Vu); = d;u, while the components of VZu in local coordinates are given by

(V)i = 07 U—Zr”aku : (19)

where Fk are the Christoffel symbols of the Levi-Civita connection V of (M, g). We define the length
|VEu| of Vku by

|vku|2. Zghjl.. ikjk vk )zl~~~ik(vku)j1mjk ,

where (g%/) denotes the inverse matrix of (g;;) and the sum is taken for 1 <y, -, iy,

jla'“ajkgn'

Definition 2.1. The Sobolev space H] (M) is the completion of C°° (M) with respect to the norm

k ) 1/r
ullay = (Z/ |v3u|7“dv(g)) L 1< r< oo,
- M

e[y —Zsup |V u( r=00.
xEM

Sometimes we also write C*, H* instead of He HE



The following result is well known.

Proposition 2.1. HJ(M) does not depend on the Riemannian metric. And H*(M) is a Hilbert

space.

Lemma 2.1. Let X be a relatively compact open set of M and z : X = R” a diffeomorphism of X
into R™, that is, a chart on M. For k a nonnegative integer and u € C* (M),

lullerxy <C D 110%ullLex)

la| <k
where o = (aq, -+, o) 1s @ multi-index and 0% = (3/0x1)** -+ - (0] Oxy ).

Proof. By the similar computation to the equalities (19), we can see that the component (V*u);, ..,
of V¥u is equal to the main term 8;, - - - 9;, u plus the lower-order partial derivatives of v with smooth
coefficients coming from the Riemannian metric. Then the statement follows from that X is relatively

compact in M.

In the chart X the Laplace-Beltrami operator takes the form
A== o) + > V0
where iV = — Zgjkﬁk (log+/g). Let & be the operator defined by A in L*(M) with Ze = H*(M).
k

It is well known that 2 is a self-adjoint operator on L?(M) and that 27 has a discrete spectrum
so that the spectral resolution of A in the beginning of Section 1 holds. Let cos(tv' &) be the wave
operator associated with & defined by

cos(t\/?) = /00 cos(t\/p)dE, |

0

where E, is the spectral family of 2. By the standard computations (cf Section 17.5 of [5]), the
wave kernel K (t,z,y) € Z'(R x M x M) of cos(tv/ Z2) is the Fourier transformation with respect to

7 of the temperate measure dm(z,y, 7),
m(z,y,7) = /g(y) (sgn 7) e(x,y, [7])/2 . (20)

We remark that K (¢, z,y) = jﬁl(t) Is an even function with respect to t.

2.2 The Hadamard parametrix of the wave operator

In this subsection we shall quickly review a remarkably simple and precise construction due to J.
Hadamard, which gives the singularities of the wave kernel K (¢, #,y) with any desired precision.

Let the open subset X (cf Lemma 2.1) of M be sufficiently small so that for an arbitrary point

p € X we can introduce the geodesic normal coordinates of X which vanish at p and satisfy the

condition
> gie(@)ee = gin(0)ak . (21)
k k
By Lemma 17.4.1 in [5], there exist unique smooth functions wug, - - -, u, with ug(0) = 1 satisfying
2wy, — huy, + 2(x, Ou/dx) + 2Au,_1 , (22)

where u_; =0 and

h(z) = Zﬂjk(o)bj(ﬂﬁ)ﬂﬁk = Zﬂjk(ﬂﬁ)bj(ﬂﬁ)ﬂﬁk : (23)



It follows from Corollary C.5.2 of [5] that there is a neighborhood 7 of the zero section {0} x
M of the tangent bundle T M, a neighborhood # of the diagonal in M x M, and a well-defined

diffeomorphism
V3 (2,y) > (exp, T, y) €X',

where exp,, 1s the exponential map at y with exp, 0 = y and (d expy)|5:0 equal to the identity. The

metric tensor in the # coordinates

Zgjk(ja y)gjgk = p(expy x, t(d expy)_l(i‘) g)

satisfies (21), where p is the principal symbol of A. If (z,y) € # we have a well-defined Riemannian
distance s(z,y) which is realized by a unique geodesic between = and y. We choose ¥ such that
{Z : (Z,y) € 7'} is convex for every y € M. Pulling the functions w, (%, y) defined by (22) back to
# from 7, we obtain uniquely defined U, € C(#"). We remark that

Uz, ) =1, (z,2)eW. (24)

Since # is open, we further choose the open set X so small that X x X C #". We can choose ¢ > 0
such that

Xex X CH, (25)
where
X :{yEM:xléljf(s(x,y)<c}.

As Lemma 17.4.2 of [5], with the notation (3.2.17) of [4] In Ry x R? we define the homogeneous
distributions E, (k € Z) of degree 2v + 1 —n with support in the forward light cone {(¢, ) : ¢ > ||}
by

E, = 2—2u—17T(1—n)/2xz_fl_+(1—n)/2(t2 _ |x|2), 1>0. (26)

We have
(07 /0t = 0°/0x3)E, = vE,_1,v # 0; (9°/01° = 0% /025) Eo = 8o.0; (27)
—20FE,/0x = aF,_1, vEZ . (28)

With some abuse of the notation we shall write E, (¢, |z|) instead of E,(¢,2) in what follows; when
t = 0 this should be interpreted as the limit when ¢ — +0. Moreover it follows from the proof of
Lemma 17.4.2 in [5] with the notation (3.2.10)’ of [4] that

0:(F,(t,0) = E,(t,0))

2= gl=m)/2¢2v=n T (y 4 (1 —n)/2),  if nis even
= ¢ 27w lg=m)/2 2= T (v + (1 — n)/2), if nis odd and 2v > n (29)
(—=1)k 2=2v=Fk g(1=m)/2§5(2k) /(2 — 1)1, if n =odd and n — 1 — 2v = 2k > 0,

where F, is the reflection of E, with respect to the origin of R,. It follows from (21) and (27) (cf
Proposition 17.4.3 in [5]) that we have in (—o0,¢) x X¢ x X

(0%/ot2 + A)E(t,x,vy)
N

= (32/3152 + A) Z Uy(l’a y)Eu(t’ S(l‘, y))

= doy/\V9(y) + (P(z, D)Un(z,y))En(t, s(z,y)) - (30)



When s(z,y) < ¢ the coefficients U; have been defined previously by integrating the equation (22)
in geodesic coordinates, and when s(z,y) > ¢ their definition is irrelevant.
By the proof of Theorem 17.5.5 in [5], in (—c¢, ¢) x X° x X, we have

K(t,x,y) — 0:(&, 2, y) — Et, 2, y)\/gly) e N3 51)
and
Ot y (K(t,x,y) — (& (t, 2, y) — g(t,x,y))@)‘ < CppN-n-lal,
lo] < N-n-3. (32)

By the definition of E, we know that & (¢, , y) has support in the forward light cone {t > s(z,y)}
and 1its reflection (ga(t, z,y)) with respect to the origin of R; has support in the backward light cone
{t < —s(x,y)}. Here all terms are continuous functions of (z,y) with values in Z’'(R) by Lemma
17.4.2 in [5]. We shall apply (31) and (32) to investigating the singularities of the derivatives

3?35 K(t,2,y)|c=y of the wave kernel on the diagonal in the following subsection.

2.3 The derivatives of the wave kernel on the diagonal

Let o = (a1, - ,a,), 8 = (f1,--,Bn) € Z} be two multi-indices. In the coordinate chart
(X x X, (z,y)) of M x M, we shall consider the singularities of 3?35[((15, 2, Y)|s=y. From now on,
we let the positive integer N in (31) be as large as we need. By (31), we know

RO K (t,x,y)le=y = 0505 (0:(E(t, 2, y) — E(t2,9)V/8(1Y) o=y
+ ON-n=letBl=34epm | (33)

By the above equality we know that 3?35[((t,x,y)|x:y is the sum of a continuous function of
(t,x) € (—c¢, ¢) x X and finite homogeneous distributions of ¢ with coefficients of smooth functions of
z € X. We call the distribution summand of 9 35 K(t,z,y)|e=y with the lowest homogeneous degree
the principal singular term of 3?35[((15, Z,Y)|s=y. We observe that the principal singular term of
3?35 K(t,z,y)|e=y 1s equal to that of

0205 (V&) Un(a, 1) 04 (Ealt.s(e.) = Ealt,s(e,)) (34)
In order to write out the above principal singular term explicitly, firstly we need the following
Lemma 2.2. In the geodesic coordinate X satisfying (25), the Taylor expansion of the square dis-

tance function s(x,y)? is as follows :
s(x,y)* = | — y|* + higher even order terms.
In particular, at a fived point (z,2) € X x X

93 yn(z,2) =0, || = odd; (35)

Oo;n(z,2) = Oym(z,2) =0, 07 o, 0(2,2) = 05y, 0(z,2) = =07, 1(2,2) = 265k - (36)

Proof. By [6] we know the square distance function s(z,y)? is a smooth on X x X. Let n(z,y) =
s(z,y)?. Under the geodesic coordinates, the square distance function 5 satisfies the following equal-
ities:

(1) n(0,0) = n(x,z) =0

(i) n(0, ) =n(0, —x) = |z|?

(iii) n(z, y) = n(y, =)



Let nx(2,y) be the k-th term of the Taylor expansion of 1 with respect to (0,0). By (i), o = 0.
By (ii) and (iii), n1(x,y) = 0. By (i)-(iii), the homogeneous quadratic polynomial ns(z,y) of =, y
satisfies the following equalities:

(a) ma(e, ) =0

(b) 12(0,2) = 2(0, —x) = ||

() m2(2,y) = 12(y, )
By (a),
na(z,y) = Zn:(const x (zj —yj)* + const x (l‘? - yf)) :
j=1
Then by (c), we can see
na(z,y) = Zn:const x (zj —y)*,
j=1

by which (ii) implies that s (2, y) = |z — y|*.

Finally we have only to show that na;41(z,y) =0 (k > 1). By (i)-(iii), 92541 satisfies (a), (c) and
(b") m2k41(0, ) = 9241(0, —2) = 0.
By (b') we can write the homogeneous polynomial naog41(2, y) of degree 2k + 1 as

2k

772k+1(x’y) = Z Z 9}11::::;;k+1—l(x’y)’

1=1 1<i1,yi551, 0 Jerg1 -1 S0

iy, 0 _
9j1,"mj2k+1—l(x’y) -
1,0 R i T 1yl T L i
j1,~~~,j2k+1_1x21 i Y5, y]2k+1—l + bjhm,j%_'_l_lyh Yi, Xj, x]2k+1—l'
By (a),
iy, 11,000 ,00 —-0n -
ajly"'yj2k+1—l + bjly"'yj2k+1—l =0;
by (c),
i1, i _ i
J1, 0 J2k+1—1 g1, J2k4+1—1
S T1,-,81 11,00, : 1 =
By above equalities, we can see that all a5 S and bj1,~~~ S vanish. That is, nax41(2, y) = 0.
q.e.d.
We denote
/ nl n
E (t,2) =0 E,(t,x), E,(,2) =0 F,(t,x)
and then

—20F! /0x = xE!,_,, —20FE!,)0x = zE!,_, (37)
hold. For simplicity of notations, we denote
Fy = F(t,s(x,y)) = B (t,s(x,y)) - B, (t, s(x,y)) (38)
in what follows. We compute 3?35 F,(t,5(x,y))|s=y for some small o, 3 as follows.

With n = s(x,y)?, s = s(z,y), then

1
a17jE/ = _ZﬁxjnFl/—la 6ij1/|x:y = 0



By Lemma 2.2, (37) and above equality, we have

1 1
6%],ij1, = _ZﬁijyjnFl’_l + Eﬁxjnﬁyﬂ]Fu—Z (39)
In particular,
9 1
6xjijy|x:y — §Fy_1(t’0) .

We also have

2 92
6%‘ ayj Fy

(—1/4)F,_10;,0; n

(=1/4)? Py (2002, m)? + 202 0y,0y,m + 02, 00, m) + 02,02, 1)
(=1/4)° By (402, 102 10y, + 02 0(0y,0)* + 02 0(0,1)°)

(=1/4)* Foma(@e, 1) (D;m)* (40)

+ + 4+

In particular,

3 1
97,00 Fulo=y = ZFy_z(t,()) - Z@ij@;jn(x,x)Fl,_l(t,O) .

In general we can prove the following

Lemma 2.3. Let a, f# € Z7} be two multi-indices and (X, x) a geodesic normal coordinate chart of
M satisfying (25). Let (t, z) be in (—c¢, ¢) x X and 'y g m be the set defined by

Topm=H{uI0 % €23, 11 >0, Y % =(a, )} .

j=1
Then we have the following equality:
la+8]
02T, (t,5(z,9) = > Qupm(®,y) Fomm(t,s(w,1)) , (41)
m=1

where

Qapmlz,y) = Z (_%)m X const X H 3gjy77 (42)
j=1

{13l 8,m
and the const above is a positive integer depending on «, 8 and {v; }7". Moreover,

llo+81/2]
8g65FV(t’5($’y))|x=y = Z Qa,ﬁ,m($’$)FV—m(t’0) ) (43)
m=1
where [a] is the maximal integer not exceeding the real number a. More detailedly speaking, we have
the followings:
(1) Suppose o = B (mod 2). Then

la+5]/2
8g85FV(t’ s(x, y))|x=y = Z ro,,@,m(% 2)Fy_m(,0) (44)
m=1
where qo.p = Qa g, |at+s|/2(2, ) is a positive (negative) constant depending only onn, o, 3 if and only
if || =8| can (cannot) be divided by 4. In particular, when o = 3, letting Qo m (2, y) = Qo am (2, y),
we have the following equality

||

02O Fut, 52 9)|omy = 3 Qun(, ) Forn(1,0) (45)

m=1
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and qo = Qu,|a|(2, ) is a positive constant depending only on .
(i) Suppose that |o + B| is even and o = B (mod 2) does not hold. Then Qu g |atp|/2(2,2) = 0.
Hence

|at+8]/2-1
RO (15 (e 0)lomy = D Qupon (@, ) Fymn(1,0). (46)

m=1
(iii) Suppose that |+ S| 1s odd. Then 0395 F, (L, s(x,y))|e=y = 0.

Proof. For simplicity, we write F, = F,(¢,s(2,9)), Qapm = Qa,sm(z,y) in what follows if there
is no confusion. We shall firstly show (41) by induction with respect to the nonnegative integer
la+3]. If |a+ 8| = 0, 1, 2, the validity of (41) can be checked by the previous computation. Letting
(41) hold for 3?35 F,, we show that it also holds for 0, 3?35 F, as following and then complete the
induction argument.

Let 9% = 8,,0%, 8% = 8°.

. [a+8]
8aaﬁFu = 8xj Z ro,,@,mFu—m
m=1
[et8
= (8ij04ﬁ7mFV—m + (_1/4)8xj77ro,ﬁ,mFu—m—1)
m=1
la+6]
== P&ﬁymFu—ﬁ’L 3
m=1

where Pﬂ/;,rﬁ are as follows:

Prga = 0y, Qapn = (~1/0) 929]n

_la+8]
Py 5 1ars = (=1/4) 0y;1 Qupjarp) = (=1/H)F T oxiym s

j=1

&+8 atp
where {'yj}ll Pl e U 51at8 = {{'YJ}|1 ﬁl]“

and if 2 < m < |a+ 3], then by the induction assumption on the expression of Qu g,m the following
holds:

Pigm = 00,Qapm~+(=1/4) 00,1 Q0 pm—1

Z (—%)m X const X ﬁ Dpiym s
j=1

{’Yj}iherd,,é,m

where the const is a positive integer depending on {7;}7*.
We observe that in the equality (42) the number of the multi-index v; with length 1 is not less
than 2m — |a + B|. In fact, if the number be [, then it follows from the inequality

[+2(m—1) <|a+f

implied by the definition of the set T'y 5 ,. Then by (36), we obtain the equalities (43). Now we are
going to prove (i)-(iii).

(i) Let R be the set of partial derivative operators defined by
2 92
T axlyl )

R={0 9, 1<l<n}
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and I', g be the set defined by

|a+8]/2
a 2 n .
Top = {2 ez op, e R, D v =(a,0).
j=1

Then by (36), we have the following equality:

13 lat81/2 letal/z
ro,,@,|oc+/6|/2(xa l‘) = Z (_Z) X const X H 8g7y77(xa l‘) )
e, i=i
where the const is a positive integer depending on {~; |1a+ﬁ|/2. For any element {'yj}llal from I'y g,
let the numbers of 7; such that 623y takes the forms of
2 52 2
8xz’ axzyz’ ayz (1 S ! S n)
be a;, b;, ¢; respectively. Then by the definition of I', g
200 + by =y, 21 +b =0 . (47)
Let
a:Zal, b:Zbl, c:ch .
=1 =1 =1
Then
20+ b=|a|, 2¢+b=|8|.
By (36) we have
la+8]/2
H Yy n(x, 2)(—1/4)le P12 = gate (_9)b(—1/4)letb1/2 = g=latBl/2(_1)(el=1oD/2
j=1

from which (i) follows.

(ii) For the proof of Q4 g |a+p|/2 = 0, we only need to show that for any {'yj}lla-l_’@l/z € Lo g latsl/2
latp8]/2
H dyyn(z, z) = 0. Otherwise, there exists a {'yj}lla-l_’@l/z € L' 8 |a+p8]/2 such that {6z{y}'1°‘+’3'/2
j=1
belongs to R. Hence the equality (47) holds for {v; |1a+ﬁ|/2. It implies & = § (mod 2). Contradiction!
(i) Since |a + f] is odd, for any {v; }T* € Ta gm (1 <m < (Ja+ ] — 1)/2), there exists ; such
that || is odd. The statement follows from (35). q.e.d.

Proposition 2.2. (i) Suppose o =  (mod 2). Then the principal singular term ofﬁgﬁgh’(t, Z,Y)|o=y

8

Gop V8(2) Fjats)/2(t, 0)
for (t,x) € (—c, ¢) x X. Moreover,
(6;3‘65[((t,x,y) — 9307 Z E,(t,s(z,y)Uy(x,y) g(y))
0<2v<|atpl+n r=y

is in C°°((—e, ¢) x X) if n is even, and in C®((—c, ¢) x X) after division by [t| if n is odd. All
derivatives are bounded in (—c, ¢) x X.
(i) Suppose that |a + | is even and o =  (mod 2) does not hold. Then for (t,z) € (—c, ¢) x X

12



the principal singular term of 3?35]((t,x,y)|x:y is Fi_|ayp)/2(t,0) times a smooth function of x.

Moreover,
(Gropitan —020] ¥ Rlste)lh e Ve
0<2v<]|a+B|l+n—2

is in C°°((—e, ¢) x X) if n is even, and in C®((—c, ¢) x X) after division by [t| if n is odd. All

derivatives are bounded in (—c, ¢) x X.

r=y

(i) Suppose that |ao + B| is odd. Then there exists a nonnegative integer r(o, ) = (la + B| —
1)/2 or (Ja + 8| — 3)/2, which will be determined in the proof afterward, such that for (t,x) €
(—e, ¢)x X the principal singular term ofﬁgﬁgh’(t, T, Y) o=y 18 F_r(a,p)(t,0) times a smooth function

of ©. Moreover,

(0K e =020] X Altste)Uen)VED)
0<2v<n+2r(a,B) r=y
is in C°°((—e, ¢) x X) if n is even, and in C®((—c, ¢) x X) after division by [t| if n is odd. All

derivatives are bounded in (—c, ¢) x X.
Proof. (i) The first statement directly follows from the equalities (24), (34) and (44). Let R(t, )
be the function in the second statement. Then

Rit.z) = <3§‘351f(t,x,y) 0ROl (A&t y) — £<t,x,y>>\/g<y>>)

r=y

+ oo Y (Bt )@ Vel) (48)

la48l4n<2w<2N =Y
The first term in the right hand side (RHS) of (48) is in CN="=12+81=3((—¢, ¢) x X) by (33). Since
it is even in ¢, its quotient by [¢| is in CN=P=letPl=%((—¢ ¢) x X). As a similar result of the first

statement, the principal singular term of the summand
020 (B (t, (e, )0 (2, 9)V/B()) _ ., la+ 5l +n < 2w < 2N,
r=y

of the second term in the RHS of (48) is a smooth function of x times F,_|o45)/2(¢,0) (2v >
n+ |a+ B), which by (29) isin C*°((—e¢, ¢) x X) if n is even, and in C*((—¢, ¢) x X) after division
by |¢] if n is odd. The same result holds for the second term of the RHS of (48). Letting N — oo,
we complete the proof of (i).

(i1) The first statement directly follows from the equalities (24), (34) and (46). The other part
can be proved similarly as above.

(iii) By the equality (34) and (iii) of Lemma 2.3, the principal singular term of 3?35[((15, Z,Y)|o=y
equals that of

S (01,50t ste ol (Ve ) )
< (o,8) =Y
If there exists a v = (v!,9?) < («, ) such that |y| = |a 4+ 8] — 1 and v! = 4% (mod 2), by (i)
the principal singular term of above sum is F_(|o44/-1)/2(t,0) times a smooth function of x, which
implies 7(a, 8) = (| + 5| — 1)/2. Otherwise, by (ii) the principal singular term of above sum is
F_(latp]-3)/2(t, 0) times a smooth function of x, which implies r(a, 8) = (Ja + 8] — 3)/2. Hence the
first statement holds. The left part can be showed similarly as (i).

Corollary 2.1. Assume the notations in Proposition 2.2. Let (¢, x) be in (—¢, ¢) x X and «, 8 be

multi-indices in 7. Let

1—]a+8|/2 if &« =7 (mod 2)
L(aaﬁ): l—r(a,ﬁ) if |a+ﬁ|:Odd
2 —|a+ B]/2 otherwise
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If n is even, 3?35]((15, 2, Y)|e=y equals the principal singular term plus

(n=2)/2
F,(t,0) x a smooth function of # + a smooth function.
L(o,8)

If n is odd, 3?35]((15, 2, Y)|e=y equals the principal singular term plus

(n=1)/2
F,(t,0) x a smooth function of # 4+ [t| x a smooth function .
L(a,B)

In particular, t|°‘+ﬁ|+"3§‘35[((t, 2, Y)|e=y s a smooth function in ([0, ¢) x X).

Proof. By the definition of F,, we can see that if 2v > n, then F,(¢,0) is a smooth function when
n is even and it is |t| times a smooth function when n is odd. By this fact, (29), Proposition 2.2 and

Lemma 2.3 the proof is completed.

2.4 Proof of Theorem 1.1 — I The Tauberian method

Except the precise computation of the constant C), o g in (9), in this subsection we shall prove
Theorem 1.1 and Corollary 1.1. Firstly we need two lemmas on a rude estimate of derivatives of

spectral function and on the Tauberian method respectively.

Lemma 2.4. (Theorem 17.5.31in [5]) Let X be a geodesic normal coordinate of M. For a multi-index
v E Z?l_”, there exists a constant C' depending on 7 such that

|03 yel,y, M) < O(1 4 A)" !
for (z,y) in X x X.

By Section 17.5 in [5] there exists an even positive function ¢ in .%(R) such that
/ é(r)dr =1, supp ¢ C (-1, 1) .
R

For a positive number ¢, let ¢.(7) := ¢(7/¢€)/e.

Lemma 2.5. Let ¢ be a nonnegative number and & in [0, ¢]. Let a be a positive number and ag, a;
be two real numbers > a. Let v be a function of locally bounded variation such that v(0) = 0 and

either one of (49) and (50) holds:

|dv(T)] < Mo(|7|+ ao)'dr (49)
v is increasing and satisfies |dv* ¢o(7)] <  Mo(|7] + ao)’ (50)
Let u be an increasing temperate function with u(0) = 0 such that
|(du— dv) % ¢a(7)| < Mi(|7|+@1)", T€R. (51)
Then
[u(r) = v(r)| < € (Mo allr| + ao)* + My(|7] + a) (|| +a1)") (52)
where C' only depends on « and k.

Proof. The statement for the case (49) is just Lemma 17.5.6 in [5]. Note that in the proof of Lemma
17.5.6 in [5], the assumption (49) are only used to deduce the following inequalities:

|dv s ¢a(7)| < CMo(|7]+ ao)', [o(r) = v ¢a(T)] < CaM(|7] + ao)" .
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Suppose that v satisfies (50). To prove the statement, we only need to show the second one of above

two inequalities. Choose ¢g > 0 so that ¢ > ¢g in (—=1/2, 1/2). Since v is increasing,
T+a/2
coa_l/ dv < dv ¢ < Mo(1+|7|)" .
T—a/2

Dividing (0, s) into < [s] 4 1 intervals of length < 1, we obtain from the above inequality that
colv(r) — o(r —as)| < a(|s| + 1) Mo(|7] + a0 + als|)" .

Multiplication by ¢(s) and integration yields |v(7) — v * ¢4 (7)| < CaMy(|7| + ag)’. q.e.d.

Lemma 2.6. Let o € Z7} be a multi-index and (X, x) be a geodesic normal coordinate chart of M
satisfying (25). Then there exists a positive number C,, o only dependent on n and « such that (11)
holds. Moreover the estimate (12) holds uniformly for x € M and it is sharp.

Proof. By the equality (29) and Example 7.1.17 of [4], there exists a positive constant D, , such
that F,(¢,0) (2v < n) is the Fourier transform of

%(Dnyy(sgnrﬂﬂn_zy) : (53)

Let ¢ be the constant in (25) and Cy o = 2¢q X D), _|o|. We shall apply Lemma 2.5 with a = 1/¢

and

=

~
\]

2
I

(1/2)v/g(@) (sgnr) Y 10%;(2) = (1/2)V/g(#) (sen7) 9705 e (e, y, 7))o=y

A<l
v(r) = Cnya\/g(x)sgnr|T|”+2|°‘|/2.

We use the following Claim to connect u(7) with the wave kernel K (¢, z, y).

Claim 1 The Fourler transform of

% ( /g(y) (sgn ) 9200 e(x, y, ITI)/Q)

with respect to 7 can be written by

30‘3’(3[&(15 z,y) —I—ZP 373/3[&(15 z,y),
v<B

where Py (z) (v < «) are smooth functions of & depending on the metric g of M. In particular, @(t)

equals
<6§6§‘A (tw,y)+ > Py(y)a g K(t x,y))
V<a =Y

Proof of Claim 1: We argue by induction with respect to the nonnegative integer | + 8|. The case
of o = 8 = 0 follows from (20). We denote the Fourier transform of w(r) by F[w](t). Since

F((d/dr)\/g(y) (sgn ) 9y, 0707 e (i, w, |7])/2](2)
= 0y, F[(d/dr)\/g(y) (sgn7) O30 e(x, y,|7])/2](t)
— 0y, log(\/g(y)) Fl(d/dr)\/g(y) (sgn ) 3 0] e, y, |71)/2](1) |

the left part of the induction argument can be completed by direct computation.

By Claim 1, (53), Proposition 2.2 and Corollary 2.1, when ¢ in (—c, ¢), the principal singular
term of du equals that of 9;0; K (¢, 2, y)|+=y, which is the Fourier transform of dv; the other singular
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terms are Fourier transforms of [t|?+21%1=2/=1 times smooth functions of # for 0 < j < |a|+(n—1)/2.
Hence (du — dv) x ¢4 is the sum of the regularizations of these functions and a bounded function, so

by the choice of a = 1/¢ and easy computations from

(du — dv) % ¢o(7) = F~[(du— dv) ¢4](7), suppoa C (—c, ¢) ,

(51) holds with £ = max(n + 2|«a|— 3, 0) and (49) holds with ¢ = n+ 2|a| — 1. Therefore by the (49)

case of Lemma 2.5, we obtain

[u(A) — v(A)] < CAnF2lel=1 (X > 1), (54)

The estimate (12) follows from the compactness of M and the similar argument in the proof of
Lemma 2.1. g.e.d.
Corollary 1.1 follows from (12) and the following

Lemma 2.7. The following uniform estimates

Z |vkej(x)|2§0/\n—1+2k’ xe€M, k=0,1,---, (55)
XFE[A, A+1]

are equivalent to the (L%, C*) estimates for the USPO xx:
||X>\f||Ck SC/\k-Hn_l)/szH? akZOala"' ) (56)
Proof. Let the estimate (55) hold. By Lemma 2.1 in order to prove (56), we have only to show

10 fllpsex) < CAlFO=D) £,

for any multi-index . Without loss of generality, we assume that f is a real-valued function on on

M 1n what follows. Since

Wi /M (w)e; () [ (y) do(M) |

A€, A+1]
for any « € X, by the Cauchy-Schwarz inequality and (55) we have

os@P < Y P Y (/Mej(y)f(y)dv(M))2

A€ A+1] A €[N, A+1]
< ol g

Let the estimate (56) hold. Take a point « € M and without loss of generality we let z belong

to the coordinate chart X. In order to prove (55), we have only to show

Yo 10%(@)P <ot (#)

AFEM, A+1]

for any multi-index «. The estimate (56) implies

0% xS (2)] = / 0% () ej(y) fly)dv(M)| < CAC=DHE p),
A€, A+1]
Letting f(-) = Z 0%;(x) e;(-) in the above inequality, we obtain the inequality (4). q.e.d.
A€M, A+1]
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Let Z(z,7) = %Vg(r)sgnr@?@f@(r,y, |7 |o=y ((z,y) € X x X). Since

070 e(x,y, \) = Y 05e;()0e;(y) |

A <A

letting o = 3 above and applying Lemma 2.4, we obtain

S 10% (@) < C(L4 AR
A<

by which and the Cauchy inequality, we can see the total variation of Z(z, -) on [0, A] does not exceed

AZ;Ala%J )0 ei(x)] < (A;w%j@)'Z)l/z(A;Wej(x)'z)l/z

C’(1+/\)"+|°‘+’6| ]

A

IA

Then Z(z,-) has bounded variation locally so that by the Jordan decomposition Z(z, 1) = Z4(z, 7) —
Z_(x,7), where if 7 > 0, then Z; (x,7), Z_(x, ) are the positive variation and the negative variation
of Z(x,-) on [0, 7] respectively; and if 7 < 0, then 7y (z,7) := —Z4 (2, —7). Then Z(x, ) = Z4(z,-)—
Z_(z,-) holds on R. Let

Gz, 1) :=sgnr Z |0%e; (2)0P e ()] . (57)

Al

Sometimes for simplicity we just write Z(z,7) = Z(7), G(7) = G(z,7) and Zy (2, 7) = Z4(7) if
there is no confusion. Then Z4(7) and G(r) are increasing temperate functions satisfying 74 (0) =

G(0) = 0 and the following
Lemma 2.8. Let ¢ be an even positive function in & (R). Then
dGxy(r) < C (14 PrHletal=t (58)
In particular,
A7+ Y(1) < dGxp(r) < C (L4 [A)Her=t (59)
Proof. The inequality dZ74 x (1) < dG x ¢(7) in (59) follows from
Zi(my+ Z_(1) < G(r), T€]0, ).

Similarly to Section 4.1 in [4], the convolution of the rapidly decreasing function ¢ and the temperate

distribution dG is defined by dG * (1) = dG(¢(r — -)). By the definition (57) of G, we have

dG(Y(r =) = (Y 10%;(2)07¢;(x)|(0n, +d-x,) , (7 =)

A; >0

S 107 ()0 e )| (0 + Ag) + (7 = X)) -

A; >0

Hence dG  ¢(7) is an even function so that we only need to prove (58) for nonnegative
Let k be a nonnegative integer. Then by (12) showed in Lemma 2.6 and the Cauchy inequality

we have

ST 19%¢(2)0cj(x)] < C(L4 kyrHletal-1 (60)
E<A;<k+1

For A; > 0, there exists a unique integer k& > 0 such that A; € (k, k 4 1] and

YT+ X))+ v(r — X)) < C@2+ |r— k[)~(rHeFAHL
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where C'is a positive constant only depending on ¢ and n+|a+8|. By (60) and the above inequality,

we obtaln

dG((r =) < O (24 |7 — k]I (g ekl

We estimate S5 as follows:

52 < S 4 () CHAS (14 j 4 et < o(1 4 pyrlaAiot
=1

We observe

7+1
S < / (2—1—7’—x)_("'i'lo""ﬁl"'l)(l—|—x)”+|°‘+f6|_1 =: 53 .
0
Then S5 < C(1 + 7)*Fle+81=1 follows from the following

Claim 2 Let a, b be positive integers such that a > 2. Then there exists a positive constant C only

depending on a, b such that
T4+1
/ 2471—2)%de <C(1+7)".
0

Proof of Claim 1 Using integration by part, we have

T4+1 1 b T4+1
/ (247 —2) % de = 1(T—|—1)b— 1/ 2+7—a) "% e .
0 0

a — a —

Since a > 2,
7+1 7+1
/ 2+7r—2x) "% de < / (247 —2) 2 da
0 0
1
< (1+T)b_1/2/ (1= )2 dy
0
= B(1/2,b+1)(147)b72,

Combining the above two inequalities, we complete the proof of Claim 2 and (58). q.e.d.
ProoOF OoF THEOREM 1.1 We shall discuss three cases as in Lemma 2.3. In the proof we shall use
the notations in the proof of Lemma 2.6.

(i) Suppose o = f# (mod 2). Let Cy, o 5 = 2¢a,p X Dy —jatps|- We shall apply the (50) case of Lemma
2.5 with a = 1/c and

u(t) = Zy(7)
v(r) = Z—(T)-I-%C’n,o{,ﬁ\/@sgnﬂﬂnﬂo“*m,

Then by Lemma 2.8, the condition 50 holds for : = n + | + 8| — 1. Since
1 (a3
(Z4 = Z2-)(r) = Z(7) = 5V/g(x)sgn 7070 e(w, y, [T o=y ,

by the similar proof as Lemma 2.6, we can show that (51) holds for & = max(n + |a + 3| — 3, 0).
Therefore by the (50) case of Lemma 2.5, we obtain that for A > 1 the following inequality holds:

n+|a - 1 a n+|a
CAMHEHI=E > Ju(A) —v(N)] = 5V/8() x 0707 e, 9, 7))o=y = Cn o s ]
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(i) Suppose that |o 4+ 8| = even and o = # (mod 2) does not hold. We shall apply the (50) case of
Lemma 2.5 with ¢ = 1/¢ and

u(r) = Z4(7), w(r) = 2-(7) .

Then by Lemma 2.8, the condition (50) holds for ¢ = n + |a + 8| — 1. By By Claim 1, (53),
Proposition 2.2 and Corollary 2.1, when ¢ in (—e¢, ¢), the principal singular term of du — dv equals
that of 3?35 K(t,,y)|c=y, which is the Fourier transform of

|n+|oc+ﬁ|—2

d .
—sgnr|r x a smooth function of z

dr

bl

the other singular terms are Fourier transforms of [¢|*T1*+#1=21=3 times smooth functions of z for
0<j<(n+|a+p|—3)/2. Similarly as the proof of Lemma 2.6, we can show (51) holds with
Kk = n—+ |a+ 3] — 3. Therefore by the (50) case of Lemma 2.5, we obtain for A > 1

1
OXPHEHIIE > Ju(A) — w()| = 5 VE(E) < 1070]e(z,y, Mlo=y| -

(iii) Suppose that |a + 3| is odd. We also apply the (50) case of Lemma 2.5 with @ = 1/¢ and
w(r) = Z4(7), o(r) =Z(7) .

Then by Lemma 2.8, the condition (50) holds for ¢ = n 4+ |a+ 8| — 1. By Claim 1, (53), Proposition

2.2 and Corollary 2.1, when t in (—e¢, ¢), the principal singular term of du — dv equals that of

3?35 K(t,2,y)|c=y, which is the Fourier transform of

|P+27(@8) ¢ a smooth function of z

d
—sgnT|7T

dr

bl

the other singular terms are Fourier transforms of [¢[?*+27(®#)=2—=1 times smooth functions of = for
0<j< (n + 2r(e, B) — 1)/2. Similarly as the proof of Lemma 2.6, we can show (51) holds with
k=n+2r(a, f)—1 < n+|a+S|—2. Therefore by the (50) case of Lemma 2.5, we obtain for A > 1

1
OXPHEHIIE > Ju(A) — w()| = 5 VE(E) < 1070]e(z,y, Mlo=y| -

We shall put off the computation of the constant C), o s (o = f (mod 2)) to the following

2.5 Proof of Theorem 1.1 — II The constant C,, , 3

We remark that C), o s does not depend on the Riemannian manifold M. Although it may be
possible to find the precise value of C), o g by refining the analysis in the proof of Lemma 2.3, we

prefer another approach by considering the n-dimensional flat torus in the following

Example 2.1. Let 7" = R"/(27Z)" be the standard n-dimensional torus with the flat metric
induced from R”. Let k = (ky,---,k,) denote a lattice point in Z" and |k|? := Zkf Let 6 =
1

(61,---,0,) denote a point in [0, 27)" and k - 0 := Y 7 k;0;. Then the eigenvalues of the positive
Laplacian on 7™ are |k|? (k € Z"), the corresponding L*-normalized eigenfunctions are exp(ik -
0)/(2m)*? (k € Z"), and the spectral function

e(0, 0", A) = (2m)™" > exp(ik(d - ¢')) .
k| <X
By simple computation, we obtain
(2m) =7 (=1)el=18D/2 Z|k|§)\ka+ﬁ ifa=4

0 otherwise

9505,e(0, 0", \)|g=gr = { (61)
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Let D be a bounded domain in R such that any line pararrel to any coordinate axes meets D

in a bounded number of straight-line segment. Let I be completely contained in a hyper-rectangle
Di=Az:a; <xj<bj, bj—a;>1(1<j<n)}.

Proposition 2.3. (Theorem 1.1.7in [7]) Let f(x) in D' be nonnegative, continuous and monotonic
in each variable. If |f(x)| < F in D', then

> 1) = [ sy

keD

S|
< F|D .
<FIPIY
1
By Proposition 2.3 the estimate
37 kot =\t / 2P dy 4 O HIeHAI=1y a5 A 5 00, a = 4 (mod 2), (62)
k| <A Bn

holds. In fact, we can apply Proposition 2.3 with
f(e) =2+, D={z € R": [z] <A} O[O, 00)", D' = [0, \]" .

We complete the proof of (9) and (10) in Theorem 1.1 by (61), (62) and the following integral
equality:

n
ﬂ_n/Z

a+pB _ . . =
/Bn 2P dr = eI (I | 1)]1;[1(% + 8; = DI, o = B (mod 2). (63)

3 Sobolev norms of eigenfunctions

In this section we shall prove Theorem 1.2. Firstly we cite a well known elliptic estimates as

following

Proposition 3.1. Let u be a smooth function on M, 1 <r < oo and k a positive integer. Then the
followings hold:

k k
ully, < O NATull, Nlullmy,,, < CD 1A U]y, (64)
=0

o2k — k41 —
7=0

where the constant C' only depends on the metric g of M and k.

Let u be a real valued smooth function on the Riemannian manifold M. The gradient grad u of
u 18 defined to be the dual vector field of one form du = Vu by

glgradu, V) = du(V)
for arbitrary smooth vector field V on M. In the coordinate chart (X, z)
lgrad u| = |Vu| = Zgjkﬁjuﬁku , (65)
we define the L? (1 < p < o0) norm of grad u as
1/p
llgradul|, = (/ lgrad u(z)|? dv(M) dx) :
M

Then

ullar & [lullp + [lgrad ulf,

where f &~ g means that there exists a positive constant C' depending only on the metric g of M
such that ¢/C < f < Cyg. By Proposition 3.1, we have the following
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Corollary 3.1. Let u be a smooth function on M, 1 < r < oo and k a positive integer. Then the

following relations hold:

(I1A7ull, + [lgrad Alul|,), (66)

k
:0

k
llullaz, & D 1Al lullmg,,, ~

j=0 J

where f &~ g means that there exists a positive constant C' depending on k, v and the metric g of M

such that g/C < f < Cy.

Proor oF THEOREM 1.2: By Corollary 1.1 we can let 2 < r < co. By Corollary 3.1, we have only
to prove the following estimates hold for j =0,1,---:

1AM fllr < CXTHO fl2, |lgrad ATy fl, < CARFH| £y,
and they are sharp. By the duality, we need only to prove the estimates
1AM fll2 < CXTHO f|lr, [lgrad Ay flls < AP £ (67)

hold for ' = r/(r—1) and they are sharp. The dual version of Proposition 1.1 says that the following

estimate holds and it is sharp:
afllz < XD f]]r (68)
The proof 1s completed by the following relations:
AT XAFll2 2 XSz, llgrad A7 xafllz ~ A+ oSl - (69)
The first relations follows from

Axnf= > Melf) .

[A=Az0<1
The second one can be deduced from the equality
/ grade;(z) - gradeg(z)dv(M) = jk/\?
M

derived by the Green’s formula. q.e.d.

4 Spherical harmonics

In this section, we do some computations on spherical harmonics @, Z,, in Example 1.1 to prove
(13) and (14). With respect to the positive Laplacian on S”, both @, and Z,, are eigenfunctions of

eigenvalue m(m +n — 1).

ProoF oOF (14) By (66) we only need to show that & = 0 case and the following estimate hold:
lgrad Qull/[|Q@mll> > Cm (2 <r <2(n+1)/(n-1)) . (70)
The k = 0 case of (14) follows directly from the following integral estimate:

~adtTh  a>1, (71)

n—|—2a—|—1)

[ (GG don (@) = st 1y (T
Sn

where do,(C) is the area measure on S™. Let

V= (CF+ )Y (G0/0¢ — 60/3C)
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which is a vector field of unit length defined almost everywhere on S™. Since |V @ (¢)| = m(¢F +
¢3)m=172 and |grad Q.| > |VQm| hold almost everywhere on S™, by (71) we obtain (70). q.e.d.

Before the proof of (13) we need some preparations on the Bessel function and the Jacobi poly-
nomials. In this section we let «, 8 be nonnegative real numbers. As (1.71.1) in [14] the Bessel
function Jg(z) of the first kind of order « is defined to be

o (—1)7(z/2)+>
1= e T ™

As in Sections 2.4.1, 4.1 of [14] the Jacobi polynomials Prgfé’ﬁ)(x) are defined to be orthogonal on
[—1, 1] with the weight function (1 — #)®(1 4 )?. The normalization of Prgfé’ﬁ)(x) is made by
P(O"ﬁ)(l) _ (m+a)im+a—-1)--(m+a—m+1) .

m!

Since the zonal function Z,,, only depends on the geodesic distance from the north pole 1. As [12]
we define the function ®Z,, on [=1, 1] by Z,,(¢) = °Z,n((¢, 1)). We also write Z,, (x) = *Z, (cos 0),
where & = cos ¢ and 6 € [0, 7] is the angle between ¢ and 1. By (2.1) in [12],

me = ¢ Pfg@n—Z)/Z,(n—Z)/Z’ (73)
where ¢,,, = ( 2m 1) [(n/2)T(n +m —1) ~m? (74)
n—1 I'in—1I'(n/24+ m)

Lemma 4.1. (cf Theorem 8.1.1in [14]) Let o, 8 be nonnegative real numbers. Then

lim m~*P(*#) (cos i) = (2/2)"% Jalz) .
m

m
m— 00

This formula holds uniformly in every bounded region of the complex z-plane.

Lemma 4.2. Let «, 5 be nonnegative real numbers. Then

lim m_o‘_liP(o‘”@)(cos o=z = —(2/2)' "% Ju(2) .

m—00 d@ m m

This formula holds uniformly in every bounded region of the complex z-plane.

Proof. By (4.21.2) in [14],

o = 1 I'm+a+8+v+DHI'im+a+1)/e—1\»
P = ot o ()
V:OV'(m vl Tm+a+5+1) Tv+a+l) 2
Since iP(O‘”B)(cos 0) = iP(O‘”@)(JL‘)| —cosg (—sin 6)
d0 ™ de. ™ r=cos )
d = 1 T(m+a+B8+v+2)
_P(O‘vﬁ) Ng_= =
ggim " cosO) o=z Z::o v+ Dim—v—1! T(mtatpBtl)

XF(m—i—a—l—l)V—l—l( 22)( . z)
Mv4+a+2) 2
Letting z and v be fixed and m — oo, we have for the v-term of the above sum the following

asymptotic expression:

1 Im+a+8+v+2)Tim+a+1)r+1
v+ DHlm—-v-1! T(m+a+p+1) Tw+a+2) 2
2

.5 Z ZN . mot! —z7\V
(— sin —) (— sin —) o (—) (=2),
2m m Ma+v+2)p\ 4
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where f(m) 2 g(m) means lim M
] m—ro0 g(m)
bounded region of complex z-plane we have

=1 or f(m) = g(m). As m is large enough and z is in a

d
mi | P P eos Ol
) Cm—l m—1-« F(m+a—|—ﬁ—|—1/+2)r(m+a+1)
- VZ_O (m—v—1! T(m+atf+1) 2@m>il
m—1 1=

m « F(m+a+1) 2
< C v+1 2 LGt S B S b Sl
< - m (m—I—Oz-l-ﬁ) (Qm)y+1ml/ v

= o5 L) -an

o S d
Hence we can pass to the limit under the summation sign for m=*"1 @Prgf‘”@)(cos 0)]p== and com-

plete the proof.

PrROOF OF (13) Since Jo(z) & 2% as z = 0, by (73), (74) and Lemmas 4.1, 4.2 we have two precise
estimates for a small constant d > 0:

d
Y Zm(cos) ~ m"71(0<6< —) (75)
m
4y (cosf) ~ —-m"to(0<0< i) (76)
a9 =" - —m
Since it is well known that || Z,||cc = ||Zm||§ ~ m" 1, the r = 0o case of (13) follows from (75) and

(76). To show the left part for » < oo, by (66) we only need to show the following two estimates:

elr J e(r
Zunlle /N Zmllz > Cm T =5 Zlle /1| Zim] > € mHE

which also follow from (75) and (76) by restricting the integrals of the numerators on the domain

<0< Lyorsm
m
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