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ABsTRACT. For the isotropic stationary Lamé system with variable coefficients equipped
with Dirichlet or surface stress boundary condition, we obtain a Carleman estimate
such that (i) the right hand side is estimated in a weighted L2-space and (ii) the
estimate includes nonhomogeneous surface displacement or surface stress. Using this
estimate we establish the conditional stability in Sobolev’s norm of the displacement
by means of measurements in an arbitrary subdomain or measurements of surface
displacement and stress on an arbitrary subboundary. Finally by the Carleman es-
timate, we prove the uniqueness and conditional stability for an inverse problem of
determining a source term by a single interior measurement.

¢1. Introduction.

We consider the stationary isotropic Lamé system with variable coefficients:

(Pu)(z) = p(x)Au(z) + (Mz) + p(2))V (divu(z))

(1.1) +(divu(z))VA(2) + (Vu(z) + (Vu(z) D) Vu(z), =€ Q.

Here Q2 C R" is a bounded domain and the boundary 0% is of class C3, x =
T
(@1, ey ) € R, u(@) = (ui (), ..., un(2))T, VA(z) = (%%) , divu =

S 9ui Tu(z) = (Lu and -7 denotes the transposes of matrices under
Jj=1 0x;’ oxy,

>1§mk§n

Typeset by ApS-TEX



4 O. YU, IMANUVILOV AND M. YANMAMO1O
consideration. Moreover \ and u are the Lamé coefficients in the isotropic medium

and we assume

(1.2)  A\peC*Q), p(x)>0,nA(z)+2u(x) >0, Az) + pu(z) >0, z €l

The unique continuation property for (1.1) is one important problem from the
theoretical point of view. Here by the unique continuation, we mean: Does a
solution u to Pu = 0 vanish identically in € if u equals zero in some non-empty
open subset of 27 As for a single elliptic equation, the unique continuation has been
well understood (e.g., Hérmander [9]). On the other hand, for systems of elliptic
equations, the unique continuation is more difficult and we can refer to Egorov [8]
and Zuily [25] for a general theory.

However the isotropic Lamé system requires a proper consideration for obtaining
the unique continuation. As an original paper establishing the unique continuation
for the stationary Lamé system, we refer to Weck [22], which is based on a special
structure of the Lamé system that the system is written as an elliptic system with u
and divu whose principal parts are A (i.e., a weakly coupled elliptic system). Later
Ang, Tkehata, Trong and Yamamoto [1] and Dehman and Robbiano [7] discussed
the unique continuation for the stationary Lamé system. We further refer to Weck
[23].

The fundamental tool for proving the unique continuation is a Carleman estimate
which is a weighted L2-estimate of a solution v to Pu = f with a given f =
(f1, - fn)T. In Weck [22] (and [23]), after decoupling by introducing an extra
component divu, a Carleman estimate is established, but as direct consequence of

the introduction of divu, the Carleman estimate requires the weighted L2-norm
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of div f as well as f. In [7], a Carleman estimate was proved with weighted L2-
norm of f, provided that A\, u € C*°(Q). In [7], although it is remarked that the
C®-regularity can be relaxed, the proof is done for the case of A\, u € C°°(Q2) and
a Carleman estimate is established locally in x for the functions with a compact
support. See also [2] for a Carleman estimate for the Lamé system with a large

parameter.

The first main purpose of this paper is to establish a Carleman estimate for the

stationary Lamé operator P in the case where

(1) the right hand side is estimated in L?(Q) (unlike in [1], [22], [23]).
(2) A\, € C3(Q), and a solution u is not assumed to have a compact support.

(unlike in [7]).

Next, taking advantage of the above-mentioned first point, we apply our Car-
leman estimate to conditional stability in a Cauchy problem for the Lamé system
and an inverse problem of determining source terms. For example, in the inverse
problem, when we use a Carleman estimate involved with the L2-norm of also div f,
extra derivatives of an unknown source function are produced and determination

of a source term is more complicated.

Here in the Cauchy problem, we are required to determine u in € (or some
subdomain) by the observations of u and the surface stress on a part of 92, and the
Cauchy problem is essential for estimating the state of the medium by boundary
measurements, and it is known to be ill-posed in the sense that solutions may
change tremendously after small perturbations of boundary measurements. The

physical significance of the inverse source problem is easily understood because
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in practise, we often need to determine an unknown source which has caused the
current stationary elastic field.

The paper is composed of 4 sections and two appendices. In Section 2, we
will prove the Carleman estimate. In Section 3, we will establish the conditional
stability. In Section 4, we discuss an inverse problem of determining a source term

which is independent of the x,-component, by some interior observations.

§2. Carleman estimate for the stationary Lamé operator.

We consider the stationary Lamé system

(2.1) Pu=f in Q.

We recall that P is defined by (1.1). To (2.1), we attach a boundary condition:
(2.2) Bu=g on 01,

where v = (uy,...,u.)", f = (fi,..., f)r, g = (91,...,92)7 are vector-valued
functions,  C R” is a bounded domain 09 C C? and B is an operator of boundary
condition.

Henceforth W¥(Q), W£(99) denote the Sobolev spaces. For the boundary oper-
ator B, we consider the following two cases.

the Dirichlet boundary condition:
(2.3) Bu = ulgg =9,
the surface stress condition:

(2.4) Bu = Z viojkloa = o(u)v = g,
j=1
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where v = (v1,...,v,)7 is the outward unit normal vector to 9L, 6, = 0 if j # k,
d;; =1, and we set o(u) = (05 (u))1<j k<n,

(25) o u)(a) = Ao v+ ) (G5 + 5.

8mk 8xj

The goal of this section is to obtain the Carleman estimate for system (2.1) with
boundary condition (2.3) or (2.4). Let w be an arbitrary subdomain of Q. In order

to construct a weight function, we need the following lemma.
Lemma 1. There exists a function 1 € C3(Q) such that
(2.6) Voo =0, ¥>0inQ, |[Vi(z)>0o0nQ\w.
For the proof, we can refer to Imanuvilov [10].
Example. Let Q = {z; |x| < R} and 0 € w. Then, setting ¢(z) = R? — |z|?, we
see that this v satisfies (2.6).
Using the function ¥ (x), we construct the weight function
(2.7) o(z) = e™®),

where 7 > 1.

We are ready to state our first main result, a Carleman estimate.

Theorem 1. Let us set ¢ = 3 for (2.3) and v = 3 for (2.4). Let f € (L*(2))", g €
(W4(0Q))™, the function ¢ be given by (2.7) and u € (L?(Q))™ be a solution to
problem (2.1) and (2.2). Then there exists T > 1 such that for any 7 > 7, there

exists so(T) > 0 such that

2 A
ol = [ | Z ] —

(2.8)
o1 ([ 18P vdn + gl + [ @IVaP 4 2R )eode ) s 2 sl
Q w

—|— 2|\ Vul|? + s> 742 [ul? | e*%da
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where the constant C > 0 is independent of s, 7 and we set

1
x ==l oy i 2.3
- lx \/EH HWQ%(BQ) + | HWE(@Q) in case (2.3)
and
-l = -l + [ ' (2.4)
: = : 1 . 2 111 case 4.
X7/ wk e L2(09)

Remark. Estimate (2.8) is a Carleman estimate with boundary value g, while the

Carleman estimate in [7] is for functions with compact supports in 2.

Proof.
Henceforth Bs(Z) denotes the ball with radius 6 > 0 and the centre Z.

First we note that it suffices to establish Carleman estimate (2.8) locally. That
is, it is sufficient to prove (2.8) for w satisfying suppu C Bs(Z) where 6 > 0 is
sufficiently small. Without loss of generality, we may below assume that T = 0.
Let us prove that this localization is possible. Since Q is a compact set, from any
covering U, . Bs(y) of €, one can take a finite subcovering UM Bs(y;). Next we

consider the partition of the unity which corresponds to this subcovering :

N
Zej(a:) =1, e; € C5°(Bs(yy))-

Set u;(x) = u(z)e;(x). Henceforth [P, Q)] denotes the commutator of the two oper-

ators: [P, Q] = PQ — QP. Then
Luj=ejf +[L,ejlu inQ, Bujlaggo=-e;9— le;,Blu, suppu; C Bs(y;).

Since estimate (2.8) is assumed to be already established for a solutions of (2.1)
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and (2.2) with suppu C Bs(y;), we have

N N
[ully < C1 Y i3 < 022</ (72| Va2 + 52742 s [2)e2 P da
w

Jj=1 Jj=1

+ [ equpe o+ [ e do+ ol + u[ej,BJuH?X>
Q Q

<C4 (/ (72| Vul? + s*7 0% |u|?)e* P da

+/(\Vu\2 + \u!2)62350d:1;+/ |f|2e**dx + HgH%), Vs > so(7).
Q Q

Since the constant C is independent of s, 7, we obtain (2.8) if we take the parameter
7 sufficiently large.

Now we may assume that the support of the function u is concentrated near
some small neighbourhood of zero. Moreover, using the fact that for any orthogonal
matrix O, the function Ou(O~1x) is also a solution to problem (2.1) - (2.2), we

may assume that

o o o
a—i(o) - (0 ’O’a—im)) with a—i(o) £0.

Hence by means of a smooth function ¢, the boundary 0f2 is locally given by an
equation x, —¢(z') = 0, and = € Q implies x,, —¢(z') > 0, where 2’ = (z1,...,Tp_1).
After the change of variables y; = z; for j € {1,...,n—1} and y,, = x,, —£(2'), the
neighbourhood under consideration is transformed to an open set G in R”~! x (0, 1)

and problem (2.1) - (2.2) is rewritten by
and

(2.10) §U|yn:0 =g, uly,=1=Vu|y,,=1 =0.
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The principal symbol of the operator P is given (see e.g., [24]):

Py, €) = —(A + ) (€ + GE)T(E + GEy) — pl€ + GE, P En,

where G(y> = <_38—m£17 ) _amaf_ 71>7 g: (6170); 5/ = (517 s 7€n—1>7 y/ = (y17 . '7yn—1)7

1

F,, is the n x n unit matrix. The principal symbol of the operator B in the case of

stress boundary condition (2.4) is given by the formula

AGT (€ + G&n) + 1G - (€ + GE)En + p(€ + G&,) TG
We set U = (Uy, Us), where

Vi) = [ (I PR )< €2 g = Au

and Us(xz) = D,, u. Here and henceforth we set i = v/—1, < ¢/, & >= Z;:ll vi&j,

— 10
Dyj — iayj and

1

e xy,) = (2m) "7 / w(x', xp)e <> dy
R'nfl
In the new notations, problem (2.9) - (2.10) can be written in the form
(2.11) D, U = M(y,Dy)U+F inG=R" ' x[0,1], By, Dy)U(®¥)|y.—0 = g,

where f = (0, f)T. Here M(y, D) is the (2n) x (2n) matrix pseudodifferential

operator whose principal symbol M;(y, &’) is given by [24]:

0 ME,
Ml(yagl) = (A—1M21A11 A_llMgg) ’

where

Moy (y,€") = —pl€ P En—OM+p)ETE,  Man(y, &) = — (M) (€T G+GTE) —2u(€, Q) E,,
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and

A(:U?Sl) = ()‘+ /J’)GTG+ M‘G‘2En7 Al = |€,‘7 g: (517 < '7&71*170)'

For the Dirichlet boundary condition, we have B(y,D,/) = (E,,0), and for the
stress boundary condition B(y, D,) = (B1A™!, B2)(y, D,/), where the principal
symbols of By and B, are Ba(y/, &) = A and By (y, &) = AGTE+pT G+ (G, ) E,,.

It is known ([24]) that all the eigenvalues o = a(y, &) of the matrix M (z, ')

satisfy the equation \E + Ga| = 0. Hence we have two eigenvalues

N (€6 ] EP (€62
Note that
€] (€GP
(2.13) 'WGP+ reia ket

for [¢’] = 1. Therefore oy € C*(R"™! x RL x S§™~1). Here and henceforth S"~1 =
{¢/ € R*1;1¢/| = 1}. Next we find the eigenvectors of the matrix M;. If b* =
(bli, bét), bli, 62i € R™, is the eigenvector of the matrix M; which corresponds to the
eigenvalue a4, then aibf = |¢ ]bQi Hence it suffices to determine only the first
n coordinates of the eigenvector. The equation for them is ]\421131i + anggbli =

o2 AbE. After short calculations, this equation can be written in the form
(2.14) (€ +axG)T (€ + arG)bi = 0.

One solution for this system is the vector

b:t _ g+ a:l:G
1 — =~ 9
€+ axG]
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where | - | denotes the norm in the complex space C". Then
(2.15) wi = M7 O‘_ﬂ,—LM
’f + Oé:tG‘ |€ | ’f + Oé:tG’

are eigenvectors of the matrix M;. The set of solutions of equation (2.14) is the
space of vectors orthogonal to (5 + a4+ @) with respect to the scalar product in R™.
If {b1(z,&),...,bn_1(x,&)} is a basis in this space, then all the eigenvectors of the
matrix M; are given by formulae wi = <bk(a:,§), fé—,i'bk(x,f)), ke{l,....n—1}.
Let us show that the Jordan form of the matrix M; has two Jordan blocks of the
size 2 x 2 and one (2n — 4)-dimensional Jordan block.

Really let us consider the system
(Ml - Oéj:)??i = wil:v
where nt = (nli, 772i) From the first n equations, we obtain

1
(2.16) 1 = gy (oen +07).

The remaining n equations can be written as

b:l:
(2.17) A Moy €7 0 + A7 Maony — aany ZO&ﬁ-

Using (2.16), one can transform (2.17) to

—A+ 1) (€ + arG)T (€ + arG)ni = 2Aa.bf — Mosbi.

Since
+ (G- (£+0:0)) =
(20 A = Mo)by = (A + 3p)——= (€ + axG),
€+ oz G
one can take i as
)\ /

A1 €+ arGl
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(219) i L (_a A+3u Gl¢ +<f+aia>>_

— n _ >
€] At p|E+asrGl €+ arG|
Now we have to show that the set {wli, e wfﬁl, n*} forms a basis in R?".
First let us show that the vectors {wli, ... ,wf_l} are linearly independent. Our

proof is by contradiction. Assume that these vectors are linearly dependent. Then

n—1 4+ +

there exist two vectors vy = > ;_; ¢jw; such that vy = v_ and at least one of
- + - - -
the constants c¢|,...,c,)_;,¢1 ..., C,,_; is not zero. This means
n—1 n—1
.+ 2 : — =
G W; = ¢ Wy
=1 =1
and
n—1 n—1
Jui =a-) cjuy
oy cjw) =a- cjw;
=1 =1

Therefore (ay — a_) Z?_ll cjiwji = 0. However this is impossible because the

set {bi,...,b=_,} is chosen as a basis in R"~! and a; —a_ # 0. Now assume that

nt=cn" + Z;L:_ll( w + cj w; =). Then cMin~ + Z (Q+C+w;_ + oz,cj_wj_) —
coqn + oy Z?;ll (C;rw;-r + ¢ w; ) +w; . This is equivalent to

n—1

cwy + a_ Z =clay —a_)n~ —|—a+Zch +wi .
71=1

+
Since (ay — ) # 0, we have cn™ + >0~ 1cw ++7a—0 If ¢ = 0, then

= —(ay — ozf)(Z;L 1lcj w; ), but this is impossible because the sets {w+}

w
and {w; } are linearly independent. Hence n~ = = Cw + > i1 ! C; wj . Therefore

Min~ —a_n~ = Cayw) — Ca_w = wy or w = C(ay — a_)w;. This is

impossible by (2.12).
Now we fix the new basis B = {by,n7,by,...,b 1,07, nt, b3 ,...,b5 }. Let

n—1»

Q(y, &) be the matrix of transformation from the new basis to the original one. We
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have J(y, &) = Q7 (y, &) Mi(y, £)Q(y, £'), where

(2.20) J(ya {»/) = (Jl (%’f ) JQ(;; 5/))
where
a_(y,§) €] o - 0 0
0 a(pg 0 - 0 0
Jl(y7£/> = : :
0 0 0 o (y.) 0
0 0 0 0 a_(y,§)
and
ap(y,. &) ¢ 0 0 0
0 ar(p& 0 0 0
J2(y7£/> = : : ‘. .
0 0 0 - oarmE) 0
0 0 0 - 0 at(y,¢)

Now we extend the matrices Q(y,¢’) and Q~1(y,¢&’) for all |£| > 1 by setting
Q(y, &) =0Q <y, %) and Q71 (y, &) = Q™! <y, %) Also we extend Q(y, &) and
Q1 (y, &) up to smooth matrices for |¢'| < 1. Denote V = (V3, Va) = Q™! (y, D, )U.
Then U = SV + K(y,)U, where S is the parametrix for the elliptic operator

Q(y, D) and K (y,) has the order —1 for each y,, € [0, 1]. Denote
@ Hner=(Galh e Galré))
If |€| > 1, then the i-th column of the matrix Q1 (y, ¢’) equals the i-th vector from
our basic B. In case (2.3) of the Dirichlet boundary condition, we have Vi|,, —o =
Q"*(y, Dy)Uzly,=o-
Note that

|det Q2(0,¢")| > B3>0 forall [¢/| > 1.

Henceforth we set || - ||z = || - || g»(gn-1y for & > 0.
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Therefore there exists a constant k > 0 such that
IVi(,0)lly = KT (- 0)lly — (@)U (-, )]y

where ¢(d) — 0 as § — 0. Taking the parameter 0 sufficiently small, we obtain

Vi (-, 0)]

1
2

> 5[|Uz2(+,0)]| 1. Hence there exists a constant C' > 0 such that
(2.21) Va(- 0)lly < C(IVAG0)ly + llgllx)-

In the case of stress boundary condition (2.4), the operator of the boundary con-
dition B(y, D,) has a form B(y, D, ) = (B-(y, Dy ), B+(y,D,)). The principal

symbol of the operator B, (y, D) is given by the formula

B4(0,&) = (B1(0,£)|¢']7, A0, £))(Q(0,£"), Q1(0,£")).

In [24] (Lemma 1.4), it is proved that the determinant of the matrix B, (0,¢’) does
not vanish for |¢’| = 1. Therefore, as in the case of the Dirichlet boundary condition,
we have inequality (2.21).

Note that the principal symbol of the operator S is Q(y,¢’). Consequently we

have

(2.22) U=0Q(y,Dy)V + K(y,)U.

Applying the operator Q' (y, D,/) to equation (2.11), we have
(2.23) Q7 (Y Dy )(Dy, = M(y, Dy))U = Q(y, D)~ f inG.

Substituting (2.22) into (2.23), we obtain

Q™ (Dy, (QV + K(ya)U) = M(y, Dy )(QV + K(y,)U)) =Q~'f ing.
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Hence
(2.24) D,V —J(y,Dy)\V=ToU+Tif inG, V(,1)=0.

Here Ty and T; are pseudodifferential operators of the order 0. Denote z = Ve®?.
We recall that in the new coordinate system, we have ¢(y) = e™¥». By (2.24), the

function z satisfies

(2.25) D, z+istpz — J(y,Dy)z = (ToU +T1f)e*” inG, =z(-,1)=0.

In the Jordan matrix J, the first n diagonal elements are isTo — a_(y,&'). By

(2.12), we have
(2.26) Re (st —ia_(y,£) = k(sTo +[¢']), V&'l = 1.

Now we will formulate two lemmata and the proof of the second one will be given

in Appendix I. Let us consider the initial value problem

2z

(2.27) o

+stpz+r(y,Dy)z=f inG, =z(-,0)=0.
Assume that there exists x > 0 such that

(2.28) Rer(y. &) = wl¢|, r(y, &) € C*Se,.

By C2S},, we mean the class of symbols introduced in [21, p.36]. Then

Lemma 2 (see [12, Lemma 3.2]). Let f € L*(G),z € H*(G) be a solution to
equation (2.27) and let condition (2.28) hold true. Then there exists a constant C

independent of s, T such that
(2:29) IVzllrz2(g) + sTllezllrz2(g) < Clfllr2(g)-

Second let us consider the equation

)
(2.30) Lz= £ —stpz+r(y,Dy)z=f, G, z(-1)=0.
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Lemma 3. Let z € H'(G) be a solution to problem (2.30), f € L*(G) and let
condition (2.28) hold true. Then there exists T > 1 such that for all T > T there

exists so(7) > 0 such that the following estimate holds true

1
S z|“d + 2 +/ _VZQd
[J 2|22 dy + 7|2 HL2(01H2(R" ) GSSO‘ e

(2.31) <C(lflZ>(g) + 12, 0)lI1), Vs = so(T).

The constant C' is independent of s, T.
Thus by Lemma 2, the first n components of the function z satisfy the estimate

> (5],

(2.32)

1
C [ AU+ g 721, 51,
0

2

s 1% |2 llg + HZkH?) dyn + Y (572 OII5 + 2 0)13)
k=1

where the constant C' is independent of s, 7. By (2.21) and Lemma 3, we have

< H(’?zk
k= n+2 0

1
gc(Amm%+w%MW@me&) r>F s> s0(r),

1
+ 57| zll5 + SOszHl) dyn,

(2.33)

where the constant C' is independent of s, 7. Let us estimate z,;. Note that

z z z T Z
D (;;) +isn/pzni + ot (y, Dy )% +r(y, Dy) ;%2 + 5 :Zl

(2.34)
s
=(ToU + Tlf)n+1\e/—E in g

and

(2.35) Zng1( 1) =0.
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By Lemma 3 we have

1
1
| @il + ozl

1 1 2
S Z’I’l 2
<o ([asg+iomessan, + [ By, 4 s c003)
0 0 sp ?
(2.36)

1
<0 ([ (A8 + 1012 dn + g1 )
Combining (2.35) and (2.36), we obtain
1 1
@30 [ VIR, <€ [ (717 0B g, V>, 52 s0(r)
0 0

Noting that

Vg = CllUls = ClIUlZ,
and taking the parameter 7 sufficiently large, we have
1 1
@39 [ PR <C [+ U1 dy,.
0 0
Next we note that

+ HAuH2 < C(o

+ sup < Au, ¢ >

0 YeHYRn-1)

HUH%—H%‘ o,

where C'(§) — 0 as § — 0. Thus taking the parameter 0 sufficiently small, we obtain

2
-1

||u||07

1 1
(230) 12 / <err%+uu|\%>e2%ngc( / HfH%ez”dyn+HgH§(>-

Denote w = we’¥. Then

Oy, w — sSTYW = —€°%.
! Oyn
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Taking the scalar product in L?*(G) of this equation and the function sTpw, we

obtain

1 1 1
sl 0+ 5 | estlldn, + [ 7 ulds,

1
=— / (%es“", STgpw) dyn,.
0 ayn L2(Rn—1)

Therefore for s > 2 we have

1
/ (%es“", STgpw) dyn,
0 ayn 0

1 1
e?* dy,, + 15272/ g02||w||(2)dyn.
0

1 1
5 [ s lelbdy, <
0

1 2
“f
0

Combining this estimate with (2.39), we obtain (2.8). Thus the proof of the theorem

ou

Oyn

0

is complete. W

§3. Conditional stability in the Cauchy problem for a stationary Lamé
equation.

In this section, we consider

(3.1) Pu=f in Q.

Our goal is to estimate a solution u to (3.1) by ul, or {u|r,o(u)v|r}, where w C Q
is an arbitrarily fixed subdomain and I' C 9 is an arbitrary relatively open subset
of 0f).

Let us recall that ¢ is defined in Lemma 1 in Section 2. We set

(3.2) Q) ={x € Q;¢(x) > 6}

for small § > 0. Then, by (2.6), we have 2(0) = Q. Without the loss of generality,
by reducing w, one can assume that w C €(0) for all sufficiently small positive é.

Now we can state conditional stability by the interior observation u/,:
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Theorem 2. Let u € (H?*(Q))" satisfy (3.1) with f € (L*(Q))" and
(3.3) lullgr) < M

with a constant M > 0. Then there exist 6 € (0,1) and C' > 0 depending on 2, w,

0, X\ and p such that

(3.4) ull 2y < CM (1 fllz2@) + lullw))?
where lims | 6 = 0.

Estimate (3.4) makes a sense as an estimate of u, under the condition that
||| 1 () is a priori bounded. Thus (3.4) is called conditional stability. Our condi-
tional stability is of Holder type, but when we will estimate the H?-norm of u over
(2, our estimate (3.4) becomes trivial by lims o6 = 0.

Next we will show conditional stability by boundary measurements v and o (u)v

on I' C 99Q.

Theorem 3. Let u € (H?(Q))" satisfy (3.1) and (3.3) with f € (L?(Q))" and a
constant M > 0. Then there exist § € (0,1) and C' > 0 depending on Q, T', §, A

and p such that

(3.5) lull 25y < CM (1 fllz2(0) + [lull + llo(uv|

3 1 )9.
H3(I) HZ ()
The proof is based on a usual argument (e.g., Isakov [16]) by means of a cutoff

function.

Proof of Theorem 2. We take a cutoff function y € C§*(2), 0 < x < 1 on Q

such that

1, x e %‘S ,
(3.6) x(x)z{ €25

0, =ze€Q\2).
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By (3.6), we see that x = 0 in a neighbourhood of 9. We set

v = XU.

Then

(37) ’U|aQ = 0.

Moreover, by the Leibniz formula and (3.6), we have

(3.8) Pv = xPu+nsQ1u,

where 75 is the characteristic function of Q(2) \ (%) and @, is a differential
operator of the first order. By (3.7), we can apply Theorem 1 to (3.8), and, noting

(3.6), we obtain

2

R 0%u 9
+ 72| Vul|? + s274 02 |[ul? | e**Pde
/Q(25/3) s?p? Jél Ox;0xy,
SC&/ \Xf\2625¢dm+01/ |Qrul*e**dx
Q Q(5/3)\0(25/3)

e / (V) ? + 270 xul?) 2P da

for sufficiently large 7 > 0 and s > 0. Therefore, recalling definition (3.2) and that

Q(0) € ©(25/3), we obtain

2se70
e
/Q((;) s g02 Z ’éﬂa:jﬁxk

e / |F22% dz + Cy exp(2se ) [ul2 g
Q

+ 7'2\Vu\2 + 3274902\u]2 dx

+C4 /(72\Vu|2 + 527 0% |u|?)e* P dx.
w

Fixing a sufficiently large 7 > 0, taking a constant C; > 0 which is independent of

s > 0 and noting s%p? < Cee?$¥ in (Q, we see that there exists a constant ¢ > 0
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independent of s > 0 such that

2

- u 2 2 41,12
+ 5°|Vu|* + s%|u|® | dz
Q(8) jh=1 8x38xk
(3.9) <COys%e % M? + Oys2e“29 F?

for all large s > 0. Here and henceforth we set F' = || f||z2(q) + [|u|| 71 (). Without

loss of generality, we may assume that F' is sufficiently small, so that

1 | M2> (7)
C2+€ogF2 so(7).

In fact, if F' > Cy with some constant Cjy > 0, then conclusion (3.4) is trivial if the

constant C' > 0 in (3.4) is chosen sufficiently large for Cy > 0 (but independently

of a special choice of u). Consequently we can choose s = 021+a log Il‘f—j in (3.9) to

obtain
M Cy .
lull 72 28)) < Cs (log ?) M poer

Since for any sufficiently small g > 0, there exists C;, > 0 such that logt < C, t*°

for all ¢t > ¢¢, we see that
L2 4l e e
Hu|]Hz(Q(5)) < CgCEOMC2+E OFCate "0,
Thus the proof of Theorem 2 is complete. B

Proof of Theorem 3. First we show

Lemma 4. Under assumption (1.2), there exists a constant Cy > 0 such that

i

for all y € (H?(Q))™.

%

En + |yl /200y < CalloW)vll /200y + Callyll g2 00

H1/2(9Q)

For completeness, we will prove the lemma in Appendix II.
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Now we will proceed to the proof of Theorem 3. By the extension theorem, we

can take ug € H?(2) such that

ou
(3.10) ol < € (!IUIIstz(r) +| 5 )
VilEy2(1)
and
ou ou
(3.11) uo|r = ulr, a—yo\r = %\F-

We set v = u — ug and choose a bounded domain € such that 9 is of class C3,

Q> Qand (2\Q) NI =T. We set

. Jw in 2
"o in 0\ Q.

Then, by (3.11), we have v € H%(2) and

sz{f—Puo in

in Q\ Q.
Moreover, by (3.10), we see

ou

ov

H1/2(F)> )

Thus we can apply Theorem 2 to v in Q with w = Q \ Q, so that the proof of

1P ey < € (Hmem) Tl + '

Theorem 3 is complete in view of Lemma 4. W

84. Determination of source terms by interior measurements.

In this section, we mainly consider a stationary Lamé system in the whole space:
(4.1) (P)(2) + pw*j(z) = F(z), z€R"

where p(z) > 0 is a density and x > 0 is a frequency. This is the equation of motion
in the frequency domain corresponding to

0%z

Po (#:1) = Pa(z,t) = ™ F(z), z€R" >0,
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where F' is an external force.

In the case of F(x) = §(x — x9)q(z) where 6(- — x¢) is the Dirac delta function
centred at g € R” and ¢ : R® — R” is a smooth vector field, stationary Lamé
system (4.1) is a typical model equation of seismic sources (e.g., Chapter 4 in Ben-
Menahem and Singh [3]). Henceforth we set z = (2/,z,) and 2’ = (21, ..., xp—1).
Let us approximate d(x — xg)g(x) by a function whose support is restricted in a
neighbourhood of z° and let us assume that z’-depending factors of ¢ are unknown

and the source term is modelled to be separated as follows:

(4.2) §(x — 20)q(z) = R(x)(f1(z)), ..., fulz)T.

One interesting inverse problem is determination of f by observations of u in
some part of R™, provided that a real-valued function R is given. In particular,
related with model (4.2) of sources, the inverse problem is determination of z’-
depending factors of centre of point-like source.

Taking into consideration the above motivation from the seismology, we formu-

late our inverse problem in a general form. We consider

(4.3) (Py)(z) + p(z)y(x) = R(x)f()), = €R"
Here we assume that

(4.4) the Lamé coefficients A and p are independent of z,,

and condition (1.2) is satisfied, p € W,"°(R"), R(z) is real-valued and f(z') =

loc

(fi(@"), ..., fo(2’))T. Now we discuss

Inverse source problem. Letr > 0 be given, let E C R" be an arbitrary bounded

domain such that E C {(2/, x,);|2'| < r, z, € R} and EN{z, = 0} is a non-empty
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open set in R"™1 and let function R(x) be known. We wish to determine f(z'),

|z’| < r from the observations of y(z’,0), |2'| < r and y(z), € E.

Needless to say, in the case where F N {x, = 0} D {(«/,0);|2'| < r}, our
inverse problem is trivial. The application of Carleman estimate to inverse prob-
lems has been done firstly by Bukhgeim and Klibanov [6]. We refer to Bukhgeim
[4], Bukhgeim, Cheng, Isakov and Yamamoto [5], Imanuvilov and Yamamoto [13],
Isakov [15], Isakov and Yamamoto [17], Khaidarov [18], Klibanov [19] concerning
such applications. As for inverse problems for the non-stationary Lamé system, we
can refer to Isakov [14], Imanuvilov, Isakov and Yamamoto [11]. However there
are not many applications to inverse elliptic problems and we have to assume that
unknown coefficients should be independent of one fixed component (say, z,) of x.
As for the application to a Carleman estimate to such inverse problems for a single
elliptic equation, see Isakov [15] and Klibanov [19]. In particular, in Klibanov [19],
it is not necessary to assume that the coefficients of a (single) elliptic equation un-
der consideration are independent of z,,, thanks to a special weight function in the
Carleman estimate, which was proved in Lavrent’ev, Romanov and Shishat-skii[20].
The papers concerning inverse problems for the stationary Lamé system by Carle-

man estimates, are rare.

In contrast to the inverse problems for a single elliptic equation as in [19], with

our Carleman estimate, we do not know whether assumption (4.4) can be omitted.

We set

(4.5) By = {a';|2'| < r}
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and
(4.6) Bo(6) = {'; 2| < r — 4}

for small § > 0.

Now we are ready to state our main result for the inverse source problem.

Theorem 4. We assume that

OR
e W2®([R"), |R(z',0)]>0, |z'|<r

4.7 R, —
( ) ) axn loc

Then there exists constants C' = C(Q, R, A\, u,d) > 0 and 0 = 6(Q, R, A\, 1, 0) € (0,1)

such that

0

- Y
(48)  Ifllz2ooy < OM' 9(r|y<-,o>||Hz<Bo>+H%

H'(E)

0
+ H?JHHl(E))

provided that ||y||g2 @ny < M where M > 0 is an arbitrarily fixed constant.

Remark. We note that limsj g0 = 0. Therefore we cannot replace the left hand

side by || f|l22(Bo)-

Proof. Let us choose a domain wy C R"! such that wg C E N {z, = 0} and
wo X (=¢',4") C E with some § > 0. Since wy # 0 is a subdomain in R”~! by the
assumption, by Lemma 1, we can choose 1)y = ¥g(2’) € C*(By) such that

(Yo =0 on 0By,

(49) Yo >0 in By,

\ (g—i(l)(m/),...., aii’“l(m')) 40, 2’ € By \wo.

We set

(4.10) (@', xn) = eotpo(a’) — 7,
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where €9 > 0 is a small parameter. We define a domain 2 C R" by
(4.11) Q ={(a",2,); |zn| < Veoro(a'), 2’ € By}

Then 01 is of class C3. In fact, by the definition of Q, it is easy to verify that 9QnN
{x,, # 0} is of class C3. Next we have to verify that 92 is given by a C3-function
near {(z’,0); 2’ € By, 1o(z’) = 0}. Since {2’ € By;o(z’) = 0} C 0By C By \ wo,
we have that either of g—?ﬁ?(a:’), 1 <j <n—1, does not vanish by (4.9). Therefore
the implicit function theorem implies that 9 is represented by a C®-function g;
there exists jo € {1,...,n — 1} such that z;, = g(z1,..., Tjo—1,Tjy+1, ..., Tn) Ne€Ar
(2’,0). Thus the proof that 9 is of C3, is complete.

We define a subdomain w C 2 by

(4.12) w={(,2,); 2" € wy, |Tp| < \/50 min o(x’)}.
x’ Ewg

For sufficiently small g > 0, we see that w C E. Then Vi) # 0 on Q \ w. In fact,

we have

V(' ) = (502—?1)(95'), ....,508i¢01 (x'), —2xn) :

Therefore Vi) # 0 if z, # 0. Let (2/,0) € Q\ w. Then, by the definition of w,
we see that 2/ € By \ wo. Consequently (4.9) implies that Vp(z’,0) # 0. Thus we
have seen that v given by (4.10), satisfies the conditions in Lemma 1 for 2 and w
defined by (4.11) and (4.12).

We recall the definition (3.2) of Q(§) for 6 > 0. For given 6 > 0, we can choose

constants dg, 1, 02 such that 0 < d, < d; < dy and

(4.13) Bo(8) € Q(6) N {xn = O}
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We introduce a cutoff function y € C§°(R"™) such that 0 < x <1 and

1 in 9(51)
(a.14) w={,
0, in Q\ Q(d2).
We set
z = Xy.
Then, by (4.13) and (4.14),
(4.15) z vanishes in a neighbourhood of 0f2.

On the other hand, since R(z’,0)~! exists for 2’ € By by (4.7), we see that
R(z)~! exists for z € Q if we choose g > 0 sufficiently small. Henceforth, without
fear of confusion, we denote Py(z) 4 p(x)y(x) by Py(z). We note that Theorem 1
is true for this P if we take so(7) > 0 large. Therefore, since Py(z) = R(z)f(2'),
x € ), so that %(R‘llgy) = 0 in , namely,

(2 (20 (2)
dy  OR OR

— —Rlpy— [—Rl,P] y=0 in Q.

(4.16) + paxn 0z, ox,,

Here we have used assumption (4.4). We note that

OR
Quy=—5—y—pp—+73—R py+ {—R_l, P} y
T T ox,

is a differential operator of at most first order whose coefficients are in Ly° (R™) by

(4.7).

We set

0 OR
Nw=|-——--—R')w
v (G:En 8a:nR ) v
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Then, by (4.16), we have PNy = @Q1y. Consequently we have

PNz = PN(xy) = xPNy+[PN, x|y = xQ1y+[PN, xly = Q12+[x, Q1]y+[PN, x]y.

Noting the definitions of 1 and N, in terms of (4.7) and (4.14), we obtain

(4.17) PNz = Q12+ Q(Vx)y

where Q(Vx) is a partial differential operator of at most second order whose co-

efficients are in L%°

R"™) and are linear combinations of the derivatives of v. In
loc X

particular, by (4.14), we have

(4.18) Q(Vx)y #0 only if in Q2(d2) \ Q(d1).

By (4.15), noting that w C E, we apply Theorem 1 to Nz in

2
+ 74 V(N2)|? + s>7 %Nz | e2%dx

n

1
(s

k=1

9%(Nz)
Ox;0xy,

SC’/ ]le\2e23“"d:1:+0/ 1Q(Vx)y|*e**?dx
Q Q
—|—C’/(T2|V(Nz)|2+8274¢2|Nz|2)e25"°d:1:

gc/(wa +|22)e2 ¢ da
Q

(4.19)
oy |I”

+CeXp(286751)||y||%12(9) +Ce” (' py

+ ||?JH%{1(E)> Vs > so(7).
H(E)

by (4.14), (4.18) and z = xy.
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On the other hand, we can prove

(4.20)
J
" |0%(Nz)
<[ |3
o) j,kzzl ijaa:k

+C€CSH2/('a 0)”%12(130)7

2
e25% dx

0%z
8acj8xk

2
+|V(N2)|? + |Nz|? | e5%dx

/Q!VZ\QeQWde < C/Q(!V(NZ)!2 +[N2!)e**?dx + Ce ||y (-, 0) 7 p,).

| eReedn < [ Ve eda + 0y, 0) Excm,

\

for all large s > 0 and 7 > 0. In fact, it suffices to verify the first inequality for
1 < j,k < n—1, because the rest inequalities are proved similarly. The proof is
done along the line of Klibanov [18], and, for completeness, we will give it. Noting
that Nz = (% — %—iR*1> z and z(z',0) = x(2/,0)y(2’,0) for x € By, we can

represent z by means of the fundamental solution L(x,&):

(4.21) awzé%uaWNM%o@+Mﬂmmam,xZme6n

Moreover, by (4.7), we see that L is in W2 with respect to x, £.
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Noting (4.11) and the Schwarz inequality, we have

2

/% 2% dx
jULE
Vet 0L , 0L, _A(Nz),,
/B/ NeErmes) / (axjaxk(x,ﬁ)(Nz)(x,SHaxj(a:,s) o (2, €)
O(N2), 9%(Nz), ,
2
52 ,
+ g e (L@ Oy, 0)) | 220 da

/ A, €)Pde

e23%0(m'vxn)da:ndav/ + Ce’* 1y (-, 0) ||§12(Bo)

Eowo(m

<c / /
Bo 601/10(90'
601/10(58

<]

Bg J0

0

e / /
Bg J—+/e0vo(z’)

=11 + I + Ce“*|ly(-, 0)||Fr2(,) -

Tn

| A(a’, €)[2d¢

2% dx

€259 dx + CeCSHy(', O)H%IQ(BO)

/0 " AW, ©)Pde

Here and henceforth we set

A &) = |(N2)(@, )| + [V(N2) (', ) + ) gx(g;z
g k=1 J

<x',s>'.

We can estimate [; and Is similarly. Changing the orders of integrals and using

o', xn) < p(a, ) for £ < x, < \/eoo(z') by (4.10), we see that

Voo (@) Veovo(z') ,
I = / / / @) dy,, | | A2, €)[Pdéda’
By

Eowo(m ,
</ | 9 | Al €)Pdgda,
Bg JO

which completes the verification of the first inequality of (4.20).
Therefore, applying (4.20) to (4.19) and absorbing the first integral at the right

hand side of (4.19) into the left hand side by fixing 7 > 0 sufficiently large, we
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obtain
2
1 O 82(NZ) 2 2 2
— V(N N s d
/| 72 Gnom, TV HIN | s
7,k=1
(4.22) <Ce2¢™" M2 4 CeC5 F?

for all large s > 0. Here and henceforth we set

2

dy
F= (Hy<-,o>||zz<30> o s

+ H?JH%{l(E)) .
H (B)

Therefore, by (4.20), we have
2

— +|Vz|* + |z e“*?dx
/Q . Z: Frany| VA

(4.23) <Ce2¢"" M2 + CeCF F2.

In (4.22) and (4.23), we replace the integral over ) by the one over Q(dp), so

that by (4.13), (4.14) and 0 < d3 < &1 < dp, we obtain

2

n 82y
oS |+ 19y b | da
Q80) \ j =1 | OFIOTk

" [9*(Ny)|” ) ,
N N
+/Q(50) 2 Ox;0zy, +IVINY)[” + |Ny|” | dz

J,k=1

(4.24) <C's? exp(2s(e™0 — €7%0))M? + Cs?e* F?

for all large s > 0.
Similarly to the argument for (3.9), we can assume that F' is sufficiently small

and so in (4.22) we can set

21 M
s = —log —
K gF

where k = C + 2(e™ — ™). Then, by the definition of the operator N, we can

obtain

9 4C M
HyHHQ(Q(CSO)) + Ha—y < — <log F) M%Fl_% < ClM1—9F0
Tn H2(Q(60)) K
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with some constant 6 € (0,1). By (4.13), the trace theorem yields

82
20T L2(BO(5)) xn L2(Bo(d))
Therefore
| TV_(.0) +aLeo £y 0)]
"y a. D AN L2(By(9))
00y, L2(By(8)) Oz L2(Bo(4)) ’

<CyM'F? + Cilly (-, 0)l w2,y < CaM'™F°, 1<k <n,

ol

because 0 < 6 < 1. Since R(2/,0)f(z") = (Py)(«’,0), 2’ € By and R(z’,0)"! exists

for o’ € By, we see that

11l z2(Bos)) < C3lIR(,0) fllL2(By(s)) < C2Cs M FP.

Thus the proof of Theorem 4 is complete. B
Appendix I. Proof of Lemma 3.

Proof of Lemma 3. We introduce the operators Ly, Lo:

Ly, Dy) + (5. D))

Ll(y7D) = _STSO—}_ 2

and

Laly. D) = 5+ 5(r(5: Dy) =" (4. Dy))

Here r* denotes the formal adjoint operator of . Obviously Lz = Liz+Loz. Taking

the L?-norm of the both sides of (2.30), we obtain:

Hf|\2L2(g) = HL12H2L2(Q) + HL2ZHzL2(G)

(1) +([L17 L2]z7 Z)LQ(Q) - (L1(07 Dy/)Z(O), Z(O))LQ(R"—l)-
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Let us compute the commutator [L, Lo]. We note that

0 ~
(2) |:L17 W:| == 37'2g0 + C(y7 1)y/>7

where ¢(y, D) is the pseudo differential operator with the symbol obtained by the
differentiation of the symbol of the operator £(r(y, Dy/) + r*(y, D,)) with respect

to the variable y,,. On the other hand,

Ly, 5(r(y, Dy) — 1 (y, Dy))

N =

110w D) +7° (5, D)), (0, Dy) = 7 (3, Dy))

(3) L(H*(R™), H3(R"))
for each y,, € [0,1]. By (2) and (3),
(4) L1, Lo] = s7%0 + T(yn),
where the operator T'(y,) € C([0,1]; L(HY(R"™1), L2(R"~1))) is independent of s
and 7. Note that by Proposition 2.1.D (]21, p.47]), there exists C; > 0 such that
(5) —(L1(0, Dy)z(+, 0), 2(:, 0)) pagrn-1) > —C1l[2(-, 0)]I3 -
Using (4) and (5) in (1), we obtain
Ia# ) + 1 Lalta) + | sieleldy
©) <Calf13s(0) + IGO0 + 120, o o)
On the other hand, there exist constants C's > 0 and Cy > 0, independent of s and

7, such that

-
TRe(le,Z)Lz(g) = ERe((r(y,Dy/) +r*(y, Dy))z, 2)o — /G 37'2g0|z\2dy

(7)

2037||z||;(0’1;H%(Rn_l)) —04372/g¢|z|2dy.
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From (6) and (7), taking the parameter 7 sufficiently large, we obtain

Iasla) + [ srelelfy 4TI, s

(8) <Cs5(|Ifll72(g) + ||Z(07')||2%)-
By Corollary 4.3.C ([21, p.108]), we have

1 Y71 §
[3 Iy < C / (§r|r<y,Dy/>+r <y,Dyf>||3+m%o|z|2) dy

9)  +ClILiz[l72g)-

The inequalities (8) and (9) imply (2.31). B

Appendix II. Proof of Lemma 4.
We set a®@b = (a;bg)1<jk<n for a = (a1, ...,a,)’ and b = (by, ..., b,)7T, and SymA =

s(A+AT), A-B =37 aubj and |A]? = Y%, a%, for square matrices

A = (ajr)1<jk<n and B = (bjk)1<jk<n. We define an n x n matrix B = B(z) by
B(z)a = AMx)(a - v(z))v(r) + 2u(z){Sym (a @ v(z)) v (z)

for a € R". Then

(1) B = B(z) is invertible for all z € 0f.

In fact, since
(Sym(e®v)v-a= (Sym(a®v)- (a®v) = |Sym (a ® v)|?

by direct calculations, we see that

(2) (Ba -a) = Ma - v|* 4+ 2u|Sym (a @ v(x))|* = Mtr A|* 4 2u| A2
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Here we set A = Sym (a ® v) and

tr A
(3) D=A- 221,
n
Then tr D = 0, so that
(4) D-I,=0

by the identity D - I,, = tr D. Therefore (2) - (4) imply

5 tr A 2
Ba-a=M\trA|*+2u|—1,+ D
n

trA|?
=Altr A2 + 24 (‘r—]n
n

tr A
+ |D|2+2r—]n-D>
n

A2
uytrm? +ou D2 > 2 Jtx AJ? + 60| DP.

At the last inequality, we have used (1.2). By (3), we have A = D + trnA I,,, so that
do|A|? = 2|tr A2 + 59| D|? by (4). Therefore Ba - a > do|Sym (a ® v)|?. Moreover

we have

1
Sym(a@v)* = J(la@ v +2a@v) - (vea) + v @ af)

lal?,

M|’—‘

1
=7 (lal* +2la-v]+|af*) >
so that
)
Ba-a > Eo\a|2 on 0f).

Moreover direct calculations verify that Ba -b = Bb - a for every a,b € R"™, which
means that B is a symmetric matrix. Therefore the proof of (1) is complete.
Henceforth %7‘ denotes the tangential component of Vy on 0€2. We note that

Vy = ayl/ + 27 on 0. Next we will prove

(5) Vy = (Vg v+ 25T on 90
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and
(6) divy = (Vy)v-v on 0S.
In fact, setting y = (y1, ..., yn)? and v = (v1, ..., v»)T, we have
Vy,; = (Vyj-y)u+%7= (%) V—f-%T, 1<j<n.

Therefore we have

(Vy)T (Vyy - v)vT + %TT
(Vyn)T (Vyn - )T + %LT”TT
Oy1 +T
Br T
(7) =((Vy; - v)vk)1<jk<n + : :
which means (5). Moreover by vvT =1 and (77)v = 0, we have
(Vyr -v)” (Vo1 -v) 5
(Vy)]/ pr—y E UV = E pr—y 8—3
(vyn'y)yT (vyn'y)

and so
(Vy)w-v=Vy-v)vry + -+ (Vyn - V), = tr Vy = divy
by (7). Thus the proof of (5) and (6) is complete. B
Now we will complete the proof of Lemma 4. By the definition of B, (5) and

(6), we have

B(Vy)w) = B (?) — (V) - v)v + 20{Sym (V) & )}

=A(divy)v + 2u(Sym Vy)r — Sym (?TT) = o(y)v — Sym (?TT) on 9f.
T T

Therefore, by (1), we have

0
< CHO-(y)VHHl/Z(@Q) + C HSym (a—iTT)

H(’?y

H1/2(99) H1/2(99)

Clllo@)vl arrzo0) + 1Yl a3/200))-

Thus the proof of Lemma 4 is complete. l



OU.YU. IMANUVILOV AND M. YAMANMOI1LO

Acknowledgements. Oleg Imanuvilov was supported in part by NSF Grant DMS

02-05148.

10.

11.

12.

13.

14.

15.

16.

REFERENCES

D.D. Ang, M. Ikehata, D.D. Trong and M. Yamamoto, Unique continuation
for a stationary isotropic Lamé system with variable coefficients, Commun. in
Partial Differential Equations 21 (1998), 371-385.

. M. Bellassoued, Distribution of resonances and decay rate of the local energy

for the elastic wave equation, Comm. Math. Phys. 215 (2000), 375-408.

A. Ben-Menahem and S.J. Jingh, Seismic Waves and Sources, Springer-Verlag,
Berlin, 1981.

A.L. Bukhgeim, Introduction to the Theory of Inverse Problems, VSP, Utrecht,
2000.

A.L. Bukhgeim, J. Cheng, V. Isakov and M. Yamamoto, Uniqueness in de-
termining damping coefficients in hyperbolic equations, in ” Analytic Extension
Formulas and their Applications” (2001), Kluwer Academic Publishers, Dor-
drecht, 27-46.

. A.L. Bukhgeim and M.V. Klibanov, Global uniqueness of a class of multidi-

mensional inverse problems, Soviet Math. Dokl. 24 (1981), 244-247.
B. Dehman and L. Robbiano, La propriété du prolongement unique pour un

systeme elliptique. le systéme de Lamé, Journal Math. Pures Appl. 72 (1993),
475-492.

. Yu. V. Egorov, Linear Differential Equations of Principal Type, Consultants

Bureau, New York, 1986.

L. Hormander, Linear Partial Differential Operators, Springer-Verlag, Berlin,
1963.

O. Yu. Imanuvilov, Boundary controllability of parabolic equations, Sbornik
Mathematics 186 (1995), 879-900.

O.Yu. Imanuvilov, V. Isakov and M. Yamamoto, An inverse problem for the
dynamical Lamé system with two sets of boundary data, to appear in Comm.
Pure and Appl. Math.

O.Yu. Imanuvilov and J.-P. Puel, Global Carleman FEstimates for weak solu-
tions of elliptic nonhomogeneous Dirichlet problem, International Mathematics
Research Notices (2003), no. 16, 883-913.

O.Yu. Imanuvilov and M. Yamamoto, Global Lipschitz stability in an inverse
hyperbolic problem by interior observations, Inverse Problems 17 (2001), 717—
728.

V. Isakov, A nonhyperbolic Cauchy problem for [,L]. and its applications to
elasticity theory, Comm. Pure and Applied Math. 39 (1986), 747-767.

V. Isakov, Inverse Source Problems, American Mathematical Society, Provi-
dence, Rhode Island, 1990.

V. Isakov, Inverse Problems for Partial Differential Equations, Springer-Verlag,
Berlin, 1998.



17

18.

19.

20.

21.

22.

23.

24.

25.

DIATIONARY LANME SYS1TEM oS

. V. Isakov and M. Yamamoto, Carleman estimate with the Neumann bound-
ary condition and its applications to the observability inequality and inverse
hyperbolic problems, Contem. Math. 268 (2000), 191-225.

A. Khaidarov, Carleman estimates and inverse problems for second order hy-
perbolic equations, Math. USSR Sbornik 58 (1987), 267-277.

M.V. Klibanov, Inverse problems and Carleman estimates, Inverse Problems 8
(1992), 575-596.

M.M. Lavrent’ev, V.G. Romanov and S.P. Shishat-skii, Ill-posed Problems of
Mathematical Physics and Analysis, English translation, American Mathemat-
ical Society, Providence, Rhode Island, 1986.

M.E. Taylor, Pseudodifferential Operators and Nonlinear PDFE, Birkhauser,
Boston, 1991.

N. Weck, Aussenraumaufgaben in der Theorie stationdrer Schwingungen inho-
mogener elastischer Kérper, Math. Z. 111 (1969), 387-398.

N. Weck, Unique continuation for systems with Lamé principal part, Math.
Meth. Appl. Sci. 24 (2001), 595-605.

K. Yamamoto, Singularities of solutions to the boundary value problems for
elastic and Mazwell’s equations, Japan J. Math. 14 (1988), 119-163.

C. Zuily, Uniqueness and Non-uniqueness in Cauchy problems, Birkhauser,
Boston, 1983.



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS
2003-8

2003-9

2003-10
2003-11

2003-12

2003-13

2003-14

2003-15

2003-16
200317

2003-18

2003-19

Naoto Kumano-go and Daisuke Fujiwara: Smooth functional derivatives in
Feynman path integral.

Sungwhan Kim and Masahiro Yamamoto : Unique determination of inhomo-
geneity in a stationary isotropic Lamé system with varible coefficients.

Reiji Tomatsu: Amenable discrete quantum groups.

Jin Cheng and Masahiro Yamamoto: Global uniqueness in the inverse acoustic
scattering problem within polygonal obstacles.

Masahiro Yamamoto: One unique continuation for a linearized Benjamin-
Bona-Mahony equation.

Yoshiyasu Yasutomi: Modified elastic wave equations on Riemannian and
Kdhler manifolds.

V. G. Romanov and M. Yamamoto: On the determination of wave speed and
potential in a hyperbolic equation by two measurements.

Dang Dinh Ang, Dang Duc Trong and Masahiro Yamamoto: A Cauchy problem
for elliptic equations: quasi-reversibility and error estimates.

Shigeo Kusuoka: Stochastic Newton equation with reflecting boundary condition.

Oleg Yu. imanuvilov, Victor Isakov and Masahiro Yamamoto: New realization
of the pseudoconvezity and its application to an inverse problem.

Yasuyuki Kawahigashi and Roberto Longo: Classification of two-dimensional
local conformal nets with ¢ < 1 and 2-cohomology vanishing for tensor cate-
goTies.

Oleg Yu. Imanuvilov and Masahiro Yamamoto: Carleman estimate for a sta-
tionary isotropic Lamé system and the applications.

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153, JAPAN

TEL +81-3-5465-7001 FAX +81-3-5465-7012



