UTMS 2003-16 April 8, 2003

Stochastic Newton equation

with reflecting boundary condition
by

Shigeo KUSUOKA

§

UNIVERSITY OF TOKYO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES
KOMABA, TOKYO, JAPAN




Stochastic Newton equation
with reflecting boundary condition

Shigeo KUSUOKA
Graduate School of Mathematical Sciences
The University of Tokyo

1 Introduction

Let D be a bounded domain in R? with a smooth boundary and n(x), x € 9D, be a outer
normal vector. Let a” : RY — R, i,j = 1,...d, be smooth functions such that a%(z)
= a’'(z), z € R Also, let b' : R* — R, i = 1,...d, be bounded measurable functions.
We assume that there are positive constants Cy, C; such that

d

Colél? < Y a ()& < Cil€)?, z, & € RY

ij=1
Let Ly be a second order linear differential operator in R?? given by

i 9 14 92 d
— i - z]
Ly Zv I + ng:la G 2:1

=1

Let W¢ = C([0,00); R%) x D([0,00); R%). Now let ® : R* x D — R? be a smooth
map satisfying the following .
i) ®(-,z) : R* — R% is linear for all x € dD.
(ii) ®(v,z) = v for any x € OM and v € T,(dD), i.e., ®(v,z) = v if x € IM, v € R? and
v-n(z) =0.
(iii) ®(®(v,z),x) = v for all v € R* and z € 9D.
(iv) ®(n(z ) x) # n(x) for any z € 0D.
The main theorem in the present paper is the following.

Theorem 1 Let (z9,v9) € (D)¢ x Re. The there exists a unique probability measure p
over W4 satisfying the following conditions.

(1) p(w(0) = (w0, v0)) = 1.

(2) p(w(t) € D¢ x R4t € [0,00)) = 1.

(3) For any f € Ce((D)° x RY), {f(w(t)) — [y Lof(w(s))ds;t > 0} is a martingale under
p(dw).

(4) n(Lop(z(t))(v(t) — ®(v(t=), z(t))) = 0 for all t € [0,00)) = 1.

Here w(:) = (z(+),v(-)) € W



Now let us think of the following Stochastic Newton equation

dX} = V)dt
AV = o(XN)B() + (WX}, V) — AVU(X)))dt

Xé\ = XZo, %A = Vp.
Here B(t) is a d-dimensional Brownian motion, 0 € C*°(R% R?), b : R* — R%is a
bounded Lipschitz continuous function, and U € C§°(RY).

We assume the following also.
(A-1) There are positive constants Cy, Cy such that

Colél® <lo(x)éf < Chlef?, =€ e RY

(A-2) Let D = {z € R% U(x) > 0}. Then there are g > 0, Uy € C*(R% R) and a

non-increasing C''-function p : R — R satisfying the following.

(1) z € 9D, if and only if Uy(z) = 0 and dis(x,0D) < &,.

(2) VUy(x )7&0 x € 0D.

(3) ( ) =0,t>0,p(t)>0,t<0,and U(x) = p(Uy(z)) for z € R? with dis(z, D) < .
i p( )

Now let dis be a metric function on W given by

dis(wo, wn) = 22 (ma foo(t) = 21()]) + ([ Joo(t) = wn()")/")).

te[0,n]
for w;(+) = (zi(+),vi(+)) € We, i=0,1.
Then we will show the following.
Theorem 2 Let v*, A\ € [1,00), be the probability law of (X}, V), t € [0,00), on Wo,
and p be the probability measure given in Theorem 1 in the case when ®(v,x) =v —2(v -

n(z))n(z), v € Rcf, x € OD. Then v* conveges to p weakly as X — oo as probability
measures on (Wp, dis).

2 Basic lemmas

Let (9, F, {Fi}efo,00); P) be a filtered probability space, and B(t) = (B*(t),..., B(t))
be a d-dimensional Brownian motion. Let B°(t) = t, t € [0,00). Let o; : RN — RV,
i=0,1,...,d, be Lipschitz continuous functions, and let X : [0,00) x RY x Q — R" be
the solution to the following SDE

d t )
X(tax) =2+ Z/ 0i(X(s,2))dBi(s),  t>0, xRV,
i=0 70

We may assume that X (¢, z) is continuous in (¢, z) (c.f. Kunita [2]).
Then we have the following.



Lemma 3 For any T > 0 and po,p1,. .., pm € (1,00), m > 1, with X7 o pi.t = 1, there
1s a constant C' > 0 such that

B[ TT (X () lda] < CTL I fe oo
RY (20 k=0

forall0=ty<t;<...<ty, <T, and fr, € C*(RN), k=0,1,...,m.
Proof. From the assumption, there is a Cy > 0 such that
loi(z) = ai(y)| < Colz —yl, @,y e RY.

Let ¢ € C°(RY) such that [gy p(x)dx = 1. Let p,(x) = nVp(nz), z € RN, for n > 1,
and let 0™ = ¢, x0;,i=0,...,d. Then o™ € C(RY;R"). Let
W () = -2 0((2) eRY, jk=1...,N, i=0,1,....d n>1
ik (x)—axkai (x), x , Lk=1...,N,i=0,1,....d, n> 1.
Then we see that ]m(z)j(x)] < Cp, v € RN. Let X :]0,00) x RY x Q — R" be the
solution to the following SDE
d A
XO(0) =2+ o (X0 (s, 0)dBi(s), 120, 2RV
=00

Then we may think that X™(¢,-) : RY — RN is a diffeomorphism with probability

1111

= (Jk")’j(t,x))k7j:1’___7N. Then the N x N-matrix valued process J™ (t,z) satisfies the
following SDE

d
J(”)(t, x)=1In+ Z/ I/Vi(n) (X(")(s,x))J(")(s,x)dBi(s).
i=0 "0

Also, we see that
JO(t, )7}

d it
= Iy =3 [ J0s )W (X (s, 2))dBi(s)
=0

L& (n)
+=3 / T (s, 2) WM (X0 (s, 2))2ds.
=1 0

o
Then we see that
Cr = sup{E[det J™(t, z)"P1]; t € [0,T],2 € RV, n > 1} < oo.

So we have

Bl TLIRCE 01l

< B[[ | 1@IB(I] det 7 (b, )/ )dz]
k=1



ﬁ / | fe (X (b, x))|Px det J™ (g, 2)da] /Px

< Cr( [ Nf@Iede) ™ TL([ | 1a)lede) o

k=1
Letting n — 00, we have our assertion. I
Now let D be a bounded domain in RY and F/ : RV — R, j = 1,2, be C? functions
satisfying the following assumptions (F1),(F2), furthermore.
(F1) Forx € D andi=1,...,d,

N ) a )

(F2) inf{det(VF"(z) - VFI(x));j=12; * € D} > 0.
Then we have the following

Lemma 4 For a.e.x,
P(X(t,x) € D,F(X(t,z)) =0 for somet >0)=0.
Here F' = (F', F?) : RY — R2
Proof. Let
T(s,z) =1inf{t > s; X(t,x) € D} A (s + 1), re€RN s> 0.
Also, let
p(z,s) = P(F(X(t,x)) = 0 for some t € [s,7(s,1))), re€RN s> 0.
Then we see that

P(X(t,z) € D,F(X(t,z)) =0 for some ¢t > 0) < > p(z,r),

reQy

where Q. is the set of positive rational numbers. Let V(m) = {x € R”Y; |z| < m},
m > 1. Let us define random variables Zz,,, T'> 0, m > 1, and constant C; by

Zm = sup{|t — s|TV3X () — X(s,2)); 0<s<t<T, x€V(m)} < oo,

and
1< _
Cr = sup{loo(2)|[VF ()] + 5 > [V (@)los(w)|* + [VE*(2)]; @ € D}.
i=1
Then we see that P(Z7,, < co) =1 (c.f. Kunita[2]). By the assumtion (F1), we see that

FU(X(t2) = F'(z) + [ (00(X (s, ) V(X (s, 7))

d
430 SV (X (5, 2)) (X (5,2)), 0 X s, )



So we see that

|[FY (X (t,x)) — F(X(s,z))| < Cilt — s, te[s,7(s,7)),s>0,2 € RV,
and

|F2(X(t,2)) — F(X(s,2))| < C1Zrpml|t — s|'/* t,s €[0,T],z € V(m).

Also, by the assumption (A2), we see that there is a constant Cy > 0 such that
/ 14(F(2))dz < Cy)A]
D

for any Borel set A in R?, where |A| denotes the area of A.
Let Agpp = [-Cin~1 Cin~Y x [—0C =3 0Cin= 3] 4on > 1, k = 1,...,n. Then we
have for any ¢ > 1,

/V( )de(F(X(t, x)) = 0 for some t € [s,7(s,2)), Zst1,m < L)
< /V( dw P(X(s,x) € D, X(s+ (k= 1)/n,) € D, F(X(s + (k= 1)/n 7)) € M)
= E[/RN ALy oy (2)Lp(X (5, 2)1p(X (5+ (k= 1)/, 2)1a, . o (F(X (s +(k—1)/n,z)))]

k=1

<O VD[ 1, (F())da)
k=1

l,n,k

< CCyn|V (m)|Y10| D|V/0(4C%en=4/3)4/5,

Here C' is the constant in Lemma 3 for T'= s+ 1, pyp = p; = 10 and p3 = 5/4. Since n > 1
is arbitrary, we see that

/ )de(F(X(t,x)) =0 for some t € [s,,7(s,2)), Zst1,m < ) =0, (> 1.
V(m

This implies that [gv p(z,s) =0, s > 0.
Therefore we have our assertion. 1

Corollary 5 Suppose moreover that g € (D)¢, 0;, i = 0,...,d, are smooth around xq
and that dim Lie[ 2 — Vo, Vi, ..., Va)(0,29) = N + 1. Here

d
g 6353 i=1,...,d,

and

Then
P(X(t,x9) € D,F(X(t,z9)) =0 for some t > 0) = 0.



I_Droof. Let U be a open neighborhood of xy such that o;, 1 =0, ...,d, are smooth around
U and that UN D = 0. Let 7 = inf{t > 0; X (¢, z9) € U°}. Then we see that

P(X(t,x9) € D, F(X(t,z0)) = 0 for some ¢ > 0)

1 1
<ZP (t,x0) eD,F(X(t,xo)):(]forsomet>5,7’>5)

< Z/ ) € dx, T > i)P(X(t,x) € D, F(X(t,z)) =0 for some t > 0).

However, by [3], we see that P(X (%,xo) € de, 7 > %) is absolutely continuous. So by

Lemma 4, we have our assertion. I

3 Proof of Theorem 1

Since the proof is similar, we prove Theorem 1 in the case that D = {z = (z!,...,29) €
R% 2! < 0} € R4, and ®(v,2) = (—vt, 0%, v?) for v = (v1,02,...,v?) and = € OD.
In general, if we take a double cover of D¢ and change the coordinate functions, we can
apply a similar proof. Let ¢ : R - R, 4,5 = 1,...d, be bounded Lipschitz continuous
function such that a¥(z) = a’(z), * € R? and that there are positive constants Cy, Cy

such that
Coléf* < Za” 26 < Cile? w £ eRY

Let b: R* — R? be a bounded measurable function.
Let Lo be a second order linear differential operator in R?? given by

d ) 1 d ) 62 d
_ 1 _ 'LJ
Lo—zvami—FQi;la Doid0d 2

=1

6

Then Theorem 1 is somehow equivalent to the following Theorem. So we prove this
Theorem.

Theorem 6 Let (z9,v9) € (D) x R%, and suppose that a”, i, = 1,...,d, are smooth
around xo. Then there exists a unique probability measure p over W satisfying the fol-
lowing conditions.

(1) p(w(0) = (2o, v0)) = 1.

(2) p(w(t) € D¢ x R4t € [0,00)) = 1.

(3) For any f € Ce((D)° x RY), {f(w(t)) — f5 Lof(w(s))ds;t > 0} is a martingale under
p(dw).

(4) 1oy (' (1)) (v'(t) + v'(t=)) = 0, t €[0,00)) =1 and

p(v'(t) is continuous in t € [0,00), i =2,...,d) = 1.
Proof. Let @V : RY — R, i,j = 1,...d, be given by

i(a) = (| 2% af), e = (et e R



Let b : R2 — R, i=1,...d, be given by

B (2) = sgn(e WA 2, a),
and B A
Vi(z) = b'(|zt],22,..., 2%, i=2,....d
for z = (2!, 22,...,2%) € R% Let Ly be second order linear differential operators in R
given by
d d 2 d
- -0 1 g 0 ~ 0
Lo=S v 423 a(r)—— + 3 b, v)—.
0 ;v Oxt 3 i;1a (JU)GU’GUJ * ; (JU’U)GW

Then by transformation of drift (c.f. Ikeda-Watanabe[l]), we see that there is a
unique probability measure v on C([0,00); R*?) such that v(w(0) = (x9,v0)) = 1 and
that {f(w(t)) — fy Lof(w(s))ds;t > 0} is a martingale under v(dw) for any f € C5°(R*).

Let {(w) = inf{t > 0; z'(t) - 0,v'(t—) = 0}. Then by Corollary 5 and Girsanov’s
transformation, we see that v(§(w) = co) = 1. Let

X(t,w) = (|2'(@t)], 2%(1), ..., 2%2)), t €0, 00),

and o
V(t,w) = %X(t,w), t € [0, 00).

Let p is the probability law of (X (-, w), V(-,w)) under v. Then we see that p satisfies the
conditions (1)-(4). So we see the existence.

Now let us prove the uniqueness. Let u be a probability measure as in Theorem. Let
£(w) = inf{t > 0; x'(t) = 0,v'(t—) = 0}. Also, let us define stopping times 73, : Wy —
[0,00], £ =0,1,2,..., inductively by 7o(w) = 0 and

T (w) = inf{t > 7. (w); 2'(t) = 0}, weW? k=0,1,....

Then we see from the assumption (4) that if 7(w) < {(w), then 73.(w) < Tg41(w) for
p-a.s.aw. Also, it is easy to see that &(w) < sup, 7 (w), w € W4
For any e > 0 and £ =0,1,2,..., let

op(w) = inf{t > m(w); 2 (t) > €},
and )
op(w) = inf{t > op(w); z'(t) < e/2}, weW? k=0,1,....
Then we see from the assumption (3) that

1
thoy,

Fat nad) ot Aab)) = Faltnaf) ot nal) = [ Lof(a(s),v(s)ds

0
tAUk

is a bounded continuous martingale for any f € C5°(R??).
Now let

< B x(t), t € [m(w), Ter1(w)), if k is even,
X(t,w) —{ (—a (1), 22(1), 2 (t)), 1€ [relw). mea(w)). if K is odd,



V(t,w) = ), t € [m(w), Ter1(w)), if k is even,

v(t
{ (—vt(t),v2(t),...,v4t)),  t € [m(w), kr1(w)), if k is odd.

Then we can see that (X (tA€), V(£ A€)) is continuous in ¢ for p-a.s.w. Also, we see that

1
tAUk -

FXEAGD), V(ENTD)) = F(X(EAGY),V(EATY)) — / Lof(X(s),V(s))ds

0
tAUk

is a continuous martingale for any f € C5°(R??).
Therefore we see that

PR A T0), V(EAT)) = FR(E AT, VEAT)) — [

tATE

is a continuous martingale for any f € C$°(R??). So we can conclude that

Z

FIXENE,V(ENE)) — ; Lof(X(s),V(s))ds

is a continuous martingale for any f € C5°(R??).

Therefore we see that the probability law of (X (- A €), V(- A €)) under u is the same
of w(- A £ ) under v, by the argument of shift of drift and the fact that a strong solution
of stochastic differential equation with Lipschitz continuous coefficients is unique. So we
see that u(¢(w) = oo) = 1. Since we see that

z(t) = (X)L X2(0), ..., X)), te0,€),

and

we see the uniqueness.
This completes the proof.

4 Proof of Theorem 2

We will make some prparations to prove Theorem 2.

Proposition 7 Let T' > 0. Let Ay be the set of w € D([0,T);R) for which w(0) = 0,
w(T—) < 1, and w(t) is non-decreaing in t. Then Ay is compact in LP((0,T),dt), p €
(1,00), and its cluster points are in D([0,T); R).

Proof. Suppose that w, € Ag, n = 1,2,.... Then we see that w,(t) € [0,1], t € [0,7T),
n > 1. So taking subsequence if necessary, we may assume that {w,(r)}>, is convergent
for any r € [0,7) N Q. Let w(r) = lim,_oc wy(r), r € Q, and let w(t) = lim, | @(r),
t €[0,T), and w(T) be arbitrary such that sup,corw(t) < w(T) < 1. Then we see that
w € D([0,T);R) and w is non-decreasing, and that w,(t) — w(t), t € [0,T), if t is a
continuous point of w. So we see that w,, — w, n — oo, in LP((0,T"), dt).

This completes the proof. 1

We have the following as an easy consequence of Proposition 7.



Corollary 8 Let T > 0. Let A be the set of w € D([0,T); R?) for which w(0) = 0 and
the total variation of w is less than 1. Then A is compact in LP((0,T); R4, dt), p € (1, 00),
and its cluster points are in D([0,T); RY).

Now let us prove Theorem 2. Let
H) = \U(X) + %yvﬁy?, t>0.
Then we have
1) = Sl + [ VAo (XNdB, + [ VA0 Vs + 5 [ trace(o (X2 o (X2)ds
So we have for any p € [2,00) there is a constant C' independent of A such that

Bl sup () < Cloo + 1+ B[ 1V Pat)

t€[0,T]

< C(Jool” + 1+ 22T E] sup (H}))/2).

t€[0,T]
So we see that
sup E[ sup (H;)’] < oo,  p€[l,00). (1)
A>0  tel0,T]
Therefore we see that
sup B[ sup |V?] < oo, p € [1,00).
A>0  tel0,T]

So we see that {H}}te(0,00), and {X; hejo.00), A > 0, are tight in C. Moreover, we see that

E[sup U(X}P] —0, X — oo, p € [1,00). (2)
t€[0,T]

Let us take an € € (0,¢0) such that
Co = sup{|VUs(z)|™"; dis(z,0D) < e} < 0.
Let » € C°(RY), such that 0 < ¢ < 1, p(z) = 1, if dis(z,0D) < €/3, and p(z) = 0,
if dis(z;0D) > ¢/2. Let Dy = {z € D; dis(x,0D) > ¢/4}, and let 7 = 7* = inf{t >
0; X' € Dy}. Then we see by Equation 2 that
P(t* < T)—0, \— oo,

for any T' > 0. Let A}, t > 0 be a non-decreasing continuous process given by
tATH
A ==n [ e (X UV UK Pds, 0.
0

Note that A()\ = (). Since we have

DX ) (VU(XG0) - Vi) = o(X3) (VU (X)) - V)



= A} +/ O(XMV2UN(XH (V) VL ds+/ O(XM)(VU(XD) - b(X2,V))ds

[ T (B + [ (Va2 V(TR - Vs,

we see that

sup B[(A7)?] < o0,  p € [1,00).
A>0

Since we have

TAT> TAT> (U, (X’\))
AU(XN)dt = PO )) U (XN | 2d A,
A ( t) A ’pl(UO(X15>\>)” 0( t)’ t

we see that

TATA
P(/O AU(XMNdt > 6)

< P(suwp U > )+ PCRAY s L5
t€[0,T] p1(m<s<o |P'(5)]

for any 6,7 > 0. So we see that
TAT 1
PO 1H) = SVt > 6) =0, A — o (3)
0

for any 6 > 0.
Also, we see that
‘/ti\\T’\ = Vo + ‘/iEA7O + WAJ:

where

tATH
A _|_/ [VU(X))|7*V U (X2)dAS,
0

and
‘1 AT \ tAT N N
v :/ a(XS)dBS—i—/ b(X2, V) ds.
0 0

So we see that the total variation of VM, t € (0,77, is dominated by CyA2. Also,
{Vt/\’o}te[o,oo) is tight in C.

Then by Corollary 8 it is easy to see that {V*}1epo.r) is tight in LP((0,7); R%) and its
limit process is in D([0, T'); R%) with probability one for any 7" > 0 and p € (1, 00).

Let F € C*(R? x R% RY) be given by

F(z,v) = p(x)(v — |[VUy(2)|2(VU() - v)VUp(x)), (z,v) € R x R

Then by Ito’s lemma it is easy to see that {F (X}, V*) e, A € (0,00), is tight in C,
and that {f(X},V*) — Jg Lof (X2, V})ds} is a continuous martingale for any A € (0,00)
and f € C°((D)° x RY).

So we see that there are stochastic processes {(X¢, Vi) }ejo,o0) and {H;}icpp,00) and a
subsequence {\,}2, A, — 00, n — oo, such that {((X}", V), H™) }iepo.o0) cOnverges
in law to {((X¢, V4), Hy) }ejo,00) I W4 x C with respect the metric function dis + disc.

10



Then we see that {f(X:, Vi) — J5 Lo f(Xs, Vs)ds}iep,0o) is a continuous martingale for
any f € C°((D)° x R?), and that {F(X;, Vi) }eo,00) IS @ continuous process. Also, we see
by Equation (3) that

T 1
/ \H,— Z|ViPldt =0  a.s.
0 2
for any T' > 0. So we see that {|V;|*}1ep0,00) i a continuous process. Therefore we have
P(lop(Xe) (Vi = Vie = 2(n(Xy) - Vio)n(X3)) = 0, t € [0,00)) = 1.

So we see that the probability law of {(X, V}) }1ej0,00) I W is p in Theorem 1.
This complets the proof of Theorem 2
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