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Abstract
We study the scattering theory for the Zakharov equation in three
space dimensions. We show the unique existence of the solution for
this equation which tends to the given free profile with no restriction
on the size of the scattered states and on the support of the Fourier
transform of them. This yields the existence of the pseudo wave op-
erators.

1 Introduction

We study the scattering theory for the Zakharov equation in three space
dimensions:

1
10u + §Au = uv,
0tv — Av = Alul?.

Here u and v are C"-valued and real valued unknown functions of (¢,z) €
R x R3, respectively. In the present paper, we prove the unique existence of
the solution for the equation (Z) which tends to the given free profile with
no restriction on the size of the scattered states and on the support of the
Fourier transform of them.

(Z)

A large amount of works has been devoted to the asymptotic behavior
of solutions for the nonlinear Schrédinger equation (see [3, 4, 6, 7, 8, 12, 17,
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20, 21, 22, 23, 24, 32, 34, 35, 37]) and for the nonlinear wave equation (see
[11, 14, 16, 18, 19, 27, 28, 32, 33]). We consider the scattering theory for the
coupled systems of the Schrodinger equation and the second order hyperbolic
equation, in particular, the Klein-Gordon-Schrodinger, Wave-Schrédinger,
Maxwell-Schrodinger and Zakharov equations. In the scattering theory for
the linear Schrodinger equation, (ordinary) wave operators are defined as
follows. Assume that for a solution of the free Schrodinger equation with
given initial data ¢, there exists a unique time global solution u for the per-
turbed Schrodinger equation such that u behaves like the given free solution
as t — o0o. (This case is called the short range case, and otherwise we call
the long range case). Then we define a wave operator W, by the mapping
from ¢ to u|i—o. In the long range case, ordinary wave operators do not exist
and we have to construct modified wave operators including a suitable phase
correction in their definition. For the nonlinear Schrédinger equation, the
nonlinear wave equation and systems centering on the Schrodinger equation,
we can define the wave operators and introduce the modified wave operators
in the same way (for the nonlinear Schrodinger and wave equation, see the
references mentioned above, and for systems, see [9, 25, 29, 36]).

There exist some results of the scattering theory for nonlinear equa-
tions and systems. Ozawa [23] and Ginibre and Ozawa [6] proved the ex-
istence of modified wave operators in the borderline case for the nonlinear
Schrodinger equation in one space dimension and in two and three space
dimensions, respectively. Those results have been extended to the Klein-
Gordon-Schrédinger equation in two space dimensions by Ozawa and Tsut-
sumi [25] and the author [29], to the Wave-Schrédinger equation in three
space dimensions by Ginibre and Velo [9] and the author [30], to the Maxwell-
Schrédinger equation in three space dimensions by Ginibre and Velo [10],
Tsutsumi [36] and the author [31] and to the Zakharov equation in three
space dimensions by Ozawa and Tsutsumi [26].

The quadratic nonlinearities in the equation (Z) cause the difficulty of
constructing global solution for (Z) and investigating asymptotic behavior
of it. Klainerman [15] introduced the null condition technique to construct
the global existence of small amplitude solution for the wave equation with
quadratic nonlinearity in three space dimensions. We note that the null con-
dition technique is mainly besed on the Lorentz invariance of the equations.
However, since the Schrodinger equation does not have that invariance, we
do not apply the null condition technique to the equation (Z). In this sense,
the Schodinger equation and the wave equation are not compatible.

To overcome this difficulty, in the result for the equation (Z) by Ozawa
and Tsutsumi [26], they assumed either the restriction on the size of the
scattered states or that on the support of the Fourier transform of the scat-



tered state ¢ of the Schrodinger part. More precisely, the restriction on the
support of the Fourier transform of ¢ is as follows: supp ¢ C {¢ € R3: |¢] >
1+e}uUd{€ e R [ <1-—c¢} for some ¢ > 0. Roughly speaking, the
reason why they assumed this condition is as follows. Let uy and vy be the
solutions for the free Schrodinger and wave equations, respectively. It is well-
known that ||ug(t)ve(t)||r2ms) = O(t=3/2) if no restriction on the support of
the Fourier transform of data is supposed. When the smallness of the scat-
tered states is not assumed, we have to introduce the function space such
that ||u(t) — ug(t)|| 2 decay faster than ||V (u(t) —uo(t))||z2 in order to apply
the Cook-Kuroda method. Hence we need good time decay rate of ||u(t) —
uo(t)||z2. Therefore above time decay estimate is not sufficient to prove the
existence of the solution of (Z) which tends to the free profile, and the im-
proved time decay estimate of the interaction term is needed. Their proof
is based on the improved decay estimates of the interaction term which take
account of the difference between the propagation property of the solution to
the Schrodinger and wave equation. The property of finite propagation speed
and the Huygens principle for the three dimensional wave equation imply the
following time decay estimate |[vo(t)||zoo(ja|>(14e)) T [[Vo(t)]|Loo(jaj<1—2)t) =
O.n(t™), for any ¢, N > 0. This yields an improved time decay esti-
mate of the L?-norm of the cross term wugvy, where ug is the solution of
the free Schrédinger equation, [|ug(t)vo(t)||L2rs) ~ t‘3/2\]$(~/t)vo(t)HLQ(Rs) =
t=32(1 o (/) vo ()| 2(eiz 400 HOC /D00 r2a1<1-210)) = Oen () ast —
oo for any N > 0. On the other hand, under the restriction on the size of the
scattered states, they could obtain the same conclusion, because the second
equation (the wave part) of the system (Z) had the second derivative at the
interaction term, which implied the improved time decay rate of that term.

Recently, in [29] and [30], the author has proved the existence of wave op-
erators for the two dimensional Klein-Gordon-Schrodinger equation with the
Yukawa type interaction and of the modified wave operators for the three di-
mensional Wave-Schrodinger equation with same interaction, respectively, for
small scattered states without any restrictions on the support of the Fourier
transform of them. (Since these equations do not have second derivatives at
the interaction terms as the Zakharov equation (Z), the scattering problems
of them are more difficult than that of the Zakharov equation). The proof for
the Klein-Gordon-Schrodinger equation is mainly based on the construction
of suitable second approximations [ug, v3] of the solution to the equation (Z)
so that (i0; + 2A)us — ugvy and (87 — A + 1)vy + |uel? decay faster than
ugvy and —|ug|* as t — oo, respectively. This enables us to apply the Cook-
Kuroda method. Here uy and vy are the solutions of the free Schrodinger
and Klein-Gordon equations, respectively.



In this paper, we prove the unique existence of the solution for the equa-
tion (Z) which tends to the given free profile with no restriction on the size
of the scattered states and on the support of the Fourier transform of them.
Our main idea of proof is as follows. Let ug and vy be the solutions of the
free Schrodinger and wave equations, respectively. The principal term of our
asymptotic profile is the free profile [ug, vp]. In order to improve time decay
estimate of the interaction term of the Schrodinger part under no restriction
on the size of the scattered states and on the support of the Fourier transform
of them, we construct a suitable second correction term usy of the asymptotic
profile for the Schrodinger part such that (i0; + %A)Ug — ugvy decays faster
than ugvp, as in [29, 30, 31] (Section 2.2). Since the time decay rate of the
interaction term for the wave part of the equation (Z) is sufficient for our
problem, the second correction term of the asymptotic profile of the wave
part, which appears in [29, 30, 31], is not needed. Our proof for the existence
argument is based on the energy estimates and the compactness argument.

Before stating our main result, we introduce some notations.

Notations. We use the following symbols:

0 0
d=0=—, 0j=—— forj=1,23
0 t ata 7 8xj or j ) Sy
0% =0y = 0105205 for a multi-index a = (g, ag, as),
V = (01,0,,05), A=0}+0;+0;,
for t € R and x = (zy, T, 73) € R3.
Let

1/q
L= LY(R?) = {w: Y]l Le = (/R3 W(x)\qu) < oo} for 1 < ¢ < oo,

L = L™(R?) = {¢: ||¢|| > = ess.sup,eps|[t(7)] < o0} .
We denote the L2-scalar product by

(p,9) = /R3 o(x)Y(x) d.

We denote the set of rapidly decreasing functions on R® by S. Let S’ be
the set of tempered distributions on R3. For w € &', we denote the Fourier
transform of w by w. For w € L'(R"), w is represented as

w() = (27r)"/2/ w(x)e ™ dr.

n
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For s, m € R, we introduce the weighted Sobolev spaces H*™ correspond-
ing to the Lebesgue space L? as follows:

" ={ € 8"+ |¢lem = [[(L+[a)™2(1 = A)* 9| 12 < o0},

We also denote H*° by H*. For 1 < p < oo and a positive integer k, we
define the Sobolev space Wlf corresponding to the Lebesgue space L? by

Wy=Sbelr: [gllws =D 0¥ < o0

laf <k

Note that for a positive integer k, H* = W¥ and the norms || - || z» and || - Iz
are equivalent.

For s > 0, we define the homogeneous Sobolev spaces Hs by the comple-
tion of § with respect to the norm

e = 1(=2)"2w] 2. (1.1)

]

If s <0, we set '
H ={weS: (-A)*we L.

Then H® is a Banach space with the norm (1.1) for s > 0. On the other
hand, H* is a semi-normed space with the semi-norm (1.1) for s < 0.

Let Y and Z be two Banach spaces with the norms || - ||y and || - ||z,
respectively. We denote

|wllynz = [wlly + [Jw]|z,

for w € YNZ. Then Y N Z is a Banach space with the norm || - [[ynz. We
use the following notation:

[ Y, K](8) = sup(r*][=(7) Iy ),

T>t

for a Y-valued function z of ¢t € R.
We set for t € R,

Ut) = e, w=(—A)2

1

We denote various constants by C' and so forth. They may differ from
line to line, when it does not cause any confusion.



Let (¢,0,11) be given scattered states, where ¢ = (¢, ¢ ¢®) is
C"-valued and vy and 1), are real valued, and let

uo(t, z) = (U(t)¢)(x), (1.2)
vo(t, 2) = ((coswt)ho)(x) + ((w™tsinwt ) ) (z). (1.3)

The functions ug and vy are unique solutions of the Cauchy problems for the
free Schrodinger equation

1
i@tu + §AU = O,

u(0,z) = ¢(z),
and for the free wave equation
O2v — Av =0,
U(O,.T) :wo(ﬂf)a atv(oax) :wl(x)a

respectively.

Our main result is as follows.

Theorem. Assume that ¢ € H?, 1o € H¥* N H™2, zw 4y € L2, w2y €
Wi, o € H*NH™3, 2wy € L? and w Py € WP. Then there exists
a constant T > 0 such that the equation (Z) has a unique solution [u,v]
satisfying

u € O[T, 00); H?), (1.4)

v e O[T, 00); H?), (1.5)

e C([T,00); HHNH™Y), (1.6)
ilg(t‘r’/ﬂ\u(t) — uo(t)|| 2 + tlluls) — uo(D)ll grnps) < oo, (1.7)

supft{[o(t) = vo(®)l 2 + [0:0(t) = Ooo(®) e} < 00 (1.9

A similar result holds for negative time.

Remark 1.1. The assumptions ¢y € H~2 and ¢y € H3 in Theorem implies
that the their Fourier transforms 1y and v; vanish at the origin.
The constant T which appears in Theorem depends only on

N =(6llmos + oll s + [Yoll -2 + lzw™ ol 2 + lw™*ollwr

B B (1.9)
+ 1l + 1l s + lzw ™l 2 + lw ™ flws.

In Theorem, we do not restrict the size of 7.
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Let V be the set of all scattered states (¢, vy, 1) satisfying the assump-
tions of Theorem.
The following corollary is an immediate consequence of Theorem.

Corollary. For the equation (Z), the pseudo wave operator Wy : (¢, g, 1) —
(w(T),v(T), 0w (T)) is well-defined on V, where [u,v] is the solution to the
equation (Z) obtained in Theorem and T is a constant which appears in The-
orem. Similarly the modified wave operator W_ for negative time is also
well-defined on V.

Remark 1.2. The Zakharov equation (Z) is invariant under the translation
in the time variable t. Translating the solution [u, v] obtained in Theorem in
t by T', we see that for any initial data (gg, Yo, 1&1) belonging to the range of
W, there exists a unique global solution [u, v] such that

u € C([0,00); H?),
v € O([0,00); H?),
dv € C([0,00); H' N H™Y),

where W, is defined in Corollary. We note that it is not clear what initial
data belong to the range of W,.

Outline of this paper is as follows. We prove the statement for positive
time in Theorem. The statement for negative time is proved in the same
way. In Sections 2, we construct a suitable asymptotic profile and derive the
estimate of each term of it. In Section 3, we prove Theorem by the energy
estimates. Hereafter we always assume that the space dimension is three.

2 Preliminaries

2.1 The Principal Term of the Asymptotic profiles

In this section, we study time decay estimates of the solutions for the free
Schrodinger and Klein-Gordon equations, which are the principal part of the
asymptotic profile. We introduce the asymptotics of the solution for the free
Schrodinger equation and time decay estimates of it.

The time decay estimates of the free solutions ug and vy, which is defined
in (1.2) and (1.3), respectively, are well-known (see, e.g., Section 2 in Ozawa
and Tsutsumi [26]):



Lemma 2.1. Let k be a non-negative integer. There exists a constant C' > 0
such that fort > 1,

Y 920fuo®llee < Clléllan,

o +25<k

> lodfuo(t)ll = < Cllllwst ™2,

o +25<k
> 105 uo(t)| L < Cll¢l|proat ™,

o +25<k

> losdlve)llze < CUIollae + vl s + Ieallg-1),
o] +5<k
> 1050 vl < CUIollye> + e flyre)t
lo|+5<k

2.2 The Second Correction Term of the Asymptotic
Profile for the Schrodinger Part

According to Lemma 2.1, ||ug(t)vo(t)||2 = O(t=3/?). This time decay esti-

mate is not sufficient to prove Theorem directly with no restriction on the

size of the scattered states. To overcome this difficulty, we construct the

second correction term usy of the asymptotic profile of the Schrodinger part
such that (0; + %A)Ug — ugvy decays faster than ugvg as t — oo.

We construct the second correction uy of the form
ug(t, ) = uo(t, x)V (¢, x), (2.1)

where
V(t,7) = ((coswt)Qo)(z) + ((w™sinwt)Q:)(x). (2.2)

We determine functions Qo and Q, of z € R3. We first note the following
identity:

k=1

L(wz) = w%Az + zLw + % (—i Z(ka)(ﬁkz) + inz) (2.3)

for a C3-valued function w and a real valued function z, where

Jk = Tk +zt8k (k = 1,2,3), J = (Jl, <]2, J3),
P=to,+x-V.



It is well-known that if w and z solve the free Schrodinger and wave equations,
then so do Jyw Pz because JL — LJ = 0 and OP = (P + 2)0. Noting this
fact and putting w = ug and z = V', we expect that the most slowly decaying
part of Luy is (1/2)ugAV. Now we set

Qo(z) = =2(=A) o (x) = —2w™ (), (2.4)
Qi(x) = =2(=A) i (2) = =20 (2), (2.5)
so that the equality
%U()AV = UpVg

holds. Then it is expected that Lus —ugug decays faster than ugvg as t — oo.
From the equality (2.3), we have

3
1
Luz — gy = <—z' D (Teuo) (9:V) + wopv> . (2.6)

k=1
Remark 2.1. It is well known that

Jruo(t, ) = (U )¢ = U(t)(Mz,0)  (k=1,2,3),
PV(t,-) = (coswt) (M, - VQo) + (wtsinwt)((1 + M, - V)Q1),

where M, and M, are the maltiplication operators by the function z; and
x, respectively.

The time decay estimates of us and Lus — ugvy are as follows.
Lemma 2.2. There ezists a constant C' > 0 such that fort > 1,

2
D Nfus(t)ll s < CrPE2,

j=0

2
D ldtus(t)llwas < P2,

1Lus(t) — uo(t)vo ()|l ms + [10:(Lua(t) — uo(t)vo(t)) | s < Cp?t=>2,

where n > 0 is defined in (1.9).

Noting Lemmas 2.1, Remark 2.1 and the equality (2.6), we can prove this
lemma exactly in the same way as in the proof of Lemma 3.3 in [30].



3 Proof of Theorem

In this section, we prove Theorem for positive time. The statement for
negative time in Theorem is proved in the same way. Throughout this section,
we always assume that the assumptions of Theorem are satisfied.

Let up and vy be the functions defined in (1.2) and (1.3), respectively, and
let uy be the function defined by (2.1), (2.2), (2.4) and (2.5). We consider
the following final value problem:

10 F + %AF:FG+Fv0+hG+f,
0!G — AG = A|F|* + 2ReA(Fh) + g

(3.1)

with the condition

{ |E(t)|| gz — 0, ast— oo, (3.2)

|G |g2 + 10.GO) |l + [[0:G ()] g2 — 0, ast — oo,
where

h = ug + us,
f =hvg — Lus
=ugug — (Lug — ugvy),
g =Alh[?
=Alug + us|?.
Remark 3.1. If we put F =u —h =u — ug — us and G = v — vy, then the

system (Z) is equivalent to the system (3.1). Hence we solve the equation
(3.1) instead of the equation (Z)

From Lemmas 2.1, 2.2, Hélder’s inequality and the Sobolev embedding
theorem, we have the time decay estimates for the interaction terms.

Lemma 3.1. There exists a constant C > 0 such that fort > 1,
1F )|z + 10 f )|l < C? + )52,

2
Z 107 g() || r2-5 < C(m* + )t 772,

=0
lw™g(t)|| 2 < C(n* + ")t/

where n > 0 is defined in (1.9).
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Now we prove Theorem. The proof of the existence argument in Theorem
is based on the energy estimates for the equation (3.1) and the compactness
argument. Since that of the uniqueness argument is easy (see Ozawa [23]
and Ozawa and Tsutsumi [25]), we omit the detailed proof of it.

Proof of Theorem. To solve the final value problem (3.1)—(3.2), we consider
the final value problem of the following regularized equation:

( 1
Z.atFa,b + EAFa,b :(1 + bt)_5pa * [(pa * Fa,b)(pa * Ga,b)
+ (pa * Fa,b) (pa * UO) + (pa * h) (pa * Ga,b)
+ Pa * f]a (3‘3>
0; Gap — AGap =(1+0t) 7 pg * [Alpa  Fop|?
\ +2R6A((pa*F>(pa*h)) +pa*g]

with the condition

[Fap(@)[s — 0, ast — oo,
1Gap@ 2 +110:Gap(®)lle + 10:Gap()] -1 — 0, ast — oo

(3.4)

for 0 < a < 1and 0 <b < 1. Here p,(z) = a®p(x/a) for p € C3°(R?) such
that ||pl|;r = 1 and p(x) = p(—2).

Using the contraction mapping principle, we easily see that for any 0 <
a,b < 1, there exists a constant Ta,b > 0 such that the equation (3.3) has a
unique solution [Fy,p, G, ] satisfying

Fa,b € m02([Ta,bvoo>;Hj)7 (35>
j=1
Ga,b S ﬂ 02([Ta,b7 OO)a Hj)7 (36>
j=1
0iGop € O[Ty, 00); HY), (3.7)
sup | (L406)" > (|080] Fup(t) 12| < oo, (3.8)
t2Tap o] +2j<3

sup [(L+00)" | Y 1070]Gap(®)l2 + 10:Gap(®)l -1 | | <00 (3.9)

t2Tab laf +5<2

Since the initial value problem of the equation (3.3) is time globally solvable,
we can extend the above solution [F, 4, G, to the time interval [0, 00). We
note that we do not assume the smallness of 7.
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We set
Xap(t) =[Fap; L?,5/4](t) + [V - Fop; L2, 1] (1)

[AFa b7L2 ](t) [V A}Wa b;L2 1](t)

+ [Gaps L2 1)(t) + [VGap; L, 1)(2) (3.10)
[AGa bs L2 ](t) [atGa,b; H 17 1] (t)

+[0

Ga bs L2 ]( ) [V@tGmb; LQ, 1](t)

In order to to estimate X, ;(¢) independent of a and b, we have to derive the
various a priori estimates of F,,; and G, independent of a and b. Since the
detail proof for the equation (3.3) is rather complicated and the regularizing
factors p,* and (1 + bt)™° cause no trouble, we discribe only the formal
caluculations for the equation (3.1).

Let T'> 0 be a constant determined later, and let [F, G| be the solution
for the equation (3.1) on [T, 00), which are smooth and decay rapidly enough
as t — oo. For t > T, we put

X(t) =[F; L2, 5/4](t) + [V - F; L*, 1](t)
+ [AF; L2 1)(t) + [V - AF; L, 1](t)
+[G L2 1)(t) + [VG; L2, 1](t) + [AG; L2, 1](¢)
+ [0:G; H11)(t) + [0,G; L2, 1](t) + [VO,G; L2 1](t).
To estimate X(t), we derive the various a priori estimates for F' and G.

Hereafter we assume t > T'.
We begin with the L?-norm of F. Recalling the equation

1d 2
S ZIF @I = m(R(OG() - £(0), F(0))

(see, e.g., the equation (3.23) in Ozawa and Tsutsumi [26]), integrating this
equality and using Holder’s inequality, Lemmas 2.1, 2.2 and 3.1, we obtain

IE ()17 SC/tOO(Hh(S)HLwHG(S)HLQHF(S)HB H1F )2l F () 2) ds

<C [+ )57 Gs L2 )0 2257410
Jtr (n+1°)s™ 54 F; L2, 5/4) (1)) ds
<C(n+n* )t 11+ (G5 L2, 1](1))[F; L, 5/4](2).
Therefore there exists a constant M;(n) > 0 such that for ¢t > T,
[ L2,5/4](t) <My ()T~ (1 + [G; L, 1] (1))

~ (3.11)
<Mi()T~H4(1 + X (1)).
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We next estimate the L?-norm of V - F, G and w™'9,G. Noting the
equation
IVE@®)|7: + [|G()]72 + 10:G ()17
=— (F(t)G(t), F(t)) — (F(t)vo(t), F(t))
+ 2Re[—(R(t)G(t), F(1)) + (f(t), F(1))]
N /t [—(F(t)vo(t), F(t)) + 2Re{ —(h(s)G(s), F(s))

+(0:f(s), F(s)) = (F(s)uo(s), 0:G(s))}
— (wg(s), w0,G(s))] ds,

(see the equation (3.29) in Ozawa and Tsutsumi [26]), and using the Hélder
and Gagliardo-Nirenberg inequalities, Lemmas 2.1, 2.2 and 3.1, we obtain
IVF@IZ: + IG@IL: + [1aG @O -
<CIEDIZ NV - FOIFNGO 2 + 1 F @17 llvo(t)l]
F O [[E@ 2 [|[GO) 22 + 1 F Ol 2 [ E @ 22| G )] 22)
+0/ (IE ()N Z2lv0() |z + [1h(s) | [ () | 22| G () ] 2
t
1105 ()21 (3) |2 + [[(0) ]| oo (| (2)]] 22 105G (5) ] 22 }
F1g() -2 110:G ()l 1] ds
<C(t=2B8[F; L2, 5/4)(t)V*[V - F; L2 1)(t)*?[G; L2, 1) ()
ot P L2 5/4)(8) + (n +n?)t U E L, 5/4)()[G5 L2 1)(2)
+ (4 )t E L2, 5/4)(8)
+ (n+ )t HF L2 5/4)(4)[0,G; L, 1)()
+ (+ 0"t [0,G; HL ().

Therefore there exists a constant Ms(n) > 0 such that for t > T,

[V FyL21]()° + (G5 L2, 1)(t) + (0,65 H - ()

B (3.12)
SMy(mT (X ()P + X () + X (1).
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We evaluate the L2-norm of AF, VG and 9,G. We note the equality

IAF@)IZ: + IVG®)[Z2 + G @)
=4Re[(F(1)G(1), F(1)) + (F(t)vo(t), AF(1))
+ (h(G(), AF() = (f(1), AF(1))

]
+4/too llm{(F(S)G(S *,AF(5) + (F(s)vo(s)G(s), AF(s))
h

(AF(s)} (3.13)

+ @G VF (s), VU (s)) + ;<g<s>,asa<s>>}} s

where F'U) is the j-th component of F for j = 1,2,3 (see the equation
(3.37) in Ozawa and Tsutsumi [26]). We show only the estimates of several
typical terms in the right hand side of the equation (3.13). By the Holder
and Gagliardo-Nirenberg inequalities, Lemmas 2.1, 2.2 and 3.1, we have the
following estimates:

G F(s) ds

/ IGOS) 38 I (5) A F (5) 52 s
<C [ INGEIIF LIS s

<C / 258 g5 12, 5/4) (1) V2[AF: L2, 1) (8 2V G L2, 1] (2)?

<Ct™V IR L7, 5/4)(t) P[AF; L2 1](4)*2[VG; L2, 1)(2)?,
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23:/:0 S)\VEY(s), VFY(s))|ds

J=

—

3 oo
<> / 0.6l T FO(5) . ds
<c / .Gl L IAF ) ds
t

<c / S99 s 12, 5/4)() 1 IAF; L2, 1](4)1[0,G; L2, 1)(1)
t

<Ct=/0[F; L2, 5/4] () 1[AF; L2, 1)(1)78,G; L, 1] (1),
/t T (9(), .G (s)) | ds < / T 19() 210G )] e ds

<C(n*+n" / 592 ds[0,G; L?, 1](t)
t
<C(n* + "t ?[0,G; L*, 1)(t).

Since the rest terms in the right hand side of the equality (3.13) can be
evaluated in the same way as above, there exists a constant M;(n) > 0 such
that for t > T,

IAF ()17 + IVG@)||72 + |0.G(#)]75
SMy(q)t#1(X (1) + X (1)° + X (1)° + X (1)").

This implies that for ¢t > T,

[AF; L2 1)(0)* + [VG; L2, 1)(1)* + [0,G; L2, 1](t)?

2 (3.14)
<Ms(mT V15X (1) + X (1)° + X (1)° + X (1)").

Finally, we evaluate the L?-norm of V-AF, AG and V9,G. The following
equality holds:

IV AR + IACOHIE +90.G0))
-y [Re{ )G (1), VAFO) (1))

— (VFO1)G(t), VAFY (1)) — (VED (t)ve(t), VAFI (1))
— (R ®)VG (), VAFI () — (VRY (£)G(t), VAFY)(t))
+(VO(t), VAFD (1))}

15



+/00[Re{ FU(s)V8,G(s), VAFY)(s))
_l’_

VF(J (s) (s) VAF(J (s)) + (FY)(5)Vsuo(s), VAFY)(s))
) + (W (5)VO,G(s), VAFY)(s))

+ (Vh(])(s) G(s), VAF j)(s))

— (VO,f9(s), VAF(s))

< )V, ( > VAF ”(s)) (VFD(s)AFO)(s), VO,G(s))
2(AF (s)VFEO(s), VO,G(s)) + (VA(FY (5)hl)(s)), VO.G(s))}

+ Im { (AFY)(s)VG(s), VAFY)(s))

+( N(5)G(s)VG(s), VAFY(s)) + (FY(s)VG(s)vo(s), VAF”)(S))

s)G(s ) G(s), VAFY(s)) — (fYV(s)VG(s), VAFY(s))

V(FY(5)G(s)), VAFY(s)) + (G(s)V(FY (s)vo(s)), VAFY(s))

V(RY(5)G(s)), VAFY)(s)) — (V9 (s)G(s), VAFY(s))

”(S)Vvo( ), VAFU(s)) + (FY(s)G(s) Vo (s), VAFY(s))
Jvo(s)Vuo(s), VAFY)(s)) + (hV)(5)G(s) Vo (s), VAFY)(s))

— (M9(s)VG(s), VAFY(s)) + (V(FD(s)G(5))vo(s), VAFY)(s))
V(FY (s)vo(s))va(s), VAFD () + (V(hY (5)G(s))uo(s), VAFY(s))

9
G(s)
)

—

+ (Vf(] (s)vo(s), VAF ])(s))}] ds

+ % /too(Vg(s),VasG(s)) ds
(3.15)

where f) and h") are the j-th components of f and h,respectively, (see the
equations (3.42) and (3.43) in Ozawa and Tsutsumi [26]). We show only
the estimates of several typical terms in the right hand side of the equation
(3.15). By the Holder and Gagliardo-Nirenberg inequalities, Lemmas 2.1, 2.2
and 3.1, we have the following estimates:

Z $)VO,G(s), VAFY(s))| ds

j=1 "1

< / V() =1V - AF ()| VO.C(5) | 2 ds
t

SC/ 1E ()2l - AF(8)]| 2| VO G (s) [ 2 ds
t
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<C [ (POl + IFGILIT - APV - AP VOG5 s
t

<C / I 4B 125 /4 ()Y - AF: L2 1) (873 [V0,G: L2, 1] (#)

t

<Ct=M2[F; L2)5/4)()V3V - AF; L2 1](t)*3[Va,G; L2, 1)(¢),
3 oo
3 / (AFO ()G (s), VAFD (s))] ds
j=171
S/ [AF(s)||Ls[|V - AF(s)|| 22 VG(s) | s ds
t
<C [ 1w E () |19 - AP [AGE) 1 ds

t
<C | IFG)E NV - AF ) IAG(s) ] 12 ds
t

L2 L2
<C / sT2 ds[F; L2 5/4)(0) YOV - AF; L2 1](8)YS[AG; L, 1](t)
t

<Ct= /[ F. [2 5/4)(t)Y5[V - AF; L2, 1](t)"Y°[AG; L2, 1](t),
23: / h (AFY (5)Vuy(s), VAFY(s))| ds
2.,

< [ IV e [AF 7 - AF(9)]12 ds

<C [T IVl IFGIEIT - AP ds

<C / s/ ds[F; L2, 5/4)() PV - AF; L2, 1)(H)P[AG; 12, 1](t)
t

<Ot~ PAF; 12, 5/4)(0)P[V - AF; L2 1](4)7P[AG; L, 1](1).

Since the rest terms in the right hand side of the equality (3.15) can be
evaluated in the same way as above, there exists a constant M, (n) > 0 such
that for ¢t > T,

IV -AF®)|17: + [AG(H)]72 + [[VOG(1)72
<My ()t~ (X (8) + X (1) + X (8)* + X (1)").

This implies that for t > T,

[V - AF; L2 1)(t)? + [AG; L2 1)(t)? 4 [VO,G; L, 1](t)?

—1/24 2 3 4 (316)
<My(mT~ V(X (1) + X (1) + X(1)® + X (1)").
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Combining with the estimates (3.11), (3.12), (3.14) and (3.16), we see
that there exists a constant My(n) > 0 such that for t > T,

X(t) < My(n)T724(1 + X (1) + X (1)* + X (1)*). (3.17)

The above proof of (3.17) is rather formal. But exactly in the same way as
above, we can show that there exists a constant M (n) > 0 independent of a
and b such that for t > T,

Xa,b(t) < M(U)T71/24(1 + Xa,b(t) + AXra,b(t)2 + Xa,b(t)3)7 (318)

where X, is defined in (3.10). According to (3.5)-(3.9), X,s(t) — 0 as
t — oo. Therefore it follows from the estimate (3.18) that if 7,, > 0 is
sufficiently large, there exists a constant L, > 0 independent of a and b such
that for any t > T,,,

Xap(t) < Ly, (3.19)

Here we note that the constants 7, and L, depend only on 7, and that
the estimate (3.19) is independent of @ and b. The estimate (3.19) and the
standerd compactness argument show that there exists a solution [F,G] of
the equation (3.1) such that

Fe C([Tmoo)5H3)7
G e C([Tn,oo);HQ),
0,G € C([T,,00); H* N H™Y),
sup (74| F(O)] 2 + (0 ) < Ly

sup GO+ OGO )] < Ly

According to Remark 3.1 and Lemma 2.2, this implies the existence of a
solution [u,v] for the equation (Z) satisfying the conditions (1.4)—(1.8).

It remains only to prove the uniqueness. If T,, > 0 is sufficiently large, we
can prove the uniqueness of the solution [u, v] for the equation (Z) satisfying
the conditions (1.4)—(1.8). (For detailed proof of this, see Ozawa [23] and
Ozawa and Tsutsumi [25]). This completes the proof of Theorem. [
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