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1 Introduction

A conjecture of Beilinson relates elements in the K-group of schemes to special
values of L-functions. Beilinson gave such elements in the K-group of modular
curves and showed that they were related to the special values of L-functions
attached to modular forms ([1],[13]). We follow the analogy between Drinfeld
modules of rank two and elliptic curves, and show that the elements in K-
theory constructed in [12] are related to, under a regulator map, special values
of L-functions attached to automorphic forms in positive characteristic.

We work over the global field K = Fy(T') of positive characteristic. For an
ideal I C A = F,[T], the moduli space M; of level I Drinfeld modules of rank
two is a curve over K. The localization at infinity of the curve M; ® Ko (Ko =
F,((1/T))) is known to be analytically uniformized by the Drinfeld upper half
plane Q = P1(C) \ P! (K,) where C is the completion of the algebraic closure
of K. The reduction (or the model) of a uniformized variety is described in a
combinatorial manner, as the quotient of the Bruhat-Tits tree .7 of PGL2(K )
by some congruence subgroup of GLa(A). In [12], a series of elements x; €
K5(M7y) in the K5 of the moduli space was constructed, and was shown to form
an Euler system.

We construct a homomorphism reg, which we call regulator, from the K-
group of Drinfeld modular curves to the space of harmonic cochains. The har-
monic cochains are automorphic forms on GLo(K) with prescribed property at
infinity (automorphic forms of Drinfeld type in [14]), and we regard them as the
analogue of modular forms. A pairing (,) is defined ([7]). Our main result is

Theorem 1.1. Let I C A be an ideal. There exists an element Ky in the
K-group Ko(M;po) of level I,0 Drinfeld modular curve My o such that for any
normalized Hecke eigen cusp form f with rational eigenvalues,

1-W(f)

0

s=0

(reg(kr0), f) = (1 —¢*)(log. q)~"

where W (f) = +1 is a constant which is equal to 1 only if L(f,1) is zero, and
the logarithm is taken with respect to the natural base e = Zn>0 %
See Theorem 5.6 for precise statement.

We give an outline of this article. We construct regulator map for unifomized
curves in Chapter 2. We collect some facts on Bruhat-Tits tree and Drinfeld
upper half plane in sections 2.2 and 2.3. The source and the target of the
regulator are defined in sections 2.5 and 2.6, as K -cohomology of the uniformized



curves and harmonic cochains, respectively. In section 2.7, we define regulator
on the affinoid domain, which corresponds to an edge of the Bruhat-Tits tree.
We then glue the translates of it and obtain the whole regulator in section
2.8. The regulator on global units has a nice analytic description in terms of
logarithm and logarithmic derivative, which resembles the classical regulator for
curves over the complex numbers (section 2.9).

In [10] and [11], an analogue of real analytic Eisenstein series for the group
SLy was defined and the Fourier coefficients were computed. In Chapter 3,
we define an analogue of real analytic Eisenstein series for arbitrary level. We
collect some facts on Fourier analysis following [6] in section 3.1; the Fourier
coefficients are computed in section 3.3.

We prove an analogue of Kronecker limit formula in Chapter 4 (Theorem
4.1). In the case of elliptic curves, Kronecker limit formula says the logarithm of
the absolute value of the delta function (the weight 12 modular form) is equal
to real analytic Eisenstein series. We consider, instead of the delta function,
Siegel units. Siegel units are global units on the modular variety. They were
studied for ranks 1 and 2 by Goss [8] and by Gekeler [4]. For the proof of the
formula, we compute the Fourier coefficients of the logarithm of Siegel units
(section 4.2), and compare with those of real analytic Eisenstein series.

We prove our main result in Chapter 5. In section 5.1, we collect some facts
on automorphic forms. The notions of Hecke operators, cusp forms, and inner
product are recalled, and the definition of the L-function attached to cusp form
is given. We define special elements in K-group in section 5.2. For the function
field analogue of Rankin-Selberg integral, we follow [14]. The pairing of a cusp
form and the image under regulator of the special element is then expressed as
a Dirichlet series (section 5.3). The main result is stated and proved in the last
section.

2 Regulator

We use the following notation throughout this paper.

2.1 Notation

p : a prime number

g =p’ : a power of p, i is a positive integer

IF, : the finite field with ¢ elements

A =TF,[T] : the polynomial ring in one variable T’

K =T4(T) : the field of fractions of A

oo : prime at infinity, the prime of K defined by 1/T

Ko =F,((1/T)) : the completion at oo

Ooc =TFg[[1/T]] : the ring of integers

m=1/T : (fixed) uniformizer of K,

C = K, : the completion of the algebraic closure of K
deg a : the degree of the polynomial a € A

degm : the degree of the divisor m of K

| - | : the valuation of K, extended to C, normalized so that |r| = ¢~
Nm = ¢9°8™ : the norm of the divisor m

ordec : the order at infinity, for a € C,ordoa = —log, |a|

1



2.2 The Bruhat-Tits tree of PGLy(K )

We collect some facts on Bruhat-Tits tree. We copy from [7] and [5]. We let .7
be the Bruhat-Tits tree of PGLa(K o). Its set of vertices X(g) consists of the
classes [L] of Ou-lattices L in the K.,-vector space V = K2 , where lattices
L, L’ define the same class if L’ = ¢ L for some ¢ € K* . Two vertices [L] and
[L'] are adjacent or neighbors if they are represented by lattices L’ C L such
that dimp L/L" = 1. We let Y'(.7) denote the set of the oriented edges of .7.
Two vertices are connected by an edge if and only if they are adjacent. There is
a GLa (K )-action on X(.7) and Y (.7) (see [7](1.3.2)) which induces an action
on 7. Let vg = [Os @ Ouo] and v1 = [77 104 @ O] be two vertices, and
€o :v(ﬁl be the oriented edge with origin vy and terminus v;. We have (see

[5](1.3))

GLy(Ko)/ ¥ L(Kw) = X(T)
g — g-vo
GLy(Kx)/ S LK) = Y(7)
g +— g-€o

d ¢ =0mod () p is the Iwahori

subgroup, and Z C GLs is the center. We fix a set of representatives of X (.7)
and Y (.7) (see [5](1.5)). Let

where # = GL3(Ow), I = {(i b> ex

k € Z,u € K, ranges over a fixed set of Koo/7r }

T

geSX7h€SU}

then Sx (resp. Sy) is a set of representatives of X (7) (resp. Y (.7)).

2.3 The building map

We follow and copy [7](1.4).

We let Q = P1(C)\P}(Ky) = C\ Ko denote the Drinfeld upper half plane.
It has a natural structure of rigid analytic space over Ko (see [7](1.2)). We
write .7 (R) for the realization (see [7](1.4)) of .7. It is a topological space that
consists of a real unit interval for every non-oriented edge of .7, glued together
at their extremities according to the incidence relations of .. For an oriented
edge e, we write e(R) (resp. €°(R)) for the closed (resp. open) interval to which
it corresponds. There is the G(K )-equivariant building map A : Q@ — J(R)
(see [7] (1.5), Proposition 1.5.3). If we let D to be the affinoid subspace of €2
defined by

1< |7 < |n|7 Y, and
|T—en ™ > |n| 7 [T —¢| > 1 forall c€ F} — KX,

then A= (e(R)) = D (see [7](1.5.4)).



2.4 Uniformized curves

Let T be an arithmetic subgroup (see [7](2.1) for the definition). We will take I"
to be T'o(I) (see section 5.1.1 for definition) for our application. Let X =T\
be a uniformized curve. By this, we mean that X is an algebraic curve, defined
over some finite extension of K., whose set of C-valued points is I' \ £ (see

7)(2.2)).

We define a homomorphism, which we call regulator, from the K5 of a uni-
formized curve to a certain subgroup of functions on the set of oriented edges
Y (7). We give the precise definition of the target and the source of the reg-
ulator in sections 2.5, 2.6. In section 2.7, we define a regulator for a certain
analytic subspace of 2. Its translates will be glued together to give the whole
regulator map in section 2.8.

2.5 The source of regulator
Let

H(X, H5) = Ker[K(K(X)) %% @) Ki(s(x))]
reX1

where X1 is the set of codimension 1 points of X, K; is the i-th K-group, x(x)
is the residue field at x, and 0, is the tame symbol at z.

2.6 The target of regulator

The definition in this section is taken from [16]. We define C,q, (Y (7),C)! to
be the group of C-valued functions f € Map(Y(.7), C) satisfying the following
conditions.

1. (alternating) f(vivs) = — f(va01)

2. (harmonicity) Z f(vog) =0

3. (P-invariance) f(yv) = f(v) (y €T)

Later, we define cusp forms and Hecke operators acting on this group.

2.7 Regulator on D

We define a map from K3(K (D)) to Z where K (D) is the function field of D.
First, we write explicitly the coordinate ring of D. Let {co =0,¢1,...,¢4-1} =
F,. Further let

T = @OOO[X(),...,Xq_hYO,...,Yq_l]/(Trn)

T =T 0. Koo

a=(XoYo -7, (Xo—c)Xi = 1,(Xo—7mc;))Y; —m[l<i<qg—-1)CT
a’ = the ideal of T" generated by a

B=T/a

B' =1T/a.



Then 7" is the algebra of strict convergent power series (see [2] Ch. 5), B’ is
the coordinate ring of D, and B is the ring of integers of B’. The embedding of
D into Q is given by 7 — X /7 where 7 is the coordinate of Q = C'\ Ko,. We
let B(x,,v,) denote the localization at (Xo,Yy) of B. We call the following map
regulator on D:

regp, : Ka(K (D)) 2= Ka(K(Bxyvy))) 2 K1(K(B(xy v0)/(X0)))

0o ~
= Ko(K(B(x,,v))/ (X0, Y0)) = Z.

where 0; (resp. o) is the tame symbol map at (Xo) (resp. (Xo,Y0)), and K(R)
denotes the field of fractions of the ring R.

2.8 Regulator on X

We define a map reg : Ko(K(X)) — Map(Y(.7),C). Then we show that the
image of H°(X, #3) is contained in Chq, (Y (7),C). Let v € Sy, and e = yeq
be the corresponding oriented edge. By the equivariance of the building map A,
we have A7 (e(R)) = vD — X. We define reg to be the composition

reg - Ko (K(X)) ™ I (K (vD)) = Kp(K (D)) "™ 2
rea({/,9})(€) = reap o o res({f, 9}),

where v : Ko(K(vD))>K2(K(D)) is the isomorphism induced by the action of
v € GLa(K ), and res : Ko(K (X)) — Ko(K(yD)) is the restriction map. One
may check that this does not depend on the choice of the representatives.

Proposition 2.1 (alternating). Let e be an oriented edge, and € be the oppo-
site edge (i.e., the origin and the terminus are interchanged). Then

reg({f,9})(e) +reg({f,9})(€) = 0
for {f.g} € H'(X, 13).

Proof. Tt suffices to prove the statement for e = g :v(ﬁ)l, € =v1vg. We apply
Lemma 2.2 below with R = B(x, y,) and ro = (Xo, Yp). Then the composition

gZ(K(B(Xo,YU))) - @me(Spec B(XowYo))l Kl(“<x))
27 Ko (5(B(xo,v0) / (X0, Y0)))
is zero. Here (Spec B(XO’YO))l denotes the codimension one points of Spec B(x, v;)-
Since {f,g} € H°(X, #3), we have 0,({f,g}) = 0 for those z whose support is
not contained in the closed subset of Spec B x,,y,) defined by (7). Those points

whose support is contained in () are exactly (Xo) and (Yp). The proposition
follows. u

Lemma 2.2. Let R be a 2-dimensional local ring, and m be the mazximal ideal.
Then the composition

K(K(R) 2 @ Ki(k(r) =2 Ko(r(m)),
re(Spec R)t

where k(x) denotes the residue field at x, and 0, denotes the tame symbol at x.



Proof. Tt follows from the spectral sequence in Theorem 5.20 of [15]. O

Proposition 2.3 (harmonicity). Let v € X(.7) be a vertex, and {vv;}(1 <
i1 < g+ 1) be the set of all edges with origin v. Then

g+1

> reg({f,g})(vv;) =0
i=1
for {f, g} € H(X, ).

Proof. Again it suffices to show it for v = vg. We let e., = <(1) (1)> (cl (1)> €

Y(7)forl1<i<qg—1,e0= <(1) (1)>7 and e, = (? (1)> Then these are all the

edges whose origin is vg. Note that K(B(x,,vy)/(Xo0)) = K(Fq(Yo)); Yo — Yo
is an isomorphism. Let h(Yy) = 01({f,g}) € Fq(Yo)*. Then reg({f,g})(e0) =
ordsoy,—oh(Yp). In a similar manner, reg({f, g})(ec,) = ordy, ., h(Yp) for 1 <
i <gq—1, and reg({f, g})(esc) = ordy, _ h(Yo). Since {f,g} € H°(X, .%#3), the
rational function h(Yy) does not have any pole or zero outside {0, ¢1, - -+, ¢q—1,00}.
Hence Zae{o,cl,...,cq,l,oo} ord%:ah(YO) =0. O

Since the I'-invariance is clear from the definition, the image of the regulator is
contained in Cer(Y(7),C).

2.9 On global units
Let O(X)* be the group of global units on X.

2.9.1 Logarithm

Given v € X(.7), choose w, € Q such that A\(w,) = v. We define logarithm to
be the following map.

log|-|: O(X)" — Map(X(7),Z)

log | f|(v) = log | f (wy)

where log is taken with base ¢. This does not depend on the choice of w, (see
(1.12) [6]).

2.9.2 Logarithmic derivative

We define logarithmic derivative to be the following map:

dlog : O(X)* — Map(Y (), Z)
dlog f(e) = log|f|(v2) — log | f|(v1),

for an oriented edge e =0 09€ Y (9).

2.9.3 Regulator
On the subgroup of K-group O(X)* ® O(X)* C K3(K(X)) generated by the
global units, the regulator is expressed as follows:

reg : O(X)* ® O(X)* — Char(Y(T),C)F
reg({f,g})(e) = log|f|(v1)dlog g(e) — log|g|(v2)dlog f(e).



3 Eisenstein series

The function field analogue of real analytic Eisenstein series was treated in [10]
and [11]. In this section, we give the definition of real analytic Eisenstein series
and compute their Fourier coefficients.

3.1 Fourier analysis

We collect some facts on Fourier analysis. For proofs, see section 2 of [5].
We fix an additive character n : Ko, — C* as the composition:

Ko —F, 5 F,—C*

Yam o an 1+ exp(2mv/—1/p)

where tr is the trace map. Let I'y, = {(CCL Z) € GLy(4)

c= O}. A function
f on Y(.7) which is invariant under T', has Fourier expansion of the form
™ . o
f ( 0 1 = CO(f> ﬂ—k) + 07&214 C(Fa div (m) ’ ook 2)77(_mu)a
me

degm<k—2

where the coefficients are determined uniquely. The constant coefficient is a
function on k € Z:

7 0
- (5 ) (k<)
Co\J, ™) = T
0 7k Z f<0 1) (k>1),
u€(m)/ (%)

and the non-constant coefficients are defined for divisors m:
k
_ 1k ™ U
u€(m)/ (k)

Here m is an element of A such that mg, = div(m)g,, where (), denotes the
finite part of a divisor, and k = 2 4+ degm. They are zero for non-positive m.
We may consider the Fourier expansion of the functions on X (.7) by pulling
back to Y (.7) by the map Sx < Sy. The following lemma by Gekeler will be
useful.

Lemma 3.1. Let ¢ € A\ {0}, and let the two functions f,g on Y(T), which
are I o -invariant, be related by

c 0
Then for divisors m, and for k € Z,

C(fv m) = C(g, m- le(C)gnl) and Co(f7 7Tk) — CO(Q, ﬂ.k*deg c).

Proof. See [5] Proposition 2.10. O



3.1.1 Variant

Fix an ideal I and its monic generator i. Let

FmJ—-{(é f)eGLﬂA)

We may consider Fourier expansion of a ', j-invariant function f on Y (7) or

on X(7):

a= Omod([)}.

k . .
(1) =at s X v oo™
meA\{0}
degm<k—2

The Fourier coefficients are determined uniquely. For k € Z, the constant
coefficient is given by

& 0 ;
f ( 0 1> (k < ordeoi)
k
q1+ord(x,i7k Z f (ﬂ(—) 11L> (k 2 ordooi —+ 1)

we(rltordoot) /(rk)

Cf)(fv ﬂ-k) =

For a positive divisor m, the non-constant coefficients are given by
E
i _ _1+ordesi—k ™ U _mu
¢(fim)=q > f(o 1)m —),
we(mitordoci) /(mk)

and ¢'(f,m) = 0 for non-positive m. Here m is an element of A such that
ma, = div(m)gn, and k = 2 + degm. One can check that for a I's-invariant
function f,

L. Cé(f5ﬂ-k) :CO(faﬂ—k)a
2. c(fm) = e(f,m- div(i).

We omit the superscript ¢ when there is no confusion. The following lemmas
are due to Gekeler [6].

Lemma 3.2. (/6] Proposition 2.10) Let ¢ € A\ {0}, and let the two functions
fog on Y(7), which are I's r-invariant be related by

= )9

Then, for divisors m, and for k € Z, we have

c(f,m) = ¢(g,m - (div(e))za):
co(f, ) = co(g, mh—de8C).

Lemma 3.3. (/6] Lemma 2.13) Let f be a harmonic, alternating function on
Y (7). Then the constant Fourier coefficient for k € Z is given by

cO(f7 Wk) = C : q_k

for some constant C independent of k.



3.2 Definitions

We define a function on X (.7). For ¢,d € A, (¢,d) # (0,0), and s € C, let
s (7w [ qFdes)s (W >k —dege)
ed\ 0 1) | ¢*¢ (w< k—degc)

where w = orde(cu + d). Let I = (i) C A be an ideal, o, 8 € A, (a, ) #
(0,0),deg v < degi, and deg 8 < degi. We let

Elg = Z bear Eojipri = Z F?g.

d=p (mod I) c=a (modI)

The sums are absolutely convergent for Re s > 0. We call E? Ji.3/i real analytic

Eisenstein series.
7k

a b
0 1) €Y(7),and vy € (c d) € GLy(A). If we let
I,(e) = g%, we have I,(ve) = q_’“(bzfd(e).

Remark 3.4. Let e = (

3.3 The Fourier coeflicients of Eisenstein series

We compute the Fourier coefficients of Eisenstein series. Each coefficient can be
analytically continued to the whole complex plane, hence so can the Eisenstein
series itself (Corollary 3.11).

3.3.1 The constant coefficients
Let o, 8,1 € A, (a, B) # (0,0), deg v < degi, and deg 5 < deg .

Proposition 3.5. We have

CO(EZ/i,ﬁ/i77Tk)
—1 - g =1
—k(1—s) q degi(l—s) deg a(1—s) —degi q 0
e el +q q pre— (a#0)

S —1 N —1 X
q—k(l—s) qi + q(k—degz)sqi + q(—degﬁ—k)b (a _ 0)

—degi
q qsfl -1 1— qlfs

Lemma 3.6. With notation as above, we have

¢ —1

_ k(s—1) ordect
=4q q qs_l _ 1 .

CO(Ff,ﬁ/ka)

Proof. (i) The case k < ordsoi.
Start from the left hand side,

o 7+ 0 s (T 0
Fipys ( 0 1) = D 4l ( 0 1)
)

d=p(i
_ Z qks + Z q(fdegd)s.
d=p(%) d=p(%)
degd<—k degd>—k



The first term is

Z qks _ Z qks — Z qks

d' €A decA d'eA
deg(d'i+B)<—k degd'i<—k degd' <—k—degi
—k—degi—1

Z Z qks + qks
j=0

deg d'=j
—k—degi—1

= > (@-Ddd" +q"

_ qfk(lfs)qf deg(i].

The second term is

Z q deg(d'i+p)s

d €A
deg(d'i+8)>—k
_ Z q(— degd'i)s

0#£d' €A
degd'i>—k

_ —degis, —degd’s
— § : g~ degisg—des
0#£d' €A

degd' >—k—degi
oo

_ q(fdeg‘i)s Z Z q—degd/s

j=—k—degidegd'=j
o0

=q" degis Z (q _ 1)qj(175)
j=—k—deg1
> 1 k—degi)(1—
_ q—2degzs(q _ 1)1 — qlfs q( k—degi)(1—s)
) 1
—_ qfk(lfs)qf degz(q _ 1)1_7(11_5
Taking the sum,

co(Fygi,mh) = q F1=9)gmdei[l 4 (g — 1)

= qk(s_l)q_ degiiqs —1 .
qsfl -1

1
1— qlfs]

(ii) When k > ordeo? + 1,

co(Fy g/ ™)

k
_ d+4ordi—k S Q u
=q E Fl,ﬂ/i < 0 1)

u€(mitordect) /(mk)
k
_ d+4ordoi—k S 7T u
=4q Z ¢1,ﬁ ( 0 1)
ue(ﬂl+ordmi)/(ﬂk)

gl rordi—k Z Z 3 4 <ﬂ(')k 11‘)

we(nltordooi) /(nk) d=4(i),d#£8
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The first term is

q1+0rdooifk Z qordoo(qu,B)s + q1+0rdoci7qu:s
u+B20(r*)
ue(ﬂ_1+ord°o'i)/(ﬂ_k)
_ q1+ordooi7k Z q(ordoou)s + q1+ordocifqus
we(witerdoody /(xk)
u#0
k—1
— ql—i—ordmz—k Z Z q(ordwu)s + ql—i-ordooz—qus
j=14ordoot ordecu=j
ue(ﬂl+ord00i)/(7rk)
k—1
— q1+ord(x,7l7k Z (q o 1)qk7j71q]s + q1+0rdoo7,7qus
j=14ordooct
k—1
_ q1+ordwi7k Z (q . 1)qk‘71q‘](871) + q1+0rdooszqk:s
j=1+4ordo?
) 1— q(k—ordwi—l)(s—l) L doi L L deiek ks
_ q1+ordmz—k(q_ 1)qk—1 —— q( +ordeot)(s— )+q +ordeci— q s
1= (k—ordeci—1)(s—1) )
— (q _ 1)q(ord(x,z)s q v + qk(sfl)qlJrordooz
. 1 1—¢q ; _ _ i(1—
—_ <q _ 1)q(ordwz)s qlfs — + q175 = 1q(ordxz)sqk(s 1)q(1 s)qordwz(l s)
+qk(sfl)q1+ordmi
; 1 - | 1—gq q-—¢
_ -1 (ordect)s k(s—1) jordeot
(q )q ql—s -1 4 q 11 — qss—l 1— qs—l
— -1 (ordect)s k(s—1) jordeot — 49 )
(g—1)g a1 4 L

Note that for u € (x!tord=?)/(7*) and for d € A such that degd > degi, we
k
have w = ordes(u + d) = ordocd. Hence ¢3 , (72) 1;) = gorded)s  Now the

second term is

k
glrordci—k Z Z "y <7B Lf)

we (mirordoot) /(nk) d=B(0), A5

— ql—i—ordmi—k Z Z q(ordwd)s

we(nltordoci) /(nk) d=B(i),d# 3

_ Z q(ordOO d)s

d=p(i),d#p , 4
— Z q(ordocd )sq(ordwz)s
d’'e A\{0} )
_ (ordesi)s q— ]
4q 1— qlfs

Taking the sum,

s k k(s—1) jordect 1—¢
o(Fr ™) = a2 a™ >

11



Lemma 3.7. Let c € A\ {0}. Then

CQ(F;ﬁ/i77Tk) = co(Ffﬂ/i,ﬂ'k+°rd°°c).

k k k
Proof. Wenote that ¢ 5, <7TO 1;) =0} 51 (0707 C1U> for <7T0 1{) € X(9).

By taking the sum, the same relation holds for F(fﬁ/i and Ffﬁ/i. Now apply
Lemma 3.2. O

Lemma 3.8. With notation as above, we have
co(Fg i ™) = C=p(i)(5),

e q—1
where (- g(s)(s) = g P* 4 glordocite A
— q S

is the partial zeta function.
T
0 1

7 s (7w
F(iﬁ/i ( 0 1) = Z ¢O,d ( 0 1)
i d=p(3) .
s (T w) s (T w
= %5 (0 1) = ). b < 0 1>

d=p(i),d#p8
_ q(ordoob)s + Z q(ordood)s
d=p(i),d#p
_ q(ord(x,b)s + q(ordooi)s q—

1_7(]1_3 = CEﬂ(i)(S)'

Proof. Note that ¢ , ( ) = glordd)s for all d € A\ {0}. Hence,

Hence, cO(Fgﬁ/i, ) = (=p(s)(s) for k < orduei, and

co(Fy g m*) = girorde=ih > C=p(i) (5)
u€(mltordooi) /(gk)

= Czﬁ(z) (8)7
for k > ordoo? + 1. O
Proof of Proposition 3.5.
(i) When o = 0. By definition,

co(Bayip)im™) = Z CO(FCS,B/i’Wk)
c=0(1)

:CO(FO7ﬁ/i,7Tk)+ Z CO(FZﬁ/Z,']Tk)
¢=0(%),c#0
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The second term is

Z co(F5 /5 ™)
c=0(3),c#0 .
= Z q(k—degc)(s—l)q—degisq_li_l
Al q —1
c:O(z),c;ﬁOs )
—degi 4 T 1 k(s—1) (= deg c)(s—1)
® qsfl _ 1(] Z q
CEO(Z‘):C#O

7eiqs_1 s— —degc’)(s—
=gq dgmqk( 1) Z g~ des)(s=1)

=4q

c'=ci,ic A\{0}

—degi ¢ -1 qk(s—l) Z q(—degc)(s—l)q(—degi)(s—l)

=4 qsflil

c’:m ,i€A\{0}

— qk(sfl)qf degzs — Z Z q —degc)(s—1)

Jj=0degc=j

¢ -1 5 (2-5)
_ k(s—1) ,(—degi)s _ j(2—s

q g\~ e - § (¢—1g

Jj=0
) s—1 1
— qk(s—1) ,(—degi)s q -1

q q qs—1_1(q )1_q2_s~

Now add co(F§ BT ) = C=p()(8)-
(ii) When « # 0.

Z CO(Fc,ﬁ/mﬂ-k)

c=a(i)
S— —deg1t q egc S
= ghls=1) g de Y gl

c=a(i)

— qk(s—l)q— degi q( —1 Z q(degc/)(l—s)q(degi)(l—s) + q(degoz)(l—s)

s—1 _
q /€ A\{0}
R - 1 )
— k(s—1) 7degzq7 1) (degi)(2—s) (deg @) (1—35)
q q pr— (g )1_q2_sq +q

3.3.2 The non-constant coefficients

We express the non-constant Fourier coefficients of real analytic Eisenstein series
. ) s
in terms of those of F1,0/1'

Lemma 3.9. Let m € A, m = div (m)-ocF be a positive divisor. Given 3,i,c €
A, we have

L CZ:(FiQ/iv ) q(lordxl)s Z(Ffo/lv )
'(F} gpm) = ¢ (Fl,o/i7 m)n(mpB/1i)

s _ [ d(Fig,m-(dive)g)) dive|lm

3' (Fc a/z’m) - { O divcfm,

where ()an denotes the finite part of a divisor.
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Proof. Use Lemma 3.2. O

Proposition 3.10. Let o, (3,1 € A,dega < degi, and deg 3 < degi. We have

o(Eg )i pyim) = Z c(F5/5,m).

clm
c=a(i)
Proof. By definition, c(E} /, 5/, m) = > — ) c(F 5, m). We know from the
previous lemma that c(F}? /i m) = 0 if divet m. The proposition follows. [

Corollary 3.11. Let notation be as in the proposition. The real analytic FEisen-
stein series £ JiB /i has analytic continuation as a meromorphic function to the
whole complex plane.

Proof. We know that the constant coefficient of real analytic Eisenstein series
is a rational function in ¢°. We may check that each C(Ff 3 /i,m) is a rational
function in ¢°. By the previous lemma, so are c(F; /i,m). Then by the above
proposition, the non-constant Fourier coefficient of the real analytic Eisenstein
series is a finite sum of rational functions in ¢°. O

Definition 3.12. For «, 3,i € A, dega < degi, and deg § < degi, we let

(0)
Eojipye = Hm SEa/z 8/ic
We know that the non-constant Fourier coefficients of FlS 8/ have a zero at
s = 0. It follows that the coefficients of FS /i for ¢ € A have a zero at s = 0.
Since each coefficient of Ea/l /i is a ﬁnlte sum of the coefficients of F? 80> it
also has a zero at s = 0, and the expression above is well defined.

4 Siegel units

In this section, we give some results on Siegel units. Siegel units in the function
field case have been studied by Goss [8] and by Gekeler [4]. We assume from
now on that the ideal I has at least two distinct prime factors. We give the
analytic description of Siegel units defined in [12]. We then compute the Fourier
coefficients of the logarithm and the logarithmic derivative of Siegel units.

4.1 Siegel units on Drinfeld upper half plane

We follow [7](2.3). We will use 7 as the coordinate of Q. We define A, = (1,7)
to be the rank 2 free A-module in C' generated by 1 and 7. Put

ex,(2) =z H (—_)—zH< a¢+b>

AEA\{0} a,beA

Here []' means that we omit the term (a, b) = (0,0). The product converges and
defines an entire, F,-linear, surjective, and A,-periodic function ex, : C — C.
It provides the additive group scheme G, ¢ = C<C/Ker(ep,) = C/A,; with a

14



structure of Drinfeld module (see [7](2.3.2)). We define another analytic function
A:Q — C (see [6]) by

A(r) = H en, (ar + f).
a,BeET1A/A
(a,8)#(0,0)

Let I C A be an ideal, and #;, = Ker[GLy(A) — GLy(A/AI)] where A
denotes the profinite completion of A. As discussed in Chapter 2.4, 2.5 of [3],
there corresponds a Drinfeld modular curve, which we denote M. Its analytic
points are given by

M) = [[ rin\e
(A/T)~
= GLy(K) \ GLo(A ® K) x Q/ Ay

where T'(T) — {(i Z) E GLQ(A)’b= c=0a=d= 1modI} (see [3](5.7)).

We denote by v the map v : Q@ — T'(I) \ @ — M;(C) which maps to the

- ,T) € GLy(A® K) x Q. Let a,8,i € A.
Siegel units go/i,3/i € O(Mr)* were defined in §2 of [12] as invertible functions
on M. The pull-back by v to 2 has the form

component which contains

Gasipi(T) = TA(T)ea (arfi+ B/i) .

4.2 Logarithm

We prove an analogue of Kronecker limit formula. We compute the Fourier
coefficients of the logarithm of Siegel units, and then compare them with those

(0)
of Ea/iﬂ/i.

4.2.1 Limit Formula

Let o, 8,1 € A,deg o < degi, and deg 5 < degi. We prove the following theorem
in this section.

Theorem 4.1. We have
0 _
108 |ga/i.5/il = By 5:(10g, 0) (1 = ¢2).

Here the logarithm on the left hand side was defined in section 2.9.1 , and the

one on the right hand side is taken with respect to the natural base e = Zn>0 %

Proof. We use the propositions in the following two sections. By Propositions
4.2 and 4.6, we see that the Fourier coefficients are equal. O

4.2.2 The constant coefficient

We compute the Fourier coefficients of log|gq/i,5/i|- Let o, 3,1 € A,dega <
degi, and deg § < degi.

15



Proposition 4.2. We have

1—k —ordec &
ke e T = (g L)gore ) (a#0)
0og|asioil: ™) = { ¢ +q-q"F (1= gPordw(§) (a=0).

Lemma 4.3. For k < ord1,

1 (
og |e T+ 5
g A-,-Z- .1—q B

A Y| e

qg—1
Proof. Here is a tool for computing the logarithm of a function f(7) € O(Q)*.

We fix, once and for all, a unit p € C' which is transcendental over K., (exists
for cardinality reason). If a vertex v € X(.7) is represented by the matrix

k
(71(-) 111>, using the equivariance of the building map A, we have

log |f(7)](v) = log|f(m*p+u)|
= ordeo f (7F p + u),
not depending on the choice of p (See [6](1.12)(1.13)). The left hand side is
log lea, (27 + 2]

' a—9r+(b-2
:log\%T—i-gH—Zlog ( DTG f)

a,be A at +b
o Jé] ! a 6
=log |37+ F|+ Y |log|(a = =)r+ (b~ )| ~logar +b| | .
1 1
a,beA
k
Let e be the oriented edge which corresponds to (7:) (1)> (k < ordyi). Then

[log ’(a -7+ (b— %)’ —log |aT + b|} (e)
= ordeo((a — 2)mkp+ (b — g)) — ordeo (am® i + b).

(i) When a # 0 and b # 0,

_ o)k gy _ J —dega+k (—dega+k < —degb)
ordso((a — §)m"p + (b z))_{ —degb (—dega+k > —degb),
—dega+k (—dega+k < —degb)
k _
orde (am u+b){ —degb (—dega+k > —degh).

We used that ord(a — ¢) = ordwa = —dega if a # 0. Hence in this case the
difference is zero.
(ii) When a # 0 and b =0,

—dega+k (—de a—l—kg—ordoo(é))
_a\ k By — g g

Ordoo((a i>7r ,LL+ z) { 70rdoo€ (*degCLﬁ“k} 70rdoo(é))7
orde (am®p +b) = —dega + k.

The difference is equal to

0 (—dega+k < ordeo (%))
dega — k—&-ordoog (—dega+k = orde(5)).

[

@
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But the set of a satisfying the second condition is empty if k < —ordsi.
(iii) When a = 0 and b # 0,

ord (=34 (b= 2))

~ ordeo(2 + k) (ordeo(2) + k < ordes (b — 2))
N { ordao(b—2)  (ordec(2) + k > ordas (b — 2))
[ ordeo(§ + k) (ordso($) 4k < —degh)

- { ordes (b — 2)  (ordao(2) +k > — degb)

Hence the difference is equal to

ordeo (§) +k +degb (orde($) +k < —degb)
0 (ordeo(§) + k > —degb).

The remaining term is

ﬁ)i ordoo & + k (k—i—ordoo%éordoog)
i’ orde (k+ordee§ = ordoog).
We now take the sum. When a = 0, the difference is 0 and the remaining term

is equal to ordoo% When « # 0, the difference is equal to

ordoo(g,ﬂ'k,u +
i

1— —k—orde ¢
Z (ordoog_+k+degb> :f(k+ordoog)+qo q .
ordee @ +k<— degb ! ¢ q-
The remaining term is ord. ¢ + k. Hence the lemma. O
Lemma 4.4. Let notation be as above. We have
orde (8/7) _ (a=0)
co(log lea, (at /i + /)|, 7") = 1 — g kord(a/i)
q- (e #£0)
qg—1
Proof. By definition,
co(loglea, (ar/i+ B/i)], ﬂklz
@ B, (7% 0 )
log |€AT(;T + ?)| ( 0 1) (k‘ < OI‘dOOZ)

= or 71— a ﬁ ﬂ-k u
=y S e (S D ()

ue(ﬂ—1+ordooi)/(ﬂ-k) :

(k > ordeci + 1).

We need to compute, for fixed a and b,

S lords((a—a/i)ntu + (a— afijut (b - B/d))
wE(mltordeoi) / (k)

—ordu (am®u + (au + b))].

We first treat the case o # 0.
(i) The case a # 0 and b # 0.

17



In this case, we note that

ordeo ((a — a/i)7*u + (a — a/i)u + (b — B/i))
k+ordea (k4 ordea < ordy((a — %)u + (b— g)))
B

= ¢ orde((a— %)qu(b* ;))

(k + ordea > ordeo((a — %)u +(b— ;)))7

orde (am®p + (au + b))
| k+ordsa (k 4 orda < ordy (au + b))
T | orde(au+b) (k4 ordsa = orde(au + b)).

We have

Z ordes ((a — a/i)m* 4 (a — afi)u + (b — B/i))
w (wiordost) / (k)
Z orde ((a — a/i)mF p + au)
uE(wltordeoi)/(rk)
(ordeca + 1 + ordeo? < ordood)
S ordwl(a—a/itu+ (b— B/i)
wE (w1 ordaot) /(xk)

(ordeca + 1 + ordeoi > ordsob)

Z ordes ((a — a/i)7* 4 (@ — afi)u + (b — B/1))

W€ (r+ordeot) (k)

Z orde (am®p 4+ au)  (ordssa + 1 4 ordegi < ordegb)
_ wE(wltordooi) /(rk)
Z ordeo (am® 4+ b)  (ordeea + 1+ ordeyi > ordaob)

we(mitordeci) /(mk)

Hence the difference is zero.

(ii) The case a # 0 and b = 0. We need to compute the difference ) orde((a—
a/i)m*u+ (a — afi)u+ (=B/i)) — >, ordes (am®u + au). For the first term, we
have

S orda((a— afi)ntu + (o - afidut (~B/)
w€ (ml+ordosi) /(rk)
= Z orde ((a — o /)7 1 + (a — o fi)u)
u€(mitordoci) /(mk)

= Z ordes (am® 11 4 au).

we(mitordeci) / (k)

The second equality follows from the fact that orde (/i) > ordeca + ordeoi + 1.
Hence the difference is zero.
(iii) The case a = 0 and b # 0. We need to compute the difference Y-, orde ((—a/i)7" p+
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((—a/i)u+ (b— B/i)) =3, ordsob. Since

> ordes ((—a/i)m" 1+ ((—at/i)u + (b= /1))
u€(mltordeot) /(7k)
> ordoe ((—ar /i) 11 4 b))
we (i tordoct) / (k)
(ordeod < ordeo (/i) + 1 + ordeci)
> ordos ((—a/i)n" p+ (—a/i)u)
u€(mitordeci)/(7k)

(ordeod > orde (/i) + 1 + ordeoi),

the difference is zero if degb > —ordo,a. We compute the sum over b of the
difference:

q1+0rdooi—k Z [ Z (Qrdoo (Oé/’t) + ordoou — OI'doob)

deg b<b7—é8rdoc01 uG(ﬂ'lJr‘::dxi)/(Tfk)

+ordeo (/) + k — ordsob].

Note that
deg a—1
S demt= Y Y desh
deg b<deg a 7j=0 j=degb
dega—1
= Y (-]
j=0
dega—1
= > (G —id)
j=0
— —(]1 _ q2 _d L qdega +degaqdega
1 — gdeg @
= (*q)% +degag?e?,
—q
and that
Z ordeou
uE(‘n’l+ord°°i’)/(7Tk)7u750
k—1 k-1
= 2 2 = > (-
j=14ordet ordecu=j j=1+ords?
k—1
=¢=t > g7t =g
j=1l4ord?

_ qkfl[(l + Ordooi)qf(leordooi)Jrl _ (1 + Ordooi)qf(1+ordooi)

+(1 + ordagi + 1)g~(Fordecit D1 _ (] 4 ord i 4 1)g~ (1Fordecit1)
+ot (k- 1)q—(k—1)+1 — (k- 1)q—(k—1)]

_ qk—l[(l + ordooi)q_(Hord‘”i)“'l =+ q—(1+ordooi)

cee q*(k*1)+1 + qf(kfl) _ kqf(kfl)]

— Ordociq—ordooiqk—l — k4 [qk—ordw?—l R 1]
qk—ordooz —1

+

— ordooi q—ordociqk—l —k + - .
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Hence the above expression is equal to

1_qdega de . de
(—Q)Tq +dega g™ + (—dega +degi) (¢t — 1)

_ o l4ordei—k
+ 3 (ondi 4 T2,
-
b

(iv) The remaining term.
We need to compute

q1+0rdocifk Z ordoo((—(oz/i)ﬂ'k,u-f— ((a/l)u'i_ﬁ/z))

ug(ritordeot) /(mk)
When « # 0, we have
grordsci=k Z ordac (= (/)% + ((a/i)u + B/i))

ug(mwlterdocd) /(7k)
= gltorduwi=k| > (ordu (/1) + ordeet) 4 (ordu (/i) + k)]

we (i +ordot) / (k) k0

) ) k—ordeci __ 1
— q1+ordooz—k[ordoo(a/i) + OI'dOOi q—Ordoquk—l + q - . }
o q1+ordoci7k

qg—1
The sum of the four parts (i)(ii)(iii)(iv) is then

= ordeo (/i) + ordeoi + 1

1 q.qdega deg o -\ dega—1
(—Q)liq‘f' [ Tdeag 8% 4+ (—dega + degi)(¢“* ")

+(—degi)(g™E — 1) +

14+ordoi—k 4

qg—1 (g™ = 1)
q-— ql—Q—ordxi—k

qg—1
deg o

qa—dq

—dega + degi —degi +

_ deg a+1
—q g

= d
1—g 1—g¢ +degaqg

q— q1+ordooi7k
+(* degoz + degi)qdega _ degiqdega + q_—lqdega
q ql—ordoo(oz/i)—k

g1 q—1

We now assume o = 0. The cases (i) and (ii) are same as above.
(iii) The case a = 0,b # 0.
We have
ordes ((—a/i)TFp + (—a/i)u + (b — 3/i)) — ordecb
= orde (b — (/i) — ordeob
=0.

Hence the difference is zero.
(iv) The remaining term.
We have

q1+ordooi—k Z Ordoo (/B/Z)
we(r+orduo) (k)

= ordeo (83/1).
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The sum of the four parts is orde,(3/7). O

Corollary 4.5. ([6]Theorem 2.13) For k € Z, we have
co(log |A(T)],7*) = ¢* +q—1—¢'7".

Proof. We apply the previous proposition.

co(log|A(T),7%) = > co(loglea, (ur +v)|,7")
u,wET 1A/A
(u,v)7#(0,0) .
q—q
:q—1+q_71(q2—q)
=¢+q-1-¢""
The first term is for a« = 0, and ¢% — ¢ = #{(u, v)|u # 0}. O

Proof of Proposition 4.2. We combine the previous lemmas. When a # 0,

co(10g |gayi,p/il, )

= (1—q?®)co(log lea, (at/i+ B/i)|,7*) + co(A, 7F) + 1
1— qfkqfordm(a/i)

=(1-¢%)q-

g—1
= —q'F[1 — (g + 1)g—ordee(/)],

+g+g—1-¢"""+1

The case a = 0 is simpler. O

4.2.3 The non-constant Fourier coefficients

We compare the non-constant Fourier coefficients of the logarithm of Siegel units
with those of real analytic Eisenstein series.

Proposition 4.6. Let o, (3,71 € A, dega < degi, and deg 8 < degi. Suppose
m = mgy - 00F s a positive divisor. Then

0 _
c(10g |gai5/i, m) = c(BS), 5, m)(log, )7 (1 — ¢?).

We first compute the Fourier coefficients of log e, (%7 + §)| We then obtain
as a corollary the Fourier coefficients of A.

Lemma 4.7. Let m € A, and m = div(m)gay, - ooF be a positive divisor. Then,
for any integer N > dega, we have

9
0s & w
— g~ 1-degm Z Z log |aT + b] < 0 1) n(—mu)(log, q).

c 2+4deg m beA
wE(m)/(rrasim) | bed

F;,O/lvm)lszo
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Proof.

9 s
&C(F&,O/lamﬂszo

k
= 98 g 'Tdeem Z Z Do <ﬂ6 le) n(—mu)

u€(m)/(m2tdesm) deA s=0

x 0 —1—degm s F
(:)3— g 'Tdem Z Z Paa (7:) 1;) n(—mu)

u€(m)/(n2tdegm deA
(m)/( ) 4 d€h .

(o)

0 T
— ,—1—degm — 5 -
q Z Z 88< a,d(o 1>) _ 77( mu)
we(m)/(w2tdesm) deA s=0

deg d< N

(x) g~ 1-deam Z Z log |aT + d|n(—mu)(log, q).
ue(ﬂ.)/(ﬂ-2+degm) deA

deg d<N

When degd > dega, ¢ , is independent of u, hence has no contribution to the
Fourier coefficient. The equality (*) follows. For (#x), we use the following.

7Tk (3 k
log |aT + b 0 1 = ordeo(am”p + (au + b))

| k—dega (k — dega < ordo (au + b))
| ordeo(au+b) (k—dega > ords(au+ b))

s (7w [ qlkdesa)s (k — dega < ordy (au + d))
a,d T gord=lautds (b dega > ord (au + d)).

Slight modification of the proof yields the following lemma.

Lemma 4.8. Let m € A, and m = div(m)gy - 0o* be a positive divisor. Then,
for any integer N > dega, we have

0 s —1—d
55 CFapjinm)ls=o = g7 7 %E"

7w\ —mu 1
X > > 1<>g|a7+b|(0 1)77( —)(log, )"

w€(mitordeot) /(r2+des m) be A,b=0(i)

deg b N
Proof of Proposition 4.6.
By definition,
—1—degm 7Tk u
c(log |gayip/il,m) = q > log(gasipil | | n(=muw).
we(mltordoot)/(mk)

Choose an integer N, large enough so that

1. N >degm

22



2. For all k£ and u as above,

7w !
log |ga/i,['3/i| (0 1 = Z IOg

dega< N,
deg b< N,

(a/i)T + (B/i)

ar +b

1—

7k
0o 1)°
Then

7Tk u

/ k / k
= Z log |aT + b (7TO ?) — Z log |aT + b (76 1;)

deg a,deg b< N,+1 deg a,deg b< N,

+1-¢) S logl(a+afiyr+ b+ B/i) (”; 7;)

deg a,deg b< N,
Hence

C(log|ga/i,ﬁ/i|am) X
—1—de / ™ u —mu
_qldngZ]OgaT+b|<0 1)77( ; )
u  a,b

/ k —mu
_q—l—dcgmz Z log |aT + b (7:) 7;) n( - )

u  a,b
/ k _
_ 42\, —1—degm . . T U mu
H =) S S g e+ 01 (1))
= c(A,m) = (A, m) + (1= ¢2)e(BLY), 5/im).
We used that if a t m,
—1—degm 1 b 7rk u _ 9 Fs _
q Z;q oglat + b| 0 1 n(—mu) = &C( a.0/1: ™) T 0.
u be s=

4.3 Logarithmic derivative

We calculate the Fourier coefficients of the logarithmic derivative of Siegel units.
The result of this section will be used to prove Lemma 5.3.

4.3.1 The constant Fourier coefficient
Let «, 8,1 € A, with ¢ monic, deg a < degi, and deg 8 < degj.

Proposition 4.9. For all k, we have

—gl=F(1 — — —orde (%)
i L i e

Lemma 4.10. For k < —degt, we have

7Tk 0 —gl—k 1-— 1— 1 —ordes (%) 0
dlog ga/i,8/i (O 1) = { _((]1 _(q)qlfllz( (g+1)q ) Ezi )
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Proof. By definition,

7 0 k=l 0 7% 0

Now use Proposition 4.2. O

Proof of Proposition 4.9. We know from Lemma 3.3 that the constant Fourier
coefficient of a harmonic function is a constant multiple of ¢~*. The constant
can be determined at k < 0 where the coefficient is equal to the value given in
the proposition. O

4.3.2 Partial sums

Let a,f,i € A, and deg 3 < degi. We define a function G, g/; on Y (.7), which
is invariant under ' ;. For an oriented edge e € Y (.7), we let

Gapile) = Z dlog (at + b)(e).
beAb=p(1)

To compute their Fourier coefficients, we need the values at e € Y (7).

Lemma 4.11.

- —¢* (k< 0,u=0)
G170/1 (O 1> = -1 (k? 2 17’U/ = 0)
0 (k= 1,u#0,u € (m)).
7w
Proof. For ( 0 1) € Y(.7), we are interested in

Tk

dlog (7 4+ b) ( 0 11L> = ordeo (7"t + (u 4 b)) — orde (7% + (u +b)).

We have

[k (k < orde(u+0d))
ordeo (i + (u + b)) = { ordeo(u+b) (k> orduc(u + b)).
(i) When £ > 1, b # 0, and u € (m),

. Kk (k < ordscb)
ordeo (71 + (u + b)) = { ordeod (k> ordsod).

(ii)) When k£ > 1, b= 0, and u € (7),

ordoo (¥ p + (u + b)) = { ];rdoou EZ ; giiizg
_ { k (u=0)
ordeot  (u # 0,u € (7))

(iii) When k£ > 1 and u = 0,

. B k (k‘ < Ordoob)
ordoo (m7p + (u+ b)) = { ordecd (k> ordsob).
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Hence,

ordeo (71 + (u + b)) — ordoe (7 + (u + b))
0 (k>1,b#0)
1 (k>1,b=0,u=0)
=< 0 (k=2Lb=0,u#0,uc (m))
-1 (k< 1,k <ordeb,u=0)
0 (1 2k > ordeb,u =0)
Taking the sum, when k > 0,
k
Gron <7B ?) == > -
b0
deg b<—k
—

When k£ > 1,

Cron (ﬂ{)k ?) - { 0! udome )

Lemma 4.12. Let notation be as above. Suppose m = (divm)-0o*=2, form € A
and k € Z, is a positive divisor. Then

[ —gl-des midegaymBy (g/m)
c(Gapjism) = { 0 ! ! (a ?m)

Proof. By definition,

O

7Tk U
C(G1,0/1,m) =gk Z G101 <0 1) n(mu)
ue(ﬂ)/(ﬂ’“)k
_ ™ 0
= ql kG1¢0/1 (O 1)
—1—degm.

=—q
We apply Lemma 3.2 and obtain
_ ,—1—degm+dega
o] —a (a|m)
C(Ga,O/zam) - { 0 (a)[m)
for a € A\ {0}. It then follows by a change of variables that

_ —1—deg m+dega,, mpB a
c(Ga,p/ism) :{ 0 B Ea|?131).

4.3.3 The non-constant coefficients

Proposition 4.13. Let notation be as above. Suppose m is a positive divisor.
Then

—1—de ega mﬁ
o(dlog gojigyim) = (q° —1) Y ¢ 'Tdeamides (=)
alm
a=o(i)
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Proof. The right hand side is (1 — ¢?) Z c(Gq,8/i,m). The left hand side is

alm
a=a(1)

c(dlog ga i /i, m)
_ 1-degm 3 Z'dlo (aT +b) o )
—q g o 1)"7

u€(m)/(x2+desm) ab

= g~ l-degm Z [ Z/ dlog (at + b)

we(m)/(w2tdeg m) deg a,deg b< N+1

k
- Z dlog (a1 + b) (71) 1{)
deg a,deg b< N .
e T U M
s Y oo (L)
deg a,deg b< N+1
a=a(i),b=B(i)

= Z C(Ga7b/i,m) - Z C(Ga,b/ivm)

deg a,degb< N+1 deg a,deg b<N

+(1=¢*)> c(Gapyism)

a

=(1-¢*) ) cGapsim)-

a

RS

e
=

N———

71'
0

5 Values of L-functions

5.1 Automorphic forms
5.1.1 Cusp forms

For an ideal I C A, we let

To(I) = {(‘z Z) € GLy(A)

We call an element f of Cqr(Y(7),C)To0) level I,0 automorphic form of
Drinfeld type. We say that f is a cusp form if f has finite support.

CEOmOdI}.

5.1.2 Hecke operators

Fix an ideal I C A. We have a Hecke operator T}, on Chq,(Y (7),C) o) for
each prime ideal p = (p). For f € Char(Y(F),C)lo)]

1 (Td)(e)zf((ﬁ ‘1)>e>+ > f((é ﬁ)e) when o/ 1.

gmod p
2. (Tof)(e) = Z f (((1) Z) e) when p|[.
gmod p

Here p is the monic generator of p, e € Y (.7) is an oriented edge, and ¢ runs
through the set A/p.
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5.1.3 Fourier coefficients

The Fourier coefficients of a normalized Hecke eigen cusp form satisfy the fol-
lowing conditions.

1. co(m*) = 0(k € Z).

2. ¢((1)) =1.

3. ¢(m)c(n) = ¢(mn) whenever m and n are relatively prime.
4 e(p™ ) = Ape(p™) + |ple(p™ ) = 0 when  { Too.

5. c(p™) — Apc(p™!) = 0 when p|I.

6. c(c0™)=¢q¢ ™ (n>=0).

where A, is a complex number.

5.1.4 L-functions

The definition is taken from [5](3.4) but we shift by 1 and discard the component
at infinity. Given an automorphic form f € Cha, (Y (7),C) o), we define its
L-function to be

> c(f,m)
L(fa S) = |m|;_1
m:positive divisor

(m,00)=1

where s is a complex variable.

5.1.5 Petersson inner product

Let f,g € Char (Y (.7),C)ToU) be automorphic forms. Suppose f is a cusp form.
We define Petersson inner product to be

(frg) = D> fle)-gl)

eclo(DH\Y(T)
where the bar denotes complex conjugation. We also extend the definition to
any function on Y (.7) not necessarily harmonic.
5.1.6 Involution
Let I be an ideal, and ¢ be its monic generator. Let f be a I'g(I)-invariant
function on Y(.7) or on X (7). We write f|.(e) := f(re) for 7 = <(z) _01>

Lemma 5.1. Let f be a Hecke eigen cusp form with rational Fourier coeffi-
cients. Then

fle=W(f)-f
for a constant W(f) = £1. In particular,
L(flzs) = W(f)L(f,s)-
The proof is similar to the elliptic modular case, and hence is omitted. See

[9)(6.3).
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5.2 Special elements
5.2.1 Elements in K-theory
Fix an ideal I C A. We let

Hio = {(‘C’ Z) € GLy(A)

This compact subgroup of GLQ(A) defines a Drinfeld modular curve, which we
denote My . Its C-valued points are given by the quotient

Mjo(C) =To(I)\ Q.
We define a level 1,0 K-theory element to be

c_OmodI}.

K0 = H Ya/ib/is H 9o,a/i ¢ € Ka(Mi).
ac(A/ )" deA/I
bEA/T

5.2.2 Automorphic forms

We label some special automorphic forms. Let

Efo= D dloggas, Ejg= Y E,, E )= % E(_(J)é

ac(A/I)* ac(A/I)* ac(A/I)*
beA/I beA/I beA/I
E%,O = Z leggo,% E;,O = Z ES,%’ Z E(Od.
deA/I deA/T ' deA/I ‘

It is immediate from the definition that
- 0 =or (0
reg(kr0) = B3 g BV — B3 oEV).
Lemma 5.2. We have
~ ~ s o 0 0’
E%,0|T = E?,Oﬂ E1,0|T = E],o» E% T= E% :
Proof. The first and the third claim follows from
1
H Ja b () = Yo, “( )
i T
beA/I

for a € (A/I)*. The second from

(00 e) = oo
for ¢,d € A, (¢,d) # (0,0). O

Lemma 5.3. For a positz’ve divisor m, let ¢(m) denote the m-th Fourier coeffi-
cient of the function = E[ o- Then the following conditions are satisfied:

1. ¢((1)=1

2. c¢(mn) = ¢(m)c(n) whenever m and n are relatively prime.

B clp) (1 I elp™ ) ¢ [pI ey = 0(n > 0) when p 100, piprime
4. c(p™) = |p|™(n = 0) when p|I, p:prime

5. ¢(oco™) =¢q "(n > 0).
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Proof. We use Proposition 4.13. Let m € A\ {0}, and m = div(m) - oo¥ be a
positive divisor.

C(E?,Ovm) A
~ 7T u
= > ()
u€(m)/(m*) .
—degi ad ™ u mu
we(mltordoci) /(mk)

= ¢~ des? Z Z dlogga/i,,@/m(—ﬂ)

we(mi+ordect) (k) a€ (A/1)" !

BeEA/I
=g 8l N c(dlog gayip/im)
ag(.z://ll)*
S
1—q° mp
_ ,—degi Z Z — deg m+deg a Z (__)
q q n -
q a€(A/I)* alm BeA/I !
a=o(i)
1-¢° _ m/3
— . Z q degm—&-degazn(_T)
alm B
(a,i)=1
1-— q2 — deg m+dega
- X ¢
a|lm
(a,i)=1
2
:1_—qq—degm Z qdega.
4 alm

(a,i)=1

This shows the conditions 1 and 2 hold for the Fourier coefficients of the function
ﬁE?_’O. If p is a prime ideal, and n is a non-negative integer, one can check
that

n

q .z _degp” N degp?

1_q26(E?,o,P")=q degpt N " g des’
7=0

satisfies the conditions 3, 4 and 5. U

5.3 Rankin-Selberg integral

The function field analogue of Rankin-Selberg integral is treated in [14]. The
next proposition is essentially proved in §3 of [14].

Proposition 5.4. Let f,g € Char(Y(7),C) 0D be automorphic forms. Sup-
pose f is a cusp form. Then

s —ks 1
<g'E?,Oq . 7f>:6D(fvgvs)

where D(f,g,s) is the Dirichlet series

c(f,m)c(G, m)
> T Nmp T

m:positive divisor
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Proof.

<g : E%soqfka f> =

>, fle)-gle)-Efy(e)g™
e€lo(NH\Y (T)
> fle)-gleyg™

e€l\Y(T)
e k k

T T w\ e
Z Z f(() 1)'9(0 1)‘1
k=2 ue(m)/(xb)

=>. > D clfim)e(g, n)n(mu)y(—mu)g

k=2 u€(r)/(rk) mn

=> > cfim)e(g,m)gF g
ﬁ:chgm<k72

-D fﬂg78 .

. (f,9:9)

The second equality follows from Remark 3.4. O

Lemma 5.5. Let f € Char(Y(7),C)'0U) be a Hecke eigen cusp form. Then

¢ -1 1
q 1—g7%

D(E3, f,s) = Cr(2s +2) 7 Lr(f, 5)L(f, 5 +1).

where Ly (f,s) = [[ 17 (1—Ao(Np)~* + (Np)1=29) (resp. (1(s)) is the L-function
(resp. zeta function) with bad factors removed.

Proof. The computation of the Dirichlet series is similar to the elliptic modular
case, and hence is omitted (see [9] p.155). O

5.4 Special values

We come to our main result.

Theorem 5.6. Let I C A be an ideal. Suppose f € Char(Y(T),C)I00) s g
normalized Hecke eigen cusp form with rational Fourier coefficients. Then we
have

11 =W()

TG L) - p).

(reg(kr0), f) = (1 — ¢*)(log, q) e
s=0

See section 5.1 for the definition of W(f).

Proof. The left hand side is equal to

(1—¢*)(log, ) " [—(E2,ES) , f) + (B2, ES), 1)
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The first term is

(B3 ES )

O !’
= Y OB (E (e)
eero(ll)\y(ﬂ)
i _ 2 s’ —ks/2
lﬂ% Z f(e)ETo(e)E o(e)q
) ier(,(l)\y(y)

= lim ~= D(/. B, 5)

SHOSq
o 11¢>°—1. 2s 4 s s
= lim —— —+2) L —)L(f,-+1
51_;%5(] q CI(2 + ) I(fa2) (f72+ )
I S S )
- q2 1_q_2<](2) 2 88 (f?s) — L(fﬂl)

k
where we define k € Z by e = (75

5.4 and Lemma 5.3. The second term is

7;) for e € Y(.7). Here we used Proposition

(EFOEG )
= Y FOE(EN(e)
eelo(NH\Y (T)
—_— 0 !’
= Y TEeER(ET (o)

e€lo(N\Y (T)
= lim - =D(f|,, E?,,
81_1}(1) s g (f] 1,0

S
3)
S

11 ~
ZW(f)lg%gaD(nyio’Q)
R 10
= W(f) e 1_7(1_2&(2) 15@ (f,s) s:o.L(fjl).

The second equality follows from Lemma 5.2. We take the difference and obtain

1= W(f)
2

)

(reg(kr0), f) = (1 —¢*)(log. q) " - B

€r(2) Li(f,s)

-L(f,1).

s=0
O
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