UTMS 20024 February 4, 2002

Iwasawa theory for elliptic curves at

supersingular primes
by

Shin-ichi KOBAYASHI

it

UNIVERSITY OF TOKYO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES
KOMABA, TOKYO, JAPAN




Iwasawa theory for elliptic curves at

supersingular primes

Shin-ichi Kobayashi
Author address:

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF
Tokyo, KOMABA 3-8-1, TOKYO, 153-8914 JAPAN
E-mail address: koba@ms406ss5.ms.u-tokyo.ac. jp






Contents

Chapter 1. Introduction
1. Main results
2. The plus (minus) Perrin-Riou map

Chapter 2. A review of Iwasawa theory for elliptic curves
Basic notations

The Selmer groups

The p-adic L-function of elliptic curves

The good ordinary case

The good supersingular case

U Lo

Chapter 3. Pollack’s theory of the p-adic L-functions at supersingular
primes
1. Pollack’s p-adic L-function
2. The functional equations of Pollack’s p-adic L-functions
3. Pollack’s analytic Iwasawa formula for the order of the Tate-
Shafarevich group

Chapter 4. The plus (minus) Perrin-Riou map

Honda’s theory of formal groups

Canonical formal groups of elliptic curves

Torsion subgroups of %,

Norm subgroups of .Z,,

The Perrin-Riou map of elliptic curves

Perrin-Riou maps in terms of the dual exponential maps

2 e

Chapter 5. The plus (minus) Selmer group
1. The definition of Sel* (E/K,,) and Sel (E/K,)
2. A-cotorsionness of the plus (minus) Selmer group
3. Main conjecture
4. The plus (minus) control theorem
5. The plus (minus) Iwasawa invariants

References

NeJ O =~ W

12
14
16

19
19
21

21

23
23
25
26
27
30
36

39
39
40
44
46
48

51






CHAPTER 1

Introduction

As stated in the introduction of Kato [8], one of the most fascinating sub-
jects in number theory is the study of mysterious relations between zeta func-
tions and arithmetically important groups. The origin of such a study is the
class number formula in the 19-th century. The Birch and Swinnerton-Dyer
conjecture is also such a kind of study.

In the study of the subject, p-adic approaches, which begin from Kummer’s
work for cyclotomic fields, are important. In the mid 1950’s, around a century
after Kummer, Iwasawa found a new point of view to Kummer’s work. The
point is to investigate not a single cyclotomic field Q((,») but a family of
cyclotomic fields Q((yn), n = 1,2, ... . Then the family of the p-primary parts
of the ideal class groups of Q((y»), n = 1,2, .. is related with the Kubota-
Leopoldt p-adic L-function, which is a p-adic function interpolating special
values of the Riemann zeta function.

In 1970’s, Mazur showed that Iwasawa’s point of view is also useful in the
study of the arithmetic of elliptic curves. At present, for a good ordinary
prime p, we have a completely satisfactory framework for Iwasawa theory for
elliptic curves. In particular, the cyclotomic family of the Selmer groups, which
are very important arithmetic groups containing the Mordell-Weil groups, is
related with the Mazur and Swinnerton-Dyer p-adic L function interpolating
special values of the Hasse-Weil L-function.

For a good supersingular p, the situation is different. Iwasawa’s point of
view is also important but a direct analogy with the cyclotomic field or the
good ordinary case does not work well. The reason is that the cyclotomic
family of the Selmer groups and the p-adic L-function are too big compared
with the Iwasawa algebra A. Kato and Perrin-Riou proposed a candidate for
Iwasawa theory for elliptic curves at a good supersingular p, and generalized
it to Iwasawa theory for motives. However, their framework remains still very
conjectural except for elliptic curves or modular forms. Even for elliptic curves,
in spite of very significant work by Kato, it is not as satisfactory as in the good
ordinary case.

The aim of this paper is to give another formulation of Iwasawa theory for
elliptic curves at a good supersingular p. Our formulation goes along with the
cyclotomic field case and the good ordinary case in the following sense. Firstly,
we define new Selmer groups which are smaller than the usual Selmer groups
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4 1. Introduction

(A-cotorsion) but have enough information. Secondly the cyclotomic family
of our Selmer groups is related with Pollack’s p-adic L-function, which lives
in the Iwasawa algebra A but has enough information as much as the usual
p-adic L-function.

1. Main results

We outline main results of this paper. We first fix notations. Let p be an
odd prime number. Let Q. /Q be the cyclotomic Z,-extension, which is the
unique subfield of Q({y~) whose Galois group I' = Gal(Q./Q) is isomorphic
to Z,. We fix a topological generator v of I', so that Z,[[I']] is isomorphic
to Z,[[X]] by v — 1+ X. Let Q, be the subextension of Q. such that
Gal(Q,/Q) = Z,/p"Z,. For a place v of Qu,, we denote by Q,, , the completion
of Q, at v.

Let E/Q be an elliptic curve with good reduction at p. We assume that

a, :=1+p—4E(F,) = 0. If p > 5, this assumption is equivalent to that E
has supersingular reduction at p. We define subgroups of E(Q,,,) by

E* Q) ={P € E(Qy,) | TrpmP € E(Qy_1,) for even m < n},

E7(Quw) ={P € E(Qny) | TrpmP € E(Qp-1,) for odd m < n}.
Here Tty © E(Qpy) — E(Qny) is the map induced by the trace of Qy, ., /Qy,0-

DEFINITION 1.1.1 (Definition 5.1.3). We define the plus (minus) Selmer
group by

Sel*(E/Q,) := Ker (H Q@ ER™) — ]

H' (Qu, E[p™))
EX(Qny) @ Qp/Z,

where v ranges over all places of K and the map s induced by the restrictions
of the Galois cohomology groups.

We remark that the above local condition is essentially considered in Perrin-
Riou [16] and Knospe [9]. By the restriction maps, the plus (minus) Selmer
groups make an inductive system for n. We put Sel*(E/Qq,) := lim 2SelF(E/Qy).

We denote the Pontryagin dual by V. Then Sel™(E/Q4)" is a Z,[[']]-module
by the natural Galois action.

THEOREM 1.1.2 (Theorem 5.2.6). Suppose a, = 0. Then the Pontryagin
dual of the plus (minus) Selmer group Sel™(E/Qu )" is Z,[[T]]-torsion.

Here we recall Pollack’s p-adic L-function. Let o and @ be the roots of the
p-Euler factor X* — a,X +p = X? + p = 0. Then there exist two p-adic L-
functions Z(F, a, X) and Z(E, @, X) which interpolate special values of the
Hasse-Weil L-function of E (cf. Chapter 2, Section 3). The crucial difference
between the good ordinary case and the supersingular case is that the p-adic
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L-functions in the supersingular case are no longer elements of Z,[[X]]
However, Pollack showed that there exist two power series .ZPJF(E,X
£, (B, X) in Z,[[X]], and the p-adic L-functions are described as

® Q,.
) and

LB, 0, X) = £ (E,X) & (X) + 2, (E,X) &~ (X) .
(@, X) = £ (B, X) ¥ (X) + Z (B, X) & (X)@
where ®*(X) € Q,[[X]] are defined by taking products of cyclotomic polyno-
mials (cf. Chapter 3).
Since Pollack’s p-adic L-functions .Z;5(E, X) are in Z,[[X]], their A- and p-

invariants are defined, and these invariants play important roles as in the good
ordinary case. (e.g. the Iwasawa formula for the Tate-Shafarevich group.)

We formulate main conjecture in the case a, = 0 as follows. (cf. Section 3
of Chapter 5.)

CONJECTURE (Plus main conjecture). The characteristic ideal of the Pon-
tryagin dual of the plus Selmer group is generated by Pollack’s plus p-adic
L-function:

Char (Sel™(E/Qx)" ) = (£ (E,X)).

CONJECTURE (Minus main conjecture). The characteristic ideal of the Pon-
tryagin dual of the minus Selmer group is generated by Pollack’s minus p-adic
L-function:

Char (Sel™ (E/Qx)" ) = (£ (E, X)).

We recall Kato’s main conjecture (cf. Chapter 5, Section 3). In the cy-
clotomic field case, there are two types of formulations of the Iwasawa main
conjecture. In one formulation, the p-adic L-function is used and in the other
formulation, the cyclotomic units are used instead of the p-adic L-function. By
using his zeta elements instead of the p-adic L-function, Kato generalized the
latter type of formulation to Iwasawa theory for elliptic curves. The relations
between Kato’s main conjecture and our main conjectures are

THEOREM 1.1.3 (Theorem 5.3.1). The three conjectures, Kato’s main con-
jecture, the plus main conjecture and the minus main conjecture are equivalent.

By using Kato’s Euler system, we can prove a half of our main conjectures.

THEOREM 1.1.4 (Theorem 5.3.2). Suppose E has no complex multiplica-
tion, then for almost all prime p, we have

Char (Sel™(B/Qu)") 2 (£ (E, X)),
Char (Sel™(E/Qx)") 2 (2 (E,X)).
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2. The plus (minus) Perrin-Riou map

The key of the proofs of main theorems in this paper is a construction of a
new Perrin-Riou map.

We first fix notations. Let K,, be Q((,») and let k, be Q,((»). We put
G, = Gal(K,/Q) and G = lim G, = Gal(K,/Q) where K, = U,K,. We
also put A = Z,[[G]] and A, = Z,[[G,.]]-

Let T be the p-adic Tate module of E. We introduce several morphisms

HIIW (T) - A7

any of which we call Perrin-Riou map. Here Hy (T) = lim, H'(k,,T). We
construct a Perrin-Riou map called the plus (minus) Perrin-Riou map which
sends Kato’s zeta element to Pollack’s plus (minus) p-adic L-function. Perrin-
Riou constructed a morphism Hi, (T) — ., such that the image of Kato’s
zeta element is the usual p-adic L-function. Here J77, is a certain subring of
Q,[[X]] (see, Chapter 2, Section 3).

Perrin-Riou [18] actually constructed a morphism interpolating Bloch-Kato
exponential maps, and the morphism mentioned above is obtained by taking
the dual of of her morphism (cf. Kato [8], Remark 16.5). This construction
is sophisticated, however, we propose the following simple mind to construct
a Perrin-Riou map. (This construction is inspired by studying the P,-pairing
in Kurihara [10]. I also learned the idea to use Honda’s theory from Kurihara
10.)

Suppose that we have a local norm compatible system (c,)n=12., ¢, €
H'(k,,T). Then we consider a morphism

(1.2.1) H'(ky, T) — Ay, 20— Y (<], 2) 0

Jegn

Here (, ) is the Tate pairing. By the norm compatibility of ¢,, we can take the
limit of the above morphisms. Then we get a Perrin-Riou map Hj, (T) — A.
Hence, a key of constructions of good Perrin-Riou maps is to find good local
norm compatible systems (c,),. We do it by using Honda’s theory of formal
groups.

By Honda’s theory, we have a canonical formal group % and a canonical
isomorphism % to the formal group of E given by an Artin-Hasse type power
series. Then a good ¢, is given by almost the image of the cyclotomic unit
Gr — 1 € Z(m,) by the Artin-Hasse type canonical isomorphism followed by
the Kummer map. (Here m,, is the maximal ideal of Oy,,.)
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F(m,) 2 Blm,) =2 H(k,, T)
W w
ccgpn _ 177 | Cn

Actually, in the good ordinary case, the cyclotomic units produce a kind
of norm compatible system (c,),, such that

Trn-‘,—l/n (Cn+1) = Qacy

where « is a unit root of X? — a,X +p = 0. After an elementary modifi-
cation, we have an exactly norm compatible system. This norm compatible
system produces Perrin-Riou’s map or so called the Coleman map. In the
supersingular case, the cyclotomic units produce a system (c,,), satisfying

(1.2.2) Trpi1/n (Cnt1) — @p Cp + Cpo1 = 0.
Then from the above relation, we have

Trn/nfl( TrnJrl/n Cp+1 — ﬂ Cn ) = ( Trn/nfl Cp — ﬂ Cp—1 )

where o and 3 are the roots of X? — a,X + p = 0. Hence we have an exactly
norm compatible system as in the good ordinary case. This norm compatible
system produces the morphism constructed by Perrin-Riou. In this case, since
a cannot be taken as a unit, we have to admit denominators to get the exactly
norm compatible system, and the image of the morphism is in 7, instead of
A.

If a, = 0, the relation (1.2.2) becomes

TrnJrl/n (Cn+1> = —Cp_1.

Hence, according to the parity of n, we have two another kind of norm com-
patible systems. Then, for these norm compatible systems, we investigate the
images of the morphisms (1.2.1). It turns out that the images are generated by
products of cyclotomic polynomials. Eliminating these products of cyclotomic
polynomials, we get our plus (minus) Perrin-Riou maps. We remark that the
subgroup E*(k,), which is used to define the plus (minus) Selmer group, is
generated by the image of (¢7),eg,, and the kernel of our Perrin-Riou map is
the exact annihilator of E*(k,) with respect to the Tate pairing.

Hence, in either case, we may say that p-adic L-functions are obtained by
the twisted Tate pairing (1.2.1) of cyclotomic units and Kato’s zeta elements.

Perrin-Riou [16] also gave canonical systems satisfying the relation (1.2.2)
by using the theory of norm fields by Fontaine and Wintenberger. The above
constructions of Perrin-Riou maps answer why such norm compatible systems
are important.
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We finally remark that since the image of Kato’s zeta element by (1.2.1) is
related with the modular element, the relation between the modular elements
in Mazur-Tate [13, p. 717, (4)], which is shown by using the action of Hecke
operators, is also explained by the relation (1.2.2).

Acknowledgments. This paper is based on the author’s thesis. It is a
pleasure to thank his thesis advisor, Takeshi Saito, who read the manuscript
carefully and pointed out mathematical mistakes. He would like to thank
Robert Pollack for showing me the paper [21]. He is grateful to Kazuya Kato
for showing me the great paper [8]. He expresses his sincere gratitude to
Masato Kurihara. The author could construct the plus (minus) Perrin-Riou
map by studying his P,-pairing in [10]. He also learned the idea to use Honda’s
theory from [10].



CHAPTER 2

A review of Iwasawa theory for elliptic curves

We recall basic definitions and facts on Iwasawa theory, and review Iwa-
sawa theory for elliptic curves, especially at good ordinary primes. Then we
see differences between the good ordinary case and the good supersingular
case, and point out difficulties to formulate Iwasawa theory at supersingular
primes. The basic references of this chapter are Washington [29] for basic
facts on Iwasawa theory, Greenberg [3] for Iwasawa theory for elliptic curves,
and Mazur-Tate-Teitelbaum [14] for p-adic L-functions. See also Kato [8] and
Greenberg-Vatsal [4].

1. Basic notations

Let p be an odd prime number. We fix a generator ((,») of Z,(1), namely
Cpr is a primitive p"-th root of unity, and C§n+1 = (pr and (p = 1. For an
integer n > 0, let K,, = Q(¢») and k, = Q,(¢n). We put

G, = Gal(K,/Q) for n >0,
Goo = lim G, = Gal(K/Q) where K., = U,K,.

Then the cyclotomic character gives an isomorphism

K:Gow — L.

We put A =7Z,[[G]] and A,, = Z,[[G,]]. We recall the structure of A. Let
A be the torsion part of G, and let GI. = {0 € G, | k(0) =1 mod p}. Then

Goo=GL x A, GL 27, andA~Z/(p—1)Z.
We fix a topological generator v of G, 2 Z,,. Then

A =Z,[9x]] = Z,[[Gs x All = Z,[A][[G2]]
= lim , Z,[A][G,] = lim , Z,[A][X]/((X + 1) — 1) = Z,[A][[X]],
where G! is the quotient of G! isomorphic to Z/p"Z and v is corresponded to
1+ X. We have G, = G} | x A, and denote the image of v in G! by ~,.
Let C, be the completion of the algebraic closure of Q,. Throughout the
paper, we fix an embedding of Q in C,,.
9



10 2. A review of Iwasawa theory

2. The Selmer groups

We recall the definition of the Selmer group. Let F' be a field (e.g. a
number field or a local field) and F' the algebraic closure of F. Let E be an
elliptic curve over F'. We consider the Kummer sequence

0— Ejp"| —» E(F) % BE(F) — 0.
By taking the Gal(F/F)-fixed part, the connecting morphism induces

B(F)® ]%Zp /7, — H'(F, E[p")).

Taking the direct limit for n, we have E(F) ® Q,/Z, — H'(F, E[p™]).

Here we take I’ as a number field K, then by the above inclusion, the
Mordell-Weil group E(K) is regarded as a subgroup of the Galois cohomology
group H'(K, E[p*]), which is easier to handle. We would like to character-
ize the subgroup in the Galois cohomology group coming from the Mordell-
Weil group by a local-global principle. Namely, we consider the subgroup
of HY(K, E[p™]) consisting the elements which are locally rational points of
E(K,) ® Qp/Zy, — H'(K,, E[p™]).

DEFINITION 2.2.1. We define the (p-primary) Selmer group by

Sel(E/K) := Ker (Hl(K Elp H B KvéEQp/]Z? )

where v ranges over all places of K and the map s induced by the restrictions
of the Galois cohomology groups.

The Selmer group contains the Mordell-Weil group, and the difference be-
tween these is measured by the (p-primary) Tate-Shafarevich group

B oYK, E[p™)) H'(K,, E[p™])
I(E/K) := Ker ( E(K)©Q/Z, H E(K,) ® Q,/Z, ) '

The Tate-Shafarevich group is conjectured to be finite, however, this group
is very hard to analyze.

In Iwasawa theory for elliptic curves, we consider the cyclotomic family
of the Selmer groups Sel(E/K,), n = 1,2,3,.... The Selmer groups and the
Tate-Shafarevich groups play analogous roles with ideal class groups in the
classical Iwasawa theory.

Let Sel(£/K) := lim,, Sel(E/Ky). Let 2°(E/K,) and 2 (E/K) be the
Pontryagin dual of Sel(E/K,,) and Sel(E/K):

2 (E/K,) = Homg, (Sel(E/K,), Q,/Z,),
2 (E/Ky) = Homg, (Sel(E/Ky), Qy/Zy).
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Since Sel(E/K,) has the natural Galois action of G,, induced by the Galois
action on cohomology groups, one can consider 2 (E/K,,) as Z,[G,]-module
and 2 (E/K) as A-module. It is known that 2 (E/K,) is finitely generated
A-module. Here, we recall properties of finitely generated A-modules.

Let n : A — Z) be a character. For a Z,[A]-module M, we denote the
n-component of M by M", which is the largest submodule on which A acts by

n. If we put
1 _
€ = A g n 1) T,

TEA
M™ is given by €, M.

The Iwasawa algebra A is the product II,, A7, and A" is isomorphic to
Zy|[X]]. Let R = Z,[[X]] and we recall properties of finitely generated R-
modules. See, Washington [29], Section 13.2. (Usually, R is denoted by A.)

We first define the \- and p-invariant of an element of R.

THEOREM 2.2.2 (The p-adic Weierstrafl preparation theorem). Let f be a
non-zero element of R = Z,[[X]]. Then f is uniquely written as

F(X) =p" (X + par X+ -+ pay) u(X)
where A and p are non-negative integers and u(X) is a unit of R.

The above A and yu are called the A- and p-invariants of f and denoted by
A(f) and p(f).

THEOREM 2.2.3 (The structure theorem of R-modules). Let M be a finitely
generated R-module. Then, there exists a morphism of R-modules

M—R ®R/f"®---®R/f

whose kernel and cokernel is finite. Here, f;’s are irreducible elements of R
and n;’s are positive integers. The non-negative integer r and the ideals (f"*)
are uniquely determined.

We call r the R-rank of M. If » = 0, that is, M is a torsion R-module,
then the characteristic ideal of M is defined by
Char(M) = (f)
where f = ¥, f/" and (f) is the ideal of R generated by f. The A- and
p-invariants of M are defined by
AM) =Xf),  w(M) = u(f).

As we see in Section 4 of this chapter, if E has good ordinary reduction at
p, then 2 (E/K) is A-torsion, and the characteristic ideal is conjectured to
be generated by the p-adic L-function of E.
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3. The p-adic L-function of elliptic curves

The Kubota-Leopoldt p-adic L-function is constructed by interpolating the
special values of the Riemann zeta function at negative integers. For elliptic
curves, since the Hasse-Weil L-function has the critical values only at s = 1,
the p-adic L-functions of elliptic curves are constructed by interpolating the
special value at s = 1 of the p-adically twisted Hasse-Weil L-function. The
p-adic L-functions are in general no longer elements of A ® @, and live in a
bigger ring 7, C Q,[[X]]. We recall 7, following Kato [8], Chapter 1V,
Section 16.

Let E/Q be an elliptic curve with good reduction at p. Let o be a root
of the p-Euler factor X? — a,X + p such that ord,(o) < 1. (In the good
ordinary case, there is only one « satisfying the above relation and in the
good supersingular case, any root « satisfies.) Let L = Q,(a). We regard
A ® Or = OL[A][[X]] (cf. Section 1). For an integer h > 1, let

. ={ Z an, o0 X" € LIA][[X]] | lim M:o for all o € A}

h
n—oo n
n>0,0€A

where | |, denotes the multiplicative valuation of L normalized by |p|, = %.
Define
jfoo,L — Uh %L,L'

Then 72, 1, is a ring.
THEOREM 2.3.1 (Amice-Vélu [1], Vishik [28]). We fiz real and imaginary
Néron periods QE Then there exists a unique element
L,(E,a,X) € 4
having the following interpolation properties.

i) For an integer n > 1, let ¢ : G, — @px be a Dirichlet character of
conductor p". We put 6 = 1p(—1) and p(v) = (. We define the Gauss
sum T(Y) as ) Y(a) (i where we regard G, = (Z/p"Z)*.

Then
" L(EY,1
(2.3.1) Ly(E,a,—1)=—2L ( ;” )
T(¥) a” QO
where ¥ = ¥~ and the coefficients of L,(E, o, X) € L[A][[X]] is evalu-
ated by 1.
ii) For the trivial character,
L(E,1
(2.3.2) Ly(E,a,0) = (1 —a')? %
E

where the coefficients of L,(E, a, X) € LIA][[X]] is evaluated by the triv-
ial character.
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We call the power series L,(E,«,X) the p-adic L-function. (Usually,
the function L,(E,«a, ()"t — 1) for variable s € Z, is called the p-adic
L-function.) The p-adic L-function L,(E,a,X) is not identically zero by
Rohrlich’s theorem [23], which assures that the value L(FE,,1) is not zero
for almost all ¥. The p-adic L-function has or conjecturally has amazing
properties such as the p-adic Birch and Swinnerton-Dyer conjecture. (See,
Mazur-Tate-Teitelbaum [14].)

Let n: A — 7% be a character. We define .Z,(F,a,n, X) € L[A][[X]] as
the function obtained by evaluating the coefficients of L,(E, a, X') by n. If n is
trivial, we simply write .Z,(E, a,n, X) by Z,(E, a, X). Then the p-adic Birch
and Swinnerton- Dyer conjecture says that the order of zero of .Z,(E, a, X) at
X =0 is the rank of the Mordell-Weil group of E.

The p-adic L-function has the following functional equation.

THEOREM 2.3.2. Let N be the conductor of E, and denote the canonical
projection of N by Z, — 1+ 2pZ, by (N). We put ¢ = log, (N), and define
the dual p-adic L-function Z)(E,a,n, X) by Z,(E, a, n~t, );—fl) Then,

Z)(E,a,n,X)=wgn(—N) 1+ X)* Z,(E,a,n,X)
where wg = £1 is the root number of the Hasse-Weil L-function L(E, s).

PrROOF. The proof is found in many literatures, but we give it since the
proof is simple. It suffices to show that the power series on the both sides of
the functional equation have the same interpolation properties. (Since they
are in J4 1.) Let x : G, — pp~ be a Dirichlet character of conductor n.
By the functional equation of the Hasse-Weil L-function L(E, 7y, s), we have
L(E,nx,1) = wg x(N) 7(x)? p"L(E,7X,1). (See, Shimura [26], Theorem
3.66.) Therefore, by the interpolation property (2.3.1) of the p-adic L-function,
we have

Z)(E,a,n,(—1) =wg nx(=N) Z,(E,a,n,{ - 1)

where nx(v) = x(v) = (. Since x(—N) = (¢, we have the functional equation.
U

In Greenberg-Vatsal [4], the dual p-adic L-function £/ (E, a,n, X) is de-
noted by Z(E,n,T).

COROLLARY 2.3.3. Let n be the order of zero of £,(E,a,X) at X = 0.
Then wg = (—1)".

Proor. Compare the leading coefficients of the power series in the both
sides of the functional equation. O
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Since wg is conjectured to be the parity of the Mordell-Weil rank of E, the
above corollary has an interest in view of the p-adic Birch and Swinnerton-Dyer
conjecture.

4. The good ordinary case

In this section, we assume that F has good ordinary reduction at p. We
review Iwasawa theory for elliptic curves at good ordinary primes.

4.1. The Selmer group at a good ordinary p.
THEOREM 2.4.1 (Kato-Rohrlich). Suppose E/Q has good ordinary reduc-
tion at p. Then Sel(E/Ky) is A-cotorsion (2 (E/Ky) is A-torsion).

Thus, we can define the characteristic ideal and the A- and p-invariants of
2 (E/Ky). We denote the A- and p-invariants of the n-part of 2 (E/Ky) by
AT and p".
COROLLARY 2.4.2. For all n, we have
coranky, Sel(E/I,)" < A7
In particular, rank E(K)" < A".
THEOREM 2.4.3 (Mazur’s control theorem). Suppose E/Q has good ordi-
nary reduction at p. Let 'y, = Gal(Kw/K,). Then the natural maps
Sel(E/K,) — Sel(E/K)'™
have finite kernel and cokernel of bounded order as n varies.
This theorem is very important since by this theorem, we can obtain infor-
mation on Sel(E/K,,) from information such as A and p on Sel(E/K).

As a direct application of the above two theorems, we can show Iwasawa
formula for the Tate-Shafarevich group.

THEOREM 2.4.4 (Iwasawa formula). There exist non-negative integers \,
u and v such that

ord, fIII(E/K,)"=An+pup" +v

for allm > 0. The invariants A and p are described explicitly as p = p" and
A=\ —rank F(K)".

4.2. The p-adic L-function at a good ordinary p. In the good or-
dinary case, there is only one allowable choice of «, namely the unit root of
X? —a,X +p=0. So we omit the index o from the notation of the p-adic
L-function.

THEOREM 2.4.5. Suppose that E has good ordinary reduction at p, then
the p-adic L-function L,(E,X) is an element of A @ Q. Furthermore, if E[p]
is irreducible as F,[Gal(Q/Q)]-module, then L,(E,X) € A.
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PROOF. See, Kato [8, Theorem 17.4], Greenberg-Vatsal [4, Proposition
3.7] and Stevens [27, Theorem 4.6]. O

The p-adic L-function at a good ordinary prime is conjectured to be always
an element of A. By the above theorem, we can define A and p-invariants
of L,(E,X). The Minvariant of .Z,(E,n, X) is the number of the zeros of
Zy(E,n,X) in C,.

COROLLARY 2.4.6. Let \ be the A-invariant of £,(E, X) and wg the root
number of the Hasse-Weil L-function L(E,s). Then wg = (—1).

ProoOF. Take modulo p of the functional equation (Theorem 2.3.2) after
multiplying p~#, then compare the leading coefficients of the both sides. [

Nekovér [15] showed that wg is the parity of the corank of Sel(E/Q). So
the above corollary has an interest in view of the main conjecture.

4.3. Main conjecture. At a good ordinary prime, Mazur conjectured
that the characteristic ideal of the Pontryagin dual of Sel(F/K ) is generated
by the p-adic L-function. The Selmer group contains important arithmetic
information such as the Mordell-Weil group, on the other hand, the p-adic
L-function is related with the Hasse-Weil L-function and can be computed nu-
merically. Hence main conjecture connects two objects of completely different
natures and gives fruitful consequences.

CONJECTURE (Main conjecture). Let n: A — ZX be a character. Then
Chir (2 (B/K)") = (Z(E,n, X)),

THEOREM 2.4.7 (Rubin). If E has complex multiplication, then the main
conjecture holds.

For non-CM case, Kato proved a half of the main conjecture by constructing
an Euler system.

THEOREM 2.4.8 (Kato). There exists an integer n > 0 such that
Char (Z(E/Kx)") 2 (p"%(E,n,X)).
For almost all prime p, we can take n = 0.
PROOF. See Theorem 17.4 in Kato [8]. See also Chapter 5, Section 3. O

By the above theorem, the main conjecture is reduced to the equalities
of the A- and p-invariants of the both sides. A half of the p-adic Birch and
Swinnerton-Dyer conjecture is deduced from the above theorem, namely,

COROLLARY 2.4.9. We have
rank £(Q) < ordx—o Z,(E, X).
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We remark that the main conjecture does not imply the equality in the
corollary. For the equality, one needs a kind of semi-simplicity property of the
Selmer group.

5. The good supersingular case

In this section, we recall basic facts on Iwasawa theory for elliptic curves
at a good supersingular p comparing with the good ordinary case.

5.1. The Selmer group at a good supersingular p.

THEOREM 2.5.1 (Kato-Rohrlich). Suppose E/Q has good supersingular re-
duction at p. Then Sel(E/Ky) has A-corank 1 (2 (E/K) has A-rank 1).

Thus, the Selmer group Sel(E/K) is no longer A-cotorsion. Hence one
cannot define the characteristic ideal and the A\ and p-invariants in the naive
way.

The Selmer group Sel(E/K,) has no longer good properties, however, the
Selmer groups Sel(E/K,,) are considered to have good properties.

THEOREM 2.5.2 (Kato-Rohrlich). The Z,-corank of Sel(E/K,) is bounded
as n varies.

In Section 5 of Chapter 5, we give a bound of the rank of E(K) as in
Corollary 2.4.2.

The above theorems imply that Mazur’s control theorem is no longer true.
The Selmer group Sel(E/Ky )™ is very large compared with Sel(E/K,).

Since in the good supersingular case the definition of the A- and p-invariants
were not known, the Iwasawa formula for the Tate-Shafarevich group was
mysterious before Kurihara [10].

THEOREM 2.5.3 (Kurihara [10]). Let E/Q be a non CM elliptic curve with
good supersingular reduction at p. Suppose p does not divide L(E,1)/Qg or
the Tamagawa numbers of E. Then for almost all prime p, we have

Pl pt S+ p— 2 for evenn > 2

pn—1+pn—3+...+p2—"T*1 for odd n > 3.

ord, fIII(E/Q,) = {

Here, the field Q,, is the n-th layer of the cyclotomic Z,-extension of Q.

In the good ordinary case, the assumption p 4 L(E,1)/Qp implies the A-
and p-invariant are zero. Therefore, the Iwasawa formula (Theorem 2.4.4)
is simply that $III(E/Q,) is constant for n > 0. On the other hand, in
the supersingular case, the order of the Tate-Shafarevich groups grow rapidly
large as n varies. Since the Tate-Shafarevich group measures the failure of a
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local-global principle, this phenomena shows that in the good supersingular
case, the usual local condition defining the Selmer group is not good enough
to capture global information as n grows.

In general, Kurihara conjectured that

CONJECTURE (Kurihara). i) There exist rational numbers A, p, p', v, V'
such that

[An + up™ +v|  for even n >0

ord, ﬂm(E/Qn) = {P‘n + Wpt + ;/] for odd n >0

where [ -] is the Gaussian symbol.
ii) In the above, we can take p =y’ = p/(p*> —1).

The case i) in the above conjecture is announced in [11]. Theorem 2.5.3 is
written of the above form as A = —% and v = 0.

Recently, Kurihara announced that he obtained an Iwasawa formula, which
coincides with the above if the supersingular version of Greenberg’s conjecture
about the p-invariant is true (cf. Chapter 3, Section 3). Perrin-Riou defined
the A\- and p-invariants in the good supersingular case and obtained an Iwasawa
formula by a method different from Kurihara’s ([20]).

5.2. The p-adic L-function at a supersingular p. In the supersingular
case, the p-adic L-function is no longer an element of A ® Q,, and the A- and
p-invariants cannot be defined in the same way as in the good ordinary case.
In the good ordinary case, the A-invariant is the number of zeros of the p-adic
L-function, however, in the good supersingular case, the p-adic L-function has
infinitely many zeros when a, = 0 (cf. Theorem 5.4 in Pollack [21]).

Recently, Pollack showed that when a, = 0, the p-adic L-function is de-
scribed by using certain two power series in A. By using the A- and p-invariants
of these power series, he obtained an Iwasawa formula for the Tate-Shafarevich
group analytically. If his p-invariants are zero and the Birch and Swinnerton-
Dyer conjecture for cyclotomic fields are true, his formula is the one conjectured
by Kurihara. We recall Pollack’s result in the next chapter.

5.3. Main conjecture. In the supersingular case, the Selmer group is
not A-cotorsion, and the p-adic L-function is not an element of A. Therefore,
main conjecture can not be formulated in the same way as in the good ordinary
case.

However, there is another formulation of main conjecture due to Kato, in
which, the p-adic L-function does not appear, and instead, Kato’s zeta element
is used. A half of Kato’s main conjecture is proved as in the good ordinary
case. We recall Kato’s main conjecture in Section 3 of Chapter 5.

There is also another formulation of main conjecture due to Perrin-Riou
[17]. Perrin-Riou constructed some function on the arithmetic side using so
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called Perrin-Riou map, and her main conjecture asserts that this function is
equal to the p-adic L-function. This formulation is known to be equivalent to

Kato’s formulation.



CHAPTER 3

Pollack’s theory of the p-adic L-functions at
supersingular primes

We review Pollack’s theory of the p-adic L-functions for elliptic curves
with a, = 0 ([21]). (He constructed his theory for modular forms and for
any primes, but we review for elliptic curves and for odd primes.) In the
supersingular case, the p-adic L-function is no longer an element of Iwasawa
algebra A ® Q,, and we cannot define the A\- and g-invariant in the same way
as in the good ordinary case. Hence the situation looks very different from the
good ordinary case. However, Pollack showed that there exist two power series
in Iwasawa algebra Z,[[X]] and the p-adic L-function is described in terms
of these power series. The A- and p-invariants of the two power series have
important arithmetic information as the A- and p-invariant have in the good
ordinary case. For example, in analytic point of view, Iwasawa formula for the
Tate-Shafarevich group is obtained by using these A- and p-invariants.

1. Pollack’s p-adic L-function

The story began from an observation by Perrin-Riou in [16] on a kind of
trivial zeros of the p-adic L-function.

Let p be an odd prime number. We assume that a, = 0, and let o and
@ be the two roots of the Euler p-factor 22 + p. Then there exist two p-adic
L-function .%,(E, o, X) and .Z,(E, @, X). Perrin-Riou observed that by the
interpolation property (2.3.1) and by o + @ = 0, the function .Z,(F, o, X) +
Z,(E,@, X) has trivial zeros at X = (J,, —1forn >1landi=1,...,p—1,
and the function Z,(E, a, X)— %,(E, @, X) has trivial zeros at X = CI’;%_I -1
form>1landi=1,...,p— 1.

Then, Pollack compared the sum (subtraction) of two p-adic L functions
with the following two functions ®*(X) and ®~(X), which also have trivial
zeros at X = (5, — 1 and at X = (’5, 1 — 1 respectively.

1 o Pon(X +1 1 o o 1 (X +1
or(X)=- [ X+ >, (X)) == [] 22— (X + >,
pm:l p pm:1 p

where ®,,(X) = S?~1 X?" " is the p"-th cyclotomic polynomial.
19
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THEOREM 3.1.1 (Pollack). Letn: A — ZX be a character. Let Z,F(E,n, X)
and £, (E,n, X) be the power series in Q,[[X]] satisfying

(B0, X) = L3 (B0, X) +(X) + £ (E,n, X) & (X)a.
Then Zf(E,n, X) and £, (E,n, X) are elements of Z,[[X]].

PROOF. See Pollack [21] (Theorem 7.1 and Theorem 7.8). Note that
Zy(E,a,n, X))+ Z,(E,a,n,X) =22} (E,n,X)®"(X) and Z,(E,a,n, X) —
gp(EaaanaX>:2$p_(E7naX>q)_(X>&' [

We call Z(E,n,X) and £, (E,n, X) Pollack’s plus (minus) p-adic L-
functions, and if 7 is trivial, we write simply .Z,"(F, X') and £, (E, X).

Let x : G, — pp be a character of conductor p” # 1. We put ¢ = nx and
X(7) = ¢. Then Pollack’s p-adic L-functions are characterized by the following
interpolation properties.

o p" 1 L(E, ¥, 1
Bl ZrEac-n=(nite [T e HEED
T(¢) 1<k<n—1, k: even E
for even n and
_ nt1 p" -1 L(E, 3,1
312) ZEac-D=(0FL [ e MBS
7(¥) 1<k<n—1, k:odd E
for odd n. Here ¢ = ¢, § = n(—1) and 7(¢) is the Gauss sum.
For the trivial x, the interpolation properties are
L(E,1) _ L(E,1)
1. (E =(p—1 ’ E =27
B13) LGB0 =(-1) T (B0 =27
and
_ L(E,7,1)
3.1.4 LH(B,n,0)=0, £ (E,n,0)=——2
( ) p( ) Tl ) ) p( ) Tl ) T(ﬁ) Q%

Hence, for a non-trivial n, Z,"(£,n, X) has a trivial zero at X = 0. In
Chapter 5, we reconstruct Pollack’s p-adic L-functions, without mentioning the
usual p-adic L-functions, as the power series satisfying the above interpolation
properties. They are given as the images of Kato’s zeta elements by the plus
(minus) Perrin-Riou maps (Theorem 5.2.5). Then Theorem 3.1.1 follows from
the construction. The trivial zero phenomena of Z,*(E, 7, X) is also explained
in terms of the plus Perrin-Riou map.
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2. The functional equations of Pollack’s p-adic L-functions

Pollack’s p-adic L-functions inherit the functional equation of the usual
p-adic L-function.

Let N be the conductor of F, and denote the canonical projection of N by
Zy — 1+ 2pZ, by (N). We put ¢ = log (N). We define the dual of Pollack’s

p-adic L-function Z;5Y(E,n, X) by Z;5(E,n™", +25). Then,

THEOREM 3.2.1. Pollack’s p-adic L-functions have the functional equation
"%in(Evan) = Wg U(_N) (1 + X)C gpi(EanaX)
where wg is the root number of the Hasse-Weil L-function L(E,s).

PRrooOF. This follows from the functional equation of the usual p-adic L-
function (Theorem 2.3.2) and the functional equation of ®*(X). See Theorem
7.14 of Pollack [21]. O

Let A+ and g be the A and p-invariants of 25 (E, X) € Z[[X]].

COROLLARY 3.2.2. Let ny be the order of zero of fpi(E,X) at X = 0.
Then wg = (—=1)* = (=1)* = (=1)" = (=1)"-.

PROOF. The corollary is proved in the same way as Corollary 2.3.3 and
Corollary 2.4.6. O

3. Pollack’s analytic Iwasawa formula for the order of the
Tate-Shafarevich group

Assuming the Birch and Swinnerton-Dyer conjecture for cyclotomic fields,
Pollack gave analytically an Iwasawa formula for Tate-Shafarevich groups in
terms of the A\- and p-invariants of his p-adic L-functions.

Let Qo/Q be the cyclotomic Z,-extension and let Q, be the n-th layer.
The order of the Tate-Shafarevich group II(E/Q,,) is conjectured to appear
the leading coefficient of the Taylor expansion of the Hasse-Weil L-function
L(E/Q,,s) at s = 1. In other words, the order of the Tate-Shafarevich group
is analytically computed by using the higher derivative of L(E/Q,, s). Namely,

L(Tn)(E'/@n7 1) JjEtor(Qn)Q D(@n)
Qp/q, 2 R(E/Q,) Tam(E/Q,)
where D(-) is the discriminant over Q, R(E/-) is the regulator, Tam(FE/-) is
the product of the Tamagawa numbers, (1g,. is the real period and r, is the
rank of E(Q,).
The key to obtain Pollack’s analytic Iwasawa formula is, instead of looking
directly (3.3.1), to see the difference of the order of the n + 1-th and the n-
th Tate-Shafarevich groups for sufficiently large n. Then the regulator terms

(3.3.1) tHI(E/Q,) =
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disappear, and the formula is simply written as

I(E/Q, L(E/Q,x,1

tHI(E/Qy) Qg
Here the product is taken over all x corresponding to @Q,,41 but not to Q,,, and
d, is an integer whose p-adic valuation is

o+l
ord, (d,) = o(0") "
where r,, = rank £(Q,,) and ¢(p") = p" — p"~ L.
Then the right hand side of (3.3.2) is computed by Pollack’s p-adic L-
functions from the interpolation properties.

_TOO

THEOREM 3.3.1 (Analytic Iwasawa formula). Let

e, = ord, (fIII(E/Q,)).

We assume the Birch and Swinnerton-Dyer conjecture for cyclotomic fields.
Then, for sufficiently large n,

[ P T (A A = 2re — D)+

Do (™) pm + (P ) )+ ifn ]2
en =
n—1 n—3 2 n—1
P AP T A PP P (A AL = 2 — 1)+

n—1
2

[ k2 @) ey + () o)+ v ifng2
where v is a non-negative constant independent of n.

By comparing with Greenberg’s conjecture in the good ordinary case and by
numerical data, Pollack conjectured that p, and p_ are always equal to zero.
Then the above formula coincides with the formula conjectured by Kurihara.

COROLLARY 3.3.2. Assume that p, = p_ = 0. Then for sufficiently large
n?
p
p—1

Ap+A-—1
:%_rm

en = [up" + An+v]  with p= ;A

where [ -] is the Gaussian symbol.



CHAPTER 4
The plus (minus) Perrin-Riou map

We study a certain canonical formal group %, over Z,, which is isomorphic
to the formal groups of the elliptic curves with a, = 0. Then the plus (minus)
Perrin-Riou map is defined and studied in the language of .7,,. We define
a certain subgroup of %, called the norm subgroup, which plays important
roles to investigate properties of .%,, and our Perrin-Riou map. The norm
subgroup also gives an answer how to put a local condition at p to define
a good Selmer group. We remark that the plus (minus) Perrin-Riou map is
obtained by modifying the P,-pairing in Kurihara [10] where Honda’s theory
is used to study the P,-pairing.

1. Honda’s theory of formal groups

We recall Honda’s theory of formal groups. We restrict ourselves to com-
mutative formal groups over Z, of dimension 1.

Let P be the Z,-submodule of Q,[[X]] consisting of the elements such that
f(X) =30 axX”, kay € Z, for all k. Let ¢ be an element of Z,[[X]] such
that p(X) = X? mod pZ,. We define an endomorphism ¢ of P by

@(Z a, X*) = Z app(X)~.

(¢ is well-defined by Lemma 1.1 of Perrin-Riou [16].) We denote the n-iterated
composition of the endomorphism ¢ by ™. For u(X) = S i bk X* €
Z,[[X]], we define an endomorphism u(y) by

u(@)(FX) =D bef (M (X))

LEMMA 4.1.1. Let ¢ be a power series in Z,[[X]| such that p(X) = XP
mod pZ,. Then ¢ induces the Frobenius operator F : > a, X* — >~ ai, XP* on
P modulo pZ,[[X]].

PROOF. Lemma 1.1 of Perrin-Riou [16]. O

DEFINITION 4.1.2. Foru(X) € Z,[[X]], we say f € P is of the Honda type
u when u(p)(f) =0 mod pZ,[[X]] for some .

By Lemma 4.1.1, if f satisfies u(p)(f) =0 mod pZ,[[X]] for some ¢, then
for any ¢. Honda constructed his theory for ¢(X) = XP, and this remark

23
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enables us to apply his theory for any ¢. We use p(X) = (X +1)?—1. In [10],
Kurihara used Honda’s theory for ¢(X) = X?. By taking ¢(X) = (X +1)P—1,
his arguments become simpler.

A polynomial u(X) = ag+a; X +- - -+a, X" € Z,[X] is called an Eisenstein
polynomial, or of the Eisenstein type, if a;, is a unit, p | a; for all i # h and
ap = p.

Let .# be a formal group over Z,, of dimension 1. We denote the logarithm
of # by log, and the exponential by exp,. We remark that log,(X) € P.
If log»(X) is of the Honda type u, we say that .# is of Honda type u. An
isomorphism i : .# — ¥ is called a strong isomorphism if i(X) = X modulo
degree 2.

THEOREM 4.1.3 (Honda). There is a one-to-one correspondence between
the set of the isomorphism classes of commutative formal groups over Z, of
dimension 1 and the set of Eisenstein polynomials in Z,[X]. In the correspon-
dence, the height of a formal group corresponds to the degree of an FEisenstein
polynomial. More precisely,

i) Let F be a formal group of dimension 1 over Z,. Then there exists a
unique Eisenstein polynomial u such that log, is of the Honda type u.
The polynomial u depends only on the isomorphism class of F .

ii) Let & and & be formal groups over Z, of dimension 1 whose logarithms
are of the same Honda type u for an FEisenstein polynomial w. Then
expy o log#(X) € Zy[[X]] and expy o logz(X) = X modulo degree 2. In
particular, expy o log,(X) gives a strong isomorphism between F and
9.

iii) Let u be an Eisenstein polynomial. Then there exists a formal group %
whose logarithm is of the Honda type u.

PROOF. The theorem is a combination of theorems and propositions in
Honda [6]. See Theorem 2, Theorem 4, Proposition 2.6 and Proposition 3.5 in
Honda [6]. O

For a fixed ¢ and a given Eisenstein polynomial u(X)=p+a; X + -+
ap X", we can explicitly construct a formal group over Z,, of the Honda type
u. Let (x,)n>_ns1 be the sequence of elements of Q satisfying z,, = 0if n < 0,
xo=1and pr,ip +a1Tpip_1 + -+ apx, =0. We put

FX) =) an o™X
n=0
Then, we have u(p)(f(X)) = pX. Hence f(X) is of Honda type u. By Honda’s

theory, F(X,Y) = f~(f(X) + f(Y)) is in Z,[[X,Y]]. Hence there exists a
formal group .# whose group law is given by F(X,Y) = f~1(f(X) + f(Y))



4. The plus (minus) Perrin-Riou map 25

and the logarithm by f.

EXAMPLE (The case G,,). The logarithm of G,, is given by

[e.e] N Xn
logg,, (X) =Y (-1) o
n=1
Let ¢(X) = X?. Then (p —¢)logg, (X) =p>_, pm (=1)" X2 Hence Gy, is

a7

of the Honda type p— X . The canonical formal group %, of type p— X 1is the
formal group whose logarithm is given by

" (X) X
logs, (X)=) “——==> —
n=0 p n=0 p
The strong isomorphism %, — G,, is given by the Artin-Hasse exponential
[e.e] Xpn
expg,, ologz (X) =exp () )
n=0

2. Canonical formal groups of elliptic curves

For an elliptic curve E over Q, with non-additive reduction, by using
Honda’s theory, we define a canonical formal group which is isomorphic to
the formal group of the minimal model of F.

We denote the Euler factor of E by L,(X), which is L,(X) = X?—a,X +p
if £ has good reduction and L,(X) = X —a, if E' has multiplicative reduction
(a, =1 or —1 according to E has split or non-split multiplicative reduction).

We put £,(X) = Xdele(X L (L) Explicitly, £,(X) = L,(X) if E has good
reduction, and ¢,(X) = p — a,X if E' has multiplicative reduction.

THEOREM 4.2.1 (Honda [6], Theorem 9, p. 240). Let E be an elliptic curve
over Q, with non-additive reduction. Then the formal group E of the minimal
model of E is of Honda type £,(X).

We fix p as p(X) = (1+X)P — 1.

2.1. The good ordinary case. Suppose E has good ordinary reduction
at p. Then ¢,(X) = X? — a,X + p has a unit root «, and is factorized as
lp(X) =(1—a'X)(p—aX). The polynomial 1 — o 'X is a unit in Z,[[X]]
and p — aX is of Eisenstein type. The canonical formal group %, of the type
p — aX is the formal group whose logarithm is given by

0 X+ -1
logs, (X) =3 @b DT 2L
k=0 p

By Theorem 4.2.1, .%,, is isomorphic to the formal group of E. The Artin-Hasse
type power series expy o logz (X) gives a strong isomorphism %, — E.
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2.2. The good supersingular case. Suppose F has good supersingular
reduction at p. Then £,(X) = X? — a,X + p is an Eisenstein polynomial. For
simplicity, we assume that a, = 0 (note that if p > 5, we have automatically
a, = 0). The canonical formal group .Z,, of the type p + X? is the formal
group whose logarithm is given by

o9} (X + 1>p2k _ 1
logz, (X) =) (-1)" n :
k=0 p

By Theorem 4.2.1, %, is isomorphic to the formal group of E. The Artin-
Hasse type power series expyolog 7 (X) gives a strong isomorphism %, — E.
We remark that the p-adic Tate module of any F with a, = 0 is isomorphic to
the p-adic Tate module of .Z;.

2.3. The multiplicative reduction case. Suppose E has multiplicative
reduction at p. Then ¢,(X) = p — a,X is an Eisenstein polynomial. The
canonical formal group of the type p — a, X is %,, @ = a, = £1 (cf. the good
ordinary case). Note that %, = %, is strongly isomorphic to G,, (see the
example in the previous section).

We investigate properties of .%,, in the next two sections. We can construct
a similar theory for .Z,.

3. Torsion subgroups of .7,

We show that the p-power torsion subgroup over k,, = Q,((,») of the canon-
ical formal group %, is trivial.

PROPOSITION 4.3.1. Over the unramified quadratic extension of Q,, the
formal group F,s is isomorphic to the Lubin-Tate formal group of height two
with the parameter —p.

PRrROOF. We show that the multiplication [—p]| of .Z, satisfies that i) [—p| X =
—pX modulo degree 2 and ii) [—p] X = X*” modulo p. The condition i) follows
from general properties of commutative formal groups. We show the condition
ii). The multiplication [—p| of Z,, is given by expz (—plogz (X)), which is
in Z,[[X]] by Honda. Since (¢® +p)log (X) = 0 modulo pZ,[[X]], we have
expg,, (—plogz, (X)) = exps, (¥ logs (X)) = expz, (logs, (¢ (X)) =
©(X) modulo pZ,[[X]]. (cf. exps. (pZ,) = pZ,.) O

PROPOSITION 4.3.2. The formal group %, has no p-power torsion point
on the cyclotomic field k,.

PROOF. Let L be the composite field of k,, and the unramified quadratic
extension K of Q,. Let m; be the maximal ideal of the integer ring Oy.
We denote the field obtained by adjoining all p-torsion points of %, to K
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by K(Zss[p]), which is an abelian extension of K of degree p?* — 1 by the
Lubin-Tate theory. Suppose that there is a p-torsion point in Fgs(my). Since
K(Z[p])/K is abelian, all subextensions are normal over K. Therefore L
contains all p-torsion points, namely, L O K(Z[p]). However, the degree of
L/K is ¢(p") = p™ — p"~ !, which is not a multiple of p? — 1. Hence we have a
contradiction. 0

4. Norm subgroups of .7,

Let m,, be the maximal ideal of Z,[(,»] for n > 1 and my = pZ,. We show
that there exists a canonical norm compatible system (c,, )., ¢, € Fss(m,,). The
element c,, is almost a cyclotomic unit {,n —1 € Fy;(m,,). We study a subgroup
Css(my,) of Fgs(m,,) called the n-th norm subgroup, which is generated over

Zp by (CZ)Uegn *

We fix a generator ((,n) of Z,(1) as in Chapter 1. For m > n, we denote
the trace (norm) map Fy,(my,) — Fe(my,) by Try ..
Let € € mg be an element such that log 5 (g) = 55 (cf. logz, (mg) = my).
We put
&0 = (G — D+ re
where [+]#,, is the addition of Fg,. We also put ¢y =€ and c_; = 2¢.

LEMMA 4.4.1. Forn > 1, we have
Tribs/n—l (Cn) = — Cp—2.

PROOF. By Proposition 4.3.2, logz  is injective on Fy(m,). Hence it
suffices to show that the image of ¢, by log  satisfies the above relation. For
n > 2, we have

(23]
Trp/n-1108 7, (cn) = Trpjm_1 ( 1% + ; (—1)ka" ;l; 1 )
2 (23] Conn — 1
k>p™T
_p+1_p+p(kl( b pk )
= - logé‘?ss (Cnf2)'
The case n = 1 is proved similarly. O

DEFINITION 4.4.2. Forn > 0, we define the n-th norm subgroup by
Css(my,) = {P € Fy(m,) | Tr25 P € Fyg(my,_1) for all m =n — 1 mod 2}.

n/m

The following lemma is very useful and played essential roles in Honda’s
works.
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LEMMA 4.4.3 (Honda’s lemma). Let X and Y be indeterminants. For an
arbitrary integer m > 1, we have
(X +py)m _ X"
- =

mod pZ,[X,Y].

PROOF. The lemma is found in Honda [5] as Lemma 4. See also Lemma
2.1 in Honda [6]. O

PROPOSITION 4.4.4. We have logz, (m,) € m, + k,_1. In particular,
there exists a canonical isomorphism

Fos(My) ) Fos(My_1) Zlog 7, (M) /logz, (M,_q) = m, /m,_4.

By this isomorphism, ¢ is sent to c? itself. In particular, (c7)scg, generates
Fos(My,) ) Fss(my_1) as Z,-module.

PROOF. As a set, %,(m,) is the maximal ideal m,,, and we write = €
Fos(my,) of the form z = 37, a; (Jn, a; € Zy. Then =3 a ;ﬁk mod pZ,[Cyn]

and yp, = >, q; C;ﬁk € m,_; for £ > 1. Therefore by Honda’s lemma, we have

2k k

2P 2P\ P p
pk = ( pk) E% mod m,,.

2k

Hence we have x;k € m, + k,_1. By Lemma 4.1.1 or Honda’s lemma, there

exists f(X) € pZ,[[X]] such that

logz (X) = Z
k=0

Xp2k
0.

Since for sufficiently large N, Y 72 \ “”;—ik is in m,, we have log; (x) € m, +
Kp_1.

Since log s is injective on Z,(m,) and is compatible with the Galois
action, we have log z m, Nk,_; =logz m,_;. Therefore we have an injection

log . (mn)/logﬂss (my_1) = (M + k1) /by S my /my, .

By direct calculations, we have logz (c7) = c; mod k,_;. Since (c)seg,
generates m,/m,_; by the usual addition, the above injection is in fact a
bijection. O

PROPOSITION 4.4.5. i) The n-th norm subgroup €ss(my,) is generated by
(¢%)oeg, as Zy,-module.
ii) We have €ys(m, ) NCss(My,_1) = Fes(Mg) and Fgs(m,,) = Cos(my,)+C5s (M, 7).
In other words, we have an exact sequence

O — fg[ss(m0> - %ss(mn> s> Cgss(mnfl) - fg[ss(mn) - O
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where the first map is the diagonal embedding by inclusions, and the second
map is (a,b) — [—1]"(a[—]z.b).

PROOF. We first show that €s(m,) N Ces(my_1) = Fss(mg). Let P €
Css(my,) N Cos(my—q). Suppose P € Fy(my,) \ Fss(my,—1) for some m >
1. Then Try, P =p"™™P € Fss(my,_1) since P € Eys(my,) N Cis(My_1).
Therefore for o € Gal(k,,/km—1), we have p"~™(P? — P) = 0. Hence, by
Proposition 4.3.2, P € Z4,(m,,_1). This is a contradiction.

For the moment, let €7 (m,) be the Z,-submodule generated by (c%)seg, -
We prove i) and Fy(m,) = C,s(m,,) + Css(m,,—_1) by induction. Suppose they
are true for n — 1. Then Fy(m,_1) = Cs(My_1) + Css(m,_2) and

%S(mn—ﬁ = (gs,s(mn—ﬂ - (gs,s(mn) - %S(mn)

by Lemma 4.4.1 and the inductive hypothesis. Therefore, by Proposition 4.4.4,
we have

955("%) = Cgs,s(mn) + ySS(mn—l) = (gs,s(mn) + %S(mn—l)‘
In particular, €/, (m,) + Css(M,_1) 2 Css(m,). Since Cis(my,) N Cos(my,—y) =
Fss(mg), we have €7 (m,,) = Cys(m,,). I

Let n : A — Z) be a character. For a Z,[A]-module M, we denote the
n-component of M by M", which is the largest submodule on which A acts by
n. If we put

€n = JjLA Znil(T) T,

TEA
M™ is given by €, M.
For a non-trivial n, we put

For the trivial character, we put

1 Py (1) FpE for odd n,
Z;é (—1)"*=1pk +1 for even n.

Finally, we put

_ 22:1 (_1)717’{ ¢(pk) for odd n,
" S (D) Feo(p*) + 1 for even n

where ¢(p*) = p* — p*~1. By definition, we have ¢, = ZneAV q,.
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PROPOSITION 4.4.6. i) ranky, €,s(m,)" = ¢. In particular,
we have rankz,, €.s(My,) = ¢n.
ii) We put N =Tr}%,,,,. Then

dime JSS (mn)n/Nfss (anrl) qn Zf 7 .ZS non r.lv.la ’
qat — 1 ifnis trivial.

In particular, we have dimp, Fs(m,,)/NFg(Mpy1) = g — 1.

PROOF. Since the Z,rank of F(m,) is ¢(p") and Fy(m,)" is p" ', i)
follows from Proposition 4.4.5 ii) by induction. For ii), we consider a commu-
tative diagram

ss(mO 77 - (gss(mn-kl)n s> Cgss(mn)n - g\ss(mn-kl)n - O

l Ss o s

fss mO 4 (gss(mn)n <g\ss(lnn)77
p Jss(mO) p %ss(mny) Nyss(anrl)n

0

The top and the second horizontal sequences are exact by Proposition 4.4.5.
Since the norm map %ss(m,41)" — Css(m,—_1)" is surjective by Lemma 4.4.1
and Proposition 4.4.5 i), the middle vertical sequence is exact. We show that
i is injective. If n is not trivial, then Fys(mg)"” = 0. Suppose that 7 is trivial.
Let © € Fy(mg) N pEes(my,). We write © = [p|y for some y € E,(m,).
For arbitrary o € G,, we have [p|(y°[—]y) = z7[—]x = 0, where [—] is the
subtraction of %. Since F4(m,) has no p-torsion point, we have y? = y,
that is, y € Fgs(my).

Hence the bottom horizontal sequence is exact, and ii) follows from this
sequence and i) in this corollary. O

5. The Perrin-Riou map of elliptic curves

Let £/Q be an elliptic curve with good reduction and a, = 0. Let T" be
the Tate module of F and V =T ® Q,. We put i(X) = expy o logz (X).
By Theorem 4.1.3, the power series i(X) is in Z[[X]] and gives an strong
isomorphism i : Z,, — E. The isomorphism i : Fss(my,) — E(mn) and the
Kummer map £ (m,) — H'(k,, T) induce the cup product pairing

(4.5.1) (, Vot Fes(my) x H (k,, T) — H*(ky,, Z,(1)) 2 Z,.
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For z € Z.(m,), we define a morphism P, , : H'(k,,T) — Z,[G,] by
z Z (27, 2)p 0,
Uegn
which is compatible with the natural Galois action. In Section 6 of this chapter,

we see that P, , is nothing but Kurihara’s z — p"P,(x, z) (cf. [10]).

LEMMA 4.5.1. Let v € Fy(m,). The morphisms P, , are compatible for
n>1:

Pn,a:

HY(k,, T) —%  7Z,[G,]

l l

Pnf , Nz
H'(kn-1,T) =" Zy[Gn-1]
where the vertical maps are the corestriction and the projection.

PROOF. The lemma follows from the definition of P, , and basic properties

Cn_1 if nis odd, Ch—1 if n is even.

of the cup product. O
We define two sequences (¢;),>1, (¢ )n>1, €7, ¢ € Fes(my,), by
+ . -
Cp * Co, C2, C2, Cy, Cq; ..., Cp 1Cy, C1, C3, C3, C5, ...
Namely,
n ¢, if nis even, _ ¢, if nis odd,
cp = ¢, =

We put P = (-1)l"=1 P ..

DEFINITION 4.5.2. We define the n-th normAsubgroup, the n-th plus norm
subgroup and the n-th minus norm subgroup of E(m,) by
%s(m,) = {P e E(m,) | TrpmP € E(m,_1) for all m=n—1 mod 2},
E*(m,) ={P e E(m,) | TrymP € E(m,_1) for oddm, 1 <m <n},
E~(m,) ={P € E(m,) | Try,/m P € E(m,_y) for evenm, 1 <m <n}
where Try /m, : E(m,) — E(m,,) is the trace map of E.

The relations between the norm subgroups and the plus (minus) norm
subgroups are

(4.5.2)

Bt m,) = Cp(m,) if nis even, B(m,) = Cp(my,) if nis odd,
" Cp(m,—1) if nis odd, " Gp(m,_y)  if nis even.
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DEFINITION 4.5.3. We define Hy(k,,T) as the exact annihilator with re-
spect to the Tate pairing

() )n: H'(ko,V/T) x H'(kn, T) — Q,/Z,
of the n-th plus (minus) norm subgroup E*(m,) ® Q,/Z, C H"(k,, V/T).
DEFINITION 4.5.4. Let ®,(X) = Y720 X" be the p"-th cyclotomic poly-
nomial and ®o(X) = 1. We put

wn(X)=(X+ 1) =1=X [ @u(X+1),

GrX) = I ea(X+1), wf(X) =X 3HX),
G (X)) =[] enX+1), w(X)=XT,(X)

0<m<n, m:odd

We use the notation in Section 1 of Chapter 2. For n > 1, we identify
A, = Z,[G,] = Z,|A][G}:_,] with Z,[A][X]/(wn-1(X)) by sending 7,1 to 1+ X.

n—1

PROPOSITION 4.5.5. i) The kernel of PF is HL(k,,T).
ii) The image of Pt is contained in &F [(X) A,.

n—1
PROOF. i) follows directly from the definition of PF and Proposition 4.4.5
i). We prove ii) for Pf. The proposition for P, is proved similarly. We
consider a morphism

Zy[A)[X)/ (@nr (X)) = Z,[Ga] —2 1, @,

where ¢ : G, — @X ranges over all characters of G,, of conductor p™ with odd
m, 1 < m < n (¢ is naturally extended to Z,[G,] — Q,). Since ¥(7y,_1) is a
primitive p™~1-th root of unity, the kernel of the above morphism is generated
by @ (X). Hence to prove the Lemma, it suffices to show that ¢ o P = 0
for any character 1 of conductor p™ with odd m.

By Lemma 4.4.1 and Lemma 4.5.1, up to p-power, we have 1) o P¥ =
Y o PE o Cor, /m Where Cor,,/, is the corestriction map. Therefore we may
assume that m = n. Then

YoPl=73 (pzntl)= D (G2 D, w1)=0
o€Gn 0€Gn_1 TEGnH, T=0
where 7 is the image of 7 by the natural projection G, — G,,_;. O

Since w,_1(X) = @F | (X) wF (X)), the multiplication by & ,(X) induces
an isomorphism

(4.5.3) AF = 7, [A|[X]/(wF

n n—1

~

(X)) — &5

n—

(X)) A,
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Hence by Proposition 4.5.5, we have

COROLLARY 4.5.6. There exists a unique morphism an which makes the
following diagram commutative.

+
PA,n

H'(k,,T)

DEFINITION 4.5.7. We call the above Pf,n the n-th plus (minus) Perrin-
Riou map.

PROPOSITION 4.5.8. The plus (minus) Perrin-Riou maps are compatible
forn > 1:

1 P[it,n+l :F
H (knJrlaT) An+1
. l P/it,n l
H'(k,,T) AT

where the vertical maps are the corestriction and the projection.

PROOF. We prove the proposition for P,". The proposition for P, is proved
similarly. For an odd n, we consider a diagram

pt ~
Hl(kn+17T) S &:(X) A1 —— Ar:+1

(4.5.4) l lproj l

+ ~
Yk, T) 2 T (X)) A, —=— AL
where the vertical maps are the corestriction and the projection. By Lemma 4.4.1,
Lemma 4.5.1 and &, (X) = & (X)), the diagram (4.5.4) is commutative. For
an even n > 2, we consider a diagram
Pt ~
Hl(kn+17T) S Jﬁ(X) A1 —— A:LH

n

(4.5.5) l lx% l

P

HY(k,, T) —"— &7 (X)A, —— A
where the left vertical map is the corestriction and the right vertical map is
the projection. Since ®,(X +1) = >>7-0 (X +1)*" " = p modulo w,_1(X), we
have &, (X) = p@;_;(X) in A,,. The commutativity of the right square in the
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diagram (4.5.5) follows from this fact. The commutativity of the left square
follows from ¢, ; = ¢ = ¢, and Lemma 4.5.1. O

Let Hy, (T) = lim,, H'(k,, T), where the limit is taken with respect to the
corestrictions. We have lim,, AT = lim,, Z,[A][X]/(w}_, (X)) = Z,[A][[X]] =
A.

DEFINITION 4.5.9. We define the plus (minus) Perrin-Riou map
P H(T) — A
as the limit of the n-th plus (minus) Perrin-Riou map Py, : H'(k,, T) — AT.

PROPOSITION  4.5.10. The minus Perrin-Riou maps Py, and Py are sur-
jective.

PROOF. We first show that the transition (corestriction) maps H*(k,,,T") —
H'(k,,T) are surjective for all m > n. By the Tate duality, it suffices to show
the kernel of the restriction map H'(k,,V/T) — H'(k,,,V/T) is zero. By
the restriction-inflation sequence, the kernel is H'(G, H°(k,,,V/T)), where
G = Gal(k,,/ky). This group is zero by Proposition 4.3.2.

Next we show that the first minus Perrin-Riou map Py, = P : H'(k,, T) —
Zp|A] is surjective. Then, by Nakayama’s lemma, Py, and P, are surjective.

Since log 7 induces a group isomorphism .%,(m;) = Ga(my), the elements
(¢])oea become a basis of .Fs(my) as Z,-module. Then P, is described as

H'(ky, T) — Hom(Fys(my), Z,) = Z,[A]

where the first map is induced by the pairing (4.5.1) and the last identification
is fr= eaflc])o.

Since the cup product induces a non-degenerate pairing
( )r, « H'(ky, E[p]) x H' (k1 E[p]) — F,,
the isomorphism .Z,,(m;) = E(m;) and the Kummer map E(m;)/pE(m;) —
H'(ky, E[p]) induces a surjection
H' (ky, E[p]) — Homp, (Zs(my) /pFos(my), ).
Therefore, by Nakayama’s lemma, the pairing (4.5.1) induces a surjection
H'(k1,T) — Homy, (Fss(m1), Zy).
O
For the plus Perrin-Riou maps, the situation is different. The reason is the

trivial zero phenomena (3.1.4). For characters n: A — Z, we decompose the
plus Perrin-Riou maps to the n-components

en Py, H (kn, T)" — €A,
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Let I,, be the augmentation ideal of Z,[G,] = Z,[A][G}] :

I, = Ker (Z,[A][G)] — Z,[A])
where the map is induced by G, — {1}. We put I = lim I, and I;; := I,A;; =
Ker (Af — Z,[A], X —0).
PrRoOPOSITION 4.5.11. For the trivial n, the plus Perrin-Riou maps enP/tn
and €, Py are surjective. For a non-trivial character n, the image of the Perrin-
Riou map €, Py, is the augmentation ideal (I,7)". The image of e, Py is I".

PRrROOF. The proof is similar to that of Proposition 4.5.10. The difference
is, for the component of a non-trivial 7, we have to prove surjectivity of the
second Perrin-Riou map

enpzirz : Hl(k%T)n — (A)"
to the augmentation ideal. It is easy to see that Ay = Ay and Py, = Py
We put d, = ¢,¢§. Then d,, = n(r)d, for 7 € A and Zaegll dy =0

by Lemma 4.4.1. Therefore by Proposition 4.4.5 i) and Proposition 4.4.6 1),
(dy)segt,o+1 becomes a basis of €5(my)". Hence we have an isomorphism

Hom(Gys(mo)", Z,) 2 17, [ =Y f(d) o
oGl
Then the morphism €, Py, = ¢,P, , is described as
HY (ks T — Hom (o (m)", Z,) — Hom(#,(m)",Z,) = I

where the first map is induced by the pairing (4.5.1) and the second map is
the projection induced by the decomposition Fss(ms)? = Cis(Ma)? B Css(my)”
(cf. Proposition 4.4.5). The surjectivity of H'(ke, T)? — Hom(Fs(ma)", Z,)
is proved as in the proof of Proposition 4.5.10. O

Hence, by Proposition 4.5.5, Proposition 4.5.10 and Proposition 4.5.11, we
have

THEOREM 4.5.12. The plus (minus) Perrin-Riou maps induce isomorphisms

(4.5.6) Py, H'(kn, T)/H! (k,,T) = A},
(4.5.7) et Py, H'(ky, T)2 /Hy (K, T)™ = (A])2,
(4.5.8) enPy o H' (k, T)"/HY (kn, T)" = (I,)" forn# 1.

If we put Hy,, . (T) = lim,, Hi(k,,T), then the above isomorphisms induce
1somorphisms

(4.5.9) Py H (T)/Hy, _(T) = A,
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(4.5.10) el Py - Hy, (T)%/Hy, (T)* = A%,
(4.5.11) e, Py - H (T)"/Hy, (T)"=1I" forn+#1.

6. Perrin-Riou maps in terms of the dual exponential maps

In the next chapter (Theorem 5.2.5), we compute the image of Kato’s zeta
element by the plus (minus) Perrin-Riou map. For this purpose, we give a
description of Perrin-Riou maps in terms of the dual exponential map of E.
Then it turns out that our Perrin-Riou maps are similar objects with the
explicit Coleman map in the appendix in Rubin [24]. It also turns out that
our P, , is Kurihara’s z +— p"P,(x, z) (Kurihara [10], Section 3).

We first fix notations, and recall the dual exponential map and its basic
properties. We follow Rubin [24, Section 5.

For every n let tan(FE/k,) denote the tangent space of E/k, at the origin
and consider the Lie group exponential map

expp : tan(E/k,) — E(k,) ® Q,.

Fix a minimal Weierstrass model of E and let wg denote the Néron differen-
tial. Then the cotangent space cotan(E/k,) is k,wg, and we let w}, be the
corresponding dual basis of tan(E/k,). We have a commutative diagram

(4.6.1) log 7, (M) <— Fs(my,)

CXPE

tan(E/k,,) E(k.) @ Q,

There is a dual exponential map
expy : H' (ky, V) — cotan(E/k,) = k, wp
which has a property
(4.6.2) (7, 2)n = Trp, g, logg(z) expl, (2)

for every x € E(m,) and z € H'(k,,V). Here (, ), is the local Tate pairing
and exp], = wy o expy. (cf. Formula (2) in Rubin [24, Section 5].)
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PROPOSITION 4.6.1. The map P, , in Section & is described in terms of
the dual exponential map as follows.

Pra(z)=> (2% 20

Uegn

= > (Tik g, logz, () expl,(2) ) o

Jegn
= (D logz, (27)0) () expl, (z")07").
0€Gn 0€Gn
PRrROOF. The formula follows from the diagram (4.6.1) and the formula (4.6.2).
See also the appendix of Rubin [24]. O

PROPOSITION 4.6.2. Let ¢ be a character of G, of conductor p™. Then
forn >1, we have

. (-D)=2p 17 (y)  if m is even > 0,
=y > logs (cf) (o) =14 0 if m is odd,
p oz o n ( 71) : _
€g p;’H if P =1.
Similarly,
. (_1)%“19,[%] () if mis odd,
S Z log s (c,) (o) = 0 if m is even > 0,
p[?} 78S 9 )
TEGn 2P if v =1.

p+1

where T(¢) is the Gauss sum Y o V() (n.

PROOF. If m > 1, by the norm compatibility of p ] log # _(c}) and
p~3llog s (c;), we may assume that m = n. Then the formula is obtained

by direct calculations as in the proof of Lemma 4.4.1 and Proposition 4.5.5. If

¢ =1, we may assume that n = 1. Then we have }___, logz (co) = %

and 20691 log 7. (c1)” =logz (c_1) = z% by Lemma 4.4.1. O






CHAPTER 5

The plus (minus) Selmer group

We define the plus (minus) Selmer group. This Selmer group is A-cotorsion
and has a certain control theorem. The characteristic ideal of the Pontryagin
dual of this Selmer group is conjectured to be generated by Pollack’s p-adic
L-function (main conjecture). By using Kato’s Euler system, we prove a half
of this conjecture, that is, the characteristic ideal contains Pollack’s p-adic
L-function.

In this chapter, if not otherwise specified, we assume that p is odd and £
is an elliptic curve over Q with good reduction at p and a, = 0.

1. The definition of Sel” (£/K,) and Sel” (E/K,)
We use the notation in Chapter 2, Section 1.

DEFINITION 5.1.1. We define the Selmer group by

Sel(F/K,) := Ker (Hl(Kn,E[poo]) — H E]j[([((f:)v(yg)EQEZTJZ?p )

where v ranges over all places of K,, and the map is induced by the restrictions
of the Galois cohomology groups. Let Sel(E/Ky) := lim,, Sel(E/K,,).

DEFINITION 5.1.2. We define the n-th plus (minus) norm subgroup by

E*(K,,) ={P € E(K,,) | TrpmP € E(Kpm_1,) for odd m < n},
E7(Knw) ={P € E(K,,) | Trp/mP € E(Ky—1,) for even m < n}.

where Try, j, « E(K, ) — E(Ky,) is the trace map.
(cf. Definition 4.5.2.)

DEFINITION 5.1.3. We define the plus (minus) Selmer group by

vy e (nis s~ [ )

v

We remark that F(K,,,) ® Q,/Z, = E*(K,,) ® Q,/Z, =0if v{p.
39
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Let
Sel™(E/Ky) : = lim, Sel*(E/K,),
Sel™(E/K.) : = lim, Sel™ (E/K.,).
Following Kurihara [10], we define the zero Selmer group.

DEFINITION 5.1.4. We define the zero Selmer group by
Sely(F/K,) = Ker (Hl(Kn, E[p™]) — HHl(Km), E[p™)) ) )

Let Selo(E/K o) = lim , Selg(E/K,,).

We denote the Pontryagin dual of Selmer groups by “Z”. For exam-
ple, 2 (E/K,) is the dual of Sel(E/K,) and 2 *(E/K,) is the dual of
Sel*(E/Ky).

2. A-cotorsionness of the plus (minus) Selmer group

We first fix notations. Let T be the p-adic Tate module of £ and V =
T ® Q. Let S be a finite set of primes containing all bad primes of £ and
the archimedean places. We denote the integral closure of Z[1/S] in K, by
Ok, [1/S], and we put Gk, s = Gal(K, s/K,) where K, ¢ is the maximal
unramified extension of K, outside S. Let HY(Ok,[1/S],T) be the étale co-
homology group or equivalently, the Galois cohomology group H?(Gk, s,T).

We define

HY(T) = lim,, HY(Ox, [1/5],T)

where the limit is taken with respect to the corestrictions.

We define

Hi (T):=lim, H/(K,,,T)

Iw,v i
and
HY, §(T) = @ues Hy,, (1),
where the limit is taken with respect to the corestrictions and the sum is taken
over the places of K, over S. For the place v over p, we put H?W,U(T) =
Hi, (T).
We consider the Tate-Poitou exact sequence of Ok, -modules

H'(Ok,[1/8],T) = ®uesH' (Ky,, T) — H' (O, [1/S], V/T)Y
—H?*(Ok,[1/9],T) — ®uesH* (K, T).

(cf. Perrin-Riou [19], Appendix A.3.)
We have E(K,,,)®Q,/Z, = 0 for the places v not lying above p. The exact
annihilator of E(k,) ® Q,/Z, with respect to the local Tate pairing is E(k,,).
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The exact annihilator of E*(k,) @ Q,/Z, is HL(k,,T) (cf. Definition 4.5.3).
Hence from the Tate-Poitou exact sequence, we deduce three exact sequences

(5.2.1) 0— 20(E/K,) — H*(Ok,[1/S],T) — ®pes H*(Kny, T),

(5.2.2)
HY(Og,[1/8),T) — H'(k,,T)/H(k,,T) - Z*(E/K,) — Zy(E/K,) — 0,

(5.2.3)
HY(Og,[1/S),T) — H (k,,T)/E(k,) — Z (E/K,) — Z,(E/K,) — 0.

(cf. Kurihara [10] or Perrin-Riou [19], Appendix A.3.2.)
Taking the limit of the above three exact sequences, we get

(5.2.4) 0— 25(E/Ky) — HY(T) — H}, (T),
(5.2.5) HY(T) — Hy,(T)/Hj, (T) = 2 (E/Kw) — Zo(E/Kx) — 0,

(5.2.6)  Hy(T) — Hy,(T)/Hy, ((T) — 2/ (B/Kw) — Z(E/Kx) — 0,
where HY, . (T) = lim,, HL(k,,T) and H, (T) = lim,, E(k,).

The most crucial difference between the good ordinary case and the good
supersingular case is the structure of the universal norm group Hy,, (7). In the
good ordinary case, Hllw7 f(T ) has A-rank 1, and by the Perrin-Riou map or so
called the Coleman map, Hy, (T)/Hy,, ;(T) is pseudo-isomorphic to A. On the
other hand, in the good supersingular case, the universal norm group is equal
to zero, and Hy (T')/Hy,, ((T) = Hy,, (T) has A-rank 2. This is the reason that
the usual Selmer group is not A-cotorsion (A-rank 1). Since our plus (minus)
Selmer group is constructed to have the property that Hy,(T)/Hy, (T) is
isomorphic to A (or its augmentation ideal) by the plus (minus) Perrin-Riou
map, we can treat the good supersingular case as in the good ordinary case.

Now we recall Kato’s result (the CM case is essentially due to Rubin). Here
we do not need to assume anything about the reduction type of E at p. (For
simplicity, in Theorem 5.2.2 iii), we assume that F has good reduction at p.)

Let j be the natural inclusion Spec Ok, [1/S] — Spec Ok, [1/p]. We put

H(T) = lim, H(Spec O, [1/p], . T)
where HY(Spec Ok, [1/p], j«T) is the étale cohomology group.
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THEOREM 5.2.1 (Kato [8], Theorem 12.4). i) H}(T) is a torsion A-module.
ii) H(T') is a torsion free A-module, and H(V) := H(T)®Q is a free A®Q-
module of rank 1.
iii) If p # 2 and if T/pT is irreducible as a two dimensional representation of
Gal(Q/Q) over F,, then H}D(T) is a free A-module of rank 1.

THEOREM 5.2.2 (Kato [8], Theorem 12.5). i) There exist two systems of
elements,
2= = (z3)n € Hy(V), 27 € H'(Ok,[1/p, T) © Q
such that for a character ¢ of G, of conductor p", we have

Zw expwE o(z; )):(5(1—ap¢( )p +(p )2 71) (%g,l)

0€Gn
where § = 1 if 1(—1) is equal to the sign of 2 and otherwise § = 0.
ii) Let Z,(V) be the A®Q-submodule of H.(V') generated by z* and z~. Then
H,(V)/Z,(V) is a torsion A @ Q-module.
iii) Letn: A — Z; be a character. Suppose that E has good reduction at p.
Then

Char(Hi(V)”) D) Char(H}D(V)”/Zp(V)”).

iv) Let Z,(T) be the A-submodule of H'(V') generated by z* and z~. Suppose
that p # 2 and T/pT s irreducible as a two dimensional representation of

Gal(Q/Q) over F,. Then
Z,(T) € H)(T) in H(T)®Q.
v) Suppose that p # 2 and that the homomorphism
Gal(@/Q) — GLz,(T)

18 surjective. Then,
Char (H}(T)") 2 Char (H,(T)"/Z,(T)").

REMARK 2.1. i) Since we assume that F has supersingular reduction at p,
the condition in Theorem 5.2.1 iii) and Theorem 5.2.2 iv) is satisfied.
ii) The signs in Theorem 5.2.2 i) are related with the action of the complex
conjugate on the homology group of E, and there are no connections with the
signs of plus (minus) Selmer groups or Perrin-Riou maps.
iii) In Theorem 5.2.2 iv), we have to fix a good modular parametrization. Then
Theorem 5.2.2 iv) follows from Kato [8], Theorem 12.6. See also Section 13.14
of [8]. We remark that if p # 2 and T'/pT is irreducible, T" and V7 (f) (cf. [8,
Section 8.3]) differ by an element of Zx. We also use the fact that the Manin
constant for an optimal parametrization is a p-adic unit (cf. Greenberg-Vatsal

[4]).
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iv) If E has no complex multiplication, then by the result of Serre [25], the
condition in Theorem 5.2.2 v) is satisfied for almost all p.

PROPOSITION 5.2.3 (Kurihara). i) Hg(T) is isomorphic to H)(T).
ii) H2(T) is isomorphic to 23(E/Ky) as A-module.

PRrROOF. The proposition is due to Kurihara [10]. We recall his proof. We
put 8" = S\ {p}, and denote by S/, the primes of K, lying over S’. From the
localization sequence of étale cohomology groups, we have an exact sequence

0 _>H1(0Kn [1/p]7j*T) - HI(OKn [1/3]7 T) - @vESLHO(k(U)u Hl(ln,vy T))
— H*(Ok,[1/p], 5.T) — H*(Ok,[1/S),T) = ®pes, H*(Kp, T)
where k(v) is the residue field of v and I,, is the inertia subgroup of the
Galois group Gal(Ky,,/Kpy). Since lim, H(k(v), H' (I, T)) = 0, we have
the assertion i) and
0— HIQJ(T) — H%(T) — H%st_{p}(T).
Hence, by the exact sequence (5.2.4), we have an injection H2(T')/ 2o(E/Ko) —

H}, (T). However, since F(ky )y~ = 0 by Proposition 4.3.2, we have H? (T') =
0 by the local Tate duality. O

COROLLARY 5.2.4. Z4(E/K) is a torsion A-module.
Proor. This follows Theorem 5.2.1 and Proposition 5.2.3. 0

By Proposition 5.2.3 i), we put HY(T') = Hg(T) = H,(T).

THEOREM 5.2.5. Let n : A — ZX be a character. Let z= € H'(T) be
Kato’s zeta element in Theorem 5.2.2. By the localization map, we regard z*
as an element of Hi_(T). Then, the image of the zeta element by the plus
(minus) Perrin-Riou map is Pollack’s plus (minus) p-adic L-function:

& Py (2"V) = n(=1) L5 (B, X).

PROOF. Since the both power series in the theorem have the coefficients in
Z,, it suffices to show that the power series in the left hand side have the same
interpolation properties (3.1.1) and (3.1.2) of Pollack’s plus (minus) p-adic
L-function.

Let x : G, — pp~ be a Dirichlet character of conductor p™ # 1. We put
¥ = nx. Suppose n is even. Then by the construction, we have ¢ o P =
@y 1(C—1)myo Py, where x(v,-1) = ¢ and my : AT — Q,, X — C. Hence by
the description of P in terms of the dual exponential map (Proposition 4.6.1
and Proposition 4.6.2) and by Kato’s result Theorem 5.2.2, ¢, Py (z"~Y ) has
the same interpolation properties as the Pollack’s plus p-adic L-function. We
remark that 7(¢) 7(¥) = (—1) p*. The formula for the minus Perrin-Riou
map is shown similarly by considering odd n. O
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The above theorem gives another construction of Pollack’s (and the usual)
p-adic L-function of E.

THEOREM 5.2.6. 1) we have an exact sequence

(5.2.7)
0— HY(T) — H,(T)/H}, . (T) = 2F(E/Kx) — Z0(E/Kx) — 0.

ii) The plus (minus) Selmer group Sel*(E/K.,) is A-cotorsion.

PROOF. The exact sequence is the exact sequence (5.2.5) except the injec-
tivity of H'(T) — Hy,(T)/Hy,, . (T). Since H'(T') is a free A-module of rank
1 by Theorem 5.2.1 iii) and Hj,(7')/Hj, () — A by Theorem 4.5.12, the
morphism H'(T') — Hy (T)/Hj, . (T) is injective if and only if this is non-
zero map. However, the image of the zeta elements in Hy (T)/Hy, . (T) — A
is non-zero by Theorem 5.2.5 and Rohrlich’s theorem [22].

For ii), by Theorem 5.2.5, the n-component of the cokernel of the mor-
phism H'(T') — Hi, (T)/Hj, .(T) is killed by Pollack’s p-adic L-function
ZLE(E,n, X). Since Z(E,n, X) # 0 by Rohrlich’s theorem, the cokernel is
A-torsion. Since Zy(E/K) is A-torsion by Corollary 5.2.4, ii) follows from
the exact sequence (5.2.7). O

3. Main conjecture

In the classical Iwasawa theory, there are two types of formulations of
Iwasawa main conjecture. Roughly speaking, one is that the characteristic
ideal of the minus part of the ideal class group is generated by the Kubota-
Leopoldt p-adic L-function. We call this type of the formulation the first type.
The other is that the characteristic ideal of the plus part of the ideal class
group is equal to the characteristic ideal of the group of the global units modulo
the cyclotomic units. In [7] (Section 3.2 of Chapter 1), Kato generalized the
second type of the formulation to main conjecture of motives (see also Perrin-
Riou [19], 4.4). For elliptic curves, his conjecture is specified to the following
(Kato [8], 12.9).

CONJECTURE (Kato’s main conjecture). Let n: A — ZX be a character.
Then, Z,(T)" € HY(T)" and

Char (H2(T)") = Char (H\(T)"/Z,(T)").

A half of the conjecture is proved in Theorem 5.2.2 v). Kurihara formulate
main conjecture by replacing the left hand side of Kato’s main conjecture by
Char (Zo(E/Kx)") (cf. Proposition 5.2.3).

For elliptic curves with good ordinary reduction at p, Mazur formulated
main conjecture of the first type similarly as in the classical case (cf. Chapter
2). Perrin-Riou [17] formulated main conjecture of the first type for elliptic
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curves with good supersingular reduction at p, and generalized it to motives
([19], 4.2). However, in general, if they existed, p-adic L-functions would have
huge denominators and would be no longer in A, and Selmer groups would
be also no longer A-cotorsion. Hence, the formulation of the first type should
be complicated even in the case of the elliptic curves with good supersingular
reduction. In fact, Perrin-Riou’s formulation is not just like the form as in the
classical case or Mazur’s formulation.

However, in the case of a, = 0, we can propose another formulation of
main conjecture of the first type using Pollack’s p-adic L-function and the
plus (minus) Selmer group. This formulation goes along with the classical
case or Mazur’s formulation in the good ordinary case.

CONJECTURE  (Plus main conjecture). Let n : A — ZX be a character.
For the trivial n, we have

Char (27 (E/K)) = (£} (E,X)).
For a non-trivial n, we have
1
Char (27 (B[ Koo)") = (522 (B0, X))
We remark that for a non-trivial 5, Pollack’s p-adic L-function Z" (¥, 7, X)
has a trivial zero at “X =07 (cf. Chapter 3).

CONJECTURE (Minus main conjecture). Let n: A — Z be a character.
We have

Char (27 (E/Kx)") = (£, (E,n,X)).
We study the relation with our conjectures and Kato’s main conjecture.

THEOREM 5.3.1. The three conjectures, Kato’s main conjecture, the plus
main conjecture and the minus main conjecture are equivalent.

PrOOF. By Theorem 4.5.12, Theorem 5.2.5 and the exact sequence (5.2.7),
we have three exact sequences

0— H)(T)%/Zy(T)> — A2 /(LN (B, X)) = ZT(E/Kw)® — 20(E/Ks)® — 0,
0 — Hy(T)"/Zy(T)" — I" /(L7 (E,n, X)) = 2T (E/Ks)" — 20(E/Kx)" — 0,
0 — Hy(T)"/Zy(T)" — A" /(% (E,n, X)) = 2 (E/Kx)" — 20(E/Ku)" — 0.

The middle sequence is for a non-trivial 7. The theorem follows from the
above exact sequences. O
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THEOREM 5.3.2. There exists an integer n > 0 such that
Char (2 1(E/Kx)?) 2 (p" £ (E, X)),
Char (2 H(E/Kx)") 2 (%g;(E,n,X)) forn # 1,
Char (2 (E/Kx)") 2 (p”,%_(E,n,X)).

If the assumption in Theorem 5.2.2 v) is satisfied, then we can take n = 0.

PROOF. The theorem follows from Theorem 5.2.2 and the exact sequences
in the proof of Theorem 5.3.1. 0

4. The plus (minus) control theorem

In the good supersingular case, the control theorem for the usual Selmer
group always breaks. For our plus (minus) Selmer group, considering the local
structure at p (cf. in Theorem 4.5.12, the group AF appears instead of A,,),
we have a weaker control theorem.

ProproSITION 5.4.1. The natural maps
Sel*(E/K,) — Sel*(E /K )™
are ingective. Here I'), = Gal(K o/ K,,).

PROOF. By definition, the n-th plus (minus) Selmer group is a subgroup of
HY(K,,V/T). Hence it suffices to show that H'(K,,,V/T) — H (K., V/T) ™
is injective (in fact, bijective). By the restriction-inflation sequence, the ker-
nel is HY(G,, E(K,)p~) and the cokernel is contained in H*(G,, E(K,)y=).
However, E(K )~ is zero by Proposition 4.3.2. O

In the good ordinary case, to prove the control theorem, the non-triviality
of the universal norm group is crucial, which is zero in the good supersingular
case. The following proposition says that the universal norm group for our
local condition is non-trivial.

ProproOSITION 5.4.2. The natural maps

lianHi(kmaT> — Hi(kn, T)/wi_y(v)H (kn, T)

n—1

are surjective.
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Proor. We put Hi , = Hi(k,,T) for simplicity. We first remark that
w (y) HY(k,, T) C Hi,n since Hl(kn,T)/H:Ln — A/(w (X)) by Theo-
rem 4.5.12. We consider a commutative diagram

lim ,n Hi lim ,,, H (Fy, T) lim ,,, H* (ky, T)/HL ,,, .
w1 (7) w1 (7) w1 ()
0 Hi, H' (kn, T) H (kn, T)/HL
WI—1(7)H1(ka) er—l(’Y)H (kn,T) WI—1(W)

The rows are exact. By Theorem 4.5.12, the right vertical map is an iso-
morphism. Since lim , ' (kp,, T) — H'(km, T) is surjective (cf. the proof of
Proposition 4.5.10), the middle vertical map is surjective. Hence the proposi-
tion follows from the Snake lemma. 0

For a A-module M, we put
M= — {2 € M |w_,() @ = O},
We also put H*(K,,) = H (Kpu, V/T)/(E*(Kp.) © Q,/Z,).
COROLLARY 5.4.3. The morphism
HE ()70 = L, H* (i)
18 injective.
Proor. This is the Pontryagin dual of Proposition 5.4.2. O

Let us consider a diagram

0 —= Sel*(E/K,)*"=0 ——= HY(K,,V/T)“1=0 ——= I, H*(K,,)*="°

lSn lhn lgn
0~ Sel* (B KogJT 170 —— H(K, V/T)5i 10— TL, HE (Ko )17

We would like to show that s,, has finite kernel and cokernel of bounded
order as n varies. We show this by arguments in Greenberg [3, Section 3].

If wi | =0 is replaced by w,_1 = 0, then the morphism h,, is bijective as
in the proof of Proposition 5.4.1. Hence in fact h, is bijective. We show that
kernel of g, is finite of bounded order as n varies. By Lemma 3.3 in Greenberg
[3], for v { p, the kernel of r, : H* (K, ) — lim ,, H* (K ) is finite of bounded
order. For v | p, the kernel of r, is zero by Corollary 5.4.3.

Hence we have
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THEOREM 5.4.4 (The plus (minus) control theorem). The natural maps
Sel* (E/K,)“n—1=0 — Sel* (B/ K )“n-1=°
are injective and have finite cokernel of bounded order as n varies.

We write 2.5 = Z%(E/Ky) and 2,5 = Z*(E/K,) for simplicity. The
Pontryagin dual of the plus (minus) control theorem is

THEOREM 5.4.5. The natural maps
L Wi (V2L — 25 fwi (1) 2

n—1 n—1

are surjective and have finite kernel of bounded order as n varies.

The following is a half of the p-adic Birch and Swinnerton-Dyer conjecture,
which is already proved in Kato [8].

THEOREM 5.4.6.
ordy—o %, (E,X) > rank E(Q).
In particular, we have
ordy—o.%,(E,X) > rank E(Q).
PrROOF. By Theorem 5.4.5, we have a pseudo-isomorphism
Pl =25 = 275 (v - )27 = 27" = 24

We compare the Z,-rank of the A-fixed parts of the both sides. By the half
of the plus (minus) main conjecture, the rank of the left hand side is less than
or equal to ordx—q .,Zf(E, X), and the rank of the right hand side is greater
than or equal to the rank of E(Q). O

5. The plus (minus) Iwasawa invariants

Since in the good supersingular case, the Selmer group is no longer A-
cotorsion, the definition of the A- and p-invariants were not known. Recently,
Perrin-Riou defined A- and p-invariants ([20]). However, her definition of A-
and p-invariants are complicated.

We define the A- and p-invariants simply by the A- and p-invariants of our
plus (minus) Selmer group. Arithmetic properties of our A- and p-invariants
are visible, for example, we easily bound the rank of the Mordell-Weil group
over K, by using these A-invariants as in the good ordinary case.

Recently, Kurihara announced that he obtained an Iwasawa formula for the
Tate-Shafarevich group for some rational numbers A, p and v (cf. Chapter 2,
Section 5.) Perrin-Riou ([20]) also obtained an Iwasawa formula in terms of
her A\- and p-invariants. Iwasawa formula should be also obtained by using our
A- and p-invariants as in Pollack’s analytic Iwasawa formula.
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DEFINITION 5.5.1. Let n: A — Z) be a character. We define N and
as the A\- and the p-invariants of Char(2*(E/Kx)"). We put Ae = 37, Nl
and pe = pll

We define the n-th plus (minus) Mordell-Weil groups by

E*(K,) ={P € E(K,) | TrymP € E(K,,_1) for odd m, 1 <m < n},

E7(K,)={P € E(K,)| TrymP € E(K,,_,) for even m, 1 <m < n}.

PROPOSITION 5.5.2. We have ET(K,)@ Q N E~(K,) @ Q=E(Q)®Q

and ET(K,) ® Q + E~(K,) ® Q = E(K,) ® Q. In other words, we have an
exact sequence

0—-EQ@®Q— (E"(K,)®Q) & (E (K, ®Q) = E(K,) ®Q — 0

where the first map is the diagonal embedding by inclusions and the second
map is (a,b) — (—=1)"(a — b).

PROOF. Suppose P € E*(K,)2QNE~(K,)®Q. If P € E(K,;,)\E(Km-1)
for m > 1, then Try,/n, P ¢ E(K,,—1). Hence we have a contradiction. Let P be
an element of E(K,)®Q. Let @, (X) be as in Definition 4.5.4. Since Try,1/x
is given by the pF-th cyclotomic polynomial @y (), the element @t ,(y—1) P is
in E*(K,,)®Q. Since @, |(X) and @, ,(X) are mutually prime in Q[X], there

n—1 n—1

exist A(X), B(X) € Q[X] such that A(X) &, (X) — B(X) &+ (X) = (—1)"

n—1
If we put P* = A(y—1)@,_,(y—1)Pand P~ = B(y—1)&; (y—1) P, then
P* e B*(K,)®Q and P = (—1)*(P* — P™). 0

The following proposition is an analogue of Corollary 2.4.2 for the good
ordinary case.

PROPOSITION 5.5.3. We have
corankz, Sel*(E/K,,)" < AL
In particular, we have rank E*(K,)" < rank E*(K,)7 < \1.

PrOOF. The proposition follows from Proposition 5.4.1 and the fact that
E*(K,) ® Q,/Z, is contained in Sel™(E/K,,). O

COROLLARY 5.5.4. Let r be the rank of the Mordell-Weil group of E(Q).
Then,

rank E(Ky)" < M+ AL af £ L
TAAL N = dif p=1.

In particular, we have rank E(Ky) < Ay +A_ —r.

PRroOF. The corollary follows from Proposition 5.5.2 and Proposition 5.5.3.
O
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By the half of the plus (minus) main conjecture, we have a similar bound
as in Corollary 5.5.4 by using the A-invariants of Pollack’s p-adic L-functions.

Pollack gave a table of the values of his A-invariants of elliptic curves of con-
ductor less than 1000 ([21]).

THEOREM 5.5.5. If p 1 L(QLEU and the assumption in Theorem 5.2.2 v) is

satisfied, then \. = pl. = 0 and the plus (minus) main conjecture for Q. (the
trivial n-part) holds. In particular, Z*(E/Qs) and Zo(E/Qu) are finite,
and Z*(E/Q,) and Z5(E/Q,) are finite of bounded order as n varies.

PROOF. By the interpolation properties of Pollack’s p-adic L-function (3.1.1)
and (3.1.2), Pollack’s A\l and pl-invariants are zero. Hence the assertion fol-
lows from Theorem 5.3.2. C
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