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Abstract

We obtain a decomposition formula of a representation of Sp(p, ¢) and SO*(2n) unitarily
induced from a derived functor module, which enables us to reduce the problem of irreducible
decompositions to the study of derived functor modules. In particular, we show such an
induced representation is decomposed into a direct sum of irreducible unitarily induced
modules from derived functor modules under some regularity condition on the parameters.
In particular, representations of SO*(2n) and Sp(p, ¢) induced from one-dimensional unitary
representations of their parabolic subgroups are irreducible.

§ 0. Introduction

Our object of study is the decomposition of unitarily induced modules of a real reductive Lie
groups from derived functor modules. In [Matumoto 1996], the case of U(m,n) is treated. In
this article, we study the case of Sp(p, ¢) and SO*(2n). Reducibilities of the the representations
of U(m,n) unitarily induced from derived functor modules is coming from the reducibility of
particular degenerate principal series of U(n,n) found by Kashiwara-Vergne [Kashiwara-Vergne
1979]. In the case of Sp(p, ¢) and SO*(2n) the situation is quite similar, at least in regular region
of the parameter, the reducibilities also reduce to the Kashiwara-Vergne decomposition.

We are going into more details.

Let G = Sp(p,q) (p > q) or G = SO*(2n). We fix a Cartan involution 6 as usual. Let

k = (k1, ..., ks) be a finite sequence of positive integers such that

if G = Sp(p,q),

q
o +k5<{g if G = SO™(2n).
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If G =5Spp,q),put p =p—ky —---—ksand ¢ =qg—Fk, —---—ks. If G =S0O*(2n), put
r=n—2(k;—---—ks). Then, there is a parabolic subgroup P, of GG, whose Levi subgroup M,

is written as

v e { GL(k H) o< GL(K,, H) < Sp(p/,¢') - if G = Sp(p,q)
* =\ GL(k1, H) x - x GL(k,, H) x SO*(2r)  if G = SO*(2n)

Here, formally, we denote by Sp(0, 0) and SO*(0) the trivial group {1}. Any parabolic subgroup
of G is G-conjugate to some P,. GL(k, H) has some particular irreducible unitary representation
so-called quarternionic Speh representations defined as follows. We consider GL(k,C) as a sub-
group of GL(k,H). For { € Z and t € \/~1R, we define a one-dimensional unitary representation
&t of GL(E, C) as follows.

4
= (e s

GL(k,C) is the centerizer in GL(k, H) of the group consisting of scalar matrices with the eigen-
value of the absolute value one. So, there is a #-stable parabolic subalgebra q(k) with a Levi
subgroup GL(k,C). We choose the nilradical n(k) so that &+ is good with respect to q(k) for
sufficient large ¢. Derived functor modules with respect to q(k) is called quarternionic Speh
representations.

For t € /—1R, there is a one-dimensional unitary representation & of GL(k, H) whose
restriction to GL(k, C) is &+ We put

_ (up @ik H)@RCSP (k) k(k+1)
Ak(£7t) - ( Rq(k)70(km) ) (gf-l—?k,t) (z S Z)

We also put

Ak(—OO, t) = gt-

For { € Z, Ay ((,t) is derived functor module in the good (resp. weakly fair) range in the sense of
[Vogan 1988] if and only if £ > 0 (resp. £ > —k). It is more or less known by [Vogan 1986] that
any derived functor module of GL(k, H) is a unitarity parabolic induction from one-dimensional
representations or quarternionic Speh representations. So, it suffices to consider the following

induced representation.

(®) IndS (Ag, (1, 11) & -+ & Ay, (L, t5) R 7).



Here, 7 is a derived functor module of Sp(p/, ¢') or SO*(2r) in the weakly fair range. Moreover,
GelleZ|l> —k}YU{—oc}, and t; € vV/—1R for 1 < i < 5. If we apply well-known Harish-
Chandra’s result on unitary induction, we may freely permute Ay, (¢;,¢;)’s. We assume that
l;+1€2Z and t; = 0 for some 1 < ¢ < s. Then, we may assume ¢ = s. Let &' = (kq, ..., ks—1).

Then from the induction-by-stage, we have

IndS (Ag, (01, 1) B -+ B Ay, (C5, 1) B Z)

= Indf, (Ag, (01, 11) B8 Ay, (6o, ) B Ind (A, (6,0) 8 2)).
Here, M+ is Sp(p' + ks, ¢’ + k) or SO*(2(r + 2k,)).
Our reducibility result is:
Theorem A (Theorem3.6.5)
Indy(:;) (Ar, (L5, 0) R 7Z) is decomposed into a direct sum of derived functor modules of M?, in
weakly fair range. We obtain an explicit decomposition formula.
Whenever there is 1 < 7 < s such that ¢; + 1 € 2Z and t; = 0, we can apply the above

procedure. Assuming that we understand the reducibility of derived functor modules, we can

reduce the irreducible decomposition of the above induced module to the following.
(0) Ind%_(Ag, ((,0) BB Ag, (0r, 0) & Ag,,, (Chgr, thgn) BB Ag (6, 8,) B Z).

Here, (; is not odd integer if 1 < ¢ < h, v/=1t; > 0if b < i < s, and Z is an irreducible
representation of M? whose infinitesimal character plus the half sum of positive roots is ap-
pearing as some weights of finite dimensional representation of GG. Put 7 = (ky,...,kp) and
"= (khg1, -, ks). Alsoput a=ky +---+ kyp and b= kpy1 + -+ -+ ks. In this setting we have:

Theorem B (Theorem 4.1.2) The following is equivalent.

(1) The above § is irreducible.

(2)  The following induced module is irreducible.
SO*
P;

Ind (4a)(Ak1 (€1,0) X --- K Ay, (€5,0)).

Under an adequate regularity condition on £y, ..., f;, we may show the irreducibility of the
induced module in the above (2).

On the above (2), we have a partial answer:



Lemma C (Theorem 5.1.1)

If ty,....0, are all —co (namely, if Ag, ({1,0),.... Ay, ((4,0) are trivial representations,)
Indgro*(4a)(z4kl (€1,0) X - - Ay, (L5, 0)) is irreducible.

As a corollary of this result, we have:
Corollary D  (Corollary 5.1.2) Representations of SO*(2n) and Sp(p,q) induced from
one-dimensional unitary representations of their parabolic subgroups are irreducible.

For some of special parabolic subgroups, the irreducibility of the above kind of induced repre-
sentation has been known. If the parabolic subgroup is minimal, the irreducibility of the induced
representation is a special case of a general result in [Kostant 1969] (also see [Helgason 1970]).
Studies of Johnson, Sahi, and Howe-Tan ([Johnson 1990], [Sahi 1993], [Howe-Tan 1993]) also
include the irreducibility of the induced modules from a unitary one-dimensional representations
of some maximal parabolic subgroups.

The remaining problems on the reducibility of the representations of Sp(p, q) and SO™(2n)
unitarily induced from derived functor modules in the weakly fair region are:

(1)  Vanishing and irreducibilities of derived functor modules of Sp(p,¢) and SO*(2n) in
the weakly fair range.

(2) Irreducibilities of the induced representation of the form:
Ind5 ) (A, (6,,0) & - - B Ay, (£4,0)).

(Here, ¢; (1 < i< h)) are even integers or —o0.)

Regrettably, I do not have a complete answer on the above problem. For a type A group
U(m,n), general theories on translation principle are applicable to the above problem on irre-
duciblilty. Together with Trapa’s result [Trapa 2001], we have a complete answer. Unfortunately,
neither Sp(p, ¢) nor SO*(2n) are of type A. So, situation is more difficult than the case of U(m, n).
In fact, irreducibility of a derived functor module of Sp(p, ¢) fails in some bad parameter (Vo-
gan). If the degeneration of the parameter is not so bad, Vogan ([Vogan 1988]) found an idea to
control irreducibilities. Using the idea, he proved irreducibility of discrete series of semisimple
symmetric spaces. This idea works in this case. In fact, using Vogan’s idea Kobayashi studied
irreducibilities of derived functor modules of Sp(p, ¢) in [Kobayashi 1992]. In subsequent article,
I would like to take up this problem.

One of the main ingredient of this article is the change-of-polarization formula (Theorem

2.2.3). It means we may exchange, under some positivity condition, the order of cohomological



induction and parabolic induction in the Grothendieck group. The change of polarization for
standard module was originated by Vogan ([Vogan 1983]) and completed by Hecht, Milici¢,
Schmid, and Wolf (cf. [Schmid 1988]). Also see [Knapp-Vogan 1995 | Theorem 11.87. For the
degenerate setting, some case is observed for GL(n) in [Vogan 1986]. We apply this idea in
[Matumoto 1996]. In Theorem 2.2.3, we gave a formulation of the change-of-polarization in the
general setting.

The other ingredient of this article is comparison of the Hecke algebra module structures.

Using this idea, we show the above Theorem B.



§ 1. Preliminaries

1.1 General notations

In this article, we use the following notations.

As usual we denote the Hamilton quarternionic field, the complex number field, the real
number field, the rational number field, the ring of integers, and the set of non-negative integers
by H, C, R, @, Z, and N respectively.

For a complex vector space V', we denote by V* the dual vector space. For a real vector
space Vp, we denote by Vj the real dual vector space of V. We denote by () the empty set and
denote by A — B the set theoretical difference of A from B. For each set A, we denote by card A
the cardinality of A. For a complex number a (resp. a matrix X over C), we denote by a (resp.
X) the complex conjugation. If p > ¢, we put Z?:p =0.

Let R be a ring and let M be a left R-module. We denote by Anng (M) the annihilator of
M in R.

In this article, a character of a Lie group G means a (not necessarily unitary) continuous
homomorphism of G to C*.

For a matrix X = (a;;), we denote by * X, trX, and det X the transpose (a;;) of X, the trace
of X, and the determinant of X respectively.

For a positive integer k, we denote by [ (resp. 0x) the k x k-identity (resp. zero) matrix.

Let n,ny, ..., ng be positive integers such that n = ny + - -+ + ny. For n; X n;-matrices X;

(1<i< L), we put

X, 0 ... 0
diag(Xy, ..., Xy) = 0 Xz 0 0
0 ...... 0 Xy

We denote by &, the {-th symmetric group.
For a complex Lie algebra g, we denote by U(g) its universal enveloping algebra. We denote

by Z(g) the center of U(g).
For a Harish-Chandra module V| we denote by [V] the corresponding distribution character.

In this article, an irreducible Harish-Chandra module should be non-zero.

1.2 Notations for root systems

Let G be a connected real reductive linear group, and let G'¢ be its complexification.



We fix a maximal compact subgroup K of G and denote by # the corresponding Cartan
involution. We denote by go (resp. £) the Lie algebras of G (resp. K).

Let H be a @-stable Cartan subgroup of ¢ and let fjy be its Lie algebra.

We denote by g, £, and h the complexification of gg , £o, and hg, respectively.

We denote by h* the complex dual of . We denote the induced involution from 6 on g, b,
h* by the same letter . We denote by ¢ he complex conjugation on g with respect to go.

We denote by Wi(g, ) (resp. A(g, b)) the Weyl group (resp. the root system) with respect
to the pair (g, ). Let (. ) be the nondegenerate W (g, h)-invariant bilinear form on h* induced
from the Killing form of g.

A root o € A(g, h) is called imaginary (resp. real) if §(a) = a (resp. #(a) = —a). A root
a € Ag, b) is called complex if « is neither real nor imaginary. A imaginary root o € A(g, b) is
called compact (resp. noncompact) if the root space for « is contained (resp. not contained) in
£

We denote by P(h) the integral weight lattice in h*. Namely, we put

P ={rep

(A @)
2<a7a> €Z (a € A(g,b))} )

We also put
Pa(h) = {A € b*|A appear as a weight of some finite dimensional representation of G.}.

We denote by Q(h) the root lattice, namely the set of integral linear combination of elements of
A(g,h). We have Q(h) C Pa(h) CP(h) C b~
For A € h*, we denote by x the corresponding Harish-Chandra homomorphism x : Z(g) —

We fix a #-stable maximally split Cartan subgroup *H of GG’ and denote by ®f) its complexified
Lie algebra. For simplicity, we write A, W, P, Pg, Q for A(g,®h), W(g,*h), P(*h), Pa(®h),
Q(°h), respectively.

We choose regular weights A € h* and *A € °bh* such that x) = ys). Then, there is a unique
isomorphism is) ) : *h* — b* induced from an inner automorphism of G such that isy \(*A) = A.

We denote by the same letter is) ) the corresponding isomorphism of W onto W (g, b).

1.3 Cohomological inductions

Next, we fix the notations on the Vogan-Zuckerman cohomological inductions of Harish-Chandra

modules. Here, we adapt the definition found in [Knapp-Vogan 1995]. Let G be a real reductive



linear Lie group which is contained in the complexification G'¢ which is a connected complex

reductive linear group.

Definition 1.3.1. Assume that a parabolic subalgebra q has a Levi decomposition q = [+u such

that [ is stable under 8 and o. Such a Levi decomposition is called an orderly Levi decomposition.

A f-stable or o-stable parabolic subalgebra has a unique orderly Levi decomposition. In
fact, if q is @ (resp. o)-stable, then [=qnNo(q) (resp. [=qNO(q) ).

Let g be a parabolic subalgebra of g with an orderly Levi decomposition q = [+ u. We fix
a # and o-stable Cartan subalgebra fj of [ and a Weyl group invariant non-degenerate bilinear
form (, ). Let L be the corresponding Levi subgroup in G to .

We denote by “Rg:gﬂ( the right adjoint functor of the forgetful functor of the category of
(g, K)-modules to the category of (g, L N K)-modules. Introducing trivial u-action, we regard
an ([, L N K)-module as a (q, L N K)-module. So, we also regard “Rg:fm( as a functor of the
category of ([, LN K)-modules to the category of (g, K)-modules. We denote by (“Rg:?nk)l the
i-th right derived functor. (See [Knapp-Vogan 1995] p671)

Next, we review a normalized version. We denote by 6(u) a one-dimensional representation
of [ defined by &(u)(X) = 1tr(ad(X)|,). Following [Knapp-Vogan 1995] p720, we define a one-
dimensional representation Gy, of L as follows. Here, we consider slightly more general setting.
Let V' be a finite dimensional semisimple [-module. We denote by §(V') a one-dimensional repre-
sentation of [ defined by §(V)(X) = tr(X|v). Let V=V, & Vo &+ --&V} be the decomposition
of V into irreducible -modules. We distinguish between those V; that are self-conjugate with

respect to o and those are not. We define a one dimensional representation &35y of L on a

space Cysvy by

Sasvy (0) = 11 | det({]v=)] 11 det ({|v=)

¢ with V; self-conjugate ¢ with V; not self-conjugate

Let L™ be the metaplectic double cover of L with respective to Cys(yy. Namely,
L™ ={(t,2) € L x C* | &a50vy(0) = 21

We denote by Cs(yy the one-dimensional L~-module defined by the projection to the second
factor of L™ C I x C*. Of course, the definition of L™ depends on V. Hereafter, we consider the
case of V' = u (the adjoint action of L on u). Let (K N L)~ be the maximal compact subgroup

of L corresponding to L N K.



Let Z be a Harish-Chandra (I, (K N L)~)-module such that Z @ Cs(y,) is a Harish-Chandra
(I, KN L)-module. Introducing the trivial action of u, we also regard Z @ Cs,yr as a g-module.
We put

("REFk) (Z) = (“REFai) (£ © Cgay).-

Let A be the infinitesimal character of Z with respect to f. (It is well-defined up to the Weyl
group action of [.) Then (”Rg:ém‘)l(Z) is a Harish-Chandra (g, i')-module of an infiniteimal
character A.

We consider three particular cases.

(1) (Hyperbolic case) If q is stable under the complex conjugation of g with respect to G,
there is a parabolic subgroup @) = LU whose complexified Lie algebra is q and whose nilradical
is U. In this case, we have (”Rg:énh)l(Z) = 0 for all # > 0. In fact, (”Rg:fm()o(Z) is nothing
but the parabolic induction Indg(Z).

We clarify the definition of the parabolic induction. First, we remark that L™ is just a direct
product L x {#1} in this case and Cs,) can be reduced to a representation of L (say (£5(u), Csu))
).

Indg(Z) (or we also write Ind(Q) T G; Z)) is the K-finite part of
{fec=(@aot|flgn)=r"")flg) (9€G LeLnel)}

Here, (7, H) is any Hilbert globalization of Z @ Cs(y. If Z is unitarizable, so is Ind(Q 1 G; Z)

(unitary induction). We also consider the unnormalized parabolic induction as follows.
“Ind(Q 1G5 Z) = Ind(Q 1 G5 Z @ Cyyy)-

We have the following additive property.

Let Zo, Z1,...,Z be Harish-Chandra ([, (LN K)~)-modules such that Zo® Cpy),.--, 25 @ Cpyyr
are reduced to Harish-Chandra ([, L N K)-modules. Let nq,..., n;y be integers. If we have a
character identity [7] = Zle n;[Z;], we have [Ind(Q 1 G; 7)) = Zle ng[Ind(Q T G5 Z,)].

(2) (Elliptic case)  Assume q is f-stable and put .S = dim(u N €). We call Z weakly good
(or A is in the weakly good range), if Re(A,a) > 0 holds for each root « of fj in u. We call 7
integrally good (resp. weakly integrally good ), if (A, &) > 0 (resp. (A,a) > 0) holds for each

root o of fj in u such that 2% €Z.



Theorem 1.3.2. ([Vogan 1984] Theorem2.6)
(1) If 7 is weakly integrally good, then (”Rg:ém‘)l =0 fori#£S.

(2) 1If Z is irreducible and weakly integrally good, (”Rg’gﬂ()s(Z) is irreducible or zero.

3 18 wrreducible and integrally good, ("R - 18 wrreducible.
If Z is irreducible and i Iy good, ("RET )5 (Z ducibl

(4) 1If Z is unitarizable and weakly good, (”Rg:gﬂ()s(Z) is unitarizable.

The additivity property of (”Rg:fm()s in this case is described as follows. We fix an in-
finitesimal character A in the integrally weakly good range with respect to q. Let Zg, Z1,...,7%
be Harish-Chandra (I, (L N K)~)-modules with infinitesimal character A and let nq,..., ny be
integers. We also assume Z; © Cs(yy is reduced to a Harish-Chandra (I, LN K)-module for each

0 < ¢ < k. Moreover we assume a character identity [7] = Zle n;[Z;] holds. Then, we have

[("RETai )3 (2)] = Sy i ("RE L) 3 (2]
1.4 Standard modules

We retain notations in 1.2. Since we assume all the Cartan subgroups are connected, we can
simplify description of some fundamental material on this subject.
A regular character (H,I',A) is a pair satisfying the following conditions (R1)-(R6).
(R1) H is a @-stable Cartan subgroup of G.
R2
R3

(R2) I'is a (non-unitary) character of H.

(R3)  Aisin b*. (Here, b is the complexified Lie algebra of H.)
(R4)  Ais regular (with respect to A(g,h)).

(R5) (A, @) is real for any imaginary root o in A(g, b).

In order to write down the last condition (R6), we introduce some notations. Let t (resp. a)
the +1 (resp. —1) eigenspace in h with respect to #. We denote by m the centerizer of a in g.
Then A(m,b) is nothing but the set of imaginary roots in A(g, h). Under the above condition
(R4), there is a unique positive system Ai’(m, h) of A(m,b) such that (a,A) > 0. We denote
by pr(m,b) (resp. pS(m, b)) the half sum of positive imaginary roots (resp. compact imaginary
roots) with respect to AT (m, h). We put gy = A + py(m, h) — 25 (m, b).

(R6) g is the differential of I'.

We fix a regular character v = (H, ', A). We denote by M the centerizer of ain G. Since H is
connected, M is the analytic subgroup of G with respect to m. The above conditions (R1)-(R5)

assure that there is a unique relative discrete series representation ¢ with infinitesimal character

10



A such that the highest weight of the minimal K N M-type of o is py. Here, a relative discrete
series means a representation whose restriction to semisimple part is in discrete series. We do
not require the unitarizability of ¢ itself. We fix a parabolic subgroup P of G such that M is a
Levi part of P. We define the standard module 7 (y) (We often simply denote by = (v), if there
is no confusion.) for a regular character v = (H,T',\) by ng(v) = Ind%(s). The distribution
character [rg(7v)] is independent of the choice of P.

We may describe mg(7) in terms of the cohomological induction as follows. First, let by be
the Borel subalgebra of m correspoinding to (h, AT (m, b)) and let u; be its nilradical. Then by is
-stable and o (“RE’%OK)dimume(F @ Cy5(u,ney)- Let n be the nilradical of the complexified
Lie algebra of P. We put b = by +n and u = uy + n. b is a Borel subalgebra of g and u is the
nilradical of b. Using the induction-by-stage formula ([Knapp-Vogan 1995] Corollary 11.86), we

have
e (7) 2 (“RER) T @ Cosay ey © Csny)

Ther are various presentations of the standard representation as a cohomological induction
from a character on a Borel subalgebra (cf. [Schmid 1988], [Kanpp-Vogan 1995] XI).

For a regular character v = (H,I,\) and k € K, we put k-v = (Ad(k)H, Ao Ad(k™1)).
Then, k- is also a regular character. For two regular characters v; and 7z, [7¢(71)] = [7a(72)]
if and only if k- vy = v for some k € K.

A standard module 75 () has a unique irreducible subquotient (Langlands subquotient)
7 () such that all the minimal K-types of 75 (7) is contained in 7g(y). ®a(y) is independent
of the choice of P. Any irreducible Harish-Chandra (g, K')-module with a regular infinitesimal
character is isomorphic to some 7g(7), and for two regular characters y; and vz, 7g(11) = 7a(72)
if and only if k -1 = 73 for some k € K (Langlands classification).

For a #-stable Cartan subgroup H of GG and a regular weight 1 € *h*, we denote by R (H,n)
the set of the regular characters (H,I', A) such that y, = x,. For a regular weight n € *b*,
we denote by Rg(7), the set of all the regular character v such that 7(y) has an infinitesimal
character 1. Namely, Rg(n) is the union of Rg(H,n)’s.

We call a #-stable cartan subgroup H of G n-integral if R (H,n) # 0.

A root o € A is called real, complex, compact imaginary, noncompact imaginary with respect
toy = (H,I'"A) € Rg(n), if i, () is real, complex, compact imaginary, noncompact imaginary,

respectively. For v = (H,I.\A) € Rz (n), we put 6, = I;IA ofoi,,. 0, acts on A. Obviously, 6,

11



only depends on the K-conjugacy class of .

1.5 Coherent families

We retain notations in 1.2.; and 1.4. In this section, we assume that all the Cartan subgroup of
(i is connected, for simplicity. (SO*(2n), Sp(m,n), GL(m, H), and their Levi subgroups satisfy
this condition.) Under this assumption, we may write the regular character (H,I', X)) as (H, \)),
since I' is uniquely determined by A We fix a regular weight *A € °h*. Put A =°A 4+ Pg.

We denote by Wey (resp. A:y) the integral Weyl group (resp. the integral root system) for
A. Namely, we put

Wiy ={we W |w'A-"°)\ e Q},

Asy = {a €A <<004;50):>> € Z}.

We put
Aj—x ={a € A:y | {(a,%A) > 0}.

Then, A;"A is a positive system for Asy. We denote by Il:) the set of simple roots in Aj’A.

A map O of A to the space of invariant eigendistributions on & is called a coherent family
on A if it satisfies the following conditions.

(C1) Forall n € A, ©(n) is a complex linear combination of the distribution characters of
Harish-Chandra modules with infinitesimal character .

(C2) For any finite dimensional representation F, we have

[E10(n)= Y [n:EI®(m+pu) (neA).

pEPG
Here, [p : F] means the multiplicity of the weight p in F.

We denote by C(A) the set of coherent families on A. For w € Wey and © € C(A), we define
w- 0O by (w-0)(n) = O(w™n). We see C(A) is a Wsy-representation. This representation is
called the coherent continuation representation for A.

For any Harish-Chandra (g, K)-module V' with infinitesimal character *A, there is a unique
coherent family ©y such that Oy (°*A) = [V]. For a regular character v = (H,['.A) such that
YA = Xsa, We put ®$ = O,y and (:)g = Oz, (y- If n € A is regular and dominant (with

12



respect to AT,), then (H,i:\)) is a regular character and we have ©5(n) = [rq(H, i1 (n))]
and B (n) = [ (H,inn(n)]. Put Sta()) = {07 | 7 € Rg(\)} and Trea(*A) = {67 | 7 €
Re(*A)}. We define a bijection © ~+ © of St (*A) onto Irrg(*A) by @? = 0O for v € Rg(*)).
St (*A) forms a basis of C(A) and so does Irrg(°A).

We write ©F = Y oesto(:n) Ma(v,0)0 and Mg(v,6) = Ma(v,05) € C.

We also denote 6, by 0@%;.

For v = (H,T.\) € Rg(*A) and w € W), the cross product is defined as follows.

w Xy = (H,isy\(w)7tA).

Then, we have w x v € Rg(°A). Moreover, for any v,7" € Rg(°A) such that @5 = @g,, we have

@gm = ngw’ for all w € Wsy. So, we put w x @g = @chm.

1.6 Cayley transform

We fix the notation for Cayley transforms. We retain the notations in 1,2, etc.

Let H be a f#-stable Cartan subgroup of G and let § be its complexified Lie algebra. We
choose a non-compact imaginary root o € A(g,h). We denote by H,, the element of b such
that (H,, X) = a(X) for all X € h. We may choose 0 # X, € g, such that ¢(X,) = X_,
and [X,, X_,] = H,,, where ¢ is the complex conjugation with respect to the real form of g
corresponding to . Hence I, X,, and X_, form an sl(2)-triple.

We introduce a standard complexified Cartan involution 8y on s{(2, C) by 6p(X) = —*X. We
denote by g the complex conjugation with respect to s/(2.R).

There is a Lie algebra homomorphism ¢, : s{(2, C) — g which satisfies the following proper-

ties.

(00 a2 a2 )

¢o satisfies ¢o(00(X)) = 8(Pa(X)) for all X € sl(2,C) and ¢,(00(X)) = 0(Pa(X)) for all
X € 5l(2,C). So, it induces a Lie group homomorphism &, : SL(2,C) — G¢, which maps
SL(2,R)into G. We put ¢, = @, ( % ( 12 12 ) ) € Go. Ad(c,) is called a Cayley transform.
The image Ad(c,)(h) of the complexified Lie algebra b C g under the Cayley transform is also
a B-stable Cartan subgroup of g, which is invariant under the complex conjugation with respect

to the real form of g corresponding to GG. Formally, we denote by Ad(c,)(H) the corresponding
f-stable Cartan subgroup of & to Ad(c,)(h).
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Conversely, if 5 € A(g, h) is real, we can define C* € G/¢ as follows. We choose Hﬁ €h,
X € g3, and X_g € g_g similarly to the case of «. Then, there is a Lie algebra homomorphism
#° : 51(2,C) — g satisfying:

o((o1))=t o((50))=% #((V0))=xs

¢° also satisfies ¢ (6p(X)) = 0(¢7 (X)) for all X € sl(2,C) and ¢ (0o(X)) = a(¢’(X)) for all
X € 5l(2,C). So, it induces a Lie group homomorphism oo . SL(2,C) — Gg, which maps
SL(2,R) into G.

We put ¢ = (I>5< %( _t _1i ) ) € Ge. Ad(c?) is also called a Cayley transform.
Similarly, we define Ad(c”)(H) as the case of . In this case, a = 30 Ad(c’)~! is a noncompact
imaginary root for Ad(c?)(h) and ¢® = 3.

Next, we consider the Cayley transform of regular characters. Again, we assume that all the
Cartan subgroup of GG is connected. Fix y = (H, ) € Rg(H,*A), and choose v € A< such that o
is noncompact imaginary with respect to . we put ¢ (y) = (Ad(ci., , (o)) (H), )\-Ad(CiSM(Q))_l).
Then, we have ¢4(7) € Ra(*A) and o is real with respect to ¢y (7). It is easy to see ¢, (0F) =
Gi(w) is well-defined.

Conversely, consider v € Rg(°A) and a € A-y which is real with respect to y. We call «
satisfies the parity condition with respect to =, if there is some 7/ € Rg(*A) such that « is
noncompact imaginary with respect to v" and v = ¢, (7). If a satisfies the parity condition with
respect to 7y, there are just two regular characters in R (Ad(c** () (H), %)), say % (v) and
¢® (), in the preimage of v with respect to ¢,. Since we assume that all the Cartan subgroups

of GG are connected, ¢{ () are not K-conjugate to each other. It is easy to see ci(@?) = G%W)

is well-defined.

1.7 Hecke algebra module structure

We retain the notations of 1.2, etc. and fix a regular weight ) € °h*. Put A = °) + Py as
before.

First, we recall the definition of the Hecke algebra H (W-)) for Wsy. For w € W-,, we denote
by {(w) the length of w with respect to the simple system Il:). Let ¢ be an indeterminant. The
Hecke algebra H (W-:,) is a C[g]-algebra with a basis {7, | w € W)}, subject to the relations:

TwlTw2 = Tw1w2 (wl € WS/\vz(wl) +£(w2) = K(w1w2))7
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(Lo, + D)(Ty, =) =0 (a € 1Ly).

Put C(A), = C(A) @c Clg]. We introduce H (Ws))-module structure on C(A), as follows.
For each v € Rz(*A) and a € 1Is), we put

T, ®$ = q®$ if v is compact imaginary with respect to -+,

T, ®$ = 5,4 X ®$ + ca(®$) if o is noncompact imaginary with respect to =,
Ts., ®$ =S4 X ®$ if  is complex with respect to v and 6, (a) € AT,
T, ®$ = ¢(sq X ®$) + (¢ — 1)®$ if @ is complex with respect to v and 6, (a) € AY,,
T5a®$ =(q— 2)®$ + (¢ — 1)(Ci(®$) + Ci(@?)) if o is real and satisfies the parity condition,

T, ®$ = _®$ if v is real and does not satisfy the parity condition.

The important thing is that the Hecke algebra module structure is completely determined
by the action of cross product and Cayley transforms on the K-conjugacy classes of regular
characters in Rg(°A).

If we consider the specialization at ¢ = 1 of this Hecke algebra module C(A),, then we have
a Wsy-representation on C(A). The relation to the coherent continuation representation is given

as follows.

Theorem 1.7.1. ([Vogan (green), 1982])

We have an isomorphism
(Specialization of C(A), at ¢ = 1) =2 (Coherent continuation representation)® sgn,

where sgn means the signature representation of Wsy. This isomorphism preserves the basis
Sta(*A).

The following result is crucial in our proof.
Theorem 1.7.2. (see [Vogan 1983], [Adams-Barbasch-Vogan 1992] Chapter 16)

For~,6 € Rz (°A), the complex number M (7, d) defined in 1.5 is computed from a certain al-

gorithm (the Kazhdan-Lusztig type algorithm) which depends only on the Hecke algebra structure
on C(A),.
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1.8 Cell structure

We retain the notations of 1.2, etc. and fix a regular weight *A € *h*. Put A = A + Py as
before.

A subrepresentation of C(A) is called basal, if it is generated by a subset of Irrg(®*A) as a
C-vector space. For v € Rg(*A), we denote by Cone(y) the smallest basal subrepresentation
of C(A) which contains ©F. For 7,7 € Rg(*\), we write v ~ 5 (resp. v < n) if Cone(y) =
Cone(n) (resp. Cone(y) O Cone(n)). Obviously ~ is an equivalence relation on Rg(°A). For
v € Rg(®A) let s(v) be the set of regular characters n € Rg(°A) such that A <75 and A % n. We
define Cell(y) = Cone(y)/ >, ¢ () Cone(n). A cell (resp. cone) for C(A) is a subquotient (resp.
subrepresentation) of C(A) of the form Cell(vy) (resp. Cone(y)) for some v € Rg(°A).

For each cell, we can associate a nilpotent orbit in g as follows. For Cell(y), we consider
an irreducible Harish-Chandra (g, K')-module 7 (). The annihilator (say I) of #(v) in U(g) is
a primitive ideal of U(g) and its associated variety is the closure of a single nilpotent orbit in
g. The nilpotent orbit constructed above is independent of the choice of v and we say it the
associated nilpotent orbit for the cell Cell(7y).

For each cone Cone(7), some canonical (up to scalar factor) construction of W-homomorphism
(say ¢.) of Cone(y) to the realization as a Goldie rank polynomial representation of the special
W -representation corresponding to the associated nilpotent orbit via the Springer correspon-
dence ([Vogan 1978], [King 1981]). In fact this ¢, factors the cell Cell(y). An important fact
is (bw((:)%;) is nonzero and proportional to the Goldie rank polynomial of the annihilator of
7(n) in U(g) for all n ~ v ([King 1981], [Joseph 1980]). Hence, the multiplicity in Cell(y) of
the special W-representation corresponding to the associated nilpotent orbit via the Springer

correspondence is at least one.

1.9 Induction of a coherent family

We retain notations as above. Let P be a parabolic subgroup of G with #-stable Levi part L such
that °H C L. (We remark that all the Cartan subgroups of L are connected.) We fix a regular
character A € *h* as above. Put Ay = *A+Pp and Ag = *A+Pg. Then, we easily see A C Ap.
Let © be a coherent family on Ay. For fixed v € Ag, we write ©(v) = >, a;[Vi], where V; are
certain Harish-Chandra ([, K N L)-modules with infinitesimal character v and a; are complex

numbers. We write Ind?(0)(v) = Y%, a;[Ind%(V;)]. The above definition is independent of
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the choice of the linear combination, since the parabolic induction is exact. From a property
of induction, the above definition depends only on L and does not depend on P. Moreover,
v ~ Ind%(0)(v) forms a coherent family on Ag, thanks to a version of MacKey’s tensor product
theorem ([Speh-Vogan 1980] Lemma 5.8) for induction and the exactness of the induction.

Let H be a @-stable Cartan subgroup of L. Hence H is also a Cartan subgroup of G. Let
v = (H,I'.A) be a regular character for L with an infinitesimal character *A. Then 7 is also a

regular character for . We easily see Indg((%g) =07,

1.10 Comparison of Hecke module structures

Let G be any connected real reductive linear Lie group whose Cartan subgroups are all connected.
We define 8, K, °H, g, £, °h, etc. as in § 1.

Besides GG we also consider another real reductive linear Lie group G’ whose Cartan subgroups
are all connected. We denote the objects with respect to GG/ by attaching the “prime” to the
notations for the corresponding objects for G. For example, we fix a Cartan involution 6" for
' and fix a @-invariant maximally split Cartan subgroup *H’, etc. We fix a regular weights
*A € °h* and put A = *A + Pg. Moreover, we assume the following conditions on GG and G’.

(Cl)  There is a linear isomorphism ¢ : °h* — (°’)* such that ¢(A:y) = A’. Here, A’
means the root system with respect to (g, °h’). Moreover, 1(°]) is regular integral with respect
to A’ and (Pg) C P 1 induces an isomorphism ¢y : Wey — W'. Here, W’ is the Weyl group
for A/,

(C2)  There is a bijection ¥ of the K-conjugacy classes of *A-integral #-invariant Cartan
subgroups of G to the K’-conjugacy classes of ¢ (*A)-integral #-invariant Cartan subgroups of
G

(C3)  There is a bijection W : St (*A) — St (¥(°A)) which is compatible with W in (C2).

(C4) For© € Stg(°A), we have Ypoblg = 05 01). Hence, for v € Asy, we have « is imaginary,
complex, real with respect to © if and only if 1 («) is imaginary, complex, real, respectively, with
respect to ().

(C5)  Let o € Asy and © € Stg(°A). If o is imaginary, we have « is compact with respect
to © if and only if ¢ («) is compact with respect to @(@) If «v is real, we have « satisfies the
parity condition with respect to © if and only if 1 («) satisfies the parity condition with respect
to W(0).
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(C6) W is compatible with the cross actions. Namely, for w € Wy and © € Stg(*)) we
have 1y (w) x U(0) = ¥(w x O).

(C7) W is compatible with the Cayley transform. Namely, if © € Stg(*)) and if o € A«
is noncompact imaginary with respect to ©, then we have ¥(c,(0)) = cw(a)(\il((a)). Moreover,
if © € St(*A) and if o € A« is real and satisfies the parity condition with respect to ©, we
have ¥(c3 (0)) = ¢/ (F(0)).

Put A’ = ¢ (°A) + Pgr. Since St (°A) (resp. St (1 (*A))) forms a basis of C(A) (resp. C(A)),
W in (C3) extends to a linear (resp. Clgl-module) isomorphism of C(A) (resp. C(A),) onto C(A’)
(resp. C(A’)). We denote these isomorphisms of complex vector spaces and C[g]-modules by the
same letter W. If we identify Wy and W’ via the isomorphism ¥y in(C1) above, we can regard
C(A’) (resp. C(A"),) as a Wsy-representation (resp. a H (W:)y)-module).

Examining the description on the Hecke algebra module structures in 1.6, we easily see
the conditions (C4)-(C7) imply W is H(Ws,)-module isomorphism of C(A), onto C(A’),. From
Theorem 1.7.1, we also see W : C(A) — C(A’) is an isomorphism between coherent continuation
representations.

From Theorem 1.7.2 (Kazhdan-Lusztig type algorithm for Harish-Chandra modules), we see
m = U(O) for all © € St;(°A). Here, © ~+ © is a bijection of Stg(*A) (resp. Stg(1(°A)))
onto Irrg(°A) (resp. Irrg((°A))) defined in 1.5.

Moreover, we have:

Lemma 1.10.1. Under the above setting, we have the followings. Let n € A and let = €
C(A). Assume that there exists an irreducible Harish-Chandra (g', K')-module V' such that

() (v (n) = [V').

Then, there is some irreducible Harish-Chandra (g, K')-module V' with the infinitesimal char-
acter 7 such that =(n) = [V].

Proof  There is some w € Wsy such that (o, wn) > 0 for all @ € AT,. We write wE =
e tees(en) C00- Since B(Z) (1)) = (w) (1 (wn)), we have [V] = Cpermnoer) co¥(®) ((wn)).
It is known that there is a unique Yo € Irrq/(°A) such that YTo(¢(wn)) = [V'] (cf. [Vogan
(green)] Theorem 7.2.7). Put ©g = W~'(Y). For any © € Irrg/(°A) either O (¥ (wn)) = 0 or
O(¢(wn)) = [X] for some irreducible Harish-Chandra module X (cf. [Vogan 1983] Theorem
7.6). Hence, we have c¢g = 1 and if ¢g # 0 and © # O then ¥ (0)(¢(wn)) = 0. From [Vo-

gan 1983] Theorem 7.6 (also see [Vogan 1983] Definition 5.3), the above (C1)-(C7) imply that
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U(0) (1 (wn)) = 0 if and only if ©(wn) = 0 for all © € Irrg(*A). Hence, we have ©(wn) = 0 if
co # 0 and © # ©gy. Moreover, there is an irreducible Harish-Chandra (g, K)-module V such
that ©g(wA) = [V]. Therefore Z(n) = (w=)(wn) = > Gelrra()) cg® (W (wn)) = Og(wn) = [V].
Q.E.D.
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§ 2. Change of polarization

2.1 o0 pair

We consider here the following setting.

Let GG be a real reductive linear Lie group which is contained in the complexification G¢.
We fix a maximal compact subgroup K of G and let 8 be the corresponding Cartan involution.
We denote by go (resp. £y )the Lie algebra of G (resp. K) and denote by g (resp. £) its com-
plexification. We denote also by the same letter § the complexified Cartan involution on g. We

denote by o he complex conjugation on g with respect to go.

Definition 2.1.1. A pair (p,q) is called a 00 pair of parabolic subalgebras, if it satisfies the
following conditions (S51-2)

(S1) q (resp. p) is a 0-stable (resp. o-stable) parabolic subalgebra of g.

(S2)  There exists a 8 and o-stable Cartan subalgebra f) of g such that ) C pNq.

Hereafter, we fix a o pair (p,q). Let §h be any 6 and o-stable Cartan subalgebra of g
contained in p N g. For a € A(g, b)), we denote by g, (resp. s,) the root space (resp. the
reflection) corresponding to a. Since f is §-stable, § and o induce actions on A(g, h). We easily
see o = —oa for any o € A(g, b).

For a subspace U in g, we denote by A(U) the set of roots in A(g,h) whose root space is

contained in U. We put

m:b—i- Z oy M= Z Bas n= Z f—0;
a€A(n)

a€A(p)N(-A(p)) a€A(p)—A(m)

[=bh+ Z Boy, U= Z G0y U= Z f—a-
a€A(u)

a€A(q)N(-A(q)) a€A(q)-A(N)
We immediately see q = [+ u (resp. p = m + n) is an orderly Levi decomposition of q (resp.
p) and the nilradical satisfies o(u) = u (resp. #(n) = n). Moreover, U (resp. n) is the opposite
nilradical to u (resp. n).
We denote by L¢, Pr, and M¢ the analytic subgroups of Gi¢ with respect to [, p, and m,
respectively. We put L =Lec NG, P=FPc NG, M =McNG.

We easily have:
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Proposition 2.1.2. Under the above setting, we have the followings.
(S3) [Ny is a parabolic subalgebra of [ and L N P is a parabolic subgroup of L.
(S4) wmnq is a parabolic subalgebra of m.
(S5) [Nm isa @ and o-stable Levi subalgebra of the both [Np and mN gq.

For a subspace U in g, we denote by A(U) the set of roots in A whose root space is contained
in U. We also write p(U) = %ZaeA(U) € h*. For a Borel subalgebra b, we write A} for A(b).
A;’ is a positive system of A(g, b)

Putn=unm+nu=nnNl4+u, p=[Nm+n, and g=[Nm+u Then p (resp. q) is a
parabolic subalgebra of g with a Levi part [Nm and the nilradical n (resp. u).

We fix any Borel subalgebra b° of [N'm containing §. We put b; = b 4+ n and by = b° + 1.
Obviously, b; and by are Borel subalgebras of g. Let v, vy, and v, be the nilradical of b°, by,
and by, respectively. Put 9 =v+nnNl4+unm-+unmn. Then, we easily see vy =0 & nNu and
b, =0 nNu.

Lemma 2.1.3. We have
dimung—-—dimunmné=dimunn.

Proof Since g=m@&nd n and u is f-stable, we have dimunNt —dimunNmnNe=dim((unN
n)@mnn))Nne Let p: (unn)@® (unn) — unNn be the projection to the first factor. Since
nNE =0, the restriction of p to ((uNn) @ (uNn)) Nt is an injection. On the other hand, for any
X €unn, we have X 660X € ((unn)d (unn))NE. So, the restriction of p to ((uNn)E (uNn))Ne

is onto. [ |

Lemma 2.1.4. Put d =dimunn. There exits a sequence of complex roots oy, ....cq € A(g, h)
satisfying the following conditions (1)-(4). For 1 < k < d, we put A: = Sq, " -salAg'l. We also
put AS’ = Ag’l.

(1) Forl1<k<d ar € A(nNu).

(2) For1<k<d, A(d)CAL.

(3) For 1<k <d, ay is simple with respect to A:—r
(4) Forl<k<d, oy §§A2’_1

(5) Forl<k<d o€ A:—1 and —fay, € Az_l.

(6) A7 =Af.
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Proof  (cf. [Knapp-Vogan 1995], Lemma 11.128)

For a positive system AT of A(g, ), we define ht(AT) = card(ATNA(nNu)). We immediately
see ht(Ag’l) =0 and ht(Ag;) =d.

We construct the sequence aq, ..., aq inductively as follows. Let 1 < k& < d and assume that
aq, ..., a1 are already defined so that the conditions in (1)-(5) above hold. First, (1) and (3)
imply ht(Ag_1) =k — 1.

We have a disjoint union A(g,h) = A(nN ) U A(vz) U—A(D). So, (2) implies Af | C
A(nNi) UA(vy). If there is no simple root for Af_| contained in nNu, we have any simple root
for Af | is contained in A(by) = Ag;. Hence we have A} | = Ag;. However, it contradicts
ht(AF )=k -1 < d= Ag;. So, there exists some simple root aj for A} | such that
arp € A(nNu). Since #(n) = n and O(u) = u, we see ay, is complex and fay, € A(nNu) C
—A(0) C —A}_|. Hence, we see oy satisfies the conditions in the above (1)-(5). If A(d) C AT
and ht(A+) = d, then clearly AT = Ay,. So, we have A} = Ay, since ht(A}) = d. Thus, we
have (6). W

We immediately see:

Corollary 2.1.5. The complez roots oy, ....aq in the above Lemma 1.2.) are all distinct and we

have A(nNu) = {ay,....aq}.

CAUTION The above numeration {aq, ..., aq} of A(nNu) may depend on the choice of
bY.

2.2 Change of polarization

In this section, we fix a ¢ — 8 pair (p, q). Let m,[.... be as in 1.2.
Let L™ (resp. (LN M)™) be the metaplectic double covering of L (resp. LN M) with respect
to 6(u) (resp. S(unm)).

Lemma 2.2.1. On INm, we have
S(u) —d(unm)=d6(mNIl)+dn)+25(unn).

Proof Remark that é(nNu) = —=§(nnNu), s(nNl) = —6(nNI), etc. So, we have the lemma
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from the computation below.

Su +dmnh)=d6unm)+dunn)+dunn)+dnni

Sunm)+26(unn)+ounNn)+dnNl+sunmn)

Sunm)+25(unn)+do(n) N
We define a one dimensional representation {4 of L N M on a space C, 4 by

&0 (0) = &s(ann (O&sm) (Oasmmuy (0) (L€ LN M).

From Lemma 1.3.1, we easily see:

Lemma 2.2.2. Assigning ({,z) € (LOM)™ to ({, 28 4(()), we have an embedding of the group
(LOM)™ < L™

Let (PN L)~ be the parabolic subgroup of L™ which is the pull-back of PN L to L™. Under
the identification by the embedding in Lemma 2.2.2, we can regard (LN M)~ as a Levi subgroup
of (PN L)™.

Following is the main result of the section.

Theorem 2.2.3. (1)  Let Z be a Harish-Chandra (N m,L N M N K)-module with an in-

finitesimal character A € h*. assume (A —d(unNm) —§(n),a) > 0 for all « € A(u) such that
2(/\—(S(uﬁm)—5(11),@) c7.

(o,

Then, we have
U U MnK im U K im U
() [IndB((“Rypm onrn) T ()] = [(RE Lar) M (MInd B, (2 © Cas(urmy )]

(2) Let Z be a Harish-Chandra (INm, LN M N K)-module with an infinitesimal character
(A=d(unm), o)

A€ bh*. We assume (A — d(unm),a) > 0 for all o« € A(u) such that 2 Taa) € Z. Then,
we have

U MK im up 8K im
(%) [IndZ((“Repm zonrns) ™ (2))] = ("R L) ™ ™ (Ind B (Z © Cpg))]

(3) Let Z be a Harish-Chandra (\Nm, (LAOMNOK)™)-module with an infinitesimal character
X\ € b* such that Z = 7 @ Cs(unmy is reduced to a Harish-Chandra (INm, L N M N K )-module.

We assume (X, o) > 0 for all o € A(u) such that 2% € Z. Then,

n MK im ~ n K im ~ 7
(4% ) [Ind ("Rt zonrar) M ™ 2N] = [ORE Lag) ™ (Ind (P~ (£))]
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Proof

(2),(3) are rephrasements of (1). We remark that characters of standard modules form a
basis of the Grothendieck group of the category of Harish-Chandra modules. Taking account
of additivity of cohomological inductions, it suffices to show (k) in the case of 7 is a standard
module.

As in 1.2, we fix a 6 and o stable Cartan subalgebra f of [N'm and a Borel subalgebra b°
of [Mm containing §. We denote by v the nilradical of b°. Let Hc be the analytic subgroup
of G¢ and put H = Hc NG, Let Y be a one-dimensional H-representation whose differential
is just A. We consider the case of Z = (RE:;I’LOMOK)dimmE(Y). Put by = b+unNm+n and
by = b+ nnNl+ u. Then, by and by areBorelsubalgebra of g. From [Knapp-Vogan] Corollary
11.86 (Induction-by-stage formula), we have

9

u) ndg ( (uR?r%]\n{EﬁMﬁIx) dimunmng ( (RLFEIJ,LOMOK) dim vt (Y) )) o ((uRgf?T)dlm unmNeé+dim vNe (Y)

U K im U JLNMnNK\dim ~ (U K\ dim im
(“RELar) ™ (Ind B (R ™M) ™0 (Y) @ Cosgurny)) 22 (YR, ) MO © Cosurmy)-

So, we have only to show

u K vdim im ~ (U K vdim im
(o) (( RghﬁT)d unmne+d UOE(Y) o ( REQ?T)d ung+d UOE(Y® (C25(uﬁﬁ)’)-

However, we have Lemma 1.2.3 and 1.2.4. So, (o) can be obtained by the successive application
of the transfer theorem ([Knapp-Vogan] Theorem 11.87). W

We also give a variation of Theorem 2.2.3. Proof is just the same.

Theorem 2.2.4. (1) Let Z be a Harish-Chandra (INm, LN M N K)-module with an infinites-

imal character A € §*. assume (A — d(unm) —d(n),a) > 0 for all a € A(nNu) such that
2(/\—(S(uﬁm)—5(11),@)

(oz,oz>

€ Z. Moreover, we assume that

RO k) (Z) =0 Jor all i # dimunmne

(RO ) (“IndB (2 @ Costumay)) = 0 for all i # dimune
Then, we have

(5)  [UIndB (RO ) O ()] = [(“RE ) T (MInd B (Z © Cosgunny))]
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(2) Let Z be a Harish-Chandra (INm, LN M N K)-module with an infinitesimal character
A€ bh*. We assume (A —d(unm),a) > 0 for all « € A(nNu) such that 2% €Z.

Moreover, we assume that

ugm, MK )Z(Z)) =0 foralli#dimunmnt

qgnm, LNMNK
(“RET k) (IndBap (2 © Cog)) =0 for all i # dimunt
Then, we have
U MK im U K im
() [IndE ("Rt ronrnre) T ()] = [(“RY 1) ™ (Ind B (Z © Cpg)))

(3) Let Z be a Harish-Chandra (INm, (LOAMNK)™)-module with an infinitesimal character

X\ € b* such that Z = 7 @ Cs(unmy is reduced to a Harish-Chandra (INm, L N M N K )-module.

We assume (A, o) > 0 for all o € A(nNu) such that 28’3; € Z. Moreover, we assume that

nR?ﬁ]\n{,rflﬁMnK)i(Z) =0 foralli#dimunmnt

(nRg,K )i(lnd%PNOL)N(Z)) =0 forall 75 dimunte

q,LNK
Then,
n MK im ~ n K im ~ 7
(4% ) [Ind ("Rt zonrar) M ™ )] = [ORE Lag) ™ (Ind(pa )~ (£))]

2.3 Derived functor modules; complex case

For complex connected reductive groups, irreducible unitary representations with regular inte-
gral infinitesimal character is a parabolic induction from a one-dimensional unitary represen-
tation ([Enright]). Moreover, Enright proved they have non-trivial (g, K)-cohomologies. On
the other hands, for general reductive Lie groups, Vogan-Zuckerman proved that if irreducible
unitary representation with regular integral infinitesimal characters and with non-trivial (g, K)-
cohomologies are nothing but derived functor modules. Here, we give an explanation of such
phenomenon in viewpoint of the change of polarization.

Let G be a complex connected reductive Lie group and we fix a Cartan involution . Here,
we denote by go the real Lie algebra of . Then the complexification of go can be identified
with go X go. Let po be any parabolic subalgebra of gy with a Levi decomposition pg = mp + g
such that mg is @ stable. If we choose the identification adequately, then the complexification

p of pg can be identified with pg X po C go X go. On the other hand, if we put q = po X po,
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q is a f-stable parabolic algebra. Here, pg means the opposite parabolic subalgebra to po. We
immediately see (p, q) is a of-pair and p and g have a common Levi part mg x mg. Applying the
Theorem 1.3.3, we see that, for complex connected reductive groups, derived functor modules

are actually certain irreducible degenerate principal series representations.

2.4 Derived functor modules; general case

For G = GL(n,R), derived functor modules are parabolic induction from the external tensor
product of some copies of distinguished derived functor modules so-called Speh representations
and possibly a one-dimensional representation. ([Speh])

We examine such phenomenon in viewpoint of the change of polarization. Here, we use no-
tations as in 1.2, such as G, G¢, K, K¢, g, go, 0, o, etc. Let q be a 8-stable parabolic subalgebra
with an orderly Levi decomposition q = [+ u. Let L be the Levi subgroup corresponding to [
defined as in 1.1.

Let a be the —1-eigenspace with respect to 8 in the center of [. We call g pure imaginary if
a is contained the center of g.

Let m be the centerizer of a in g. Then m is a Levi subalgebra of a o-stable parabolic
subgroup p. Obviously (p, q) is a gf-pair and [ C m. q is imaginary if and only if m = g holds.

Conversely, we assume that there is a o-stable parabolic subalgebra p of g such that (p, q) is
a of-pair and there is an orderly Levi decomposition p = m + n such that | C m # g. Then, we
have ¢ is not pure imaginary since the —l-eigenspace with respect to 8 in the center of m also
centerize [.

From Theorem 2.2.3, we have:

Proposition 2.4.1. Let q be a -stable parabolic subalgebra with an orderly Levi decomposition
q=[l+u. Assume that q is not pure tmaginary. Then, there is a o-stable parabolic subalgebra
p of g with an orderly Levi decomposition p = m + n such that the derived functor modules of g

with respect to q is isomorphic to the parabolic induction of a derived functor module of m.

Obviously, if G has a compact Cartan subgroup, any #-stable parabolic subalgbra is pure
imaginary.
We interpret Speh’s result as follows. So, for a while, we put G = GL(nR) We fix a Cartan

involution 6(g) = ‘g~! of G. So, we put K = O(n) here. For a positive integer k, we put
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Ji = (IO _Olk> First, we assume n is even and write n = 2k, Put
k

(k) = { (A _B> € g[(Qk,(C)‘ A,Be¢ Mk((C)} ,

u(k) = { (@S —VS—_15> ¢ g[(Qk,(C)‘ Se Mk(@)} 7

q(k) = (k) + u(k).

Then, q(k) is a #-stable parabolic subalgebra of gl(2k,C) and q(k) = [(k) + u(k) is a Levi
decomposition such that [(k) is a § and o-stable Levi part. The derived functor module with

respect to q(k) is a Speh representations of GL(2k, C). Actually, we have:

Proposition 2.4.2. If n is odd, there is no proper pure imaginary 6-stable parabolic subalgebra.

If n is even, any proper pure imaginary 6-stable parabolic subalgebra is SO(n)-conjugate to

a(3)-

Next, we consider general #-stable parabolic subalgebras. For a sequence of positive integers

7 = (n1,...,n¢) such that 0 <n —2ny 4+ -+ -+ 2ny, we put g =n —2ny + -+ 2ny
t(77) = {diag(t1Jp,, ..., tedn,, 0g) € gl(n, Oltq, ..., 1, € C}

. We denote by [(i7) the centerizer of t(77) in gl(n, C).

Then we have
(7)) = {diag(Ay, ..., Ay, D) € gl(n, C)|4;, € l(n;) (1< i< L), D € glq,C)}.
and [o(7) = (%) N gl(n,R) is a real form of [(7) and
lo(7) = gl(n1,C) x -+ x gl(ng, C) x gl(¢g,R).
Put
m(7) = {diag(A,...., Ay, D) € gl(n,C)|A; € GL(2n;,C) (1 <1< {),D € gl(q,O}.
There a #-stable parabolic subalgebra q(7) such that
m(7) N q(7) = {diag(Ay, ..., Ap, D) € gl(n, O)|A;, € q(n;) (1 <1< L), Deglg,O}.
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Any @-stable parabolic subalgebra in gl(n,C) is O(n, C)-conjugate to some q(77). Let n be the
Lie algebra of the upper triangular matrices in gl(n,C) and put p(77) = m(77) + n. We denote
by n(7) the nilradical of p(7). Then, (p(7), q(7)) is a of-pair. If we apply Theorem 2.2.3 to the
o6-pair, we get Speh’s result.

Next, we consider the case of G = GL(k,H). Write H = C + jC. This case we put
K = Sp(n) = {g € GL(k,H)|"gg = Ix}. Then we regard gl(k,C) as a real Lie subalgebra of
gl(k,H). For { € Z and ¢ € /—1R, we define a one-dimensional unitary representation & ; of
GL(k,C) as follows.

4
= (s

Let q(k) be a #-stable parabolic subalgebra with an orderly Levi decomposition q(k) = [(k)4u(k).
We choose the nilradical n(k) so that &+ is good with respect to q(k) for sufficient large £. Derived
functor modules with respect to q(k) is called quarternionic Speh representations.

For t € /—1R, there is a one-dimensional unitary representation & of GL(k, H) whose
restriction to GL(k, C) is £(0,1).

We put

Definition 2.4.3.

u , C.S;
(% Au(t.t) = (CRYEDEETPONME ) (e ).
We also put
Ak(—OO, t) = ét

For ¢ € Z, Ay((,t) is derived functor module in the good (resp. weakly fair) range in the
sense of [Vogan 1988] if and only if £ > 0 (resp. £ > —k).

We immediately see:
Ak(zv t) = Ak(zv 0) ® ét-
We easily have:

Proposition 2.4.4. Any proper pure imaginary 6-stable parabolic subalgebra is Sp(k)-conjugate
to q(k).
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As in the case of GL(k,R), any derived functor modules of GL(k, H) is a parabolic induction
from the external tensor product of some copies of quartrnionic Speh representations and possibly
a one-dimensional representation. (cf. [Vogan 1986])

Next, we consider the case of G' = SOq(2p + 1,2¢+ 1). This case, a Levi part of a non-pure
imaginary @-stable parabolic subalgebra q is isomorphic to so(1,1) & u(p1, q1) @ -+ -u(pk, qx)-
Here, py +---+pr=pand ¢ + -+ = q.

Let p be a maximal cuspidal parabolic subalgebra whose Levi part is isomorphic to so(2p, 2p)&
50(1,1). The derived functor module with respect to the above g is a parabolic induction with
respect to p from a derived funcctor module of so0(2p, 2¢q) with respect to a #-stable parabolic
subalgebra whose Levi part is isomorphic to u(py, ¢1) & - - - u(pk, qx)-

Among the exceptional real simple Lie algebras, only E I and E IV have non pure imaginary

f-stable parabolic subalgebras.
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§ 3. Application of change-of-polarization to SO*(2n) and Sp(p, q)

Throughout this section, we assume G is either SO*(2n) or Sp(n — ¢,¢q). Put p =n — ¢. For
G = SO*(2n), we put ¢ = [%] So, in the both cases G = Sp(p, ¢) and G = SO*(2n), ¢ is the

real rank of G.

3.1 Root systems

We fix a maximal compact subgroup K of SO*(2n) (resp. Sp(p, ¢)), which is isomorphic to U(n)
(resp. Sp(p) xSp(¢)). We denote by G¢ the complexification of G asin 1.2. So, G is isomorphic
to SO(2n,C) or Sp(n,C). We denote by 6 the Cartan involution corresponding to K as in 1.2.
We fix a f#-stable maximally split Cartan subgroup *H of G. We remark that all the Cartan
subgroup of GG is connected. We stress that we use notations introduced in § 1.

First, we consider the root system Af(g,®h) for G = SO*(2n). Then we can choose an

orthonormal basis ey, ..., e, of *§* such that

Afg,’p) ={xeit¢; [ 1<i<j<n).

If n is even, we write n = 2m. In this case, we choose the above ey, ..., e, so that f(eg;_1) = —eg;
and O(ey;) = —egi—q forall 1 < i < m. If nis odd, we write n = 2m + 1. In this case, we
choose the above ey, ..., e, so that O(eg;_1) = —eg; and 0(ez;) = —eg;—1 for all 1 <7 < m and

9(€2m+1) = €2m41-
We immediately see that £(ey;—1 — eg;) (resp. £(e2i—1 + €2;)) (1 < 7 < m) are compact
imaginary (resp. real) and all other roots are complex.

If G =Sp(n—gq,q), put p=n — ¢ and choose ey, ...e,, such that
Ag,°h) ={xe;Le; |1 <i<j<nfU{xE2e; |1 <7< 0},
and

B(e2i—1) = —eg;,0(e2;) = —egi—1 (1 <1< q),

O(e;) =¢; (2¢< i< n).

We fix an simple system for A(g,®h) as follows. If G = SO*(2n), then put Il = {e; —
€2, ey En—1 — €ny€n_1 + €, ). If G =Sp(p, q), then put Il = {e; — eq,...,€,-1 — €,,2€,}.
We denote by AT the corresponding positive system of A(g, *h). Let Ey,...., F, be the dual

basis of *h to ey, ...., €,.
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3.2 Square Quadruplets

One of a famous realizations of Sp(p, ¢) is the automorphism group of an indefinite Hermitian

form on a H-vector space. Namely,
(%) Sp(p,q) = {g € GL(p+ ¢, H)V!ﬂp,qg = Ip,q} .

Here, I, , = (0 _OI ) Similarly, we consider complex indefinite unitary group.
q

U(P7 ‘]) = {g € GL(p—i— q, (C)|t!71p7qg = Ip#z} :

U(p, q) is regarded as a subgroup of Sp(p, ¢) in the obvious way. We fix a maximal compact

subgroup of Sp(p+ ¢) as follows.

K =Sp(p) x Sp(q) = { (gl g) ‘ A€Sp(p),Be Sp(q)} :

We denote by # the corresponding Cartan involution.

For the case of p = ¢, we also consider another realization:

Sp(k, k) = {g € GL(2m,H)|'gJrg = Ji} .

We put n = 2k. Here, J, = (IO Iok
k

regard GL(k, H) as a subgroup of Sp(k, k):

(& 2| accuem)

We consider U(k, k) N GL(k, H) as a subgroup of Sp(k, k). This group is

{ (6‘ &)‘Ae GL(k,(C)} .

We identify it with GL(k, C) and obtain the following “square quadruplet.”

). Then, identifying GL(k, H) with the following group, we

GL(k, H) C Sp(k,k)
(A) Ul U |

GL(k,C) C U(k,k)
We easily see U(k, k), GL(k, H), and GL(k,C) are the centralizers of their centers in Sp(k, k).
Since GL(k,C) has the same rank and the same real rank as Sp(k, k), we can choose #-stable

maximally split Cartan subgroup *H of Sp(k, k). We denote by ®h the complexified Lie algebra
of *H. We may apply the notations on the root system for A(g, *h)
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First, we choose the standard Borel subalgebra by (k) of g = sp(n,C) corresponding to AT
in 3.1. We define a subset S(k) = {e; — €41 | 1 < ¢ < n} of II. We denote by p(k) the
standard parabolic subalgebra corresponding to S(k), namely by (k) C p(k) and A(p(k),°h) =
AT U (ZS(k)N A(g,®h)) Then, we easily see GL(k, H) is the #-stable Levi subgroup for p(k).

Next, we consider another simple system II,, of A(g,*h) as follows.
I, ={ei—eipa | 1 <i<n—2}U{ep1 + e, U{—2e}.

We also put S, (k) =11, — {—2e3}. We we choose the standard Borel subalgebra by (k) of g =
*p(n, C) corresponding to II, and denote by q(k) the parabolic subalgbra of g containing by (k)
and corresponding to S, (k). Since, 8(S,(k)) = =S, (k) and 0(—2e3) = —2ey ( mod ZS,(k)),
q(k) is O-stable. We easily see U(k,k) is a Levi subgroup for q(k). U(k, k), GL(k,H), and
GL(k,C) are the centralizers of their centers in Sp(k, k). In fact, the Lie algebra of the center of
U(k, k) (resp. GL(k, H)) is spanned by 3% (Ey_y — Ey;) (vesp. By + ---+ E,). Here, n = 2k
and we follows the notations in 3.1. The center of U(k, k) (resp. GL(k, H)) is compact (resp.
real split) and #-stable, and U(k, k) (resp. GL(k, H)) is a Levi subgroup for a maximal #-stable
(resp. o-stable) parabolic subalgebra (say q(k) (resp. q(k))) of sp(2k, C) = sp(k, k) @r C.

Since °h C p(k) N q(k), we see (p(k), q(k)) forms a of-pair. Put p(k) = p(k) N (u(k, k) @r C)
and 4(k) = (k) 1 (al(k, B) @z ).

Similarily, GL(k, C) is the centerizer of the split (resp. compact) part of its center in U(k, k)
(resp. GL(k, H)). GL(k,C) is a Levi subgroup for a maximal o-stable (resp. §-stable) parabolic
subalgebra p(k) (resp. q(k)) of al(2k, C) = u(k, k) @r C (resp. gl(2k, C) = gl(k, H) @r C).

p(k) is usually called a Siegel parabolic subalgebra and (k) is the one defined in 3.2, the
unique (up to Sp(k)-conjugacy) pure imaginary @-stable parabolic subalgebra. We denote by
P(k) the Siegel parabolic subgroup of  corresponding to p(k). For { € Z and ¢ € /1R, we

define a one-dimensional unitary representation & ¢ of GL(n,C) as follows.

det(g) ‘ ¢
Eoilg) = ( ) det(g)|*.
Zt( ) |det(g)| | ( )|
We define the degenerate unitary principal series with respect to P(k) as follows:
(T) ]k(ﬁvt) = I"dg((:fk) (&,t) (k € Z,te v—lR)

In (A), each inclusion gives a symmetric pair. Moreover, except GL(k, C) C GL(k, H), they
give symmetric pairs of G/ K.-type ([Oshima-Sekiguchi 1980]).
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We introduce similar structure for SO*(4k) as follows.

GL(k, H) SO*(4k)
(B) u| U
GL(k,C) C Uk, k)

M

In fact, as in the case of Sp(k, k), U(k, k) (resp. GL(k,H)) above is the centerilzer of
S (Eyi_y — Ey) (resp. By + -+ E,) in SO*(4k). (Here, n = 2k.) GL(k,C) is the in-
tersection of U(k, k) and GL(k, H). For k > 2, we define

I, =4e; —eqo | 1 <i<n—=2}U{epy + e, U{—ex —eq},

Su(k) =1, — {—e3 — e4}.

If k=1, put I, = {e1 + e2,e1 — ez} and S, (1) = {e; + e2}. We define p(k) and g(k) in a
similar manner to the case of G = Sp(k, k). In this case, situation is quite similar to the case of

Sp(k, k).
3.3 Maximal parabolic subgroups
Let k be a positive integer such that k < ¢. If G = Sp(p,q), put p’ =p—Fk and ¢ = q— k. If

G'=S0*(2n), put r = n — 2k}.
We put

Then we have §(A) = —A . We denote by a(r) the one-dimensional Lie subalgebra of °p
spanned by A.
We define a subset S(k) of Il as follows. If G'= Sp(p, q), we define

_ 1T — {egk — €2k+1} lf p/ > 07
S(k) = { T — {2e,} if p =0

If G =S0O*(2n), we define

_ 1T — {egk — €2k_|_1} lfT‘ > 07
S(H)_{ ImI—A{e,—1+e,} ifr=0

We denote by My (resp. m(;)) the standard maximal Levi subgroup (resp. subalgebra) of
G (resp. g) corresponding to S(k). Namely My is the centerizer of a() in G.
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We denote by P the parabolic subgroup of G whose f-invariant Levi part is M(k). We
choose Py so that the roots in A whose root spaces are contained in the complexified Lie
algebra of the nilradical of F; are all in AT. We denote by N(x) the nilradical of Fg).

Formally, we denote by Sp(0,0) and SO*(0) the trivial group {1}. Then, we have

Mo o { GL(k, H) x Sp(p/,¢')  if G =Sp(p,q)
(k) GL(k,H) x SO*(2r)  if G =SO*(2n)
Often, we identify GL(k,H), Sp(p',¢’), SO™(2r) with subgroups of M, in obvious ways. We
call such identifications the standard identifications. The Cartan involution # induces Cartan
involutions on My, GL(k,H), Sp(p’,¢'), and SO*(2r) and we denote them by the same letter
6. We put M(Ok) = Sp(p',¢) if G = Sp(p, ¢) and put M(Ok) = SO*(2r) if G = SO*(2n).

We denote by pk), m¢k), m? and n, the complexified Lie algebra of P., M, Mg, and Ny,

respectively.

Later, we treat various Sp(p, ¢)’s and SO*(2n)’s at the same time. So, sometimes we write

Pk)(p, q) (resp. P(*k)(Qn)) for Py if G = Sp(p, ¢) (resp. G = SO*(2n)).
We define a basis Hgk) of A(g,*h) as follows. If 2k = n, then we put Hgk) =11, where 11, is

defined in 3.2. If 2k < n, then we put
I = {e; — eipg | 1 <0 < 2k — 2} U {eapmy + eap, —€2 — eappr U {y € I | v(E;) = 0(1 < i < 2k)}.

Here, I1 is the basis of A(g,°h) defined in 3.1. We denote by b(x) the standard Borel subaalgebra
of g Put Sﬁk) = Hgk) —{—eg —egry1}. Let d(x) be the parabolic subalgebra of g containing by
corresponding to S&k). Since, H(Z&(ﬁ)) = ZSi(Lk) and §(—ez—egp41) = —€2—€2541 ( mod ZSi(Lk)),
q(k) is f-stable. We easily see that U (k, k) x M(Ok) is a Levi subgroup (say L))for q(y. We denote
by () the complexifed Lie algebra of L.
Since “h C pery N k), (P(r)s dxy) is a ob-pair.
We denote by Gy the centerizer of {£; | 2k <@ < n} in G. (If 2k = n, we put G = G.)
Then, we have
G g{ Sp(k, k) if & = Sp(p, q)
SO*(4k) if G =S0*(2n)
Let G(k)M(Ok) be the subgroup of G generated by Gy and M(Ok). Since G(lk) commutes with

) we have G(k)M(Ok) = Gy x M,

M? ()

(k
We have the following diagram:
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Mgy © GryMg,
(©) U U|
Mg VL S Ly

Taking intersection of Gy and each term of (C), we have a square quadruplet in the sense

of 3.2:

GL(IC, H) - G(k)
(D) U | U |
GL(k,C) C Uk, k)

We have :

Alugy Vmgy) = {eaior — €25 [ 1 <4, J <k

Ay N lgy) = {eaict +e25 | 1 <4, j <k}
If G =S0O*(2n), we have

A(()ﬂu )—{622 1+€2] 1|1 <k7l#]}U{622_1ﬂ:6]|1<Z7<k72k<]<n}7

Alngy Ntgy) = fezi +egi [ 1 <4, j <hyi# jU{eai e | 1<d, <k 2k <j <nb
If G =Sp(p, q), we have

A(()ﬂu )—{622 1—|—€2] 1|1 <k}U{€22_1:|:€]|1<’L7<k72k<]<n}

Alngy Ntgy) = fezi +e; [ 1< j <kt U {egiEe; [ 1 <4, <k 2k <j <nb

Put ag =1 (resp. ag = —1), if G = Sp(p, q) (resp. G = SO*(2n)). For 1 <7 < n, we have

()RR << 24,
Ou RO ))(E) o { 0 0therw1se ’
_ | 3k=2n—aq ifi€2Z,1< <2k,
25(11( Ol - { 0 otherwise '
k
, -2 i1 <1< 2k,
_ 2 1
JUs - { 0 0therw1se '
_ 2n— Qk-l—aG lf 1 Qk‘
N { 0 0therw1se

Hence, we have:
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Lemma 3.3.1. Define fp(k)wl( as in 2.2. For 1 <1< n, we have:

k)

_1)it1 2n=3ktag il < i< 2k
5P(k)7q(k)(Ei):{(() ) 2 Jlsis

otherwise

We denote by *f1 (resp. *h(*)) the C-linear span of {E; | 2k < i < n} (resp. {E; | 1 < i < 2k}
). Using the direct sum docomposition *f = *h*) @ *h(r), we have *h* = (N g Sb?k).

Let m be an irreducible unitary representation of M(Ok). Since *hry = °HN m?k)? "hry is a
Cartan subalgebra of m?k)' Let A\, € Sb(*k) be the infinitesimal character of 7. (A; is determined
up to the Weyl group action.)

For { € Z and t € v/=1R, we conder the one-dimensional representation & ; of GL(k, C)
defined in 3.2. We consider the representation & & 7 of GL(k,C) x M(Ok). Let Ag¢ . be the

infinitesimal character of & ;X m. Then we have:

k—14+0+t | .
)\é,t,w(Ezi—ﬁ = — 5 i+1 (1<i<k),
k—1—-44+t . .
)\Z,tﬂr(E%):f—l—i-l (1<Z<k>7
)\f,tﬂr|5f)(k) = )\7r

We define:

n—2k<i<m{iMEg—éiill}mZ#@}).

cran = max ({0} U { o (52) .

Applying Theorem 2.2.3 (2) to the ob-pair (p(x), d(r)), we have:

Proposition 3.3.2. Let © be an irreducible unitary representation of M(Ok). Let £ € N and
t € vV=1IR. We assume { > 2cp1 - — 1. Put S = k(n — 2k + 1) (resp. S = k(2n — 3k)), if
G = Sp(p, q) (resp. if G = SO*(2n)).

Then,

Ind%, (Ax(¢,1) B ) = (Rg;g KeLg) k(420 =k +ag, 1) B ).

Here, Ap(€,t) (resp. I1({,t)) is a quarternionic Speh representation (resp. a degenerate principal

series representatiion) defined in 2.4 (x) (resp. 3.2 (t)).

3.4 (-stable parabolic subalgebras

We retain the notations in 3.1 and 3.3. The classifications of K-conjugate class of @-stable

parabolic subalgebras with respect to real classical groups are more or less well-known. Here, we
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review the classification for G = U(p, ¢), Sp(p, ¢), SO*(2n). First, we discuss #-stable parabolic
subalgebras with respect to U(p, q) (cf. [Vogan 1996] Example 4.5).
Let £ be a positive integer. Put

£ £
Pep, q) = {((ph P2, (015 0y 00)) ENOXNO D “pi=p,> gi=q,pj+¢; >0 forall 1 < j < ﬁ} :

We also put

P(p,q) = | JPup, q),

£>0

P(0,0) = Po(0,0) = {((0), ()}

If (p,q) € P(p,q) satisfies (p,q) € Py(p,q), we call £ the length of (p,q). For (p,q) € P(p,q),

we define

I(Bg) = diag(Ip g1+ - Ipgqe)

Then we have

U(p,q) = {g € GL(p+4,O)l'glpq9 = I(gg)} :

Let ¢ be the Cartan involution given by the conjugation by I(p q)- In this realization, we denote
by q(p,q) the block-upper-triangular parabolic subalgebra 0?;[(]) + ¢,C) = u(p,q) ®r C with
blocks of zizes p1 + q1,....,p¢ + q¢ along the diagonal. Then, q(p,q) is a #-stable parabolic
subalgebra. The corresponding Levi subgroup U(p, q) consists of diagonal blocks.

U(B7 ﬂ) = U(p17q1) X X U(p&‘]()-

We denote by u(p,q) the Lie algebra of U(p,q). Via the above construction of q(p,q), K-
conjugate class of #-stable parabolic subalgebras with respect to U(p, ¢) is classified by P(p,q).
For G = Sp(p, ¢),SO*(2n), we put
Uy (P, ¢) if G = Sp(p,q),
Pg= ¢'<q ‘

Up/_|_q,<n P(p',¢) if G=S0%(2n)
K-conjugate class of #-stable parabolic subalgebras with respect to GG is classified by Pg. We
give a construction of f-stable parabolic subalgebra q(p, q) for (p,q) € Pg.
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First, we assume G' = Sp(p, q) , (p,q) € Pe(p',¢'), 0 < p' < p,and 0 < ¢’ < q. Put po = p—p/
and go = ¢—¢'. Then we have a symmetric pair (Sp(p, q), Sp(p’, ¢') X Sp(po, ¢0)). Taking account
of the realization of Sp(p/, ¢’) as the automorphism group of an indefinite Hermitian form on a
H-vector space (3.2 (%)), we see that U(p’, ¢') C Sp(p/, ¢'). Hence we have U(p’, ¢') xSp(po, o) C
Sp(p, q)- Put Ly o1y (p,¢) = U(p', ¢') x Sp(po, qo) Since the centerizer in Sp(p, q) of the center of
U’ q')is Lipr gy (s @), Lpr g1y(P, ¢) is a Levi subgroup of a f-stable maximal parabolic subalgebra
d(p,q) (P q) of sp(p + ¢,C). We denote by 1, .)(p,q) the nilradical of g, 4 (p,q). In fact
there are two possibilities of the choices of ﬁ(p/ﬂ/)(p, q). Our choice should be compatible with
the construction in 3.4. Namely, we should choose i, .y (p, ¢) so that g (P, q) = duy » if

p’ = ¢ = k. Such a choice is determined as follows. For { € Z, we define a character 1, of

Uy, q') by
ni(g) = det(g)® (9 € U, ).

Let 7 be any irreducible unitary representation of Sp(po, o). Then, we choose 1, .1 (p, q) so
that n; X 7 is good with respect to E|(p/7q/)(p, q) for a sufficiently large /.

We denote by [, .y (p, q) the complexfied Lie algebra of L, . (p, q). Let q(p, q)(p, ¢) be the
f-stable parabolic subgroup of u(p’,¢') @r C defined as above. Since L, (p,q) = U(p',¢') x
Sp(po; 90), (P, ) @ sp(po + o, C) is a -stable parabolic subalgebra of [(, ). Define

dp.q) (2 4) = (a(P, @) D sp(po + 90, C)) + U gy (P, )

Then p(p,q)(p;q) is a @-stable parabolic subalgebra of sp(p + ¢,C). The corresponding Levi
subgroup is Lp,q) (P, ¢) = U(p,d) x Sp(po, qo)-

Next, we c;n_sider the case G = SO™(2n). Assume (p,q) € Pu(p',¢'), ' +¢ < n. Put
n' =p'+ ¢ and ng = n — n’. Then we have a symmetric pair (SO*(2n), SO*(2n) x SO*(2ng)).
There is a symmetric pair (U(p/, ¢’), SO*(2n")). This is of G/K.-type except for p'¢' + 1 € 2Z.
(cf. [Oshima-Sekiguchi 1984]) Put L?p,ﬂ,)(
SO*(2n) of the center of U(p',¢') is L?p,7q,)(2n)7 L(*p,7q,)(2n) is a Levi subgroup of a @-stable

2n) = U(p',¢') x SO*(2ng). Since the centerizer in

maximal parabolic subalgebra ﬁ?p, q,)(Qn) of s0(2n,C). Now that we can construct a #-stable
parabolic subalgebra ﬁ(*p q)(Qn) of s0(2n,C) in the same way as the case of G = Sp(p,¢). In
this case the Levi subgroup L, q)(Qn) is isomorphic to U(p, q) x SO*(2n).
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3.5 A rearrangement formula

First, we consider the case of G = Sp(p,q). Let p’ and ¢’ be non-negative integers such that
p' + ¢ > 0. Moreover, we assume that p’ < pand ¢ <q. Put pp=p—p' and qo = g — ¢'. We
consider @-stable maximal parabolic subalgebra E|(p/7q/)(p, q) defined in 3.4.

Let B(po, qo) (resp. by ) be a 0 and o-stable compact Cartan subalgebra for Sp(po, o)
(resp. U(p',¢)).

Taking account of L, .1 (p,q) = U(p', ¢') x Sp(po, qo), we put

(P, @) = b ey @ B(Po, q0) C Ly oy (p, @) Csp(p+ ¢, C).

Then, h(p, q) is a § and o-stable compact Cartan subalgebra for Sp(p, ¢). Using the above direct

sum decomposition, we regard b(*p, ) and h(po, qo)* as a subspace of h(p, ¢)*. We introduce an

orthonormal basis { f1, ..., fyrrq' } (tesp. { forpq41s s fotq}) Of b(*p,ﬂ,) (resp. §(po, go)* ) such that

{£fitfil1<i<j<p+qgu{E2fi|1<i<p+q},
={fifi11<i,i<p+4,i#]},
{

it fi|p+d <i<j<p+qrU{R2fi|p+4¢ <i<p+q},

We denote by Fi, ..., 4, the basis of h(p, ¢) dual to fi,..., fy+4 We have

2

2p+2q—p/—q'+1 lf 1 < 7/ < p/ + q/7
0 otherwise

5(ﬁ(p’7q’) (p, ) (F) =

For ( € Z, we consider the one-dimensional unitary representation 7, of U(p/, ¢') defined in
3.5.

Let Z be any Harish-Chandra module for Sp(pg, o) with an infinitesimal character A €
h(po, q0)* C b(p,q)*. Ais unique up to the Weyl group action. Put [|A|| = max({0} U {|A(F})] |
P+q <i<p+q,A(F,) € Z)}). ||A]] is invariant under the Weyl group action on A, so we write
1211 = 1Al

ne™® Z has an infinitesimal character [¢, A] € b(p, ¢)* such that

1 = { CHEHE - LSSy 4o,
’ AME) if ' +q' <i<ptg

We denote by H(Sp(p,¢)), the category of Harish-Chandra modules for Sp(p, ¢) with an in-

finitesimal character p.
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Definition 3.5.1. For { € Z and Z € H(Sp(po, q0))x, put

. _ {pspp+e,0).K S N
R (O(2) = (R%',q')(pvq%L(p',q') (pvq)ﬂK) (e B 2) & Castigy gy (p.0)))-

e /M | YIRS

where S = Po+qo), then the above cohomological induction

is in good range and we have an exact functor

Ry (0) = H(Sp(po, qo0)) s = H(SP(D: 4 e\ 5y, (0,0)

Next, we consider the following setting. Let k be a positive integer such that k& < p and
k < ¢. Let p’ and ¢’ be non-negative integers such that p’ + ¢’ > 0. Moreover, we assume that
p'+k < pand ¢ +k < g. We consider f-stable parabolic subalgebra ¢ n(p — k,q — k) of
m?k) = Sp(p — k,q— k) defined in 3.5.

So, the Levi subgroup L, o1y (p—k, q—k) of 4 o1y (p—k, ¢ — k) is written as U(p’, ¢') x Sp(p—
p—k,q—q¢ —k). Put s k) = exp(*h*)Y NG, Then s is a maximally split Cartan subgroup
of GL(k, H). (Here, we consider the decomposition M) = GL(k, H) x M(Ok)) We fix a compact
0 of Ly gy(p—kyq—k) and put H(k,p',q') = *H®) x “H . We
denote by h(k,p’,¢') the complexified Cartan subalgebra of H(k,p’,q’). We denote by Lb@p,

Cartan subgroup “H (. ,

q')
the centerizer of the center of U(p/,¢') in G. Then, we have L'(k,p',¢') = U(p',¢') x Sp(p —

P,q—4q'). Let §'(k,p',¢') be a f-stable parabolic subalgebra of Sp(p, ¢) with the Levi subgroup

*
(kp'sq'

that 7, X ¢ is good with respect to §'(k, p/, ¢') for sufficiently large (. q'(k,p’, ¢’) is K-conjugate

L?k ') Let ¢ be any irreducible unitary representation of I ) We choose ¢'(k, p', ¢') so

to q(pr¢1) (P, q) defined in 3.4.

Since Y(k,p',q¢') C d'(k,p's ¢') Oy (s @)y (Pry (P @)5 ' (ks ', ¢)) is @ of-pair.
Since *§(*) C *f has a basis Fy, ..., Eag, for any X € (Sf)(’“))*7 we define

Al = max({0} U{A(E)] |1 <7< 2k [A(E)] € Z}).

For any Harish-Chandra module V with an infinitesimal character A € (*h(¥))* we put ||V]|| =
[|Al]. This is well-defined, since ||A|| is invariant under the Weyl group action. For example, we

easily have:

Lemma 3.5.2.
(1) If x is a one-dimensional unitary representation of GL(k,H), then ||x|| = 0.
(2) Forle€Zandt e /—1R, we have
Al if s odd and t = 0,

ol ={ 2

otherwise
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Applying Theorem 2.2.3 to the of-pair (p)(p,q), q'(k,p',¢')), we have:

Theorem 3.5.3. (a rearrangement formula for Sp(p,q))

Let k be a positive integer such that k < p and k < ¢q. Let p' and ¢' be non-negative
integers such that p' + ¢ > 0. Moreover, we assume that p' +k < p and ¢ +k < q. Let
V' (resp. Z) be a Harish-Chandra module with an infinitesimal character for GL(k,H) (resp.
Sp(p—p'—k,q—¢'—k) ). Let { be an integer such that { > max{||V||, ||Z||} - (p—p'—k)—(¢—¢'— k).

Then we have

i d5p<p,q> (vars S 02)] = (R, (0 - 2h) (|nd5p<p P Rz

%) (Pya) (p—p'sa—4")

The above cohomological inductions are in the good region.

Next, we consider the case of SO*(2n).

Put ng = n — p’ — ¢’. We consider #-stable maximal parabolic subalgebra E|(*p,7q,)(2n) defined
in 3.5.

Let h(2n0) (resp. h(,r4) be a @ and o-stable compact Cartan subalgebra for SO*(2ng) (resp.
Up',q").

Taking account of L7, ~(2n) = U(p', ¢') x SO*(2ng), we put

b(Qn) = b(p',q’) [Se) 6(2710) g [?p’,q') (271) g 50(271, (C)

Then, h(2n) is a 6 and o-stable compact Cartan subalgebra for SO*(2n). Using the above direct

sum decomposition, we regard b(*p, ) and h(2ng)* as a subspace of h(2n)*. We introduce an

orthonormal basis {f1, ..., forrq } (vesp. {fprpq41s s fon}) Of b(*p, ) (resp. h(2ng)* ) such that

A(so(2n,C), b(2n)) ={£fi £ fi [1<i<j<p+a},
Al q) Or C g gn) ={ffi |1 <ij <P+ i# 5},
A(so(2n0,C), h(2no)) = {£fi= f; | P +d <i<j<p+a},
AWy 2n)b20)) ={fix [ |1<i<p +d <j<p+dU{fi+ i 11<i<j<p +d'},
We denote by Fi, ..., 4, the basis of §(2n) dual to fi, ..., fon.
We have
5(ﬁ(*p’7q’)(2n))(Fz) = { (jn_pf_q_l gtlllerW1se v
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Let Z be any Harish-Chandra module for SO*(2ng) with an infinitesimal character A €
h(2no)* C H(2n)*. A is unique up to the Weyl group action. Put ||A|| = max({0} U {|A(F})] |
P+ q <i<2n,A(F;) € Z)}). ||A]] is invariant under the Weyl group action on A, so we write
1211 = 1.

ne™® Z has an infinitesimal character [(, A] € h(2n)* such that

-1  if1 < +q
0A(F) = Lo SPAd
L AL {A(Fz’) 1fp+q <i<p+tyq

We denote by H(SO*(2n)), the category of Harish-Chandra modules for SO*(2n) with an in-

I I
ptg'+1
{4+ =5

finitesimal character p.

Definition 3.5.4. For { € Z and Z € H(SO"(2ng))», put

S
n . s0(2n,C),K
RZ,@,(K)(Z) - (Rq? y(@n).LE ,)(2n)rm> (B Z)® C?é(ﬁ;‘p,yq,)(%)))v

o'
where S = (p'+¢ Y (n—p' —=¢Y+p'¢". If € > ||A]| = no+1, then the above cohomological induction

is in good range and we have an exact functor
Ry (€) : H(SO™(2m0))x = H(SO™(2n)) e apestar, , (2m)
In the similar way to the case of Sp(p, q), we have:

Theorem 3.5.5. (a rearrangement formula for SO*(2n))

Let k be a positive integer such that k < p and k < q. Let p' and ¢’ be non-negative integers
such that p' + ¢' > 0. Moreover, we assume that p'+ ¢ + 2k < n. Let V (resp. Z) be a Harish-
Chandra module with an infinitesimal character for GL(k,H) (resp. SO*(2(n —p' — ¢’ — 2k))).
Let { be an integer such that £ > max{||V|],||Z||} = (n — p' — ¢ = 2k) — 1. Then we have

SO (2n) (n—2k) _ n SO (2(n—p'=q"))
[I dpe o (vary (z)(Z))] - [RZ,7q,(£ 2k) (I A Sy (V®Z)>]
The above cohomological inductions are in the good region.

3.6 Decomposition formulas
We define:

Definition 3.6.1. Let k be a positive inter and { be an integer such that { + k € 27Z. Let ¢ be
an integer such that 0 < 1 < k. We define the following derived functor module for U(k, k).

@) oy (upulkk)ewC Uk)x Uk) 2i(k—1)
By (0) = (Rq((zk H)R(k 4,0)), Ue) x Uk—1)x U(k—i)xU(i)) (n%._k&n%_k).
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B,(:) (€) is not in the good region. In fact, it is an irreducible unitary representation located
at the end of the weakly fair region in the sense of [Vogan 1988].

We quote the following reducibility result of the degenerate principal series.

Theorem 3.6.2. (Kashiwara-Vergne, Johnson,...)
Let{ € Z and t € \/—1R.
(1) Ift+k e 2Z, then

k
=D s’

=0

(2) Ift#0orl+k+1¢€2Z, then I;((,t) is irreducible.

Some remarks are in order. The reducibilty of I (¢,0) is established by [Kashiwara-Vergne,
1979]. The irreducibilty result is due to [Johnson 1990]. Identifying irreducible components in
(1) as derived functor modules is easy conclusion from [Barbasch-Vogan 1983] and it has been
more or less known by experts. For example, a proof is given in [Matumoto 1996] 3.4.

Combining Theorem 3.6.2 and Proposition 3.3.2, we have:

Proposition 3.6.3.

(1)  Let p,q be positive integers such that ¢ < p. Let G = Sp(p,q) and let k be a positive
integer such that k < q. Let 'V be an irreducible unitary representation of Sp(p — k,q — k). Let
m be an integer such that m > ||V||+ k — 1. Then we have

Ind’? (fg’q))(Ak(QmH 0)RV) @Rf’,j Am—n+k) (Rg P —n—l—Qk)(V)).

(2)  Let n be a positive integer. Let G = SO*(2n) and let k be a positive integer such that
2k < n. Let V be an irreducible unitary representation of SO*(2(n — 2k)). Let m be an integer
such that m > ||V||+ k — 1. Then we have

|nd;§(,g(<21)>(Ak(2m+1 0)E V) @Rzk sm =+ k4 1) (R (=t 24 1)(1V)).

We introduce notations for derived functor modules.
First, we assume G = Sp(p, ) » (0,a@) € Pu(ss¢), 0 < ' < p, and 0 < ¢/ < g. Put
po=p—p and o = ¢—¢'. We consider the derived functor modules with respect to ﬁ(p,q) (p,q).
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For1<i<m,weput pi =p1+---+p;and ¢ =q +---+¢. Let {,..., [, be integers and put

AL (1, oo ) =

Rt ) (R0 (- (R0 (Rt ) ) ) )

Here, 1Sp( ) is the trivial representation of Sp(pg, o). In this setting, we define as follows.

Po,90

Si=p+q—pi—q — 5 (1<ig<m),

ZZ'ZKZ'—F(SZ' (1<Z<m)

Then, Afl’;q) (€1, ..c.; L) is in good (resp. weakly fair) region if and only if ¢; > (5 > -+ >
b 20 (vesp. £y 2 0y > -+ > Uy 2 0).

Next, we assume GG = SO*(2n) , (p,q) € Pr(p',¢), 0 < p' + ¢ < n. Put ng =n—p' - ¢
We consider the derived functor modules with respect to ﬁ(*p,q)(Qn)' For 1 < ¢ < m, we put

pr=pi+---+pand ¢ =q +---+q. Let {,.... 0, be integers and put

AT (1, ey ) =

2 (0) (REr = (6) (- (Rl 770 (0) (- Ry 2597 (1) (190 ) ) ) ) -

Here, 1SO*(2n0) is the trivial representation of SO*(2ng). In this setting, we define as follows.

Gi=pta-pi—q - PTETL acicm),

ZZ'ZKZ'—F(SZ' (1<2<m)

Then, A%f) Q (l1,....; L) is in good (resp. weakly fair) region if and only if {1 > lp > --- >

b 20 (vesp. £y 2 0y > -+ > Uy 2 0).

Combining Theorem 3.5.3, Theorem 3.5.5, and Proposition 3.6.3 , we have:

Theorem 3.6.4.

(1) Let p,q be positive integers such that ¢ < p. We consider the setting of G = Sp(p, q).
We assume (p,q) € Pp(p',q¢'), 0 < p' < p, and 0 < ¢’ < q. Let k be a positive integer. Put
n=p+qand put n; = (p; 4 q;) + -+ (P + @) + 2k for 1 <i < m. Let s be a non-negative
integer.

Let q, ..., 0, be integers such that £y > ly > -+ > £, > 0. Moreover, we assume there is

some 1 < j < m such that {;_; > s — n; + 3k and s — n; + 2k > {;. (Here, we put, formally,
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KO = +OO) Put B; = (Ph "'7pj—17i7k - va]7pm) and ﬂ; - (q17 "'7qj—17k - i,i,(]j, 7qm) fOT
1<t < k. Then we have

(A) Ind>P P (An(2s + DB AR (01, )

k
= D AT (= 2 o = 2 s =l ks = 0l 28, ),
1=0

(2)  Let n be positive integer and we consider the setting of G = SO*(2n). We assume
(pP,a) € ]P’m(p’,q’), 0<p'+¢ <n. Letk be a positive integer. Put ns = (p; +q;) + -+ (pm +

qm) + 2k for 1 <t < m. Let s be a non-negative integer.

Let q, ..., 0, be integers such that £y > ly > -+ > £, > 0. Moreover, we assume there is
some 1 < j < m such that {j_y > s—n)+3k+1 and s—n’;+2k+1 2> {;. (Here, we pul, formally,
ly = +00.) Put Bi = (p1, s Dj—1, b bk — 4, ..., p) and g;. = (q1s s @j—1, k — 1,7, ¢, ..., q) for
1<t < k. Then we have

SO 2(n n
(A Ind.’ (<22(§2 ++22]£;>(Ak(25 + 1) B AR ¢ (01 oers )

k
N @A(gfof,’“))(zl — 2y ljy — 2k, s — 0 kA L s — 0l 2k 1,6, ).
=0 =

—_

(3)  The derived functor modules in the right hand side of (A) and (A’') are all non-zero
and irreducible. (Actually, they are good-range cohomological induction form non-zero irreducible

modules. )

Here, we apply the translation principle in weakly fair range in [Vogan 1988] to the above

result and obtain the following.

Theorem 3.6.5.

(1) Let p,q be positive integers such that ¢ < p. We consider the setting of G = Sp(p, q).
We assume (p,q) € Pr(p',q¢'), 0 < p/ < p, and 0 < ¢ < q. Let k be a positive integer. Put
n=p+qand put 0 = (pj + q;) + -+ (Pm + gm) + 2k for 1 <@ < m. Let s be an integer
such that 2s + 1 > —k. Let {1, ..., {,, be integers such that {1 > ly > -+ > {,, > 0. We choose
any 1 < j < m such that Zj_l > s+ kzil > Zj, (Here, we put, formally, o = +o00.) Put

P = (1, Pjmts b b = 4 pjeccs pm) and o) = (1, ooy =15k = 4,9, G5y ooy gm) for 1 <4 < ke Then
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we have

(B) Ind>P P (k25 DB AL (6 6)
(2( ) (P

k
s A 2k Db b 2ty
1=0
(2)  Let n be positive integer and we consider the setting of G = SO*(2n). We assume
(P;d) € PP’ q), 0< p' +¢' < n. Let k be a positive integer. Put v’ = (p; 4 q;) + -+ (pm +
Gm) + 2k for 1 <i < m.

Let s be an integer such that 2s+1 > —k. Let (1, ..., {,, be integers such that {1 > ly > -+ >

ly, > 0. We choose any 1 < j < m such that Zj_l > s+ k%l (Here, we put, formally,
lo = +00.) Put pi = (p1,.-s Pjmts bk — 4 pjec, ) and o = (g1, s Gj—1, b — 1,4, G5, oy @) for

1<t < k. Then we have
SO*(2(n+2k n
(B') Indp. (2n428)) 4 (25 + 1) B AL (€1 oes L)
k
= (D AN () — 2k, oo Gy — 2k, s — 0 kL s — 0 2k 1, ).

Proof  The proof is similar to the arguments in [Matumoto 1996] 3.3. We consider the case
of G = Sp(p, q). (The case of G = SO*(2n) is similar.) For an integer a, we denote by n, one
dimensional representation of GL(h,C) defined by

1a(g) = det(g)*

Let ay,...,a, and b be non-negative integers and consider a one dimensional representation
n=1e KW, K KR, - K, B 1Sp(p0+q0,<C) of GL(p1 +¢1,C) x ---x GL(pj—1 +
¢;—1,C) x GL(k,C) x GL(k,C) x GL(p; + ¢;,C) x - -+ x GL(pp, + ¢m,C) x Sp(po + ¢0,C). If
m >z 2 aj—1 2 b>a > -+ > ay, then there is an irreducible finite dimemensional
representation V of G¢ which contains 7 as the highest weight space . If we choose a1 > ay >

>a;_1>>b>a; > > a, suitably, we have s/ = s+0b, 0. ={, +a, (1< r < m)satisfy

the regularity assumption in Theorem 3.6.4. So, we have:

S k,q+k )
() Ind p(f;qu,l)(Ak(Qs’ﬂ)&Af . (e ()

k
~ +k,q+k
=P pp gl, (0 = 2k, .., Oy — 2k, 8" — )+ k8" — n + 2k, 05, .. 0)).
1=0
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Let T' the translation functor from the infinitesimal character of the modules in (C) to that
of (B). If we apply 7" to the both sides of C', we obtain (B) above. The argument is the same as
[Matumoto 1996] Lemma3.3.3. The main ingredient is [Vogan 1988] Proposition 4.7 . (We may
apply similar argument to non-elliptic cohomological induction by [Vogan (green)] Lemma 7.2.9
(b).)

Q.E.D.

Remark In Theorem3.6.5, a choice of 7 need not be unique. So, depending on the choices
of j, we have apparently different formulas. Their compatibility is assured by [Matumoto 1996]

Theorem 3.3.4, which is an easy conclusion of [Barbasch-Vogan 1983] Theorem 4.2. The derived
functor modules in the right hand side of (B) and (B’)are all in the weakly fair region.
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§ 4. Reduction of irreducibilities

4.1 Standard parabolic subgroups

In this section, Let G be either Sp(n — ¢, ¢) with 2¢ < n or SO*(2n). Fix 0, °H, etc. as in 3.1.
We also fix some particular orthonormal basis ey, ..., e, of °h*, as in 3.1. We fix a simple
system II of A(g,?®h) asin 3.1.

Let k = (k1, ..., ks) be a finite sequence of positive integers such that

q if G=5p(p,q),
kot +k5<{g if G = SO (2n).
We put kf = ky+---k;for 1 <i<sand kj=0. If G =Sp(p,q), put p’ =p—kand ¢ = ¢— k.
If G =SO*(2n), put r = n — 2k%.

We put
2k
Ai=) B 4 (1<i<s)),
j=1

Then we have 8(A;) = —A; for 1 <i < s. We denote by a, the Lie subalgebra of °h spanned
by {4; [1 << s}
We define a subset S (k) of Il as follows. If G' = Sp(p, q), we define
S(k) = { H—{€2k7—62k7+1|1<i§ s} %fpi>07
M= ({esks — earrpall <8 < 5—13U{2e}) i =0
If G =S0O*(2n), we define
S(m):{ H—{€2k7—€2k7+1|1<i§ s} %ff‘>07
Im - ({ezk;ﬂ - €2k7+1|1 <i<s—1}U{epmr1+en}) ifr=0
We denote by M, (resp. my) the standard Levi subgroup (resp. subalgebra) of G' (resp. g)
corresponding to S(x). Namely M, is the centerizer of a, in G.
We denote by P, the parabolic subgroup of G whose @-invariant Levi part is M,,. We choose
P, so that the roots in A whose root spaces are contained in the complexified Lie algebra of the
nilradical of P, are all in AT. We denote by N, the nilradical of P,.
Formally, we denote by Sp(0,0) and SO*(0) the trivial group {1} and we denote by GL(x, H)
a product group GL(ky, H) x --- x GL(ks, H). Then, we have

M~ GL(k,H) x Sp(p',q¢") if G=Sp(p,q)
"7 | GL(k,H) x SO*(2r)  if G =S50"(2n)
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Often, we identify GL(x,H), Sp(p/,¢’), SO*(2r) with subgroups of M, in obvious ways. We
call such identifications the standard identifications. The Cartan involution # induces Cartan
involutions on M,,, GL(k, H), Sp(p, ¢’), and SO*(2r) and we denote them by the same letter 6.
We put M2 = Sp(p',¢) if G =Sp(p,q) and put M2 = SO*(2r) if G = SO*(2n).

We denote by p,, m,, m; and n, the complexified Lie algebra of P,, M., MS, and N,
respectively.

For 7 € &; and k = (ky, ..., ks), we define &7 = (k. (1), ..., kr(s))-

Let £ be an irreducible unitary representation of M. £ can be written as £ = § K- - -KE,KE,
where for 1 < 7 < s (resp. for ¢ = 0) & is an irreducible unitary representation of GL(k;, H)
(resp. M2). For 7 € &, we denote by £ an irreducible unitary representation of L,r, ST
W& (5) W&o, The following is well-known.

Lemma 4.1.1. (Harish-Chandra)
Let k = (k1, ..., ks) and T € &, be as above. Let £ be an irreducible unitary representation of

M. Then we have

Ind, (€) = Indg_ (¢7)

Sometimes, we treat various Sp(p, ¢)’s and SO*(2n)’s at the same time. So, we write some-
times Py (p, ¢) (resp. PX(2n))for Py if G = Sp(p, ¢) (resp. G = SO*(2n)).

Let Ag((,t) ((e{l! e Z |l > —k}U{—o0}) be the representation of GL(nH) defined in
Definition 2.4.3. If £ > —k, Ax({,t) is a quarternionic Speh representation in the weakly fair
range. Ap(—o00,t) is a unitary one-dimensional representation.

Any derived functor module is a parabolic induction from an external tensor product of
some Ag({,t)’s. So, the unitarily induced module from a derived functor module (in weakly fair

range) can be written as:
(®) IndS (Ag, (1, 11) & -+ & Ay, (L, t5) R 7).

Here, Z is a derived functor module of M2 in the weakly fair range. Moreover, (; € {{ € Z |
(> —k;} U{—oc}, and t; € /—1R for 1 < i < s. Using well-known Harish-Chandra’s result,we
may assume /—1¢; > 0 for all 1 < ¢ < s.

We assume that £; + 1 € 2Z and t; = 0 for some 1 < ¢ < s. Then, using Lemma 4.1.1, we
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may assume i = s. Let k" = (k1,...,ks—1). Then from the induction-by-stage, we have

Ind% (Ag, (1, t1) B+ & Ay, (s, t5) R Z)
= Indf (As, (61, 10) B+ B Ag (G, o) B Ind ' (A, (6,0) 8 7)),
Applying the decomposition formula Theorem 3.7.5, we see that the above induced module

is a direct sum of the induced modules of the form like
Ind%, (A, ((1,11) BB Ag _, (o1, t5m1) B Z')).

Here, Z" is a derived functor module of M?, in the weakly fair range. Assume that we understand
the reducibility of Z"’s. Then, applying the above argument, we can reduce the irreducible

decomposition of the above ® to the following.
(0) Ind%_(Ag, ((,0) BB Ag, (0r, 0) & Ag,,, (Chgr, thgn) BB Ag (6, 8,) B Z).

Here, {; is not odd integer if 1 < i < h, v—1t; > 0if h < i < s, and Z is an irreducible
representation of M? whose infinitesimal character is in Pyre. Put 7 = (ky,...,kp) and 7 =
(kht1y.. ks). Alsoput a=ky+---+kp and b= kpqpq + -+ - + ks.

We state the main result of §4.

Theorem 4.1.2. The following is equivalent.
(1) The above § is irreducible.
(2)  The following induced module % is irreducible.

. S0
(%) Ind}

() (A, (6,00 B - & Ay, (€4, 0)).

Remark  Under an adequate regularity condition on {4, ...,{;, we may apply Proposition
3.3.2 to * successively, and we obtain that % is a good-range elliptic cohomological induction
from an irreducible module like Iy, (¢4,0) X --- & Iy, (¢},,0). Hence % is irreducible for such
parameters.

In §5, we show ¢ is irreducible if £y, ..., {} are all —oo.

4.2 Proof of Theorem 4.1.2

We denote by °b, (resp. *h”) the C-linear span of Ey, ..., Eogs (resp. Eopryq, ..., B Then, we can

regard *h,; (resp. °h*) as the complexified Lie algebra of a @-invariant maximally split Cartan
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subgroup of GL(k, H) (resp. Sp(p/, ¢') or SO*(2r)) via the standard identification. We have a
direct sum decomposition *f) = *h,, & °h”* and it induces *h* = *h & (°hH*)*. Namely, we identify
*hy (resp. °by ) the Clinear span of ey, ..., egpx (T€Sp. €gpr 41, ...y €5).

We denote by p the half sum of the positive roots in AT. Let i € *h* be the infinitesimal
character of Ay, (£1,0)X--- KAy, ((r,0)R Ay, . (Cpyr,thyr) BB A ({5, t) X Z. We may (and
do) assume R is in the closed Weyl chamber with respect to A* N A(m,, °h).

We fix a sufficiently large integer NV and we put *A = 2Np+ n and A =*A 4+ Pg. Then, we
have € A. Hence, A, = A«\. Moreover, we have °A is regular and A;"A = AT NAs,.

We construct a surgroup G’ of M, as follows. As a Lie group G’ is a product group SO*(4a) x
GL(b, H) x M2. The embedding of M, = GL(7, H) x GL(7/, H) x M into G’ is induced from the
inclusions GL(r, H) C SO*(4a) and GL(7',H) C GL(b, H). Easily see that we may fix a Cartan
involution whose restriction to M, is 8. We denote such a Cartan involution on G’ by the same
letter 6 and denote by K’ the corresponding maximal compact subgroup. Since M, is a Levi
subgroup of both G and ', *H is a f-stable maximally split Cartan subgroup of GG/ as well as
G.

We denote by g’ the complexified Lie algebra of G’ and denote by A’ the root system for
(¢/,°h). From the construction of G, we have the integral root system As) coincides with Al,.

We want to apply Lemma 1.10.1 to , G/, and *X above. In our setting, we put *H' = SH
and *f’ = *h and put ¥ in (C1) to be the identity map. Hereafter, we denote by G* any of G
and G’. Similarly, we write K, etc.

In order to define ¥ and ¥, we describe conjugacy classes of Cartan subgroups in & and G’.

First, we remark that there is one to one correspondence between Gf-conjugacy classes of
Cartan subgroups in G* and K*-conjugacy classes of #-stable Cartan subgroups in G* ([Matsuki
1979]). Second, a G-conjugacy class of Cartan subgroups of GG is determined by the dimension
of the split part and G'L(k, H) has a unique G-conjugacy class of Cartan subgroups (cf. [Sugiura
1959]). Hence, we see a K-conjugacy class (resp. a K'-conjugacy class) of f-stable (resp. ¢'-
stable) Cartan subgroups of G (resp. G') is determined by the dimension of the split part. We
also see the same statement holds for M.

Since there is obvious one to one correspondence between the conjugacy classes of Cartan
subgroups and the conjugacy classes of the Cartan subgroups which is stable with respect to the

complex conjugation, hereafter we consider Cartan subalgebras rather than Cartan subgroups.
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In order to understand the Cayley transforms on Cartan subalgebras, we examine some particular
Cartan subalgebras as follows. Let m be the greatest positive integer which is equal to or less
than % For 1 < i < m, we put a; = eg;_1 + €3;. Then, {aq,....,a,,} is the entire collection of
real roots in AT. We define ¢® € G as in 1.6. Since ay, ..., a,, are mutually orthogonal, we
may regard «; as a real root for Ad(c*7)(°h). So, we can regard Ad(c™')(Ad(c®7)(°h) as a result
of successive applications of Cayley transforms to “j. Because of the orthogonality of a; and «;,
we see Ad(c™)(Ad(c™) (*h)) = Ad(c™)(Ad (') (*h)).

Let J =A{ay,, s, } CH{ag, .y a5, ). (We assume r; # r; for ¢ # j. Similarly as above. we

can define successive applications of Cayley transforms as follows.
by = Ad(c™k) (Ad(™5=1) (- - (Ad (™) (*h) - ).

hs only depends on J and it is 8 and complex conjugacy invariant. We denote by Hj the
corresponding Cartan subgroup of GG to h.

Put Jo = {agsy1, -y} If J C Jo, then Hy C M, and Hj is a 6-stable Cartan subgroup
of M...

Since a K'-conjugacy (resp. K N My-conjugacy) class of f-stable Cartan subgroups of e
(resp. M,) is determined by the dimension of the split part, for .J1,J; C Jy, the followings are

equivalent.
(1) Hy, is K-conjugate to H,.
(2) Hy, is K'-conjugate to Hy,.

(3) Hy, is KN Mg-conjugate to Hy,.

(4) cardJ; = cardJs,.

If J C Jo, Hyis *Mintegral with respect to both G and G’. Conversely, it is easy to check
any °Mintegral 6-stable Cartan subgroup of G* is K'-conjugate to H; for some J C Jy. (For
example, using a criterion for the parity condition ([Vogan (green)]), we may check «; satisfies
the parity condition with respect to *X if and only if o; € Jy. The statement is deduced from this
fact.) We also remark that any é-stable Cartan subgroup of M, is K N M,-conjugate to some H
with J C Jo. Hence, there is a bijection ¢ (resp. ®’) of the set of the K N M,-conjugacy classes
of @-stable Cartan subgroups of M, to the set of K-conjugacy (resp. K’-conjugacy) classes of
*M-integrable §-stable Cartan subgroups of G (resp. G'). In fact ® (resp. @) is defined such
that the image of the K-conjugacy class of Hy under ¥ is the K'-conjugacy class of Hj for any
J C Jy. We put ¥ = @ o ®~!. WU is a bijection of the set of the K-stable conjugacy classes of
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s \-integral #-stable Cartan subgroups of GG to the set of the K'-conjugacy classes of *A-integral
¢'-stable Cartan subgroups of G'. W is compatible with Cayley transforms on (conjugacy classes
of) Cartan subgroups, since ¢ and ¢’ are.

Next, we consider the lift of ¥ to the standard coherent families.

We put J (i) = {am, @1, oy @i} for 1 <i <m —kf and J(0) = 0. Put H; = H j(;y for
0 <7 <m—kj. Then, we easily see Hy,...., H,,_p+ form a complete system of representatives
of the K'-conjugacy (resp. K N M,-conjugacy) classes of f-stable Cartan subgroups of G* (resp.
M,). We denote by b; the complexified Lie algebra of H; and by W (g, h;) the Weyl group for
(g%, b;). We denote by W (G"; H;) the subgroup of W (gf, h;) consisting the elements of W (g*, b;)

whose representatives can be chosen in G". We collect some of the useful facts:

Lemma 4.2.1. For 1 <i<m — k¥, we have

(3) R, (H;,*A) C Re(Hq,°A) € R (Hi, M),

(1) is easy to see from our construction of G’. (2) is easily checked using [Vogan 1982]

Proposition 4.16. (3) follows from (1).

We define Q : St (*A) — St (*A) by Q(O5") = ©F for v € Rer(H;,*\) for 1 < i < m — k.

We have remarked in section 1 that for vy = (H;, A1), v2 = (Hi, A2) € Reu(H;, *A), the
followings are equivalent:

(a) 1 and v, are Kf-conjugate.

(b) There is some w € W (G*; H;) such that A\; = w),.

() ©f =o0f.

Hence, from (2) and (3) of lemma 4.2.1, we see Q is well-defined.

We have:

Lemma 4.2.2.  is bijective.

Proof  From lemma 4.2.1 (2) and the above remark, we see that the regularity of *A implies
the injectivity of €. So, we show the surjectivity.
First, we fix some 1 < i < m —k¥. Then Ad(c™*+) o Ad(¢™*¥+i-1) o -0 Ad(c™*2+1) induces

an linear isomorphism of h onto f;. So, we also have an isomorphism h* = 7. We denote by
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€1,...,€, € b7 the image of eq,...,e, € h™ under this isomorphism. Then the Cartan involution

acts on €y, ..., €, as follows.

0(€2i—1) = —€9:,0(€;) = —€2i—1 (1 <i <m —1),

b(e;) =e (2(m—1i)<i<n).

We also denote by A € b the image of “A under this isomorphism. Write A = 2?21 l;e;. Let
w € W(g, h;) and write A = 2?21 (;é;. Then {y,...,(, is made from {y,...,{, by a permutation
of their indices and sign flips. We assume that v, = (H;, wA) € Rg(*A). Then, it should satisfy
the condition (R5) in 1.4. So, we easily see:

@) L ez @m-i)<j<n),

(d2) b1 — b €Z (1<j<m—1).

We write " 7_, a;e; € hF by (a1, ..., a,).

From [Vogan 1982] Proposition 4.86, we easily see the following elements in W (g, ;) are
contained in W (G, H;).

W (@15 ey @) = (@1, oy A2, —A25 1, —Agj, Q25425 -y G) (1 < <M — 1),
wb,c(ah ) an) = (017 ceey A2p—2, U2c—15 A2cy 20415 +oy A2c—2y U2b—15 U2bs A2 1 -+os an) (1 <b<c<m-— l)
If we choose the product w* of suitable w;’s and wy .’s above, we may have w*A = (dy, ..., dy,)

satisfies:
(el) d;e€Zforall kf <j<n.
(e2) d; ¢ Rforall k} < j <k},
(e3) dj—ieZforall 1 <j<Kk;.
This means that 4/ = (Hy, w*w)) € R (*)) and ©F = @g,. Hence Q is surjective. |
We define ¥ : St/(*A) — Stg(*A) by the inverse of Q. From the above constructions, we

easily see:

Lemma 4.2.3. ¢, U, and U defined above satisfy (C1)-(C7) in 3.1.

Now, we finish the proof of Theorem 4.2.1. If v € Rz, (°A), then, taking account of v €

Rei(PA), we easily see the followings:
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(f1)  ©F = Ind§; (OMx),

(f2) ©F = Ind§ (0,

(13) ¥(OF) =04

Taking account of the additivity of induction, we see that for all © € Trrp, (*A) we have
¥(Ind§; (0)) = Ind%ﬁ(@). It is easy to see that there is some © € Irryy, (°A) such that ©(n) =
[Ag, (01, 0) R+ - B Ay, (0, 0) & Ap, (Cpgastpgr) B+ B Ay (L,t5) B Z]. Hence, lemma 1.10.1
implies that the irreducibility of ¢ is reduced to the irreducibility of a Harish-Chandra module
which is the external product of the followings:

(gl) Z, which is an irreducible Harish-Chandra module for Mg,

(g2) Ind20" (A (11,00 R - - Ay, (£1,0)),

(g3) Harish-Chandra modules for GL(b, H) induced from irreducible unitary representations

of their parabolic subgroups.

The irreducibilities of (g3) is found in [Vogan 1986] p502. Q.E.D.
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§ 5. Irreducibility representations SO*(2n) and Sp(p, ¢) paarabol-
ically induced from one-diemsional unitary representations

5.1 Some induced representations of SO*(4m)

In this section we retain the notations in 3.1. and 4.1, and consider the case of G = SO*(2n).
Moreover, we assume n is even. So, we write n = 2m.

Since the universal covering group of G¢ is a double cover, Pg (cf. 1.2) is a subgroup of P
of index two. Put A = P — Py (set theoretical difference). A is the other Pg coset in P than

Pq itself. We fix a regular weight A € A as follows

"\ 2n — 2i+ 1
5 — Z %ei-
=1
Hereafter, we simply write W = W (g, *h) and A = A(g,*h). We have W = W.y, A = A« and

s\ = {61 —€2,€2 = €3,....;€p_1 — €, €1 T €n}-

Let b be the Borel subalgebra of g such that *h C b and the nilradical of b is the sum of the root
spaces corresponding to the roots in Aj—x We denote by p the half sum of the positive roots in
AT

We consider a partition © = (py, ..., px) of a positive integer m (p1, ..., pr) such that 0 < p; >
p2 > -+ > piand py 4+ pa + -+ pr = m. Let PT(m) be the set of partitions of m. As in 4.1,
we consider the standard parabolic subgroup Prand its Levi subgroup M, of G corresponding
to 7.

Let (o7,C7{) be a one dimensional unitary representation of M, (or m;) such that the
restriction to °h of the differential of o7 is A € “h*.

We denote by p, the half sum of all the positive roots whose root space is in m,. We put
p™ = p — pr. The infinitesimal character of Indgﬁ((C;r) is pr + A.

It is easy to construct a nondegenerate g-invariant pairing between Indgﬂ((C;r) and a gener-
alized Verma module My (A) = U(g) @y (p,) CT\_,=-

We are going to show the following our main result.

Lemma 5.1.1. Let © be any partition of m. Then, Indgﬂ((cg) 15 irreducible.

We prove this lemma in 5.3.

Combining Lemma 5.1.1 and Theorem 4.1.2, we have:
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Corollary 5.1.2. Representations of SO*(2n) and Sp(p, q) induced from one-dimensional uni-

tary representations of thier parabolic subgroups are irreducible.

5.2 Coherent continuation representation for SO*(4m) with respect to A

We retain the notations in 5.1.
For a partition # = (py, ..., px) € PT'(m) of m, put pf = 22:1 p; for 1 <4 < k and define a
subset S, of II = Il as follows. (P; is the sstandard parabolic subgroup corresponding to S;.)

SW = H — ({egp:ﬂ — €2p:f_|_1)|1 S Z S k — 1} U {egm_l =+ €2m}.

For # € PT(m), we denote by o, the MacDonald representation (cf. [Carter 1985] p368) of
W with respect to S, C II. From [Lusztig-Spaltenstein 1979], o, is a special representation
([Lusztig 1979, 1982] also see [Carter 1985] p374), which corresponds to the Richardson orbit in
g with respect to the parabolic subalgebra p, via the Springer correspondence.

There is another description of o,. Since W is the Weyl group of type Ds,,, it is embedded
into the Weyl group W' of type Bs,,. It is well known that the irreducible representations of W'
is parameterized by the pairs of partitions (k,w) such that x € PT'(k) and w € PT'(2m — k) for
some 0 < k < 2m. Here, we regard PT(0) consists of the empty partition (. If k¥ # w, then the
restriction of the representation corresponding to (k,w) is irreducible. However, the restriction
of the irreducible W'-representation corresponding to (7, 7) (% € PT(m)) to W is decomposed
into two irreducible W-representation, which are equidimensional. From [Carter 1985] p423 line
11-33, o, is one of the irreducible constituent.

For each partition » € PT(k), we denote by dim(x) the dimension of the irreducible rep-
resentation of &y corresponding to k. It is well-known that the dimension of the irreducible

W'-representation corresponding to (k,w) (k € PT'(k) and w € PT(2m—k)) is (2m);€c!1(i;:r(f_)kc;i!m(w)‘

(For example, see [Kerber 1971/75].) So, we have :

Lemma 5.2.1. For m € PT(m),

(2m)!dim(7)?

dim(o,) = ()2

We shall show:

Theorem 5.2.2. As a W-module the coherent continuation representation C(A) is decomposed
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as follows.

First, we prove:
Lemma 5.2.3. For each m € PT(m), the multiplicity of o in C(A) is at least one.

Proof  We have only to show that there is an irreducible Harish-Chandra (g, K)-module
V such that the infinitesimal character of V' is in A and the character polynomial of V' ([King
1981]) generates a W-representation isomorphic to o,. First, we remark that Indgﬂ((CZrA_pﬂ)
has a nondegenerate pairing with an irreducible generalized Verma module M, _(—°A —p,) with
the infinitesimal character —°A. Easily see that there is at least one irreducible constituent V
of Indgﬁ(cg_pﬁ) whose annihilator [ in U(g) is the dual of the annihilator of the generalized
Verma module. So the associated variety of [ is the closure of the Richardson orbit (say O;)
corresponding to p,. The character polynomial with respect to V is proportional to the Goldie
rank polynomial of [ ([King 1981]) and the W-representation generated by the Goldie rank
polynomial is O,. So, we the lemma. Q.E.D.

Proof of Theorem 5.2.2 From Lemma 5.2.3, it suffices to show that

dimC(A) = ) dim(o,).
T€PT(m)

(zm%!((ii;l;;(w)rz = (22:2)!!7 since we have

From Lemma 5.2.1, the right hand side is ZWEPT(m)

Z (dim(7))? = card&,, = m!.
T€PT(m)

So, we have to show dimC(A) = %

dim C(A) is clearly, the number of K-conjugacy classes in the regular characters in Rg(°A).
Since only maximally split Cartan subgroups are * A-integral, each K-conjugacy class has a repre-
sentative in Rg(*H,°X). We denote by W (G5 °H ) the subgroup of W consisting the elements w
of W such that some representative of w in G¢ is in GG (or equivalently in K') and normalizes *H.
Examining elements in K which preserves *H, we easily see dim C(A) = card(W/W (G;°H)).
From [Knapp (1975)] (also see [Vogan (1982)], Proposition 4.16), W(G;°H) is generated by the

following elements in W:
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(1) Sep_y—ese (1 < @ < m) : reflections with respect to compact imaginary roots in
A= A(g*h).

(2)  Seyi_yten (1 < i< m) : reflections with respect to real roots in A.

(3) Sepi—1—e2j_1 Sea; —e2; (1 <1<y < m)

So, we can easily see W(G;°H) is isomorphic to &, x ((Z/2Z)™ x (Z/2Z)™).

So, we have dim C(A) = cardw _ _ (2m)t2n 1 _ (2m)!! as desired. Q.E.D.

cardw(G;sH) —  ml2mam 2:m
We can interpret in terms of cell structure of the coherent continuation representation C(A).

In our particular setting, the proof of Lemma 2.3.3 tells us for each # € PT'(m) there is at least

one cell whose associated nilpotent orbit is ;. From Theorem 5.2.2, we have:

Corollary 5.2.4.

(1) There is an one to one correspondence between the set of cells for C(A) and PT(m)
induced from the above association of nilpotent orbits to cells.

(2)  Any cells for C(A) is irreducible and isomorphic to the special representation corre-

sponding to the associated nilpotent orbit via the Springer correspondence.
From Corollary 5.2.4, we have:

Corollary 5.2.5. Let A € A and let V; (i = 1,2) be irreducible Harish-Chandra (g, K)-modules
with an infinitesimal character A. Assume that the annihilator of Vi in U(g) coincides with that

of Vo. Then, Vi is isomorphic to V.

Proof We may assume that (A, a) > 0 for all « € Aj—x It is known that for each ¢ = 1,2
there is unique coherent family (:)gi € Irr(°A) such that [V;] = (:)gi (A). We show (:)g;1 = (:)%.

First, we remark that the Goldie rank polynomial and the associated variety of the annihilator
of V; in U(g) coincide with those of 7 (7;) for each 7. Hence, we have 71 ~ 75 since there is at most
one cell whose associated nilpotent orbit is the unique dense orbit in the associated variety of
Vi. We consider the homomorphism ¢., (= ¢,,) mentioned in 1.8. Since ¢, (©%) is nonzero and
proportional to the Goldie rank polynomial of the annihilator of V; in U(g) for each i =1, 2, (:)g;1
is proportional to ©F modulo the kernel of ¢, . Since the cell Cell(y1) = Cell(y,) is irreducible,
¢~, induces an isomorphism of the cell Cell(yy) to the corresponding Goldie rank polynomial
representation. This means that (:)g;1 is proportional to (:)52 modulo the subspace of Cone(7y)
generated as a C-vector space by (:)%; such that 7 > 41 and 7 o4 41. Since Irrg(®A) is a basis of
C(A), we have ©F = OF as desired.  Q.E.D.
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5.3 Proof of Lemma 5.1.1
We need:
Lemma 5.3.1. The annihilator of Ind§,_(C5) in U(g) is a mazimal ideal for all # € PT(m).

Remark  In fact, a more general result holds. So, we consider more general setting tempo-
rally. Let GG be any connected real semisimple Lie group and P be any parabolic subgroup of G.
We denote by M a Levi subgroup of P. We denote by g, m, and p the complexified Lie algebras
of G, M, and P, respectively. We denote by 1; the trivial representation of M.

Lemma 5.3.2. The annihilator of Ind% (1) in U(g) is a mazimal ideal. We denote by n the
nilradical of p

As far as | know, such a result has not been published but is known by experts (at least
including D. A. Vogan). For the combinience for the readers, we give a proof here.

Proof ~ We denote by C_ r a one-dimensional representation of p defined by p 5 X ~
—2tr(ad(X)|s). From the existence of nondegenerate pairing, it suffices to show that the anni-
hilator of a generalized Verma module My (0) = U(g) @y C_,p is maximal. We denote by [
the annihilator of M,(0) in U(g). We define

L(M,(0), My(0)) = {6 € Endc(M,(0)) | dim ad(U(g))¢ < oo}

L(M,(0), My(0)) has a obvious U(g)-bimodule structure. Then, L(M,(0), My(0)) is isomorphic
to a Harish-Chandra module of an induced representation of G¢ from a unitary one-dimensional
representation of Pp. Hence, L(My(0), My(0)) is completely reducible as a U(g)-bimodule.
Considering the action of U(g) on My(0), we have an embedding of a U(g)-bimodule U(g)/I —
L(M,(0), My(0)). Hence, U(g)/1 is also completely reducible as a U(g)-bimodule. We consider
the unit element 1 of U(g)/I. Then, C1 is the unique trivial ad(U(g))-type in U(g)/I. So, the
unit 1 must contained in some irreducible component of U(g)/I Since U(g)/I is generated by 1
as a U(g)-bimodule, U(g)/! is irreducible as a U(g)-bimodule. This means that I is maximal.

Q.E.D.
Proof of Lemma 5.1.1  From Corollary 5.2.5 and Lemma 5.3.1, we see that all the irreducible
constituent of Indgﬁ((Cg) is isomorphic to each other. However, the multiplicity of the trivial

K-representation in Ind$ (C5) is just one. Hence Indf (Cg) is irreducible as we desired.

Q.E.D.
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