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STRINGY HODGE NUMBERS AND P-ADIC HODGE THEORY

TETSUSHI ITO

ABSTRACT. Stringy Hodge numbers are introduced by Batyrev for a math-
ematical formulation of mirror symmetry. However, since the stringy Hodge
numbers of an algebraic variety are defined by choosing a resolution of singu-
larities, the well-definedness is not clear from the definition. Batyrev proved
the well-definedness by using the theory of motivic integration developed by
Kontsevich, Denef-Loeser. The aim of this paper is to give an alternative proof
of the well-definedness of stringy Hodge numbers based on arithmetic results
such as p-adic integration and p-adic Hodge theory.

1. INTRODUCTION

First of all, we give a statement of the main theorem of this paper (Theorem
1.1, below). Let X be an irreducible normal algebraic variety over C with at worst
log-terminal singularities. Let p : ¥ — X be a resolution of singularities such
that the exceptional divisor Exc(p) is a normal crossing divisor whose irreducible
components Dy,..., D, are smooth. Let Ky = p*Kx + Z: 1 a;D; with a;

Q, ai > =1, I :={1,...,r}, DS := (ﬂjeJDj)\(U]eI\JD) for a nonempty
subset J C I, and Djj := Y\Exc(p). We define the stringy E-function of X by

the formula 1
o uv —
EstXUU ZEDJ,UU HW’
Jcl jeJ
where E(D%;u,v) == >, (—=1)F D i h Gy HE(DS, Q)) u'v? is the generating
function of the Hodge numbers of D5. (for details, see §2)

Theorem 1.1 ([Ba2], Theorem 3.4). The stringy E-function Eq(X;u,v) defined
as above s independent of the choice of a resolution of singularities p: Y — X.

Stringy Hodge numbers are introduced by Batyrev for a mathematical for-
mulation of mirror symmetry as follows ([Ba2]). Assume that Fy(X;u,v) is a
polynomial in u,v. We define the stringy Hodge numbers of X by the formula

Ea(X;u,0) =Y (=1 bl (X) u'?.
i,J
Therefore, we have the well-definedness of the stringy Hodge numbers whenever
they are defined.

Date: December 28, 2001.
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Theorem 1.1 is firstly proved by Batyrev in [Ba2] by using the theory of motivic
integration developed by Kontsevich, Denef-Loeser ([Kon|,[DL2]). In this paper,
we give an alternative proof based on arithmetic results such as p-adic integration
and p-adic Hodge theory by generalizing ideas in [Bal],[Wal,[It1],[It2].

Here we note a motivation of stringy Hodge numbers in mirror symmetry.
A mathematical formulation of mirror symmetry claims a symmetry between
Hodge numbers of mirror varieties called the topological mirror symmetry test
([Ba2],[M]). However, some examples discovered by physicists show that the
mirror of a smooth variety is not necessarily smooth. In some cases, usual Hodge
theory doesn’t work well.

For example, physicists predict that the mirror of a Fermat quintic threefold
X:f(x)=2+2+25+25+2,=0CP*

is isomorphic to the quotient X/G, where G = (Z/5Z)* C PSL(5,C) is the
maximal diagonal subgroup which acts trivially on f(z). Since X/G has only
quotient singularities, the mixed Hodge structures of X/G defined by Deligne are
pure ([De5],[De6]). However, since h*»!(X) = 101 # 1 = h3~>1(X/G), the usual
Hodge numbers of X, X/G don’t satisfy the topological mirror symmetry test

hi’j(X) — hdimX—iﬁj(X/G) for all 7, j

in [M]. To overcome this difficulty, Batyrev introduced stringy Hodge numbers
as in the beginning of this paper. Indeed, in the above example, it is known that
the stringy Hodge numbers of X, X/G satisfy the topological mirror symmetry
test as above because h%' (X) = h% *'(X/G) = 101 ([Ba2], Example 1.1). Note
that h%/(X) = h*(X) since X is proper and smooth (Corollary 2.8). Today,
several examples of stringy Hodge numbers are computed from the viewpoint of
mirror symmetry ([BB],[BD]).

We also note that the well-definedness of stringy Hodge numbers is a nontrivial
problem in algebraic geometry. Motivic integration is introduced by Kontsevich
as a geometric analogue of p-adic integration ([Kon]). It is interesting that The-
orem 1.1 can be proved by either motivic integration or p-adic integration.

Theorem 1.1 has some applications in birational geometry. Firstly, for an
algebraic variety X over C with a crepant resolution p : Y — X, we show that the
Hodge numbers of Y are independent of the choice of a crepant resolution p : ¥ —
X (Corollary 2.9). This is important in the study of McKay correspondences in
dimension > 3. Secondly, we show that birational smooth minimal models X,Y
(e.g. Calabi-Yau manifolds) have equal Hodge numbers (Corollary 2.10, see also
[Bal],[Wa[,[It1]). In dimension < 3, this can be proved by the minimal model
program ([KMM],[Ka|,[Kol]). However, in dimension > 4, it seems very difficult
to show this if we use neither motivic integration nor p-adic integration.

This paper is a continuation of author’s previous works in [It1],[It2]. Here we
note the new ingredients of this paper. Basically, the main ideas are the same as
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before. However, to treat stringy Hodge numbers rather than usual Hodge num-
bers, we calculate some p-adic integration explicitly (Proposition 3.5). Further-
more, to treat combinations of cohomology groups of open varieties, we generalize
arithmetic results to open varieties by the methods of Deligne ([De4],[De5]) and
work on the level of a Grothendieck group of Galois representations rather than
individual cohomology groups (§5).

Acknowledgments. The author is grateful to Takeshi Saito and Kazuya Kato
for their advice and support. He would like to thank Victor V. Batyrev, Francois
Loeser for helpful discussion on motivic integration and useful comment, Shinichi
Mochizuki, Takeshi Tsuji for invaluable suggestion on p-adic Hodge theory. He
would also like to thank Yujiro Kawamata, Daisuke Matsushita, Yasunari Nagai,
Keiji Oguiso, Atsushi Takahashi, Hokuto Uehara for their interest in this work
and encouragement. The author was supported by the Japan Society for the
Promotion of Science Research Fellowships for Young Scientists.

2. STRINGY HODGE NUMBERS

In this section, we recall the definition of the stringy E-function and the stringy
Hodge numbers as in [Ba2]. We also note some corollaries of Theorem 1.1.

For an algebraic variety X over C, the cohomology groups with compact sup-
ports H¥(X, Q) have canonical mixed Hodge structures by Deligne ([De5], [De6)).
Let W be the weight filtration on H*(X, Q). Each graded quotient Gr}¥ H*(X, Q)
has a pure Hodge structure of weight [. Let h* (Grf_[ﬁjH *(X,Q)) be the dimension
of the (4, j)-th Hodge component of Gr}};HY (X, Q) for each i, j.

Definition 2.1. We define the E-function of X as follows
E(X;u,v) =Y (=1 h(GrlY; HE (X, Q) u'v.

k irj
For a proper smooth variety X over C,
BE(X;u,v) =Y (1) (X )u'v?,
0]
where h7(X) = dim H’(X, Q%) are the usual Hodge numbers of X.

Remark 2.2. E-function satisfies the following properties :

1. For Z C X, we have E(X;u,v) = E(X\Z;u,v) + E(Z;u,v).
2. For XY, we have E(X x Y;u,v) = E(X;u,v) - E(Y;u,v).

These two properties imply that it is natural to consider E-function as a ring

homomorphism from some Grothendieck group of algebraic varieties over C to
Zlu,v] as in [DL1],[DL2],[DL3].
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Let X be an irreducible normal algebraic variety over C, and p : ¥ — X be
a resolution of singularities such that the exceptional divisor Exc(p) is a simple
normal crossing divisor. Recall that a normal crossing divisor is simple if its

irreducible components are smooth. Let the irreducible components of Exc(p) be
Dy,...,D,.

Definition 2.3 ([Ba2], Definition 2.2). X is said to have at worst log-terminal
singularities if the following conditions are satisfied :

1. The canonical divisor Kx is a Q-Cartier divisor. (i.e. X is Q-Gorenstein)
2. We have

}(Y'Zip*}(X'+*§£:(hl)
i=1
with a; > —1. (Note that this condition is independent of the choice of a
resolution p: Y — X.)

Let X,Y be as above and X have at worst log-terminal singularities. Let
I:={1,...,r}. For any subset J C I, we set

D, J#£0 .
Dy = {QJGJ J wa, D5 :=D,\ |J D;
o jeINJ

Definition 2.4 ([Ba2], Definition 3.1). We define the stringy E-function of X

as follows 1
uv —
E&t)( u, U = E E; J,U v I]:(;;ygIthI,
JcI JjeJ

where E(D%;u,v) is the E-function of a smooth variety D9 defined in the begin-
ning of this section.

Remark 2.5. Since X has at worst log-terminal singularities, a; + 1 > 0 and
hence the denominator of Eq(X;u,v) doesn’t vanish (see also Remark 3.8). In
general, Fq(X;u,v) is an element of Q(u'/?, v'/4) N Z[[u'/?,v'/?]], where d is the
least common multiplier of the denominators of a;.

Definition 2.6. Assume that Ey(X;u,v) is a polynomial in u, v. Then we define
the stringy Hodge numbers of X by the formula

Ea(X;u,0) = Y (=1 b (X) u'?.
1,J
Conjecture 2.7. Batyrev conjectured that if X is a projective algebraic variety
over C with at worst Gorenstein canonical singularities (i.e. Kx is a Cartier
divisor and a; > 0) and Ey(X;u,v) is a polynomial in u,v, then all stringy
Hodge numbers h% (X) are nonnegative integers. ([Ba2], Conjecture 3.10)

Theorem 1.1 claims that Fg(X;u,v) is independent of the choice of a resolution
p:Y — X. Once we know the well-definedness, we can prove some fundamental
properties of Eg(X;u,v) as in [Ba2].
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Here we give some immediate corollaries of Theorem 1.1.

Corollary 2.8 ([Ba2], Corollary 3.6). If X is smooth, then we have Eq(X;u,v) =
E(X;u,v).

Proof. This is clear because the identity map id : X — X is a resolution of
singularities. O

Corollary 2.9 ([Ba2|, Theorem 3.12). Let X be a projective algebraic variety
over C which has a crepant resolution p : Y — X (i.e. p:Y — X is a res-
olution of singularities with p*Kx = Ky ). Then the stringy Hodge numbers of X
are equal to the Hodge numbers of Y :

R (X) = hY(Y)  for alli,j.
In particular, the Hodge numbers of Y are independent of the choice of a crepant

resolution p : Y — X. Therefore, we can compute the Hodge numbers of a crepant
resolution of X via any resolution of singularities which is not necessarily crepant.

Proof. This is clear because we have Eg(X;u,v) = E(Y;u,v) by Definition 2.4.
U

Corollary 2.10 ([Bal],[Ba2],[Wal,[It1]). Let X,Y be projective smooth algebraic
varieties over C whose canonical bundles are nef (i.e. X, Y are minimal models).
Assume that X,Y are birational. Then X,Y have equal Hodge numbers:

R“(X) = h"(Y) for alli,j.

Proof. Let f : X --» Y be a birational map. Then we can find a smooth
projective variety Z over C and birational morphisms g : 7 — X, h: Z — Y
such that f o g = h as birational maps and ¢*Kx = h*Ky-.

Z
N,
f
X-—-—-=-- Y
This is a standard fact in birational geometry (for example, see [It1], Proposition
2.2). We consider g : Z — X (resp. h: Z — Y) as a resolution of singularities

of X (resp. Y') and calculate the stringy Hodge numbers of X (resp. Y'). Since
g*Kx = h*Ky, we have

E(X;u,v) = Eq(X;u,v) = Eq(Y;u,v) = E(Y;u,v).
Hence we have the equality of the Hodge numbers of X, Y. ]

Remark 2.11. A weaker form of Corollary 2.10 (i.e. the equality of the Betti
numbers) is firstly obtained by Batyrev and Wang by p-adic integration and the
Weil conjecture ([Bal],[Wal, see also Remark 3.2). The author obtained Corollary
2.10 by generalizing their arguments and using p-adic Hodge theory in [It1],[It2].
On the other hand, Kontsevich and Batyrev obtained Corollary 2.10 by motivic
integration ([Ba2|,[Kon], for motivic integration, see also [DL2]).
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3. p-ADIC INTEGRATION

In this section, we recall Weil’s p-adic integration developed in [We] which is
an important tool to count the number of rational points valued in a finite field.

3.1. Setting. Let p be a prime number and @Q, be the field of p-adic numbers.
Let F' be a finite extension of Q,, R C F' be the ring of integers in ', m C R
be the maximal ideal of R, F, = R/m be the residue field of F' with ¢ elements,
where ¢ is a power of p. For an element x € F, we define the p-adic absolute

value |x|, by
gz #£0
|2, = _
0 r=0

where v : F'* — Z is the normalized discrete valuation of F'.

Let X be a smooth scheme over R of relative dimension n. We can compute the
number of the F -rational points |X(F,)| by integrating certain p-adic measure on
the set of R-rational points X(R). We note that X(R) is a compact and totally
disconnected topological space with respect to its p-adic topology.

3.2. p-adic integration of regular n-forms. Let w € T'(X, Qg/R) be a regular
n-form on X, where Q% . is the relative canonical bundle of X/R. We shall
define the p-adic integration of w on X(R) as follows. Let s € X(R) be a R-
rational point. Let U C X(R) be a sufficiently small p-adic open neighborhood of

s on which there exists a system of local p-adic coordinates {z1,...,z,}. Then
{z1,... ,x,} defines a p-adic analytic map
r=(21,...,2,): U — R"

which is a homeomorphism between U and a p-adic open set V' of R". By using
the above coordinates, w is written as

w= f(z) dey A+ Ndxy,.

We consider f(x) as a p-adic analytic function on V. Then we define the p-adic
integration of w on U by the equation

/U wlp == / (@), der-- - day,

where | f(x)|, is the p-adic absolute value of the value of f at z € V and dz; - - - dz,,
is the Haar measure on R"™ normalized by the condition

/ dry---dx, = 1.

By patching them, we get the p-adic integration of w on X(R)

/ |W|p-
X(R)
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3.3. p-adic integration of gauge forms. By definition, a gauge form w on X is
a nowhere vanishing global section w € I'(X, Q% / r)- The most important property
of p-adic integration is that the p-adic integration of a gauge form computes the
number of [F -rational points.

Proposition 3.1 ([We|, 2.2.5). Let X be a smooth scheme over R of relative
dimension n and w be a gauge form on X. Then

X(F
/ ’W‘p — | (nQ>|
X(R) q

v X(R) — X(F,)
be the reduction map. For z € X(F,), ¢ () is a p-adic open set of X(R).
Therefore, it is enough to show

1
/ wlp = —
e~ 1(T) q

Let {z1,... ,2,} C Ox; be aregular system of parameters at . Then {zy,... ,z,}
defines a system of local p-adic coordinates on ¢~!(Z) and

Proof. Let

r=(21,...,2,) 0 (T) — m" CR"

is a p-adic analytic homeomorphism. Let w be written as w = f(x) dzy A---Adx,.
Since w is a gauge form, f(x) is a p-adic unit for all z € ¢~ !(Z). Therefore
|f(z)|, = 1. Then we have

1
/ ]w\p:/ dry - dr, = —
p~1(z) mn q

since m"™ is an index ¢" subgroup of R". O

Remark 3.2. Batyrev used Proposition 3.1 and the Weil conjecture to show that
birational Calabi-Yau manifolds have equal Betti numbers ([Bal]). Batyrev’s ar-
gument was generalized to smooth minimal models by Wang ([Wa]). The author
generalized the results of Batyrev and Wang to the equality of Hodge numbers
by using p-adic Hodge theory ([It1],[It2]). Interestingly, after Batyrev’s work in
[Bal], Kontsevich proved that birational Calabi-Yau manifolds have equal Hodge
numbers by introducing motivic integration as an analogue of p-adic integration
for varieties over C ([Kon], see also [DL2]). Then Batyrev used motivic integra-
tion to prove Theorem 1.1 and its corollaries ([Ba2]).

3.4. Computation of some p-adic integration. Since we treat stringy Hodge
numbers rather than usual Hodge numbers in this paper, we need to compute
some p-adic integration slightly more general than Proposition 3.1.

Firstly, we generalize p-adic integration to an r-pluricanonical form
w € T(X, (/5)"")
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for r € Z, r > 1 as in [Wa]. As in the case of a regular n-form, locally in p-adic
topology, w is be written as

w= f(x) (dry A+ ANdz,)®"

for a system of local p-adic coordinates {x1,...,z,}. Then we define

/ W/ = / F@)" dy - da,,
U Vv

where U,V are the same as in the case of a regular n-form. By patching them,
we get the p-adic integration of an r-pluricanonical form w on X(R)

/ /7.
X(R)

Remark 3.3. For an r-pluricanonical form w, w®® is an rs-pluricanonical form.
Then the p-adic integrations of w and w®* are equal :

JIRCEE N
%(R) %(R)

Before computing p-adic integration, we recall the definition of relative simple
normal crossing divisors.

Definition 3.4. Let f : X — S be a proper smooth morphism of schemes and
D = U;_, i be a reduced divisor on X. D is called a relative simple normal
crossing divisor on X over S if all ®; are smooth over S and, for all € ®, the
completion of ® — X at x is isomorphic to

Spec (Os jwllx1, - - s zall/ (@1 - 24)) < Spec (Og, g [[21, - - -, z4]])

for some s (1 < s < d), where d is the relative dimension of f. Note that (535:5
is isomorphic to Og f)[[#1, . . . , 4]] because f is smooth of relative dimension d.
In this case, for a nonempty subset J C {1,... ,r}, ﬂjeJ D is smooth of relative
dimension d — |.J| over S.

Now, we shall compute some p-adic integration. Let X be a smooth scheme
over R of relative dimension n and w € I'(X, (% ,5)®") be an r-pluricanonical
form on X. Assume that

div(w) = Z ai@i
=1

is a relative simple normal crossing divisor on X over R. Let I := {1,... ,s}. For
any subset J C I, we set

Nic,©; J#0
@JI:{ 7€ > OJZZQJ\U@]'.
X J=10 g
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Proposition 3.5. Let notation be as above. Then, we have

qg—1
le”r = DFEIN ]

JCI

If r =1 and w is a gauge form, Proposition 3.5 is nothing but Proposition 3.1.

Proof. The idea of proof is the same as in Proposition 3.1. Let
v X(R) — X(F,)

be the reduction map. For z € X(F,), ¢ () is a p-adic open set of X(R).
Therefore, it is enough to show

1 g—1
[owhr=— T b
) - (aj/m)+1 _
p~1(z) q J€EI s.t. 2€D;(Fy) T !

Let {j1,... .imt={j €|z € D;(F,)}. Let {z1,... ,2,} C Oxz be a regular
system of parameters at z such that ®; is defined by x; = 0 at z for all ¢ =
1,...,m. Then {z1,...,z,} defines a system of local p-adic coordinates on
o 1(7) and
r=(21,...,2,) 0 (T) — m" C R"
is a p-adic analytic homeomorphism. Here w is written as
w= f(x) 2 x%m (dey A - Adz,)®,

where f(x) is a p-adic unit for all z € p~!(Z). Hence we have

f(z) - 22 - x‘l]m|1/7" = |z an/’“ .|xm|;jm/r7
and
/ o= / 12 oy - - d.
®- mr
Therefore, it is enough to prove the following lemma. O

Lemma 3.6. For ky,... ,k, € Q, k; > —1, we have

n

1 q—1
B el frdy - day = — [~
/m" p p qn H qkri‘l -1

Proof. By iterated integration, we have.

/ |m1|]1;1 e |:En|];"dx1 eedx, = (/ |x1|’;1dx1) (/ |xn|’;"dxn>

Therefore, it is enough to prove

1 qg—1
k e e ————
/m|:r|pdx— q qk:+1_1

for ke Q, k> —1.
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We compute the above integration by dividing m as a disjoint union of open
subsets as follows
oo
m— H mi\mi+1
i=1
i

For z € m"\m™', |z[f = ¢~*. The volume of m' is ¢~* with respect to the
normalized Haar measure on R since m’ is an index ¢* subgroup of R. Therefore,

we have
/ |$|k dr — Z q VOl \mz—i-l Zq—zk (H—l))

1—q Z k+1

=1

—1

Since k > —1, this infinite sum converges to
(1- —1).ﬂ:1.£
q 1 — q—(k+1) q qk+1 -1
Hence we have Lemma 3.6 and the proof of Proposition 3.5 is completed. ]

Remark 3.7. A curious reader may notice the similarity between the expression
in Proposition 3.5 and Definition 2.4. This is the starting point of our proof
of Theorem 1.1. However, to recover information of the Hodge numbers of an
algebraic variety from the numbers of rational points valued in finite fields, we
need some deep arithmetic results as in §4, §5.

Remark 3.8. As we easily see in the proof of Lemma 3.6, the p-adic integration

/ |x1\’;1 e ]xn]l;”dxl coodxy,
mn

doesn’t converge if k; < —1 for some ¢. This is the reason why we assume
singularities are at worst log-terminal in Theorem 1.1.

4. LocAL GALOIS REPRESENTATIONS

In this section, we recall some results on Galois representations over a p-adic
field.

4.1. Setting. Let K be a number field. Let p be a maximal ideal of O. Let K,
be a p-adic completion of K, Ok, be the ring of integers of K, and F, = Ok /p
be the residue field of K, with ¢ elements.

We have an exact sequence

0 — Iy, Gal(Ky/K;) —— Gal(F,/F,) —— 0,

where I, is called the inertia group at p. Gal(F,/F,) is topologically generated
by the g-th power Frobenius automorphism z + 27 of F,. The inverse of this
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automorphism is called the geometric Frobenius element at p and denoted by
Frob,.

Let X be a proper smooth variety over K, [ be a prime number, and £ be an
integer. Then the absolute Galois group Gal(K,/K,) acts continuously on the I-
adic étale cohomology group H, é“t(XK—p, Q) of XK_,, = X ®k, E. In the followings,
we recall some results on this Gal(K,/K,)-representation in two cases.

4.2. The Weil conjecture. Firstly, we assume p ¢ S and p doesn’t divide [
and there exists a proper smooth scheme X over Of, such that X R0k, K,=X

(X is called a proper smooth model of X over Ok, ).

In this case, the action of I, on HQ(XKT, Q) is trivial (i.e. the action of

Gal(K,/K,) is unramified) by the proper smooth base change theorem on étale

cohomology. Therefore, the action of Gal(K,/K,) is determined by the action of
Frob,.

By the Lefschetz trace formula for étale cohomology, we have

X(F)| =Y (—1)" Te(Froby; Hi, (X, Q).

k

Furthermore, the characteristic polynomial P (t) = det(1—¢-Frob,; HE ( Xz Qi)
has integer coefficients and all complex absolute values of all conjugates of the

roots of P(t) are equal to ¢ */2 by the Weil conjecture proved by Deligne
([De2] [De3))

4.3. p-adic Hodge theory. Secondly, we assume p divides [. Let p = [ in this
subsection to avoid confusion Here no assumption is needed for a model of X
over Ok, . (see Remark 4.1)

In this case, the action of the inertia group Ik, on HE (X%, @,) is highly
nontrivial.

Let C, be a p-adic completion of K, on which Gal(K,/K,) acts continuously.

We recall the Tate twists. Let Q,(0) = Q,, Q,(1) = <l£n /,l,pn) ®z, Qp. For

n > 1, let Qy(n) = Q,(1)®", Q,(—n) = Hom(Q,(n),Q,). Moreover, for a
Gal(K,/K,)-representation V over Q,, we define V(n) =V ®g, Q,(n) on which
Gal(K,/K,) acts diagonally.

p-adic Hodge theory claims the Hodge-Tate decomposition of X as follows :

D HX.0k) ok Cy(—i) = Hi(Xz, Q) @, Cy.

i,j st. i+j=k
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This is an isomorphism of Gal(K,/K,)-representations, where Gal(K,/K,) acts
on H'(X,) trivially and the right hand side diagonally. This is an p-adic
analogue of the usual Hodge decomposition over C.

As a corollary, we recover the Hodge numbers of X from its p-adic Galois
representations as follows :

dimg, HY (X, Q) = dimg, (Hy” (Xg, Q) ®g, C, (1)) Ep/ )

€

since (C,)%(Ke/Kp) = K, and (C,(i))%Fe/Ke) = ( for all i # 0 (see [Tal,
Theorem 2).

Remark 4.1. A proof of Hodge-Tate decomposition was given by by Faltings
([Fa]). Tsuji gave another proof by reducing to the semi-stable reduction case by
de Jong’s alteration ([Ts|). However, in this paper, we don’t need the full version
of the Hodge-Tate decomposition. For example, the result of Fontaine-Messing
is enough for us ([FM]). They proved the Hodge-Tate decomposition when K, is
unramified over @, dim X < p, and X has a proper smooth model over O, .

Remark 4.2. Moreover, by Lemma 4.3 below, we see that the semisimplification
of the p-adic Galois representation determines the Hodge numbers by the same
formula :

dimg, H7 (X, Q%) = dimg, ( H%’jf(XK—p, Q)" ®g, Cpl(i)) e Fr/Kp),

(&)

where ss denotes the semisimplification as a Gal(K,/K,)-representation. This is
a simple but important observation to consider the Hodge-Tate decomposition
on the level of Grothendieck groups of Galois representations in §5.

Lemma 4.3 ([It1], Corollary 6.3). Let 0 — V3 — Vo — V3 — 0 be an exact
sequence of finite dimensional Gal(K,/K,)-representations over Q,. We define
(Vi) = dim(V; ®q, C,p(n)) S Ee/K) for i = 1,2,3 and an integer n. As-
sume that dimV, = > h™(Vs). Then, we have dimVy, = Y h™(V;), dim Vs =
> 1 (V) and h*(Vy) = h*(Vi) + h™(V3) for all n.

Proof. This lemma seems well-known for specialists. However, we write the proof
for reader’s convenience. In general, we have an inequality Y h"(V;) < dimV;
for i = 1,3 (for example, see [Fo]). We shall prove these inequalities are in fact
equalities. Since the functor taking Gal(K,/K,)-invariant is left exact,

0 —— (Vi @q, Cpn)) !/ —— (Va @, Cy(m)) !/1)
—— (V3®q, Cp(n))CaIFp/Ks)
is exact. Therefore h" (V) < h"(Vy) 4+ h"(V3) for all n. Then we have
dimVp =Y h"(Va) < > h"(Vi) + D h"(V3) < dim V; + dim Vs
=dim V5

and hence Lemma 4.3. O
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5. GLOBAL (GALOIS REPRESENTATIONS

In this section, we recall some results on Galois representations over a number

field.

5.1. An application of the Chebotarev density theorem. The following
proposition is very important to work on the level of a Grothendieck group of
Galois representations over a number field. This is an application of the Cheb-
otarev density theorem in algebraic number theory.

Proposition 5.1 ([Se|, 1.2.3). Let K be a number field and [ be a prime number.
Let V, V' be two continuous l-adic Gal(K /K )-representations such that they are
unramified outside a finite set S of mazimal ideals of Ok and satisfy

Tr(Froby; V) = Tr(Frob,; V') forall p ¢ S.

Then V and V' have the same semisimplifications as Gal(K / K)-representations.

Proof. We only sketch the proof (for details, see [Se]). By the representation the-
ory of a group over a field of characteristic 0 (see, for example, Bourbaki, Algébre,
Ch. 8, §12, n° 1, Prop 3.), the semisimplification of a Gal(K /K )-representation
is determined by the traces of all elements in Gal(K /K). Roughly speaking, the
Chebotarev density theorem claims the set of conjugates of Frob, for p ¢ S is
dense in Gal(K/K). Since V and V' are continuous representations, the equality
of the traces of all Frob, for p ¢ S implies the equality of traces of all elements
in Gal(K/K). Hence we have Proposition 5.1. O

5.2. Some Grothendieck groups of Galois representations. Let K be a
number field. Let S be a finite set of maximal ideals of Og. We fix a prime
number [ = p and a maximal ideal p dividing p. For every maximal ideal g of
Ok, we fix an inclusion K < K;. Then we consider Gal(K,/K,) C Gal(K/K)
for all q.

Definition 5.2. Let K(I,S,p) be an abelian group generated by Gal(K/K)-
representations V' satisfying the following conditions modulo an equivalence re-
lation ~ generated by [Vi] + [V3] ~ [V5] for an exact sequence 0 — V} — Vo —
V3 —0:

L. (unramifiedness outside S) For q ¢ S, I, acts on V trivially.
2. (weight filtration outside S) There exists a unique increasing filtration W
on V indexed by integers satisfying the following conditions :

(a) WiV =0 for k << 0, W,V =V for k >> 0.

(b) For every integer k and q ¢ S, the characteristic polynomial Py(t) =
det(1—¢-Frobgy; Gr} V) has integer coefficients and all complex absolute
values of all conjugates of the roots of Py(t) are equal to |Ox /q|~*/2.

W is called the weight filtration on V.
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3. (Hodge-Tate decomposition at p) For integers i, j, we define
hird (V) = dimg, (GrlY,V ®q, Cp(i)) 1Ko/ K,
Then these numbers satisfy >, ; hl (V) = dimg, V.

K(I,S,p) is called the Grothendieck group of l-adic Gal(K /K )-representations
which is unramified outside S, has weight filtration, and has Hodge-Tate decom-
position at p. Let [V] denote the class of V in K(I,S,p). An element in K (I, S, p)
is called a virtual Gal(K / K)-representation.

Similarly, for an integer k, we define K(I,S,p, k) as a subgroup of K(I,S,p)
generated by V satisfying Gr}V = V. K(I,S,p, k) is called the Grothendieck
group of l-adic Gal(K /K)-representations which is unramified outside S, has
weight k, and has Hodge-Tate decomposition at p.

By the Jordan-Hélder theorem, K (I, S,p) is a free abelian group generated
by simple Gal(K/K)-representations in K (I, S,p). Since [V] = >, [Gr}'V] in
K(l,S,p), a simple Gal(K / K)-representation has only one weight. Therefore we
have a direct sum decomposition as follows :

K(1,S,p) =@ K(,S.p,k).

kEZ

We define a ring structure on K (I, S,p) by extending the tensor product [V;] -
Vo] = [Vi ® Va]. Then K(I,S,p) has a structure of a graded ring by the direct
sum decomposition as above.

Definition 5.3. For a Gal(K/K)-representation V in K(I,S,p), we define the
p-adic E-function of V' as follows

E,(Viu,v) = Z h;’j(V) u'v?.
2%
Remark 5.4. It is easy to see that p-adic E-function satisfies the following prop-
erties (see Remark 4.2) :

1. For an exact sequence 0 — Vi — V5 — V3 — 0, we have E,(Vi;u,v) +
E,(Vs;u,v) = Ey(Va; u,v).
2. For V4, V5, we have E, (Vi ® Vo u,v) = Ey(Visu,v) - Ey(Vas u, v).

Therefore, we can extend p-adic E-function to a ring homomorphism
E,: K(1,S,p) — Z[u,v].

5.3. A variant — Galois represenations with fractional weight filtra-
tion. Let d be an integer. Here we introduce a variant of K ([, S, p) whose weight
filtration is indexed by elements of éZ instead of Z. This generalization is neces-
sary to treat the Q-Gorenstein case in the proof of Theorem 1.1.
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Firstly, we introduce the fractional Tate twists Q,(a) (a € $Z) as follows (for
usual Tate twists, see §£3) Let L be a field and p be a prime number. Q,(1) is
a one dimensional Gal(L/L)-representation

p:Gal(L/L) — GL(Q,(1)) = GL(1,Q,) = Q;

whose image is contained in Z;. There exist open subgroups U C Z;, V C Z,
on which log : U — V and exp : V' — U converge. Therefore, if we replace L by
its finite extension,

_ 1
p1/a: Gal(L/L) 3 0 +— exp <E log(a)) €Q,

is a one dimensional Gal(L/L)-representation denoted by Q,(5). Then Q,(3)%¢ =

Q,(1). Forn € Z, n > 1, we define Q,(%5) = Qp(é)(@", Qp(=%5) = Hom(Q, (%), Qy).
If L is a finite extension of Q,, we can similarly define C,(a) (a € éZ) as in §4.3.

~— Q|

We define K (1,.S,p)1/4 as follows. Let notation be the same as in §5.2. K (I, S,p)1/4

is an abelian group generated by Gal(K /K )-representations V satisfying the fol-
lowing conditions modulo an equivalence relation ~ as in Definition 5.2 :

1. The conditions 1, 2 in Definition 5.2 but we allow k is an element of éZ
instead of Z. B
2. Let L be a finite extension of K, such that Q,(3) exists as a Gal(L/L)-

representation. For i, j € éZ, we define
hird (V) = dimy (GrlY;V ®q, C,(i)) /L),

Then these numbers satisfy >, i 17 het (V) = dimg, V. It is easy to see that
this condition is independent of the choice of L.

Similarly, we can define K(I,S,p,k)1/q as in §5.2. We have a direct sum de-
composition as follows :

K<Z7S7p)1/d = @ K<Z7S7p7 k)l/d-
kelz

K(l,8,p)1/q4 has a ring structure. Moreover, we can define p-adic E-function
Ey(Viu,v) € Z[u'?, v for a Gal(K /K )-representation V in K(I,5,p)1/q. We
can extend this to a ring homomorphism

By K(1,S,p)1/q — Z[u"?, 0",

Example 5.5. Assume that Q,(5) exists as a Gal(K /K )-representation. Note
that this is satisfied if we replace K by its finite extension. For n € Z, Q,(%) is
in K(I,S,p, =2%)/q4 such that E,(Q,(%);u,v) = u™/d="/d,
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6. CONCLUSION — THE NUMBER OF F,-RATIONAL POINTS, GALOIS
REPRESENTATIONS, HODGE NUMBERS
We combine the results in §4 and §5. Let notation be the same as in §5.2.

Let X be a proper smooth variety over K which has a proper smooth model X
over (Spec Ok)\S. Then HE (X7, Q) is a Gal(K / K)-representation in K (I, S, p, k)
by the Weil conjecture and p-adic Hodge theory (§4). Let Xz = X ®x K and
Xc = X ®k C. We define a virtual representation

[He (X, Q)] = ) (— 1) [HE (X7, Q)]

k

as an element in K (I, 5,p). Then we have the equality of two E-functions
E(Xc;u,v) = By([Ha (Xz, Qi) v, 0)

by comparing the Hodge decomposition of X and the Hodge-Tate decomposition
of XKp =X R Kp.

6.1. The proper smooth case. By combining results in §4 and §5, we have
the following results which connects the number of rational points and the Hodge
numbers.

Proposition 6.1. Let X be a proper smooth variety over K which has a proper
smooth model X over (Spec Ox)\S. Then we have

1 X(Ok/p)| = Tr(Froby; [Hg (Xg, Qi)])  forall p ¢S
Proof. This follows from the Lefschetz trace formula for étale cohomology as in
§4.2. O

Corollary 6.2. Let X (resp. Y ) be a proper smooth varieties over K which has a
proper smooth model X (resp. ) ) over (Spec Ox)\S. If |X(Ok/p)| = |D(Ok/p)|
for allp ¢ S, then [H (X%, Q)] = [H;L (Y, Q)] in K(1,S,p). Therefore, we

have
E(‘X(C; u, U) = Ep([HeTt(Xfﬂ Ql)]; u, U) = EIJ([HeTt(va @lﬂ; u, U) = E(YC; u, U)'

Namely, the Hodge numbers of X¢ and Y¢ are equal.
Proof. By Proposition 6.1, we have
Tr(Froby; [H (X%, Q))]) = Tr(Froby; [H, (Y, Qi)]) forall p & S.

(&)

Hence we have [H}, (X%, Q)] = [H (Y&, Q)] in K (I, S,p) by Proposition 5.1. O
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6.2. A generalization — the open smooth case. Next we generalize Propo-
sition 6.1 to open smooth varieties by the methods of Deligne in [De4],[De5].

Let X be a smooth variety over K of dimension n which is not necessar-
ily proper. Assume that there exists a proper smooth variety X O X over
K such that X\X = |J;_; D; is a simple normal crossing divisor on X. Let
I'={1,...,r}, Dj =\,c; D; for a nonempty subset J C I, and Dy = X. We
define

[H} o (X7, Q)] = S (~DMHE (X7, Q).
k
where H é‘iét denotes étale cohomology with compact supports.

Lemma 6.3. Let X be as above. Then we have

E(Xc;u,v) = Z(—l)“” E((Dj)c;u,v) in Zlu,v],
[H (X, Q)] = Y (DY HA (D). Q)] in K (1, S, p).

JCI

Furthermore, we have the equality of two E-functions for X:

E(Xc;u,0) = Bp([H (X7, Q)] u, ).

Proof. Since D is a proper smooth variety over K, we have E((Dj)c;u,v) =
E,([H:((Dy)x, Q)]s u,v). Therefore, the second assertion immediately follows
from the first assertion.

We only prove the first assertion for F(Xc;u,v) since we can prove the case of
H*, (X%,Q;)] by the same way. The Leray spectral sequence for the inclusion
K

c,ét
Xc — X induces a spectral sequence

EY = @  H((Ds)e,Q)(—j) = H (X, Q),
JCl st |J|=j

which defines the canonical mixed Hodge structure on H*(X¢, Q) ([Ded],[De5],
3.2). For a finite dimensional Q-vector space V' with mixed Hodge structure, we
define E(V;u,v) =3, ; h(Gr;V) u'v7. Note that

2n

E(Xc;u,v) =Y (~D)PE(H} (X, Q); u,0)
k=1

by definition. By the above spectral sequence, we have

S (DB ) = 3 ()P E(H (Xe, Q)i uv).

By Poincaré duality, H*(X¢, Q) is dual to H>"~*(X¢, Q)(n). Then we have
E(H*(X¢,Q);u,v) = (uo)"B(H;" " (Xe, Q);u~ 0.
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On the other hand, since D; is a proper smooth variety of dimension n —
\J|, H((Dj)c, Q)(—]J|) is dual to H*2I=i((D,)¢, Q)(n) by Poincaré duality.
Hence we have

E(Ey"u,0) =Y (uw)"EH™17((D))e, Q);u v7h).
1/1=3

By combining them, we have Lemma 6.3. O

Next we consider the numbers of rational points valued in finite fields. For
open smooth varieties, we have the following generalization of Proposition 6.1

Proposition 6.4. Let X be a smooth variety over K. Assume that there exist a
proper smooth scheme X over (Spec Ok )\S and an open subscheme X C X whose
generic fiber is X such that X\X = Ui_, @i is a relative simple normal crossing
divisor on X over (Spec Ok)\S (see Definition 3.4). Then we have

1X(Ox /p)| = Tr(Froby; [Hy 5 (X7, Q)])  forall p ¢ S.

Proof. Let I = {1,...,r}, D; = (e,

Dy = X. Then, by inclusion-exclusion principle, we have

X(Ok/p)| =D _(~)ID,(Ox/p)|  forall pé¢s.

JCI

D, for a nonempty subset J C I, and

Since @ is proper and smooth over (Spec Ok )\\S, we have

19.(Ok /p)| = Tr(Froby; [Hg ((Dy)z, Qu)])
by Proposition 6.1. On the other hand, we have
Tr(Froby; [Hy o (Xz, Qu)]) = D (= 1) Tr(Froby; [H;, (D), Q)
JcI

by Lemma 6.3. By combining them, we have Proposition 6.4. ]

We have the following generalization of Corollary 6.2.

Corollary 6.5. Let X (resp. Y ) be a proper smooth variety over K satisfying
the assumptions in Proposition 6.4. Let X (resp. ) ) be a proper smooth model of
X (resp. Y ) over (Spec Ox)\S. If |X(Ok/p)| = |D(Ok/p)| for allp ¢ S, then
[H: (X2, Q)] = [He gy (Yie, Q)] in K (1,5, p). Therefore we have

c,ét

E(‘XC; u, U) = EP([HC*,ét(X?’ QZ)]; u, U) = EP([Hz,ét<Y?’ QZ)]; u, U) = E(YC; u, U)'

Proof. The proof is the same as Corollary 6.2. By Proposition 6.4, we have
Tr(Froby; [H] 4 (X%, Qi)]) = Tr(Froby; [H 4 (Y7, Q)]) forall p ¢ S.
Hence we have [H*

sa(Xm, Q)] = [H: (Y, Q)] in K(I,S,p) by Proposition 5.1.
The equality of two E-functions follows from Lemma 6.3. ]
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7. PROOF OF THE MAIN THEOREM

Lemma 7.1. Let f : X — T be a proper smooth morphism of schemes of charac-
teristic 0 and ® = J;_, ®; be a relative simple normal crossing divisor on X over
T (see Definition 3.4). Assume that T is connected. Then, all fibers of X\D — T
have the same E-functions defined in Definition 2.1.

Proof. For a nonempty subset J C {1,...,r}, ®; = ();.;D; is proper and
smooth over T. Hence by a theorem of Deligne ([Del], 5.5), the Hodge numbers
of all fibers of ®; — T are the same. On the other hand, the E-function of a fiber
of X\® — T can be computed from the Hodge numbers of a fiber of ©; — T by
Lemma 6.3. Therefore, we have Lemma 7.1. O

Proof of Theorem 1.1. Let p : Y — X and p' : Y/ — X be as in Theorem
1.1. Let n be the dimension of X. To avoid confusion, here Ey(X;u,v), (resp.
Eq(X;u,v),y) denotes the stringy E-function of X defined by p: Y — X (resp.
p' Y — X) as in Definition 2.4. We shall prove the equality Eq(X;u,v), =
Ey(X;u,v),.

Step 1. Let f:Y --» Y’ be a birational map between Y and Y’ over X. Let
Z be a resolution of singularities of the closure of the graph of f such that the
exceptional divisor of Z — X is a simple normal crossing divisor. Let 7: Z — Y
and 7" : Z — Y be a natural morphism. Then we have the following commutative
diagram.

If we prove Eg(X;u,v), = Eu(X;u,v)p0r and Eg(X;u,v),y = Eg(X;u,v) 0,
then we have Theorem 1.1 since po 7 = p' o 7'. In the followings, we only
prove Fy(X; u, v) = Eu(X;u,v),0- since we can similarly prove Egy(X;u,v), =
Est<X Uu U)p or’

Step 2. We shall show that we may assume everything is defined over a number
field. Since X,Y,Z, p, 7 are defined over a subfield K’ of C which is finitely
generated over Q. Therefore, there exist an irreducible variety T" over a number
field K such that the function field of 7" is K'. Furthermore, there exist a proper
scheme X proper smooth schemes Y Z~ and proper birational morphisms p :

Y—>X7' Z—>YoverTsuchthatX><T(C XYXT(C YZXT(C—
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Z, pxpC=p, 7 xpC=71. We write

Ky:p*Kx—aniDi, KZ:(pOT)*KX—FijEj
i=1 j=1
with a; € Q, a; > =1, b; € Q, b; > —1. Let d be a positive integer such that
(Kx)® is a Cartier divisor on X. Then a;,b; are elements of 57.

By replacing T by its Zariski open subset, (Kx)®? extends to a Cartier divisor

(Q"X/T) on X over T, and we can write

Q%/ X/T+Za’ i QTZL/T (po7)" X/T+Zb

where D = Ui, D; (resp. E = Ui E;) is a relative simple normal crossing divi-
sor on Y (resp. Z ) over T (see Definition 3.4). By replacing K by its finite exten-
sion, there exists a K-rational point ¢t € T'(K). Let )?t, }7,5, Z, pt, Ty be the fibers
at t. Then Ey(X;u,v), = Est()?t;u,v),; and Eg(X;u,v)p0r = st()?t;u,v)ﬁto;t
by Lemma 7.1. By replacing X,Y,Z p,7 by )?t,i,zt,ﬁt,%t, we may assume
X, Y, Z, p, T are defined over a number field K.

't

Step 3. By the same argument as above, there exist a finite set S of maximal
ideals of Ok, a proper scheme X, proper smooth schemes ¥), 3, and proper bi-
rational morphisms p : Y — X, 7: 3 — P over T = (Spec O)\S such that
generic fibers of X,9), 3, ﬁ, 7are X,Y, Z p,7. By enlarging S, (Kx)®¢ extends to
a Cartier divisor (Q; /T) on X over T and we can write

Opyje =P Uyr+ Y _ai®Di, Qe =(po7)” x/(z—FZb ¢,
i=1
where ® = (J;_,; @; (resp. € = |J;_, &) is a relative simple normal crossing
divisor on ) (resp. 3) over ¥.

Step 4. Here we compute p-adic integration. Take a maximal ideal q ¢ S.

Let K, be a g-adic completion of K and Ok, be the ring of integers of K,. Let
q = |Ok/q| be the number of elements of the residue field.

Let q,...,4; be a finite open covering of X over ¥ such that (QQ/T)W is a

trivial line bundle on each 4; (1 <i < k). Let w; be a nowhere vanishing section
of (QQ/T)W on ;.

Then, by Proposition 3.5, we can compute the p-adic integration of p*w; on
p'4U;(Ok,) as follows :

1 o
[ 7=, X @0 smi gty
i(OKq

qn
JC{l,...,T‘} ]GJ
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where ©9 are the same as in Proposition 3.5. Note that div(p*w;) = >, da;®
since w; is a nowhere vanishing section of (0% /s)

Similarly, for (p o 7)*w;, we have

—  =\* 1 o — q— 1
/( ) 140,(0 )|(po7—) wi‘;’/d = n § : |(Q3J/ﬂ(po7' lul | | I e 1
pot) " UilUK,

q Jc{1,..,s} e 17’

where €9, is the same as above.

On the other hand, by the change-of-variable formula for p-adic integration,

we have
[ = (por)y ™
714 (Oky) (o) =14 (Oxq)

Since the same is true for all finite intersections of Ll;, by inclusion-exclusion
principle, we conclude

1 —1 1 -1
n Z |H a?+1 :_n Z |€o’ |H b(/]-l-l

J
T et m jes 4 T 5. s jrea 4

Note that the above argument works for every q ¢ S.

Step 5. Fix a prime number [ = p and a maximal ideal p of Ok dividing
p. By enlarging S, we may assume that S contains all maximal ideals of Ok
dividing p. We shall work on the level of the Grothendieck group K(I,S,p)1/q of

Gal(K /K )-representations introduced in §5.

We rewrite the conclusion of Step 4 in the following form by multipling ¢"
[l (gt =1) - T _,(g%** — 1) on both sides :

M -1 3 (|@3<Fq>|H<q—1>H<q%+l—1))

ji=1 JC{1,...r} jes ¢
RIS (|oz°,<wq>|H<q—1>H<qbﬂ+l—1>).
j=1 Tl s} jreJ jdr

By replacing K by its finite extension, we may assume that Q(3) exists as
a Gal(K /K)-representation (see Example 5.5). Recall that the image of Frob,

in Gal(F,/F,) is the inverse of the g-th power automorphism x — 27 of F,.
Therefore, for m € 17, Tr(Frobg; Qi(m)) = ¢™™

Hence, we have the following equality in K (I, S,9)1/4 :
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(@b - -1 3 ([ (D). @) TT(Q (1] — 1)

j'=1 {1} jeJ
L@ —a; — 1)) - 1))
. Jj¢J
“Tl@(-a-1-1) 3 ([ (B3 Q)] T (@1 -1)
Jj=1 J'c{1,..,s} jleJ’
T @by —1)] - 1>>,
g

since the traces of Frobg on the both sides are equal for all q ¢ S (see Proposition
6.4 and Proposition 5.1). Note that 1 € K(I,5,p)1/q denotes the class of the
trivial Gal(K /K )-representation.

Since E,(Q;(m);u,v) = u~™v~™ for m € $Z by Example 5.5, we have

H((uv)bj/H -1) Z (E((Df})@;u,v) H(uv -1) H((uv)ajﬂ _ 1)>

ji=1 Jc{1,..r} jeJ jaJ
o=y S (B@Edeu) [T -1 I - 1)
j=1 Jc{l,...,s} j'ed’ j'¢J’

by Lemma 6.3. By Definition 2.4, this proves Ey(Xc;u,v), = Eu(Xc;u,v)por
and hence Theorem 1.1. O

Remark 7.2. If we take an appropriate p in Step 5, we can use the result of
Fontaine-Messing (Remark 4.1, [FM]). Therefore, we don’t need the full version
of the Hodge-Tate decomposition for Theorem 1.1.
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