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A GLOBAL CONFORMAL UNIQUENESS IN THE
ANISOTROPIC INVERSE BOUNDARY VALUE PROBLEM

J. CHENG, G. NAKAMURA, AND M. YAMAMOTO

ABSTRACT. In this paper, we discuss the two dimensional inverse problem of
determining the anisotropic conductivity from the Dirichlet to Neumann map.
The global conformal uniqueness is proved. The key of the proof is the global
uniqueness result for the inverse problem of determining the convection terms

from the Dirichlet to Neumann map.

1. INTRODUCTION

Suppose that 2 is a simply connected domain in R? with the Lipschitz boundary
090. Let W1P(Q), W?2P(Q) denote the usual Sobolev spaces for p > 2 and C*(99),

C(952) denote the Holder continuous space on 9 with o = ijz ([17]).

We consider the following Dirichlet problem for the time independent electrical

potential u = u(z1, x2):

8Ik

) Ve (0Vu) =2, 52 (ajk ﬂ) =0 in Q

u=f on ON.
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where f(z) € C»*(89), o(z) = (0% (z)) € WHP(Q) ( p > 2) is a positive-definite

symmetric matrix and there exists a constant ¢ > 0 such that

(1.2) b (op) >clpl? for ¢ =(41,92) € R

By the theory of the generalized analytic functions and complex partial differen-
tial equations ([17], [18]), we know that there exists a unique solution u € W??(Q).

Therefore we can define the Dirichlet to Neumann map A, by

A : CL(0Q) —  C*(09)

2 Ou
(1.3) f — Zujajk—

Pyt Oxy,
where v = (v1,12) is the outer unit normal to 09.

The inverse problem we discuss in this paper is determination of the conductivity
matrix o from the Dirichlet to Neumann map.

It is well known that the isotropic conductivity can be determined by the Dirich-
let to Neumann map when dimension is greater than 2 (e.g. [8], [15]). Moreover we
can refer to Isakov [7]. However, an anisotropic conductivity can not be uniquely
determined by the Dirichlet to Neumann map since a diffeomorphism fixing points
on the boundary will not change the Dirichlet to Neumann map. There are pa-
pers establishing the uniqueness modulo diffeomorphism in determining anisotropic
conductivity: [11] in the two dimensional case and [9], [10], [14], [16]. Since this
uniqueness contains a diffeomorphism which is fixed on the boundary, there are
still unknown factors which can not be determined uniquely by the Dirichlet to
Neumann map. For example, such uniqueness modulo diffeomorphism does not

give answers when we want to determine a scalar factor function provided that

anisotropic conductivity is known up to such an unknown factor. More precisely,
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by [11], [14], we know that there exists a diffeomorphism ¥ such that o3 = ¥ % g9.
However, to authors’ knowledge, it is difficult to obtain the global uniqueness result
from this equality. Because we can only obtain a nonlinear equation whose solution
seems difficult.

The uniqueness in determining such a factor is called conformal uniqueness. In
[10] and [14], some conformal uniqueness results are proved under some analytic or
smallness assumptions for anisotropic conductivity. In this paper, we will prove the
global conformal uniqueness in two dimensions for the conductivity in W1?(Q)(p >
2). Our class of the conductivity is more general than in [10], [14]. The key of our
proof is the global uniqueness for the inverse problem of determining the convection
terms from the Dirichlet to Neumann map which is proved in [3], [4] by the inverse
scattering method for first order elliptic systems.

This paper is organized as:

e Section 2: Main result
e Section 3: Proof of the main results

e Section 4: Conclusion and remarks

2. MAIN RESULTS

Suppose that p > 2 and oy € W1P(Q) is a positive symmetric matrix and satisfies

(2.1) V- (o0(2)y) > ol for = (Y1, ¢) ER? z€Q

for some constant ¢y > 0.

Let Ry be a positive constant such that

R2
QCB@(O) = {(.1’1,.1’2”.77%4‘.1’% < TO}
p)
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Without loss of generality, we assume that oy can extended to Bg,(0) such that
o9 € WHP(Bg,(0)) and (2.1) still holds for x € Bg,(0)(e.g Chapter VI, §3 in [13]).
Throughout this paper, we fix gy.

For the conductivity equation
(2.2) V- (oVu) =0,
we look for the conductivity o in the admissible set
(2.3) .7-':{U|a:ﬂao,ﬂ€W1’p(Q),ﬂ>cl}

where ¢; > 0 is a fixed constant.

Now we can state our main result:

Theorem 2.1. Suppose that o; € F, j = 1,2. If the Dirichlet to Neumann maps

A, , = 1,2, satisfy
(2.4) As, = Ass,
then we have

(2.5) o1(z) = oa(z), T EQ.

Remark 2.2. If we take the 2 x 2 identity matrix as o, then the result in Theorem

2.1 coincides with the global uniqueness proved in [2], [11].

3. PROOF OF THE MAIN RESULT

3.1. Some Lemmas. For the proof of the main result, we need the following global
uniqueness results for determining the convection coefficients from the Dirichlet to

Neumann map.
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Let us recall that p > 2 and a = ”"%2. We set b(z) = (b1 (), b2(x)) € LP(Q) x

LP(Q)). The Dirichlet to Neumann map can be defined as

Ay : CH00) —  CY(00)

ov

(3.1) f — 5'89

where v € W2?(Q) is the solution of the following Dirichlet problem:

Av+b-Vv=0 in Q
v=f on 0N

Lemma 3.1. Suppose that b € LP(Q) x LP(Q), j = 1,2. If /N\b1 = /N\bz, then we

have
bl (z) = v*(2), z € (.

The proof of this lemma is based on the theory of generalized analytic function
and the inverse scattering method for the first order elliptic systems. The readers
can find the proof in [3], [4].

Henceforth we identify @ = (z1,22) with 2 = x1 + izs € C. Moreover we set
0: = L7 +i52) and 9. = 3(52 —iz2).

Next we state a result about the quasi-confomal mapping which we will use later.
Lemma 3.2. Suppose that ¢ € C*(R?) N L (R?) with 0 < p' < 2 and satisfies
(3.2) lallLe <o <1

where gog > 0 is a constant.
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Then there is a homeomorphism solution ( = ((z) of the following Beltrami

system
(3.3) 9:¢ — q0:¢ =0,
which satisfies ( —z € CH*(R?).

Moreover, if ¢ € WHP(Q), then ( € W2P(Q).

This lemma can be found in Chapter II, §5 in [17].

3.2. Uniqueness of the boundary value of 3. There are several ways for prov-
ing the uniqueness of the boundary value of 3 ([1], [6], [8], [12]). Here we follow

the approach by singular solutions in [1].

Lemma 3.3. Suppose that 0; = Bjoo € F, j = 1,2. If the Dirichlet to Neumann

maps Ag,, j = 1,2, satisfy

AUl = A0'27

then we have

Bi(z) = B2(x), x € ON.

Proof. Without of loss generality, we extend 3; from 2 to Bg,(0) such that §; €
W1P(Bg,(0)). This is possible since ) is a simply connected domain with Lipschitz
boundary 0Q(e.g. [13]).

Let uj € W2?(Q), j = 1,2 be the solution of

V- (o;Vu;) =0 in Q

Uuj = @; on 0N
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Then we have

/ Vul . (UzVUg)diE = nglA(,.Zd)zds
Q oQ

/ ¢2 Aa'1 o1ds.
0

Since 0j, j = 1,2, are the symmetric matrices and A,;, j = 1,2, are self-adjoint,

/ VUQ . (01Vu1)dm
Q

by Ay, = A,,, we obtain that
(3.4) /QVul - ((o2 —01)Vug) dz = 0.
Assume that 8y # (2. Then there exists a point z* € 9 such that
0 = [B(z") = Ba(z7)| # 0.

Without loss of generality, we assume that § = (y(z*) — B2(z*). Since 3; €

WhP(Q) < C*(Q), there exists € > 0 such that

N >,

(3.5) Bi(z) — B2(z) > =, r € B.(z*)NQ

where B.(z*) = {z € R? ||z — z*| < ¢&}.
We define a vector 7 at z*, which is non-tangential to 02, such that z7 =
z* + 70 € Bg,(0) \ Q for 7 € (0,7). Here 79 > 0 is a constant.

It is easy to verify that there exists a constant ca > 0 such that

(3.6) L <|z* —27| < cor.
C2

By the result in [1] (Theorem 1.1), there exists ¢; € C'*(99) such that the
solutions uj, j = 1,2 of the problem (1.1) corresponding to o; = Bjoo can be

expressed as

(3.7) uj(z) =In|J(x —27)| + wj(x), x € Br,(0)\ {z"}
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and
(3.8) [Vw;(z)] < Cle —27|*7, @ € Bry(0) \ {z"}

where J = (0o(27))™% is a symmetric matrix and C' > 0 is independent of z7.
Let 0 <cp7 < §and U = B (2*) N Q.

By (2.1), it can be verified directly that there exists a constant ¢z > 0 such that

csdx

/V1n|J(a;—a:T)|-((/31—ﬂ2)00V1n|J(m—m7)|)dm2/|
u u

x_$T|2

where 0 < 7 < 19 and c3 is independent of z”.

Then, by (3.5) and (3.7), we have

03/ _dr /v1n|J(m_g;T)|.(gl—ﬂz)aovmu(m—mfndx
u u

|z — z7|?
S / Vu1 . ((ﬂl — ﬂQ)O’ovUQ) dx
U
+ / Vwy - ((B1 — B2)o0Vus) dz
U
+ / Vu1 . ((51 — ﬂQ)U’()V’wQ) dl’
u
+ / le . ((51 — ﬂQ)U’()V’wQ)dJJ .
U
By (3.4), we have
/ Vuy - ((B1 — B2)ooVuz) dz = — Vuy - ((B1 — B2)00Vuy) dz.
u Q\u

Noting that |z —z*| > § for € 2\ U, we can obtain the estimate

(39) < CO:

/ Vuy - (61 — B2)o0Vus) do
u

where Cy > 0 is a constant which depends on ¢, 09, §;, j = 1,2 and 012, but is

independent of 7.
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By (3.8), we have that

(3.10)

IN

/ Vw; - ((B1 — B2)o0Vus) dx
u

o / |e —x7|* ?dx
|e—z*|<e

Cl;

IN

where C] > 0 and C; > 0 are constants which depend on ¢, g9, §;, j = 1,2 and
012, but is independent of 7.

By a similar argument, we have

(3.11) /uvul ~((B1 = B2)ooVws) dx| < Cy
and
(312) /qu1 . ((/31 - ﬁz)Ungz) dx S 03,

where Cy > 0, C3 > 0 are constants which depend on ¢, o9, 8;, 7 = 1,2 and 09,
but are independent of 7.

Combining (3.9) — (3.12), we can obtain that
d 1
(3.13) /—41334%+a+@+@y
WiT—a P o
It is easy to verify that

d
/ﬁ%oo as T—)0+.
u —

This is a contradiction to (3.13) since the right hand of (3.13) is independent of 7.

Therefore we have 1 (z*) = f2(z*). The proof is complete. O
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3.3. Transform the differential equation to the canonical form. For apply-

ing Lemma 3.1, we will transform the elliptic equation
(3.14) V- (BooVu) =0

to an elliptic equation whose principal part is the Laplace operator.

We set

11 _ /4 iol2
(3.15) o) = OO = VH S0
iog? —odt — vVH

where H(z) = 04!(2)03%(2) — 0{%(2)0d'(2) and z = z1 + ixa € Q.

By (2.1), it is easy to verify that there exists a constant 0 < go < 1 such that

(3.16) gl <q0 < 1.

Since W1P(Q) < C*(Q), we can extend ¢ to § in the whole complex plane such

that

and

@(x) <aw <1,  GeC§(R?),

where C§ (R?) denotes the space of Hoélder continuous functions with compact sup-
ports in R2.

Now we consider the homeomorphism solution ¢ = ((z) of the Beltrami equation:

(3.17) 8:C — G0.C = 0.

By Lemma 3.2, we know that there exists a unique homeomorphism solution

((z) such that ((z) — z € C1*(R?) and ¢ € W%P(Q) since ¢ € WHP(Q).
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We denote 2 = ¢(92). Then Qis a simply bounded domain in the (-plane with
the Lipschitz boundary boundary 9.

Let ( = & + i&>. Since ( is a homeomorphism, we can consider the following

coordinate transform:

& =& (w1, 22)

52 252(3?1,3?2)-

By direct calculations and o; = B;00, j = 1,2, we see that the elliptic equation

(2.2) with o = 00 can be transformed to

(3.18) Agvj +0 -Vev; =0 in 9,

where we set v; (& (21, 22), &2(21, 22)) = uj(21,22) and J = g—ig—i - 3—23—2 #0,

b = (b),b)), j = 1,2. Here

: J
b{ = ﬁ (vz : (ﬁjaovzfl))
v, = T (Va - (BjooVa&2)) -

For the details of this transform, we can refer to [17], Chapter II, §7.

Now we can complete the proof of Theorem 2.1:
Proof of Theorem 2.1:

First we note that the coordinate transform &; = &;(z1,2), j = 1,2, is indepen-
dent of B, k = 1,2. For j = 1,2, we consider the following Dirichlet problem

AE’U]' + bi - VE’UJ' =0 in Q
(3.19)

v;=f on 0N
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Then we have that w;(z1,22) = v;(&1 (21, 22),62(21,22)) is the solution of the

following problem

v . (ﬂjUOVuj) = 0 m Q
uj=¢ on 00
where ¢(x1,x2) = f(& (1, 22), & (T, T2)).

Since A,, = As,, by Lemma 3.3, we have

2 g
E viol®* —(uy —us) =0  on 9Q,

. Oxy,

J k=1

with which we combine u; = us on 912 to obtain
Vaup = Vgus on ON.

Therefore we can obtain that

8’1)1 8’1)2

2 o _ 772 Q
(3.20) o7 % on O

where 7 is the outer unit normal to 8.
The equality (3.20) means that the Dirichlet to Neumann map Ay and A,

which are defined by (3.1) with b = b/, j = 1,2, satisfy
Apr = Age.

By Lemma 3.1, we can conclude that

ﬁ(w(ﬂmvm)) - ﬁ(vwwﬂmvm)) in 0
L(vx'(ﬂlaovx€2)) = L(vw-(ﬂmvw@)) in Q.
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Hence
(321) Vz - ((/31 - ﬁz)Ugvzfl) = 0 in
(322) Vm . ((51 - ﬂQ)O’ovwfg) =0 in Q.

We set §8 = 81 — B2. Then we can rewrite (3.21) and (3.22) as

(3.23) V(63) - (6oVE&) + 008V - (0oVE) = 0 in

(3.24) V(08) - (6oVE&) + 08V - (0oVE) = 0 in Q.

Since og is a symmetric positive matrix and V&, V& are linearly independent,

from (3.23) and (3.24), we can have

(3.25) V(8)+ 68D =0, in Q

where D = D(z) is a vector which depends on &; and oy.

By Lemma 3.3, we have

(08)(x) =0, for x € 00.

Therefore §3 satisfies the first order partial differential equation (3.25) with zero
boundary condition. By the uniqueness of the boundary value problem for (3.25),

we obtain that

(3.26) 08(z) = Bi(z) — B2(x) =0, x €.

The proof is complete.
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4. CONCLUSION AND REMARKS

We discuss the global uniqueness for the inverse problem of determining the
anisotropic conductivity from the Dirichlet to Neumann map. The key of our proof
is the global uniqueness for the inverse problem of determining the convection term
in an elliptic partial differential equation by the Dirichlet to Neumann map. The
quasi-conformal map is also used to transform the conductivity equation to an
elliptic equation whose principal part is the Laplace operator. We do not need the
smallness assumption or analytic assumption on the conductivity.

It is well known that the anisotropic conductivity can not be uniquely determined
by the Dirichlet to Neumann map. For establishing the uniqueness, we have to
restrict the class in which we want to find the conductivity. This is the reason why
we discuss this conformal uniqueness.

Next we give several remarks about our results and ways.

Remark 4.1. Tt is also possible to define the Dirichlet to Neumann A, from Hz (912)

to H 2 (8Q) ([12]) and to discuss the conformal uniqueness.

Remark 4.2. By the techniques in [3], [4], it is possible to prove the conditional
stability for the inverse problem which we discuss in this paper. From [5], we
know that this kind conditional stability is very important for guaranteeing stable

numerical reconstruction algorithm based on the Tikhonov regularization.
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