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Abstract

We discuss general properties of classical string field theories with symmetric vertices in
the context of deformation theory. For a given conformal background there are many string
field theories corresponding to different decomposition of moduli space of Riemann surfaces.
It is shown that any classical open string field theories on a fixed conformal background
are A,.-quasi-isomorphic to each other. This indicates that they have isomorphic moduli
space of classical solutions. The minimal model theorem in A, -algebras plays a key role in
these results. Its natural and geometric realization on formal supermanifolds is also given.
The same results hold for classical closed string field theories, whose algebraic structure is
governed by L.,-algebras.
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The present paper is motivated to make clear the complicated structures of string field theories

(SFTs) in terms of homotopy algebras. We assume the existence of well-defined SFTs on a

conformal background, and discuss the general properties which they should possess. We show

that any classical open SFTs, which are constructed so as to reproduce the open string correlation

functions on-shell, are quasi-isomorphic to each other. Moreover, when such SFT actions are

given, A,-quasi-isomorphisms between them are constructed. These results guarantee that there

is one-to-one correspondence of the equations of motions corresponding to marginal deformation



between such family of SFTs on the same conformal background. This gives an answer about
the issue for the relation between SF'Ts with different decomposition of moduli spaces. These
arguments also give the minimal model theorem in deformation theory a geometric insight.
These arguments are applicable for classical closed SFT similarly, and it can be shown that all
such consistent classical closed SFTs are L,-quasi-isomorphic to each other.

SE'T has been investigated as a candidate for string theory which describes nonperturbative
effects. SF'T gives one of the way which extends on-shell two dimensional string theory to off-
shell theories. Many Lorentz covariant SFTs have been constructed. The covariant open or
closed SFT with light cone type vertices (HIKKO’s SFT)[1], a very simple open SFT which
consists of only a three-point vertex (Witten’s open SE'T or cubic SFT)[2], and so on. Witten’s
SFT can be treated in the context of Batalin-Vilkovisky (BV)-formalism[3]. HIKKO’s closed
SFT is also extended to quantum SFT by employing the quantum BV-master equation[4]. The
quantum master equation is moreover applied to construct quantum closed SF'T with symmetric
vertices[5]. Though this theory has infinite sort of vertices of higher punctures and higher genus,
it has a very beautiful algebraic structure. For instance for the classical part, the set of the tree
vertices has the structure of a Ly,-algebra. Open-closed SFT is also considered in this direction
[6]. The open-closed symmetric vertices have relations from quantum BV-master equation,
where ‘symmetric’ means cyclic for open string punctures and commutative for closed string
punctures. Several subalgebras of subsets of the vertices can be considered : disk (tree) vertices
with punctures only on the boundary, which has the structure of an A,-algebra, sphere vertices
with punctures (an Ly-algebra), disk vertices with both open and closed vertex insertions
(though the algebraic structure of which does not have a particular name), all vertices with no
boundaries (the theory of which is the above quantum closed SFT[5]), and so on. Recently a
classical open SF'T, which possesses the A-structure, is constructed explicitly[7] by deforming
the cubic SFT[2].

All the above SFTs satisfy the (classical or quantum) BV-master equation. In constructing
a SF'T action, any types of vertices, which are written by the powers of string fields and their
coefficients, are considered and the master equation are used in order to decide the coefficients
L. Moreover, in the two-dimensional world sheet picture, the fact that the SFT action satisfies
the BV-master equation corresponds to that the moduli spaces of Riemann surfaces are single-
covered[13]. Hereafter in this paper, we treat only (bosonic) SFTs with the symmetric vertices
and those algebraic structures are discussed.

There have been mainly two issues for the SFTs constructed as above : i) the realiza-
tion about the relation between SF'Ts constructed by different decomposition of moduli space
of Riemann surfaces on a fixed conformal background ; and ii) the background independence
[14, 15, 16]. In order to assert that the SFT gives an nonperturbative definition of string theory
the second issue is necessary. For the first issue, it might be believed that the SFTs derived with
different decomposition of the moduli space are physically equivalent in some sense. Indeed in
[17] for quantum closed SFT it is shown that any infinitesimal variation of the decomposition
leads infinitesimal field redefinition preserving the SFT actions and the BV-symplectic struc-

!The use of BV-formalism is different from the original use of BV-formalism for gauge theories (see subsection
4.2), but the similar treatment is done for instance for topological theories in superfield formalisms [8, 9, 10, 11, 12].



tures. Analogous consequence is expected for open SFTs. In fact in [7] an one parameter family
of the classical open SF'T is discussed and the infinitesimal field redefinition preserving the ac-
tion is found. However the relation between SFTs which differ finitely in the decomposition of
the moduli space has not ever been discussed.

Roughly speaking, these issues are equivalent to that of looking for the map between SFTs
preserving the BV-symplectic structures. Restricting the arguments to the classical theory, as
were mentioned above, the classical closed SFT satisfying the classical BV-master equation has
the structure of a Ly-algebra, and similarly the classical open SFT has the structure of an A-
algebra. As will be explained in section 4, the algebraic structure of classical open (resp. closed)
SFT is an Ay-algebra (resp. Loo-algebra) which possesses the graded cyclic (resp. commutative)
symmetry through the BV-symplectic structure. A..-algebra has appeared for the first time in
[18]. It is a deformation of an associative graded algebra with differential (DGA), and consists
of a differential @), a product e, and higher products. L,-algebra is its graded commutative-
symmetrized version. It is given as a deformation of a differential graded Lie algebra (DGLA),
and consists of a differential @), a Lie bracket [ , ], and higher brackets[19]. In SFT, @ is the
BRST-operator [20], the product e (resp. the Lie bracket [ , ] )corresponds to the trivalent
vertex of classical open SFT (resp. classical closed SFT), and higher products (resp. higher
brackets) correspond to higher vertices of classical open (resp. closed) SFT.

In SFT or others, one of the important advantage to finding out the A, or Lso-structures
is presumably that they have Ao, or L,-morphisms which transform an A, or L.,-algebra to
another one. For example, the existence of the deformation quantization[21] on general Poisson
manifolds is proved as a consequence of constructing a L.,-morphism between certain two L.o-
algebras 2 [22]. Here when a Poisson structure on a manifold M is given, the deformation
quantization on M means that the associative product is constructed as the power expansion
of a deformation parameter h, the leading term of which is the usual commutative product of
functions on M, and next term of which is the Poisson bracket. The constructed L.,-morphism
induces the isomorphism between the cohomologies of these two algebras with respect to the
differentials (. Such morphism is called a quasi-isomorphism. The fact that the above two
algebras are quasi-isomorphic to each other is called formality[22], which has been conjectured
originally in [23]. Moreover when an Ay or Ly-algebra is given, one can define its Maurer-
Cartan equation, the solution space of which gives moduli space in the context of deformation
theory. In addition, an Ay, or Ls,-morphism preserves the solution space of the Maurer-Cartan
equations. In the above case of the deformation quantization problem[22], the solution space of
the Maurer-Cartan equation for one side of the two L..-algebras gives the space of the Poisson
structures, and that for another side gives the space of the structures of the associative products.

Therefore constructing the Lo.-morphism has led the existence of the deformation quantization
3

DGLAs are Loo-algebras whose higher brackets are set to be zero. In fact, the two Le-algebras considered
in [22] are both DGLAs. The reason that these DGLAs have to be treated in the context of Lo.-algebras is
that a Loo-morphism, which is a nonlinear map between these two DGLAs which preserves the solutions of the
Maurer-Cartan equations, is needed.

3In [24], the Loo-morphism defined in [22] is explicitly derived as a BV-quantization of Poisson-sigma model



For classical SF'T, the Maurer-Cartan equation is nothing but the equation of motion, and the
A or Loo-morphisms, which, by definition, preserve the Maurer-Cartan equation, correspond
to the field transformation. Thus the problem of considering the family of SFTs satisfying the
classical BV-formalism is translated to that of considering the family of A, or L-algebras
(with the BV-symplectic structure), and one can employ the Ay, or Lo,-morphisms in order to
realize the relation between two different SFTs in the family. In such reason, we want to find A,
or Lso-morphisms in various situations in SF'T. However unfortunately, in general when any two
Ay or Lyo-algebras are given, the canonical way of constructing the morphism between them
does not exist, though in the deformation quantization problem, the L.,-morphism is exactly
found (from the insight of the two-dimensional topological field theory).

Recently there is a development at this point. In [23, 22] the following fact is mentioned :
when an Ay, (resp. L )-algebra H with nonvanishing () is given, by restricting the algebra to
the kernel (or the cohomology class) of @, the vector space HP (with () = 0) is obtained, and
then there exists an Ao (resp. L )-structure on HP (with @Q = 0) which is quasi-isomorphic to
the original A (Loo)-algebra H. This is called minimal model theorem in [23, 22]. Moreover
in [25] the canonical A-structure on H? and a canonical A.-quasi-isomorphism from H? to ‘H
are constructed explicitly using Feynman graphs. The same argument holds for L..-algebra. In
[25] this is applied to the homological mirror conjecture, which states that the derived category
of A-category [26] in A-model and the derived category of coherent sheaves in B-model are
equivalent[27]. Recently, for example, the minimal theorem is applied in [28, 29, 30] to transform
the topological Chern-Simons SFT action [31] to so-called D-brane superpotential.

However the minimal model theorem is very important not only for topological theories but
for usual SFT, where @) is the BRST-operator and H? is the physical state space. The fact that
an Ao-structure is constructed on HP means that the two-dimensional string theory has the
structure of an A.-algebra. This statement is essentially already known. In [32] it is described
that the tree closed string theory has the structure of the Ly-algebra (and extended this result
to quantum case [33]). The fact holds similar for open string theory and which implies that the
Ao-structure of a classical open SFT on a conformal background is A.-quasi-isomorphic to the
Ao-structure of the two-dimensional theory.

Using the above argument, we get the results stated at the beginning. We will explain in the
classical open SF'T case in the following two reason. First, open SFT has the cyclic symmetry
of its vertices and closed SFT has the graded commutative symmetry, which includes the cyclic
symmetry but is much larger symmetry than it. Therefore essentially we can get the algebraic
structure of closed SFT by graded commutative- symmetrizing the cyclic open string vertices.
Second, since Ao-morphisms transform the classical solutions of classical open SFT to those of
another classical open SFT, it may be applicable to the problem of tachyon condensation[34] in
SFTI[35, 36], though directly can not as will be commented in Discussions.

This paper is organized as follows.

on a disk. The condition that the morphism is actually a Loo-morphism is identified with the Ward identity in
BV-formalism. However the relation between the L..-algebra and BV-formalism is different from that in SFT.
In the former case the BV-bracket corresponds to a Lie bracket in the Loo-algebra on one side.



In section 2, the definitions and some known facts about A.-algebras are summarized.

In section 3, the way of constructing consistent SFT which satisfies classical BV-master
equation is reviewed, because the main idea of them is essential for the later arguments. We
give only the formal construction of SFT, and its concrete realization is omitted. For more
details, see for example [5, 7].

In section 4, the algebraic structures of SFT constructed in section 3 are discussed. In
subsection 4.1 it is clarified that the algebraic structure of the SF'Ts, which has cyclic vertices
and satisfies classical BV-master equation, is an Ay-algebra with cyclic symmetry through the
BV-symplectic structure. Moreover, we describe that the gauge transformation for the A..-
structure is the gauge transformation of BV-formalism[37, 38, 39] in subsection 4.2. Finally in
subsection 4.3 the notations and definitions are summarized for later arguments including those
already used in section 3 and 4. The result in this section might also be known essentially, but
there might not be literatures which gives the similar explanations.

In section 5, the minimal model theorem[25] is introduced and applied to classical open
SETs. In order to understand its meaning, we demonstrate that it arises from the issue of
finding the solutions of the Maurer-Cartan equation for an A,-algebra. For the original A..-
algebra, another canonical Ay-algebra and an As-quasi-isomorphism between them are derived
naturally, and they are expressed using some Feynman diagrams. Moreover we give a proof of the
minimal model theorem in this direction. Its geometrical realization on formal noncommutative
supermanifolds is also given. In subsection 5.2, it is clarified that the Feynman graph defined in
the previous subsection is actually the Feynman graph in SFT. In order to see the propagator
explicitly, we discuss mainly the case of Siegel gauge and clarify that the usual propagator in
SEFT can be applied to the procedure in the previous subsection. In subsection 5.3, it is shown
that the canonical Ay-algebra generated graphically gives the correlation functions of open
strings (Lem.5.1). Moreover in subsection 5.4 we show that all SF'Ts on a fixed conformal field
theory are quasi-isomorphic to each other(Thm.5.1). This immediately follows from the fact
that any SFT constructed consistently as will be explained in section 3 coincides with the open
string correlation functions on-shell. The quasi-isomorphism is described in terms of Feynman
diagram in SFT, and it gives a finite field transformation on certain subspace. Furthermore, a
boundary SFT like action which is isomorphic to the original SF'T action is proposed.

Since all the above arguments are very formal, in section 6 we apply them to the classical
open SFT explicitly constructed in [7]. In [7] an one parameter family of the classical open
SFTs is discussed from the viewpoint of the renormalization group[40], which states that the
variation of the fields and the coefficients of the vertices with respect to the renormalization
scale cancel each other and the action is invariant. The flow of the fields is then derived, which
gives an infinitesimal field redefinition between the SF'Ts with different renormalization scales.
After reviewing a part of the arguments in [7], we show that the infinitesimal field redefinition
gives an A,.-isomorphism on the Siegel gauge. Moreover it is observed that the infinitesimal
version of the finite A.,-quasi-isomorphism discussed in the above section coincides with that
given in [7] on the subspace. Finally various viewpoints in this paper is summarized in this
explicit model.

In Conclusions and Discussions, the issue of the background independence[41, 42] is rear-



ranged. The tachyonic solution in cubic SFT[35] is also argued from the viewpoint of this paper.
The relation to the boundary SF'T[43] and the application to other SF'Ts are also commented.

In Appendix A, the precise meaning of taking the dual of the A..-algebras is presented.
The correspondence between an Ay.-algebra and its dual means the correspondence between a
SEF'T in the operator language and its field theory representation, and it is used implicitly in the
body of this paper in order to simplify some explanations. In Appendix A.1, the dual is defined
with an inner product, and its graphical explanation is also described. The dual picture is used
in many literatures, but there are less literatures where the explicit relation between them is
presented. In Appendix A.2, A -algebras are realized geometrically in the dual picture. It will
be seen that those are described in terms of noncommutative formal supermanifolds.

In Appendix B some detail calculations for string vertices are presented.

2 Ay -algebra

It is known that classical open (resp. closed) SFTs have the structure of Ay-algebras[6, 44,
7] (resp. Lo-algebras[5]). Here summarizes some basic facts about Ay-algebras ((strong)
homotopy associative algebras). The facts are applicable for Ly-algebras ((strong) homotopy
Lie algebras).

A-algebras are defined in terms of coalgebras. As will be defined below, for H a graded
vector space, we consider C(H) := ®k21H®k as a coalgebra. In the terminology of SFT, H is
the Hilbert space of string states and the degree (grading) of H is related to the ghost number.
Though coalgebras may be unfamiliar, it seems natural to the many body system (of strings), and
it is useful to control Ay~ (or Lso-)algebras formally very simple. Intuitively, or geometrically,
the dual picture of coalgebras is suitable to realize them. For ® € H a string field of degree zero,
splitting |®) as |®) = |e;)¢’ where {|e;)} are the basis of the string state 7 and {¢'} are the
corresponding supercoordinate 4 , the ‘dual picture’ means the picture on the supercoordinates.
The supercoordinates are the string fields in SFT. Later we define a ‘coproduct’ on a coalgebra.
The ‘coproduct’ is natural structure for field theory because, in the dual picture, it is equivalent
to that the fields {4’} possesses an associative product as an algebra.

2.1 Coalgebra, coderivation, and cohomomorphism
Since Ao- (and Loo-) algebras are coalgebras with some additional structures, here introduce it.

Definition 2.1 (coalgebra, coassociativity) Let C be (generally infinite dimensional) graded
vector space. When a coproduct A : C — C ® C is defined on C' and it is coassociative, i.e.

(A@1)A =1 A)A

then C' is called a coalgebra.

“Here ‘super’ means ‘graded’, and ‘graded’ means having degree.



Definition 2.2 (coderivation) A linear operator m : C' — C raising the degree of C' by one
is called coderivation when
Am=mLA+(1@m)A

is satisfied. Here, for z,y € C, the sign is defined (1 @ m)(z ® y) = (—1)*(z ® m(y)) through
this operation where the z on (—1) denotes the degree of z.

Definition 2.3 (cohomomorphism) Given two coalgebras C' and C', an cohomomorphism
(coalgebra homomorphism) F from C to C' is a map of degree zero which satisfies the condition

AF = (FRF)A . (2.1)

Remark 2.1 Coassociativity of A, the condition of coderivations and cohomomorphisms are
equal to that the following diagrams commute

c -2, cecC c ", ¢ c X, ¢

N e R I
coc 222 cecec CeC EMML oec oo 225 e

If the orientation of these map are reversed and the coproduct is replaced by a product, then
the coassociativity, the coderivation, and the cohomomorphism take place to associativity, a
derivation, and a homomorphism of the corresponding algebra, respectively.

Reversing the orientation of the maps corresponds to taking the dual of the coalgebra. The
precise meaning of the dual in the present paper is given in Appendix A.1.

Here, for any graded vector space #H, on can consider its tensor coalgebra
C(H) = Dp>1 HOF

as a coalgebra. Note that C(#) does not contain the summand H*° = C. In particular, it does
not have a counit.
For this coalgebra, the coassociative coproduct on C(#) is uniquely determined as

n—1

Aler-en) =3 (er-+-e) ® (exs1---en) - (2.2)
k=1

The form of the coderivation corresponding to this coproduct is also given as follows : let
{my}r>1 be the set of multilinear maps of degree one

: HOk — H
Mk , (2.3)
e® Ve, mk(el---ek)
and define
n—k
my(e;---e,) = Z(—l)el+"'+e”’lel ceepimy(ep--epip_1)€prr---€n, € EH.
p=1



Here e +--- +e,_1 on (—1) denotes the degree of e; - - - ep—1. The sign factor appears when
my, which has degree one, passes through the e; ---e,_1. Then summing up this my, for k& > 1,

m=m+myfmytoe-, (2.4)

and this m is the coderivative. The coderivative on the coalgebra C(#) is always written in this
form.

Moreover, the form of a cohomomorphism F : C(H) — C(H') is determined by a collection
of degree zero multilinear maps f, : H®" — H'(n > 1) which are homogeneous of degree zero
as the following form

Fler---ep) = > Jri(€1- - er)® fryy (€k 41 €)@+ @ froopy  (€k, 14177 €n)
1<k1<kg--<k;=n
(2.5)
where each f(---) belongs to H'.

2.2 A, -algebra and A.-morphism

Definition 2.4 (A-algebra) Let H be a graded vector space and C(H) = @y>1H®* be its
tensor coalgebra. An Ay -algebra is a coalgebra C'(H) with a coderivation m which satisfies

(m)?=0.

If we act (m)2 = (my +my+---)2 on e;---e, € C(H), its image belongs to H®' @ --- & H®",
and the condition that the A part of the image equal zero is sufficient to the condition (m)% =0
®. The equation becomes

Y (mnettimy(er, o eg,miejin,c ,€00), €540, ) =0 (2.6)

k+l=n+1
j=0, k—1

for n > 1, and e; on (—1) denotes the degree of e;.
The first three constraints in eq.(2.6) read:

mi=0 |,
ml(mg(el,ez)) + mg(ml(el), 62) + (—1)e1m2(e1,m1(e2)) =0 s (27)
mg(el,mg(eg, 63)) + mg(mg(el,eg),eg)

+mi(ms(e1, ez, e3)) + m3(mi(e1), ez, e3) + (—1)* m3(e1, mi(ez), €3)

+ (—1)el+92m3(e1,eg,ml(eg)) =0 .

The first equation indicates m; is nilpotent and (#,m) makes a complex. The second equation
implies differential my satisfies Leibniz rule for the product msy. The third equation means
product mg is associative up to the term including ms.

%in the same reason that the differential d on differential forms or BRST-operator § on polynomials of fields
and ghosts (and antifields) is nilpotent.



Remark 2.2 In the case m, = 0 for n > 3, an Ay -algebra reduces to a differential graded
(associative) algebra (DGA). The differential d and the product e of DGA correspond to m;
and mo, respectively. However, the product e of DGA preserves the degree and mo in Ay-
algebras raises the degree by one. In this reason, when a DGA g is included in an A.-algebra
(H,m), the degree in the A.-algebra is defined as the degree of the DGA minus one. Let
s : g® — #*~1[1] be the inclusion map. The [1] ‘eats’ one degree of H, and the degree of H*~1[1]
is defined as k — 1 through the operation. Then the following diagram commutes

gk ® gl b , gk+l

/Hk—l[l] ® Hl_l[l] ma (., )5 /Hk+l—1[1] ]

The degree of Witten’s open SFT[2] is usually defined as the degree of DGA explained above.
There are many literatures where the degree of A -algebras are defined with the DGA degree.
However, when higher products mg,my,--- are introduced, the degree given in (Def.2.2) is
simpler for As-algebras. In this reason, we use this convention in the present paper. The
precise relation between these two conventions can be found in [45].

Remark 2.3 We have mentioned in (Rem.2.1) about the dual picture of coalgebras. In this dual
picture, the nilpotent coderivation m is replaced to a differential on a formal (noncommutative)
supermanifold. Let ® = e;¢' € H be an elements of H with supercoordinates {¢'}. The degree
of ¢' is minus the degree of e; so that the degree of ® is zero. Define

mk(el, cee ,ek) = ejijk , C{k eC. (2.8)

In this representation, my(®,--- ,®) = q)adﬂ cgl Zk(;S k...¢" and the differential ¢ in the dual

picture is written as
Za— i1 lk gt (2'9)
k:

where the operation of 3@ -+ is defined as (¢3¢%¢') 3:] lll lkd).’“ co it = P32 ¢ i Pk - P+
(—1)= ?’cf1 de) gl 4 (= )‘*1“520zl zkd’lk ¢ p2pl. The sign arises when the § with
degree one passes through some elements which have their degree. The consistency of this
operation is explained in Appendix A.1. The condition that § is differential i.e. (§)? = 0 is equal
to the As-condition(2.6) rewritten using (2.8). This actually corresponds to the BV-BRST
transformation as will be seen in subsection 4.1. Note that in this paper we denote {¢‘} as both
fields and antifields in the terminology of the BV-formalism. The geometry on this dual picture

is explained in Appendix A.2.

Definition 2.5 (A.-morphism) Given two A algebras (H, m) and (H',m'), an As-morphism
F:(H,m) = (H',m') as a cohomomorphism from C(H) to C(H') satisfying

Fm=m'F.



If we act this equation on e;---e, € C(H) for n > 1, its image belongs to >.",_; 7-['®",, and
picking up the H’ ol part of the equation yields

Z m’lt(fkl (ela e 7ek1)a szflm (ek1+17 T aekz) Tt fn*ki—l(eki—l‘i‘l? T 7en))
1<k1<ko-<k;=n
(2.10)

k-1
= Y D (=Dt fr(er, - eg, my(€j1, e €540), €511, €n)
k+l=n+1 5=0

The first two constraints in (2.10) read:
mi (fi(er)) = fi(ma(er))

1l€1 (
my(fi(e1), fi(ez2)) = fi(ma(er,e2))
mi (fa(er,e2)) + fa(mi(er),e2) + (=1) fa(er, mi(e2)) .

_l’_

In particular, the first equation implies f; induces a degree zero linear map fi, between the
cohomologies Hy,, (H) and H,y (H'). The dual representation of F will be mentioned in the
next subsection. In SFT this F corresponds to a field transformation between two different
SFTs and the condition of the As-morphism (Def.2.5) indicates that the field transformation
F is compatible with the BV-BRST transformations.

Definition 2.6 (quasi-isomorphism) An A.-morphism F is called a quasi-isomorphism if
f1 is a degree zero isomorphism between the cohomology spaces Hp, (H) and H,, (H').

It is known that if F is quasi-isomorphism, there is a inverse quasi-isomorphism F~! : (%', m’) —
(H,m) [23, 22], which will be shown in (Rem.5.4).
2.3 Maurer-Cartan equation

Here we define Maurer-Cartan equations for A,-algebras. It corresponds to the equation of
motions in SFT (eq.(5.1)). Consider formally the following exponential map © of ® € H

e®? —1 € C(H) satisfies A(e® —1) = (e? — 1) ® (e® — 1) and such element is called an grouplike
element. If we define

m,(e?) :=m () + ma(P @ P) + m3(PRPRPB) +---

then m(e®) = e®m,(e?) - €®, and m(e®) = 0 is equivalent to m,(e®) = 0, where 1 is defined as
HOM™ @1 ® HO™ = HOMH) for m,n > 0 and m +n > 1. m,(e®) = 0 is called Maurer-Cartan
equation for A-algebras. When an Ay -algebra is DGA, i.e. m3g = myq = --- = 0, its Maurer-
Cartan equation takes the form mi(®) 4+ mo(® ® ®) = 0. It is nothing but the condition of a
flat connection.

%Note that this e® does not belong to C'(#) because 1 € H®°. e® — 1 is then an element of C(#). However
as will be seen it is convenient to include 1 for some formulation.
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Now we explain that any As.-morphisms preserve the solution of two Maurer-Cartan equa-
tions. The fact means that the A,-morphisms preserve the equations of motions for SFTs. Let
(H,m) and (H',m') be two A-algebras and F : (H,m) — (H',m’) be a As-morphism. @' is
constructed from ® as the pushforward of F

' = F,(®) = ifn(cp---q)) . (2.12)
n=1

Direct calculation using eq.(2.5) then yields that F satisfies
Fle®—-1)=¢*-1. (2.13)

To show that F preserves the solutions of Maurer-Cartan equations, it is sufficient to say that
m'(e®) = 0 if m(e®) = 0, which can be immediately shown because

m'(e®) = m'F(e®) = Fm(e®) =0 .

Remark 2.4 In the dual picture of these coalgebras, for ® = e;¢* € H and & = e; ¢’ € H',
define

fe(er---ex) =ejfi ., fl,eC, eieH
and eq.(2.12) can be expressed as

¢ = f]Z ¢ + fjl'lqushqs]l + sz'lj2j3¢J3¢J2¢]l +oee
This can be regarded as a nonlinear coordinate transformation between the two formal noncom-
mutative supermanifolds. This statement is also explained in Appendix A.2. Moreover in this

expression one can easily seen that when the f;f has its inverse, this transformation is locally
diffeomorphism, and the map ® = F,(®) has its inverse.

Remark 2.5 There are gauge transformations which preserve the Maurer-Cartan equations.
Its infinitesimal representation is of the form

50 ® = m,(e®ae®)
where a = e;a’ is a gauge parameter of degree minus one, therefore the degree of o/ is minus
the degree of e; minus one. The fact that this transformation preserves the space of the solution
of the Maurer-Cartan equation can be directly checked as

Sam,(€?) = m, (e?(0,®)e®) = m,(e?m,(e®ae?)e?) = m,(m(e®ae?)) =0 .

In the third equality, the Maurer-Cartan equation m,(e®) = 0 is used. Moreover, if any two Au-
algebras (H,m), (H',m') and an A,-morphism F between them are given, then A,,-morphism
restricted to the spaces of the solutions of the Maurer-Cartan equations is equivariant under
the gauge transformations on both sides. In other words d,®' = F(0,®P) holds on the Maurer-
Cartan equations where o is defined by F as o = F,(e®ae?®) := fi(a)+ fa(a, @)+ f2(®, )+ - -.
This obeys from the condition of the A,-morphism (Def.2.5)

m' F(e®ae®)| ;01 = Fm(e®ae®)| e .

11



The space of Maurer-Cartan equation over this gauge action is considered as the moduli space
in the terminology of deformation theory. The above fact then means that the moduli space is
transformed by A.,-morphisms. In particular, if the A,,-morphism is quasi-isomorphism, the
moduli space is isomorphically transformed by the quasi-isomorphism. This gauge transforma-
tion exactly corresponds to the gauge transformation in SF'T as will be explained in subsection
4.2.

3 Moduli space of Riemann surfaces and BV-formalism

In this section, the relevance of BV-formalism in SF'T will be reviewed. When SF'Ts are con-
trolled by BV-formalism, classical open SFTs[6, 44, 7] have A, -structures and classical closed
SFTs[13, 5] have Ly-structures. These algebraic structure of SFT is summarized in subsection
4.1 and 4.2. We attempt to explain those as simple as possible, and in order to do so we will
transfer various representations for SF'T or A.-algebras to each other. The precise definition
and convention used there are summarized in subsection 4.3.

When constructing SF'T, the sum of the Feynman graphs of the same topology in the sense
of Riemann surfaces must reproduce the correlation function of corresponding Riemann surface
on-shell. The correlation functions in string theory are calculated by integrating out over the
moduli space of Riemann surfaces. Each vertex in SF'T is constructed by integrating out over the
subspace of the moduli space of Riemann surfaces. In order that the Feynman rule reproduces
the correlation function of string theory on-shell, the sum of each Feynman graphs with the
same topology fill all the moduli space of Riemann surface without crevices and without double
covered. As will be seen below, this condition restricts the way of creating the vertices of
SF'T, and produces recursion relations for vertices, which is often called the string factorization
equations[13] (equation (3.8)).

Here we review them briefly in the case of classical open SFT[6, 7]. The argument is similar
for the classical closed SF'T[13, 5].

Let ® € H be a string field. More precisely, ® = e;¢’ where {e;} are the basis of the string
Hilbert space H and {¢'} are the string fields. The aim is constructing an open SFT action of
the following form,

1
S=5+V,  S=5w(Q9), vzgvk, (3.1)

where Sy is the kinetic term, and Vy is the k-point vertex (the term of k powers of string fields
®). w(, ) denotes BPZ-inner product (in CFT). In order for the action S to be consistent for
string theory, the n point amplitude which is calculated by using the Feynman rule with the
action S must reproduce the corresponding n-point correlation function of string theory when
the n external states e;, (n = 1,--- ,n) are physical, i.e. Qle;) =0 7. Here we concentrate to
review for classical open SFT, so the n point amplitude which should be considered is the n

"Here we assume for simplicity that the basis e; are taken so that the subbasis of {e;} span the physical Hilbert
space.
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point tree graph amplitude for open string, and the corresponding correlation function in string
theory is the disk amplitude with n external states on the boundary of the disk. (The arguments
are same for other case like classical and quantum closed SFT[5], quantum open-closed SFT[6]).

Let M, be the compactified moduli space of disk with n punctures. The dimension of M,,
is dimM,, = n —3. Suppose that the vertices are now constructed, and consider the n point tree
amplitude. It consists of the sum of every Feynman graph of n point tree graphs. Here n point
tree graphs are the graphs which are produced by connecting the vertices with the propagators
and the topology of which are n point tree graph of open strings. As has been explained briefly,
in order for the vertices to be made consistently, the sum of this Feynman graphs must reproduce
the single-covered moduli space M,

My =MSUMLUMEU--- (3.2)

where M. denotes the subspace of the moduli space M,, which corresponds to the Feynman
graphs with I propagators. Now the tree graphs are considered, therefore the number of the
vertices of the n point tree Feynman graphs with I propagators is I 4+ 1. Because

I+1
n= Z U, — 21 (3.3)

m=1
where v,;, > 3 are the numbers of the external legs of the vertices, --- in eq.(3.2) does not

continue infinitely.

Figure 1: Consider for example the diagram of the string interaction as Fig.(a). We represent
such diagrams as Fig.(b). The dashed lines denote the propagators. Here the vertices are labeled
by 1---5. The numbers of legs for the vertices are vy = 3, vo = 4, v3 =5, v4 = 3, v5 = 5. The
number of the propagators equal I = 4. The graph has twelve external legs, and eq.(3.3) holds
because 12=3+4+5+4+34+5—2-4.

Let us consider to construct the vertices inductively and suppose that the vertices Vj with

3 <k <n—1 are constructed in the following form
1 1
Veim g [ @al®)e [0 = L0l12) - 2 (3.4)
MO
k
Here 2 denotes the volume form on the Moduli space My. A point on M} characterizes a
conformal structure of the disk with £ punctures at its boundary. The k boundary insertions
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are symmetrized cyclic, i.e. (Q[1.., = (Q|2...41. Thus, when e;,--- ,e; are physical states,
(Q1...kl€i )1 - |ei,)r on a point on My, is the correlation function of the k-point disk with
corresponding conformal structure, and [ M, (2liklei )1 - [ei ) gives the on-shell S-matrix
element. By construction, the dimension which the vertex V}, has is dimMg =k—-3fork <n—1.
Besides, Mi is the moduli space reproduced by vertices V,,, -+ ,V,;,, and I propagators. The
vertex V,,, has its dimension of moduli v, —3 and the propagator has the dimension one, which
is the parameter of the length of the evolution of the open string Ry (see Fig.5.(a)). Therefore,
the dimension of ML is (v; —=3) + -+ (vyp1 = 3) + I = (k+2[ =3I +1)+1 =k -3
because k + 21 = 27171+:11 Um. Note that the dimension of Mé is independent of the number of
the propagators I. Thus, the moduli space is decomposed consistently as eq.(3.2) for k < n — 1.
Here we want to determine the decomposition of the moduli space M,, as in eq.(3.2) in order to
construct the vertex V,,. M,, is of course given, because it is determined only from the Riemann
surface. Alternatively, for I > 1 M. are determined by the induction hypothesis, that is, they
are determined by the vertices Vj with &k < n — 1 and the propagators. Thus one gets M? and
consequently V,, of the form in eq.(3.4).

Next, it will be explained that the SF'T action S = Sy + V of which vertices are constructed
as above in eq.(3.4) satisfies the classical master equation (3.11). Let us consider the infinites-
imal variation of the decomposition of Riemann surfaces. More precisely consider to take the
boundary of each ML, and denote the operation as 0, and write the integral of 2(Q||®) - |®)
over M, as

1 1 1
WL e =1 [ e e [ @l 89)

n
Taking its boundary yields

1 6(vk1) _(sz)
0=0Va)+ Y 5 | TWh) —00k,) |+ o)+ (3.6)
(

k1+ko= k1+ko+kz=n+4
2 N+ (Vi )O(—) (Viy) AN

The first equality in the above equation follows from the fact that the left hand side of the
equation (3.5) does not depend on the way of the decomposition of M,,, i.e. 9IM,, = 0. This
equation exists for n > 3, and the constraint for n = 3,4 read

n=3 : 0=0V;, n=4:0=0V,+V39(—)Vs . (3.7)

The first equation (n = 3) means M3 has no moduli (a point). As will be clear later, the
vertex Vi1 corresponds to the Ao-structure my (eq.(4.2) or eq.(4.16)), and the first equation
and the second equation corresponds to the second equation and the third equation in eq.(2.7),
respectively. The equation (3.6) is, in fact, equivalent to

D=0+ Y S (33

ki1+ko=n+2
k1,k2>3
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which is the first term and one of the second term on the right hand side of the identity(3.6).

The reason why these are equivalent is that the other parts of eq.(3.6) cancel by induction.

For example, 0(Vy,) —(Vk,) in the second term cancels with one of the third term (---) of

the form Y pii=k,+2 (Ve)0(—)V1)) —(Vk,). The recursion equation (3.8) is called the string
k>3

factorization eéu?ztion[li%].

Finally we will rewrite the string factorization equation (3.8) in BV-formalism. The (Vj,)9(—)(Vk,)
means sewing up these vertices with the shortest propagator length, where the corresponding
moduli is a subspace of the boundary of M’ which is common with the boundary of M2. This
sewing J(—) is given by the inverse reflection operator |w), and as will be clarified later in

o=
subsection 4.3, |w) is equivalent to the BV-bracket %w”% = (, ). This leads
(Ve)o(—) (V) =V, Ewijzv = Ve, V) (3.9)
k 0=Vega gt = Vel .

On the other hands, after some calculation in conformal field theory one obtains[5, 7]
20V, = 2/ QD) -+ |B) = 2(So, V) . (3.10)
oM

Rewriting eq.(3.8) with (3.9) and (3.10) for n > 3 and summing up these, we obtain the classical
BV-master equation
(S,5)=0. (3.11)

The precise definitions for the notation used here are summarized in subsection 4.3. After
preparing those and other identities the recursion relation (3.8) is derived again explicitly in
Appendix B.1. One explicit example of constructing SFT in this procedure will be given in
section 6.

4 A -structure and BV-formalism

Continuing the argument in the previous section, the relation between an A.-structure and
BV-formalism will be discussed for classical open SFT. In subsection 4.1, it is explained that the
SFT constructed above, which satisfies the BV-master equation (3.11), has an As-structure.
In subsection 4.2, the BV-gauge transformations for the SFTs are identified with the gauge
transformation for the Maurer-Cartan equations for A.-algebras. Finally in subsection 4.3, the
notation and definitions, including those which are used implicitly in the previous section and
this section, are summarized. The relation between the operator language of SFT, A -language,
and its dual representation is clarified and their graphical representation is also presented.

4.1 A-structure in SFT

Represent the string state as |®) = |e;)¢’ where {e;} is the basis of the string Hilbert space
H and ¢' are its coordinate whose degree is minus the degree of e;, and take a component
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representation of the above constructed SF'T action as

1 ; ; 1 , .

Vk - E<Vk||ei1¢“> U |eik¢Zk> = %viy--ikd)lk U ¢Z1
1 1 o (4.1)

Ew((ﬁ,Q(I)) = §Vi1i2¢”¢“ .
Moreover we define for k > 2, .
Cflzk = (—l)elwﬂvlil...ik . (4.2)
On the other hand, the BV-BRST transformation is defined as

6={(,9). (4.3)

With this ¢, the classical master equation (3.11) is written as S = 0 and by using the Jacobi
identity of the BV-bracket, 6% = (,£(S, S)) is satisfied. These facts read that the following three
statements are equivalent : the action S satisfies the BV-master equation (3.11), the action S
is invariant under the BV-BRST transformation (4.3), and the BV-BRST transformation § is
nilpotent.

When the action is written with {cgllk} defined in eq.(4.2), the BV-BRST transformation
becomes

=9 i i
52(75)22875]-0{1...%&---@51. (4.4)
k=1

Because S satisfies the BV-master equation(3.11), this ¢ is nilpotent, and the fact means that
{c

lek} define an A.-algebra in the dual picture as explained in (Rem.2.1). Note however that
the {0171%} does not only define an A..-structure but has the cyclic structure by lowering the
upper index by the symplectic structure w;;. The algebraic structure of classical open SFT is the
Aso-structure with cyclic symmetry through an appropriate inner product, where the symplectic

structure of BV-formalism plays the role of the inner product.

4.2 BV-gauge transformation

The BV-BRST transformation for ® is 6@ = Y, ., my(®) = m.(e®). The corresponding gauge
transformation is then written as
5o ® = m, (e?ae?®)

(4.5)
= QOK + mZ(aa q)) + m?(q)va) + m3(a7q)7q)) +m3((1>,a, q)) + m3(q)a q)aa) +e

where a = e;a’ is a gauge parameter of degree minus one, therefore the degree of o/ is minus the
degree of e; minus one. This is exactly the gauge transformation for Maurer-Cartan equations
given by (Rem.2.5). Therefore if any two SFT action with A, -structures and an A,,-morphism
between them are given, the gauge transformations eq.(4.5) on both sides are compatible with the
Aoso-morphism in the solution spaces of the Maurer-Cartan equations. The gauge transformation

o
is written as 0,® = m*(e‘b)a%ioﬂ, and in the language of the component fields, it is

x© 95 . 5
5a = Za—dﬂcz1zk (qslk "'QS“ 8¢iaz> :

k=1

16



=
33”' o' leads 0,5 = 0 8. Thus the gauge
transformation for A.c-algebras fit the standard argument of BV-formalism[38, 39]. Moreover,
<_
Fl 0

0= Wk]a—qu(s, S)a—(ﬁla

The action is invariant under this d, because 0 = (S, .5)

d 95— (4.6)

indicates that the generator of the gauge transformation is degenerate and the rank of the
Hessian for the quadratic part of the action Sy is less than half of the number of the basis {e;}
on the space {¢|% = 0}, though the number of the basis is infinity. The origin ¢ = 0 is also
the solution for {¢|g—g = 0}, and in SFT case eq.(4.6) at the origin is nothing but the condition
(Q)? = 0. When the ratio of the rank of the Hessian over the number of the basis is just half,
the action is called proper. SFT is just the case. The Hessian at the origin is V; ;, in eq.(4.1),
which is determined by Q). (The reducibility of the gauge group of SF'T action then comes from
the Virasoro symmetry of ().) The above arguments lead that the rank of the Hessian is equal
to the rank of unphysical states H" which generate the gauge transformations. It is much larger
than the rank of physical states #?, which is the cohomology class with respect to Q. Let H'
be Q-trivial states then H = H! U H* U HP and rank H" = rank H’. From these it can be seen
that actually rank {V;;, }/rank # = }. and SFT actions are proper at the origin of .

Though SFT is treated in the context of the BV-formalism, the use is different from that
in the original context of BV-formalism[37, 38, 39], where beginning with the gauge invariant
action which does not include antifields, the terms including antifields are added to the original
action so that the action satisfies the master equation and is proper. Restricting the antifields to
zero recovers the original action, where the rank of the Hessian is less than the rank of the fields.
We call it the trivial gauge. The gauge fixing is then performed by shifting the trivial gauge and
restricting the antifields so that the rank of the Hessian is equal to the rank of the fields, i.e. half
of the rank of the total space including antifields (4 in SFT). In SFT, however, the antifields
are originally included in the quadratic term Sy and BV-master equation is used in order to
determine the form of higher vertices. Therefore the trivial gauge fixing can be consistent gauge
fixing in SFT. Actually the quadratic term Sy reads that the rank of the Hessian of the gauge
fixed quadratic part ~ %rank ‘H at least as perturbation theory around the origin ¢ = 0. This
trivial gauge is called Siegel gauge in SFT and used in more explicit arguments in subsection 5.2
and section 6.

Coming back to the property of the gauge transformation, we mention two remarks about
it. The gauge transformation makes Lie algebra on-shell. In the case of classical closed SFT
(Loo-algebra), the fact can be found in [5]. Moreover, if two classical open SFT and the Ay-
morphism between them are given, the gauge transformations on both SF'T's are compatible with
the Ao-morphism on-shell, where on-shell means the solution of the Maurer-Cartan equations.
This fact follows from (Rem.2.5).

8It holds even if the Poisson structure w® is non-constant. It follows from the Jacobi identity of w® and
0=((S,S),p'wija’) (See comments in cyclic algebra with BV-Poisson structure in the next subsection).
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4.3 Operator language, A, -algebra, its dual, and their graphical representa-
tion

In this subsection some notation used before and later is summarized. We identify the operator
language and the coalgebraic representation as

|ei1>1 |ezn>n =€, ® --®e; .

This leads, for instance, |®); --- |®), = |e;, )1 ---|€, )nd™ - - - 'L

o Symplectic form and Poisson structure

First, a (constant) symplectic structure w : H ® H — C induced from the BPZ-inner product
is defined. In the operator language, the symplectic structure is defined as

w(e;, e;) = (wlizlei)1le;)z -

Here the (w|12 is the reflection operator, which denotes the sewing of the state | ), at the origin
of the upper half plane with the state | )1 at infinity on it. Define the property of the exchanging
the labels for kets as

(wl21 = —(wha »
and then (wloi|ej)zle)1 = (—1)%% (wlo1]ei)ilej)2 = —(—1)%% (w|iz]e;)1]ej)2. The symplectic
structure is translated into its component expression as
(wlizlei)1lej)2 = wij ,
and the above calculation reads
wji = —(=1)" S wij .

Thus w determines a graded symplectic structure. w;; is by definition constant on H, i.e. it
is independent of {¢}. Now w;; # 0 iff the degree of e; plus the degree of e; is equal to one.
Therefore one always gets (—1)®% =1 and then wj; = —w;;. Moreover in this reason the degree
of (w|i2 is minus one so that the degree of w;; € C has degree zero.

The inverse reflector is defined as the inverse of |w)i9

(wli2|w)2z =311 , (4.7)

where 31; denotes the identity operator which maps from | ); to | }3. The degree of |w);5 is plus
one. Expand it as

|w)as = |ej)2ler)sw’™ (—1)% (4.8)

and eq.(4.7) is rewritten as 31, = (w|i2]ej)2]er)sw’®(=1)% = |ex)s(w|i2|e;)ow®(—1)%. We
then define the dual state as

(€"[1 := (w]izlej)ow’™ (—1)% . (4.9)

By definition, the degree of (€”|; is minus the degree of ej. The equation (4.7) is then expressed
as 317 = |ex)3(e|;. The dual states must have the following inner product

(e¥[1]ei)1 = o . (4.10)
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This gives a condition for w/* in eq.(4.9), which is

wijwjk = 5f = wkjwji . (4.11)

Moreover this identity leads

Wkl = —(=1)%% @ik = —ik (= —(—1)(ei TNtk ) (4.12)

Using this, one can see from (4.8) that the inverse reflector is symmetric with respect to the
labels for bras

|w)az = |w)z2
and the dual state (4.9) is rewritten as
(ef|) := wkj(w|01|ej)0 . (4.13)
The complete set of 1 is then defined by this dual state as
1= |e;)(e’] . (4.14)

The equations (4.11) and (4.12) indicate that w%/, the inverse of the symplectic structure Wij,
gives a Poisson structure. Explicitly

9 .7

8¢iwzjw =:(,)

is the BV-Poisson bracket. This gives the identification of the inverse reflection operator |w)a3
and the BV-bracket assumed in eq.(3.9). Its compatibility with the string vertices will be checked
after introducing the vertices in cyclic algebra with BV-Poisson structure.

The symplectic structure is also expanded with the dual basis as

(wli2 = wij(e![2(e"]r -

Note that the dual state (4.13) and the inner product (4.10) can be regarded as those used in
Appendix A.1.

e String vertex and A -structure

The vertex with the operator representation and its component representation were related
in eq.(4.1) as

<Vk+1||‘1)> - |(I)> — <Vk+1||ei1> - |eik+1>¢ik+l .. .¢i1 _ Vi1~~~ik+1¢ik+l - ¢i1 ,

where the indices which label the bras and kets are omitted. On the other hand, the A-
structures in both representations were related by eq.(2.8) as

mk(ei17 T 7eik) = ejcgl...ik )

and this {czllk} and {Vj,..;,, } were connected to the component representation by eq.(4.2) as

= (=1)%w Wy, (4.15)

i1k
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The corresponding one in the operator representation is
(Veta[|@) - -+ @) = (wha|®)1[mp (D, - -, )2 (4.16)
for kK > 1 °. Actually, by using eq.(4.15), this identity can be checked
w(®,mi(®)) = wle;, ¢, mi(ei ™, - e, ¢'*+1))
= ¢“w(ei1,ejc{2...ik+l)¢i’““ g
= (—1)®1 wz-ljcfz...mlqﬁ"’“*l gt g
= Vi B8 @ = (Vi || @) - - | D)

where mg(®) := mg(®,--- ,®). Thus the action can be rewritten in this form,
1 1
= —w(®,QP —w(P D)) . 4.1

On the other hand, one can define my by (Vi1| and the inverse reflector |w) as follows

[mp(@, -, @))o = (Virtlrks1]w)or[®@)2 -+ [@)pr1 - (4.18)

In fact, the coefficient for e; - ¢ - - - " reproduces eq.(4.15), and acting (w|qo|®), on both sides
of the eq.(4.18) from left reproduces eq.(4.16) using the identity (4.7).

e cyclic algebra with BV-Poisson structure

The vertices %Vil...ikd)ik - @™ is cyclic, i.e.

1 i ; dede e 1 i1 4 i
%vulk(ﬁk e d)“ = (_1)(Elk+ Feinen Evlllk¢ 1¢Zk e d) ?
1 o .
= Vg9 ¢ - 47

This cyclic symmetry is the consequence of the property of trace in the terminology of [2]. The
BV-bracket of two cyclic vertices are then rewritten as the sewing of the vertices

1 5 .31
Ev““c ¢’th e ¢Z1 6¢Z wl]wjvjl"'jl¢]l e ¢]1
i 5 .31

1
%(Vk|1---k|q)>1 e |@>k8¢iw wj(vﬂl’---l’m)h’ e | @Yy

= (Vil1.k|®)1 - |(1>>k_1|ei)kwij(—1)ej Vilyr.r |ej>1/ |D)or - - - | D)y
= (V|1 Vil lw)iar ()™

where k + [ = n + 2. This gives the explicit calculation in eq.(3.9). Here (|®))™ are inserted on

the boundary of the disk S', so the last line of the above equation is also cyclic and the cyclic
vertices close as a Lie algebra with respect to Lie bracket (, ). In component language it is of

the form
1 ) ) )
Velrk Vil |wder (12))" = — ((Vilrk Vil lw)irlei) - lei,) + eyclic) ¢ - - ¢
The coefficient for ¢'*+1 .- ¢' reads (Viyillei, ) - |ei,r) = (=11 (wliales, )1|mi(eiy, - ei ;).
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where cyclic means |e;,) - - |e;, ) is moved cyclic with appropriate sign and each term is summed
up. Using this we can also rewrite the recursion relation directly and arrive at the condition for
the As-structure(2.6). Furthermore if we define the free tensor algebra of this cyclic algebra, the
BV-bracket (, ) then defines a Poisson structure on the free tensor algebra. We can also extend
the BV-Poisson structure w® non-constant as the Poisson structure on a formal noncommutative
supermanifold. However in the present paper we discuss mainly in the case that w* is constant,
so we want to report the issue separately elsewhere. Some related concepts are found in [46].
Note that (Vj| is written as

<Vk| = (Vk||ei1><eil| e |eik><eik| = Vuzk (eik| e <ei1| )

which is the same form as V;,..;, ¢% ---¢". Thus the coordinates of the states and the dual
o
BYD

states are identified as a vector space (Appendix A.1). Similarly can be identified with e;.
e other algebraic relations used later
In addition to the BRST charge @, in section 5 the propagator Q@ which has degree minus one
is introduced. Here the algebraic properties of these operators together with w are summarized.

We impose the propagator satisfies the following relation

@)’ =0, QQQT=Q". (4.19)
From the properties of the BPZ-inner product, Q and Q" operate on (w| and |w) as

(Wh2Q® = (1@, (w12(@1)P = (wha(@NM, (@) Pwhi2 = (@) V]w)r2
(4.20)
where the indices () or (@) denote the bras or kets where the operators act on. The justification
for these relations are clarified in subsection 5.2.

By employing the property of @) acting on (w| (4.20), here the orthogonal decomposition
of the inner product w is examined. Let us define the Hodge-Kodaira decomposition of string
Hilbert space H as

QE"+Q“Q+PP =1, (4.21)

where degree minus one operator Q“ is defined so that QQ", Q@ and PP are the projections
onto (Q-trivial states, unphysical states and physical states, respectively. Here define the space
of physical states as

HP .= PPH . (4.22)

Similarly define the projections onto Q-trivial states and unphysical states as QQ" = P! and
QR"Q = P" and express the decomposition of H as

H = P'H, H":=P'H, H=H UH UHP .

There are ambiguities of the choice of Q“. Q-trivial states H! is unique but #? is unique up to
the Q-trivial states 7!, and unphysical states H" is unique up to Q-trivial and physical states
H! U HP. Consider the inner product

Wij = w(ei,ej) .
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From the first equation in (4.20), we can see the following properties without fixing the ambi-
guities : when e; € H? then w;j = 0 for e; € H! U HP, when e; € H! U HP then w;j = 0 for
e; € H!. If we denote the block element of matrix {wi;j} where e; € H" and e; € HP as wyy
and similar for other eight block elements, matrix {w;;} is represented as the left hand side of
eq.(4.23). This implies that by basis transformation corresponding to the ambiguity in Q“ the
inner product w is decomposed as the right hand side

Wyy Wup Wyt Wy Wup Wyt 0 0 wut
{wij} = | wpu wpp wpr | = | wpu wpp 0O — | 0 wy O . (4.23)
Wty  Wip Wit Wty 0 0 Wty 0 0

These orthogonal decomposition of the inner product will be used in subsection 5.3 when on-
shell reduction of SFT is discussed. In closed string case the explicit orthogonal decomposition
for string states is given in Appendix of [15].

e Graphical representation

Here give some graphical representations for those defined above. It is helpful to realize
intuitively, and used in subsection 5.3 to simplify the arguments when using the Feynman graphs
of SFT.

Express (w| and |w) as o—C and Do, respectively. Moreover, vertices and the Ay-structure
are expressed as follows

Vil =

In coalgebras or the operator representation, the operators act from left and accumulated on
left. According to this order, we define the order of the operation for these graphs from right to
left. The relations between the cyclic vertices and the A,-structure are then represented as

Imi)1 = (Vitila|w)ia Vetili = (Virtlo(wlhalw)ay = (wlizlme( -5 )2

o il e adly . (1) i1y el
CZI"'ik - (_l)ele vlil---ik Vll"'ZkJrl - wlljw] Vll2"'lk+1 - ( 1) le“lciz"'ik+1

where in the second equality in the right hand side, the identity (4.7) is written as

(W].g|w)q. =-1. o—(
_ <~ = _
wijwjk = 5;9 .

Note that (w| and |w) correspond to lowering and raising indices with w;; and w* in their
component language, and which correspond to reversing the outgoing lines in these graphs.
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5 A, -morphism and field transformation

For classical open SFT, an A,,-morphism corresponds to a field transformation and the Maurer-
Cartan equation is the equation of motion of SFT. It has been explained in section 2.3 that
Aoo-morphisms preserve the Maurer-Cartan equations for A-algebras. This means that if an
Aoo-morphism is given, we get a field transformation which preserves the equation of motion.
Generally when two Aso-algebras are given, it is difficult to construct an A.,-morphism between
them. However it is known that any A..-algebras (with nonvanishing m;) have a canonical
Axo-quasi-isomorphism[22, 23, 25] between the original A-algebra and another canonical Aqo-
algebra. The Ay-quasi-isomorphism can be constructed in a canonical way in terms of Feynman
graphs|[25], and it fits for SFT very much. Here will explain the way of constructing the canonical
Aso-quasi-isomorphism in terms of the Feynman graphs in subsection 5.1, clarify the identifi-
cation between the Feynman graphs and that in SFTs in subsection 5.2. The arguments in
subsection 5.1 is then applied to SFT in subsection 5.3 and we show that the canonical A.-
algebra is nothing but the on-shell S-matrix elements (Lem.5.1). From this result it is shown in
(Thm.5.1) that every SFT constructed as explained in section 3 are quasi-isomorphic, and the
quasi-isomorphism between those can be constructed in subsection 5.4. All the arguments are
applicable also for classical closed SFT i.e. Ly-algebras.

5.1 The minimal model theorem

Let (H, m) be an A-algebra with m; # 0. As mentioned above, for any (H,m), a canonical A.-
quasi-isomorphism FP from another canonical A-algebra (HP,@P) to the A.-algebra (H,m)
exists[25]. This is called minimal model theorem °.

Here we construct the Aoo-morphism {f7} and Ax-structure {7k} with k& > 2 naturally as
the problem of finding the solutions for the equation of motion (Maurer-Cartan equation) for
SFT, and prove that the (H?,@?) and F are indeed an Ay-algebra and a quasi-isomorphism,
respectively ''. The procedure of finding the solution is quite natural and standard, and so
similar procedures can be found in various problems. The procedure also relates to the way of
finding some classical solutions in closed SFT [47, 48] (see the next subsection) or constructing
the tachyon potential[49] (see tachyon condensation in Discussions).

Counsider solving the equation of motion for classical open SFT,
> mi(®) =0 (5.1)
E>1

with m; = Q. For @ the coboundary operator of complex (H,Q), we give the analogue of the
Hodge-Kodaira decomposition

QRT+QTQ+P=1. (5.2)

In this section for simplicity we assume this identity gives just the the Hodge-Kodaira decom-
position of #, that is, Q@ is the adjoint of @ and P is the projection onto the harmonic form

10This naming has nothing to do with minimal model in the context of two-dimensional field theory directly.
"'This explanation of the minimal model theorem from the problem of finding the solutions for the Maurer-
Cartan equation is motivated in the lecture by K. Fukaya at Inst. of Tech. in Tokyo in December, 2000.
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(KerQ) N (KerQ™'). QT can be regarded as the propagator for the SFT action and also plays
the role of the gauge fixing. P is related to the projection onto the physical states in SFT, so we
denote HP := PH in this subsection. These will be clarified in the next subsection, where the
condition that QQ1, QTQ, and P are projections must be relaxed '2. Actually, the condition
can be relaxed later in and after (Def.5.1) and only the identity (5.2) between @, Q" and P will
be required.

Since the solutions for eq.(5.1) are preserved under the gauge transformation §,® = Q(«) +
ma(a, ®) + mo(®,a) + ---, we will find the gauge fixed solutions Q*® = 0. Here we assume
that ® is sufficiently ‘small’, then the solution is almost the solution of Q(®) = 0. Express ® as
® = OP 4 &% where ®P € HP and &% € QTQH. As will be explained below, ®“ can be solved
recursively with the power of ®”. Because here we regard that ®F is ‘small’, one can define a
degree by the power of ®F. Substituting ® = ®P + ®“ in e.o.m (5.1) leads

QDY)+ mi(PF + @) =0, (5.3)
k>2

and acting Q™ to both sides of this equation yields

==Y QP my (B + ") . (5.4)
E>2

Here we get the ®" recursively by eq.(5.4). However not all ® = ®P + &* expressed in terms of
P give the solution of eq.(5.1) because eq.(5.4) is derived from Q* acting eq.(5.1). In order to
find ®“ which is the solution of eq.(5.1), we substitute eq.(5.4) to e.0.m(5.1) once again,

0= Q& + &%) + Y my(®)

k>2
=(Q'Q+P —1) mi(®) + > my(®) (5.5)
k>2 k>2
=QQY mi(®) + > Pmy(®)
k>2 k>2

and we can get a condition (obstruction) for ®P. The first term in the third line of eq.(5.5)
vanishes due to e.0.m(5.1) because Q) ;<o mi(P) = —QQ(P) = 0, and the condition for ®P is
derived as -
> Pmy (@ + @) =0. (5.6)
E>2
The above ®“ can be represented recursively in terms of ®? by eq.(5.4). This equation can be
regarded as the Maurer-Cartan equation on HP.
The equation (5.4) can be regarded as a nonlinear map from H? to 7. Here we want to
distinct the element of H? with that of 7, so we rewrite ®” € HP as ®P € HP. If we write the
map defined by eq.(5.4) recursively as

 := fI(®F) + f}(DP, BP) + fF(PF, 8P, DP) + - - (5.7)

12Tn addition we change the definition of H? after this section from H? := PH to HP = PPH where PP is
defined as the precise projection onto physical states.
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with fP the identity map (inclusion map), flp (®P) is given by connecting tree graphs corre-
sponding to {—QTmg(---)} with all possible combination, summing up these, and picking up
the term involving I powers of ®” (see (Def.5.1) below). Alternatively eq.(5.6) is also expressed
as an equation for ®7. It is obtained by substituting eq.(5.4) or eq.(5.7) into eq.(5.6). Let us
define 7} (®P),1 > 2 as the term involving [ powers of ®” in eq.(5.6). In other words we define
them so that eq.(5.6) is rewritten as

PECACHEE (5.8)

Each m} (®P) for [ > 2 is then given in the same way as flp but replacing —Q" on the last
outgoing line by P. Here denote the structure {r} };>2 as mP. The equation (5.8) is regarded
as the Maurer-Cartan equation on (H?, m?). Note that as will be proven, the m? defines an A-
structure on H? and the nonlinear map (5.7) defines the A, -quasi-isomorphism from (HP, mP)
to (#,m). Thus the canonical A-algebra (HP,mP) and the Ay-quasi-isomorphism FP can
be defined naturally in the problem of solving the Maurer-Cartan equations (the problem of
constructing Kuranishi map in mathematical language, see (Rem.5.4)). From SFT point of
view the above result means that if the expectation value of physical states which satisfies
the Maurer-Cartan equation (5.8) is given, the solution of e.o.m for SFT (5.1) is obtained by
the Ao-quasi-isomorphism (5.7). This statement will be explained more precisely in the next
subsection.

Mention that as can be seen from eq.(5.5) if we begin with ® € H with Q® # 0 instead
of ®7, the Maurer-Cartan equation (5.8) may be corrected by adding the term 7, (®) with
my :=mp = Q. This case is also considered later (see (Rem.5.1)).

Here summarize the definition of the A..-structure and the A,,-morphism derived above.

Definition 5.1 Let (H,m) be an A, -algebra and assume that we have degree minus one op-
erator QT and degree zero operator P which satisfies QQT + QTQ + P = 1 on H. Then
another A..-algebra (HP,mP) with HP := PH and an A,-morphism from (H?,mP) to (H,m)
are constructed. We define those with the following three equivalent expressions :

o P = {mf}i>o is given by eq.(5.6) and eq.(5.8) :
(0=) Y Prm(d + &%) = Y infy(#7) ,
k>2 k>2
together with eq.(5.4): &% = —2@2 Qtmy (P + ®*) and the As-morphism FP =
{fg}kzg is defined by eq.(5.4) :

=0+ " =" - > QT my (2 + ")
k>2
B @) 58+

e { f,f } are defined recursively as

R =-Q* > malf (), fl, g, (B0, FE oy, (8P)

lgkl <ko--<k;=k
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with fP(®P) = ®P. {ml},>o are then defined as
1 kSk>

M) = > Pmi(fL(®), fh _ (F), e FE_, (BP)) .
1<k1<ka--<k;=k

. flp (®P) is given by connecting tree graphs {—Q my(---)} with all possible combination,
summing up these, and picking up the term involving [ powers of ®P. m{’ (®P) is defined
in the same way as m{’ but replacing —Q™ on the last outgoing line by P.

Let G be the set of the graphs with [ incoming states and an element in it as I'; € Gj.
For each I'; associate the operator m{il, which is defined by attaching my to each vertex
with k& incoming legs and one outgoing legs, attaching —Q™ to each internal edges, and
connecting them (see (Fig.2)). The derived Aqo-structure and A,,-quasi-isomorphism are
then given as

my =Py wf, fl=-Q" > @l . (5.9)
Ieq, Ieq,
Note that once getting 7} (®P) and fF(®P), then m? (e}, --- ,e?) and fP(ef,--- ,eb) are imme-

diately obtained by reading the coefficient of ¢ - -- ¢!, where e?,i =1,k are the basis of H?
and ®P = el'¢’.

The explicit example is given in (Fig.2). In the order of the graphs in (Fig.2),

il (or ff) =

VNN
Ao
A

FON
SN

Figure 2: For example m} and ff are given. The large dots represent the vertices {my}. The
dashed lines denote the propagators and we attach —Q" on them. The dotted line on each
g~raph indicates the outgoing external line. We attach P for m} and —Q% for ff. For mf and
/7, all such graphs with four incoming external states are summed up with weight +1.
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7egae§7e£) + ng(—Q""mg(eIf,eg) egan)

+ Pmg(e], —Q ma(eh, eb),el) + Pms(el, e, —QTma (e}, €e}))
( ms (e, eh, eb), el) + Pma(el, —Q ms(eh, ef, ef))
(—QTma(—Q T ma(e, eb), e}), ef)

+ Pma (e, —QTma(—Qma(e}, €}), ef))

+ Pmay(—Q ma(ef, €3), —Q ma(ef, ef))

+ Prmg(—QF ma(el, — Q+m2(e2,e3)),e§f)
( D))

and f? is obtained similarly but replaced each P on the outgoing line to —Q+.

Remark 5.1 Though an A-algebra (H?, m?) and an A,,-quasi-isomorphism F have been given
here, we can get another A.-algebra. It is obtained by replacing the HP of (HP,mP) to H. We
denote this As-algebra by (#,m) or simply H. The Au-structure m is that of (H?,@mP), but
it has m; = m; = Q. (This 7y vanishes trivially on H? so the Ay-structure of (HP, mP) is
WP = {1} }r>2.) Thus the Ao -algebra (H,m) is defined by (Def.5.1) but relaxing the restriction
PP c HP as @ € H. F = FP = {fF =1d, f,f(k > 2)} then defines the A..-quasi-isomorphism
from (H,m) to (H,m) 3. Note that this is not only an A,.-quasi-isomorphism but also an
Aoo-isomorphism. The following diagram is obtained

(H, ) d (H,m)
Pl T L /
(HP, )

where ¢ : H? — # is the inclusion map. Explicitly @? and FP are given by m? = Potio.
and FP = F o1. We will consider these two A.-algebras (P, mP) and (#,#) later when an
Axo-algebra (H, m) will be given. (HP, mP) is used when a SFT is reduced to its on-shell physics
in subsection 5.3, and (#,m) is considered when the F is used as a field redefinition between
two SFTs in subsection 5.4 and section 6.

Remark 5.2 Both A,.-quasi-isomorphism F? : (HP, @) — (H,m) and F : (%, ™) — (H,m)
have their inverse A.-quasi-isomorphisms. An quasi-inverse (F?)~' : (H,m) — (HP,@P) is
given simply by the projection P

(FP); s H — HP
d — O =Po.

The inverse (F)~' : (H,m) — (H, ™) is obtained by

(At H — H
> d=0- f(D)
13Using them an explicit proof of (Rem.5.4) was presented by M. Akaho at topology seminar in Univ. of Tokyo
in July, 2001.
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where ® = ® + f(®) = & — Q* Y, ., my(®). This (F); ! restricted to the solutions for the
Maurer-Cartan equations is nothing but the Kuranishi map.

Remark 5.3 (Geometric realization) The A, o-structures m and m on H are expressed as
o
5 . . .
AP+ 30, a¢] g @ - ¢ and 0= 207 Ci P+ 302, a¢JCZ1 lk(ﬁ’“---qﬁ“ in the dual

plcture. The leading coefficients of both formal vector fields are identical cl7 = E'Z , because
my = my = Q. The Ay-quasi-isomorphism F gives the coordinate transformation F, on H.
Now by the definition of m, ejégl"'ik € HP for k > 2 (and ejég € H'). Thus the.Aoo—quasi—

iy for k > 2 satisfies ejégl___ik € HP.
Then the Ay -structure m on H can be reduced to the one on HP. Namely, the minimal model

isomorphism F is constructed so that the coefficients ézl

theorem says geometrically that for any graded vector space H with a formal vector field § which
satisﬁes (5 (5 = 0, there exists a formal coordinate transformation .7:"* so that the vector field

Y oheo 3¢J “ lk(ﬁk .-+ @™ is along the H? direction.

In the rest of this subsection, we shall give a proof that (HP,mP) and (H,m) are in fact
Ano-algebras and F®) (by F) we denote F or FP) is an A-morphism. The fact that (H?, @)
is an Ay-algebra and F? is an A,-quasi-isomorphism between (H?, @P) to (H,m) immediately
follows from the fact that (H,m) is an A-algebra and F is an Aso-quasi-isomorphism between
(H,m) to (H,m). The former is obtained by restricting the H of (H,m) to HP in the latter case.
Therefore we will prove the latter fact. In order to see this, it is enough to confirm the following
two fact : mF = Fm and ()2 = 0 on H. We begin with a proof for the first statement. As
has been seen in subsection 2.3, because F is the coalgebra homomorphism, F (e -1)=¢e®-1
holds. Then mF(e®) = 3,5, mg(®) + --- for --- € HE22 3, my(P) can be rewritten
similarly as eq.(5.5), but now we consider generally when Y k>t my(®) is not zero, and the
rewriting leads the following equation, -

ka ka Q+szk . (5.10)

k>1 k>1 k>2

We can show from now that this equation is in fact the H®' part of the equation mF (e‘i’) =
Fin(e®). Note that it is sufficient for the condition mF = Ft (by an inductive argument). By
utilizing the A-condition for m, the second term on the right hand side of eq.(5.10) becomes

QTm1 Y mi(®@) =-QT > | m(e® > my(®)e”

k>2 1>2 k>1

HE!

where |3e1 means picking up the H®! part from C(#). Thus one gets the following recursive
formula, i
m.(e®) = (e?) — QT Y (my(e®m.(e)e®)|3e1) - (5.11)
1>2
Since @ is represented in the expansion of the power of @, the above equation is satisfied
separately in the homogeneous degree of $. Here we argue inductively and suppose that (m]:" —
Fin)e®|01 = 0 is satisfied at degree (@) with 1 < k < n — 1. Then consider the (®)" parts of
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this equation. The left hand side m,(e®) involves n powers of ®, however the m,(e®) has (®)*

with k& < n — 1 because the summention for [ begins at [ = 2. By the induction hypothesis,
e?m,(e®)e?®

when restricted to (®)" part as

in the second term on the right hand side of the equation (5.11) can be rewritten

eém*(eq))eﬂ?{@lz%(@)n =mF(e

|H®lz2,(<p)n = ﬁ"(eq))|y®lz2,(<i>)n

?

HOIZ2,(&)n

where the induction hypothesis is used in the second equality. Now the (&))” parts of the right
hand side of eq.(5.11) is
ﬁ‘l*(eq))|(&>)n -Q Z (ml]:" (eéﬁi*(eQ)e@)) ‘

?

HOL ()

which is exactly equal to .7:"61(65))|H®1,(‘5)n. This completes the proof by the induction that
(mF — Fi)(e®)|zer =0 M.

Once getting mF = Fm, it is easy to show that m defines an A,,-algebra. As was noted
in (Rem.5.4), F has its inverse isomorphism (F)~!. Acting the (F)~' on the both sides of
mF = Fin from left and f can be expressed as m = F~'mF. We then get ()? = 0 immediately
from (m)? = 0. Thus we has concreted the proof of the statements that m gives an Ay -structure
on (H,m) and F is an Ay-morphism between (H,m) and (H,m). [ ]

Remark 5.4 The fact proved above can be applied to show the following statement. Let (H,m)
and (H',m’) be two Ac-algebras, and let an A, -quasi-isomorphism F from (#,m) to (H',m’)
is given. Then there exists an inverse A,.-quasi-isomorphism (F)~!' : (%', m’) — (H,m). It can
be now proved easily by applying the above results as follows. First, we can transform both A-
algebras (H,m) and (H',m’) to (H?,@?) and (H'?,m™”) by the canonical A-quasi-isomorphisms
FP and F" in the above procedure. FP and F'® have their inverse quasi-isomorphisms, and
the Auo-quasi-isomorphism from (H?,@?) to (H'P,m'”) (x) is then given by the composition
(FPy Lo FoFP

(H,m) —2— (H',m)

| 7|
P /(D (*) p ~,p
(H , M ) B— (H m )
so that the diagram commutes. Because (the leading of) the quasi-isomorphism (x) is isomor-
phism, () has its inverse, and one can obtain an A.-quasi-isomorphism as FP o (x)~! o (7)1,
In subsection 5.4 and section 6 the canonical A.-quasi-isomorphism and the canonical A..-
structure are applied to SF'T in analogous way, though not precisely the same.

" The coefficient of ¢" - -- ¢' of the equation reads the identity (2.10).
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5.2 Minimal model theorem in gauge fixed SFT

In the previous subsection, the analogue of the Hodge-Kodaira decomposition for the string
Hilbert space H was given in eq.(5.2), and an A,-morphism (H,m(?)) is constructed using Q.
We claim that this Q7 is the propagator in SFT. In this subsection we will explain the statement.
Note that this means that the diagrams defined in order to construct the A.,-morphism F)
and Aso-structure m(®) are actually the Feynman diagram in SFT.

In SFT, when one considers a propagator, first the action is gauge fixed. The propagator Q"
is then defined as the inverse map of () onto the cokernel of ) on the gauge. This propagator Q"
actually gives the identity (5.2). Indeed define P := 1 — {Q, Q" } and the identity is obtained.
Here for simplicity, we will argue the properties of the propagator mainly in the Siegel gauge.

As was mentioned, the string field ® includes both fields and antifields in the context of BV-
formalism[37, 38, 39]. Let ¢y be a degree one operator. In order to express antifields explicitly,
only in this subsection we represent the string field as ® = e;¢’ —I—e;(ﬁ; for e; := cpe; and ¢Z =
{¢} is the fields and {¢} is the antifields. {e} := {e;} and {e} := {e;} are the basis of the string
Hilbert space H which does and does not contain cg, respectively. The degree of ¢ (resp. (;SE) is
defined to be minus the degree of e; (resp. €;), so that the degree of ® is zero. The degree of an-
tifield d)i is defined to be minus the degree of the corresponding field ¢’ minus one in the context
of BV-formalism. In particular in the usual oscillator representation, let a, be the matter oscil-
lator of degree zero, b, and ¢, be the ghost oscillator of degree minus one and one, respectively.
Then the ‘antistate’ e; corresponding to a state €, ~a_p, - a_pb_g, ---b_g . cp - -c_p, |0) is
taken to be e; ~ a_p, - a_p,coc_g, - C_g, by, ---b_p, |0) with an appropriate normalization,
where py, € Z>o, qx, Tk € Z>o and |0) denotes the Fock space vacuum. The degree of the states
are defined as the ghost number, that is, the number of ¢_, (including ¢p) minus the number
of b_, where the degree of the Fock vacuum |0) is counted here as zero. The degree of e; is
then minus the degree of e; plus one. Therefore the pair {¢} and {4} has consistent degree in
BV-formalism [3] 5.

The Siegel gauge fixing is then by® = 0, which restricts all the basis of H to the basis {e}, in
other words, restrict the space of fields to ¢ = 0. Express () manifestly such as the ¢ including
part and by including part and the rest part,

Q=coLo+boM +Q .

The kinetic term %w(@,Q@HbO@:O then reduces to %w(eid)i,coLgej(ﬁj) and the propagator is
defined as QT = boLiO, which acts as the inverse of @) on the cokernel of Ly in {e}. Here define
the projection onto the kernel of Ly in H as P. Q" is then extended to be the operator on
H, which is written as QT = bo,%o(l — P). Since Q commutes with Virasoro generators Ly,
in particular with Lg, and Ly does not include ¢y or by, Ly commutes with cgLgy, bgM and Q
independently. Therefore Q anticommutes with @, and also does trivially with byM. Then
{Q,Q1} = {coLy, bgLiO(l — P)} =1 — P, which is the desired form of the identity (5.2). Note

15In [3] the explicit correspondence between the operator description for SFT and BV-formalism for field theories

is found.
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that from this explicit form of QT one can see that eq.(4.20) holds in the Siegel gauge (see for
example [7]).
More generally, denote the propagator in Schwinger representation with cut-off A as

A
Qt = bo/ e Thodr (5.12)
0

and we can define the identity (5.2). In this case P which satisfies the identity (5.2) is the
boundary term of QT
P =¢ Mo (5.13)

The cut-off A is IR cut-off in target space theory, but short distance cut-off in string world
sheet[50, 7].

The m in (Rem.5.1) with @T such a SFT propagator in fact defines an A-structure. No
modification of the definition is needed. The proof that m is an As-structure and A.,-quasi-
isomorphic to m requires only the identity (5.2) and the condition that QQ™, QTQ or P is a
projection is not necessary. The construction of the Ay -algebra (H,m) is thus considerably
universal concept which is independent of some reguralization scheme. The fact holds true for
mP, but the story is a little different. Let us introduce Q* of degree minus one and denote the
Hodge-Kodaira decomposition of H as

QA"+ Q"Q+PP=1. (5.14)

In this expression P! := QQ%, P" := Q“Q and PP are projections onto null states (Q-trivial
states), unphysical states, physical states, respectively. Here define H? as physical state space

WP = PPH . (5.15)

PH is then different from HP. Especially PH which satisfies QQT + QTQ + P = 1 includes
unphysical states H*. This makes some trouble when we define the on-shell A-algebra (HP, m?)
because the image of mﬁ on (HP)®* is not guaranteed to belong to HP. However relating m?
to string vertices provides us with the fact that actually (HP, mP) is an Ay -algebra. This fact
will be explained in the next subsection and Appendix B.3, where the relation between m?P and
on-shell string S-matrix elements is examined. Although the reduction to physical states HP
only has been mentioned above, one can also include the ()-trivial states and define the reduced
Aso-structure on H! U HP. It will also be explained there.

As was stated in eq.(4.19), we can also see from the above expression of Q1 that (QT)2 =0
holds. QTQQ™ = QT holds only when P is a projection. P of the form in eq.(5.13) is not
a projection and spoil the identity. However when some tree amplitudes are calculated with
Feynman diagram in SFT, the P in {Q,Q%} = 1 — P should only contribute to the poles.
When the external states are put so that some propagators get poles, the amplitudes are not
well-defined. Therefore we ignore the case and then one may define as {Q, @1} = 1 between the
vertices. This leads QTQQT = Q™ even when P is not defined as a projection. This identity
will not be used in (Lem.5.1),(Thm.5.1) and (Prop.5.1). It is used to rewrite SFT actions by
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field redefinitions in subsection 5.4 and section 6, but they are justified by (Prop.5.1). The origin
of this problem can be found in Appendix B.3.

Thus one can obtain the As-morphism F®) and A.-structure @®, constructed in the
previous subsection, in the context of SFT in BV-formalism. The As.-morphism constructed
with Q1 = bgLiO(l — P) is an Ay-morphism from (H®) () to (H,m). Here on the Siegel
gauge let us give more precise SF'T interpretation of this A,.-morphism F®) and Au-structure
@) obtained here. It relates to the way of constructing some solutions of the equations of
motions discussed for classical closed (non-polynomial) SFT in [47, 48]. The Maurer-Cartan
equation (5.1) corresponding to the equation of motion for the original SF'T restricted on the
Siegel gauge ¢ = 0 is now written as

CoLgej¢j —i—e;mel(ejldﬂ'l,--- ,ejn(;Sj”) =0, (5.16)
n>2
er(ﬁj"’_eizmiz(ejl(ﬁjla"' 7ejn¢jn) =0 ) (517)
n>2
where m? (e,¢7",--- , ;,¢*) means the coefficient of e; for my,(ej, ¢’',--- ,e;, #/») and similar

for m? . The first equation is the equation on {e} and it is the equation of motion for the Siegel
gauge fixed action. The second one is that on {e} and it means that the BRST transformation
of the field {¢} which satisfies the equation of motion (the first equation) is zero on this Siegel
gauge, where the gauge fixed BRST transformation acting on the fields {¢} is defined as ¢

9 Js
Ogf = |¢ 0~ Zad)l PYAF:

(5.18)

One can easily see that eq.(5.17) is nothing but the statement that 5;5 in the right hand side of

the above equation is equal to zero. On the other hand, there exists the Maurer-Cartan equation
n (HP,mP). To represent the {e} part and {e} part separately similarly as in eq.(5.16) and
(5.17), these are of the form

e%) Z m%i(eid;jla T ae?ndzjn) =0 ) (519)
n>2

el Y bl ¢, eb F) =0 (5.20)
n>2

on the Siegel gauge. As was explained in subsection 2.3, A,.-morphisms preserve the solutions
of Maurer-Cartan equations. Eq.(5.4) reads that the A-morphism F? is given by Dy p=0 =
PP |pyp=0 + P*[pge=0 and

" Jpypmp = — Y bo— 1 — P)ymg(e] ¢ + ef'd')
(5.21)
—_ — Z ezmk( p¢] + eu¢ )

6By definition (5.18), the gauge fixed BRST-transformation is nilpotent and keeps the action invariant only
up to the (gauge fixed) equation of motion, which are the standard facts in BV-formalism.
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on the Siegel gauge, where e? € PP{e} and e} € P“{e}. Substituting ®*|,p—o = €}'¢' on the
left hand side of the above equation into the right hand side recursively, we obtain the A.-
morphism F? = { P} with f7 : (PP{e})®* — {e}. The fact that F? preserves the Maurer-
Cartan equations is then easily seen because substituting eq.(5.21) into eq.(5.16) and (5.17) leads
eq.(5.19) and (5.20), respectively. Note that the As-morphism @[y 0 = BP|pe—0-+f (B |pye—0)
given by eq.(5.21) is rewritten as

Ofppa—0 = P loge—0 — Y > Lio(l — P)ejw(e;, m ()¢ + ej'¢'))
= ) B B (5.22)
= lpp00 — 3 _ ) L—O(l — P)eViii(ei, €] ¢, €l )

E>2 i
where Vj;1 denotes the tree k + 1 point (off-shell) correlation function. The second equality is
justified in the next subsection. When ®P|, ¢— satisfies the equation of motion (5.19), eq.(5.22)
gives the solution of eq.(5.16). In fact the A.-morphism restricted on the Siegel gauge (5.21) is
derived by regarding only eq.(5.16) as a Maurer-Cartan equation and applying the arguments in
the previous subsection. The solutions derived in [47, 48] for closed SFT are exactly this ®|p,6—0
in eq.(5.22). ®P|p,9—0 = € @' express the condensation of marginal operators. In [47, 48] the
zero momentum dilaton condensation is discussed in closed SFT. The condensation of the zero
momentum states corresponding to background g and B is also considered[48]. In both case the
obstruction eq.(5.19) is expected to vanish and all ®P|,,5—o given by eq.(5.22) are the solutions,
but generally there exists the obstruction (5.19). Furthermore, even if in the neighborhood of
the origin the Siegel gauge is consistent in the sense in subsection 4.2, it is not necessarily true
apart the origin. In order for the solutions to be the ones on which the space of the Siegel gauge
condition ¢ = 0 is transversal to the gauge orbit, one must confirm that the solution actually
satisfies eq.(5.20). This is equivalent to the condition that on the solution of eq.(5.16) the gauge
fixed BRST-transformation is zero. In tachyon condensation in Discussions, a few comments
about the solution describing the tachyonic vacuum|[35] are presented from these viewpoints.
Though in the above argument the Siegel gauge is considered for simplicity, one can take

another gauge for constructing Q™. Generally in the context of BV-formalism the antifields are

0% (¢)
dgt

degree and in this reason is called gauge fizing fermion. In order to keep the gauge fixed kinetic

gauge fixed as d)i = , where ¥(¢) has degree minus one in order for d)i to have consistent

term quadratic, here we consider the quadratic gauge fixing fermion. It is generally of the form
U(p) = ¢'Mij¢
where M;; is an appropriate C valued matrix. By this gauge fixing, the antifield is restricted to
¢ = Mij¢ .
The string field @ is then restricted to @[, = e;¢" + e;M;;¢7 = (e; + eiji)qSi. Let Solgr :=
%w((I)|gf, Q®|,r) be the gauge fixed kinetic term and the propagator Q" is then defined as this
inverse. The most important thing here is that the propagator QT with the identity (5.2)

QO+ QTQ + P =1 always satisfies
PP = PP (5.23)
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independent of the choice of the gauge. Note that for (Thm.5.1), only this identity is needed for
Q". Indeed the P in Siegel gauge (5.13) satisfies this identity, and it is clear that in any other
gauge QQT or QT(Q can not detect the physical states similarly as P! = QQ" and P* = Q"Q.
In addition (Q1)? = 0 holds, and QTQQT = Q7 is assumed as argued above on the Siegel
gauge.

We will see in the next subsection that in any gauge as far as the identity (5.23) holds (H, mP)
defines an Ay o-algebra. In addition we will propose there that for general configuration of fields
of ®|,; one may choose the appropriate gauge fixing and construct the Ay-morphism.

5.3 On-shell reduction of classical SFT

In subsection 5.1, the Ay -structure (H?,m?) naturally induced from the A, -algebra (#,m)
was given. At the same time, an A-morphism FP from Ay-algebra (H?,@P) to (H,m) was
constructed. Here let (#,m) be the Ay -algebra which defines a classical open SFT action
S(®). Then by comparing the construction of SFT in section 3 and the construction of the Ay-
structure (H?, m?) in subsection 5.1, we can see that the n-point vertex defined by A.o-structure
mP is nothing but the tree level n-point correlation function of open string(Lem.5.1). (Thm.5.1)
in the next subsection immediately follows from this fact.

Here will explain the fact. Because the construction of SFT as in section 3 guarantees
that the scattering amplitudes of the SFT with A.-structure (#,m) computed by the Feyn-
man rule reproduce the correlation function of open string on-shell, what should be shown

is that the scattering amplitudes of the SF'T computed by the Feynman rule coincides with

1 (P P p o D P D
_Ew(eilvmn—l(eizﬂ in i1 in

The n-point amplitude is computed with the Feynman rules as follows. Formally, when a

-, el ) where e - ,el € HP are the external states of the amplitude.
SFT action § = Sy + V is given, the scattering amplitudes are computed with the partition

function of SFT,

_ — 1 _
Zz/D(I)e5:/D®<;E(—V3—V4—...)k>eSO. (5.24)

In the second equality, eV = e~ VstVat) ig expanded as a perturbation. Represent the vertex
Vi as Vi = %(VkH(I))l .-+ |®)g. Fixing a gauge, constructing the propagator in the gauge, and its
contraction between any two vertices (V,, | and (V,,| are described as

(Vo [ (Ve | QT |w)at (5.25)

where |w)p is the inverse reflection operator (4.7), and the indices a, b denote that the propagator
connects the a-th legs of the vertices (V;,, | with the b-th legs of the vertices for 1 < a < v; and
1 < b < vy. Since the value of eq.(5.25) does not rely on whether Q@ operates on the ket | ), or
on the ket | }p, the index for @ is omitted. The Feynman rule is then defined by the usual Wick
contraction using eq.(5.25) 7. We are interested in tree amputated amplitudes. When the tree

17Concerning the relation between this Feynman rule of the world sheet picture and the one of component field
theory picture, the reference [3] also provides us with useful information.
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n-point amplitude with the external propagators is defined in the path integral form, the Wick
contraction with the propagators can be divided into two processes : the contraction between
the n external states and the vertices, and the contraction between the vertices. Performing the
latter process leads some function of n powers of ®. Here define it as

1 -~ -
——(Val|®) -+ [®) = == Vu(D,--- , @) . (5.26)
n n
The former process, contracting the @ in )}n(@, .-+, ®) with n external fields, finishes the cal-
culation of the amplitude. Instead, the coefficient of ¢ --- ¢'t for eq.(5.26) reads

1, - 1~
~(Vallei) -+ les,) = = Vi, (5.27)

the amputated n-point amplitude with external states e;, - - - e; . Restricting the external states
to physical states leads the on-shell n-point amplitude and express it as
LG iiap p V)P
_;<Vn||eil> o lep ) = _EV iy (5.28)
We can also include the @)-trivial states for the external states but the on-shell amplitudes vanish
even if one of the external states is ()-trivial. To avoid to increase the notation, here we argue
in the case of physical state space HP only.
More precisely, when computing the Feynman diagram we should comment about the gauge

fixing . Generally let O(®") be any operators of (®)™ powers, then its expectation value is
calculated as

(O(D")) ~ /D(I) O(@”)e‘s‘gf = /Dq>gf O(%)e” Ckzs % Ve (afr Par) oS0l of (5.29)

where |4 denotes a gauge fixing discussed in the previous subsection, ®, denotes the gauge
fixed @, and Sp|,; means Sy but ® in S is replaced by ®4. The propagator Q7 is derived
from this gauge fixed kinetic term Sp|sr. The expectation value (O(®")) does not depend on the
gauge fixing only when O(®") is a gauge invariant operator. The amputated n point amplitudes
—%1}“1” generally depend on the gauge. It is calculated by using the propagator @, which

depends on the choice of the gauge. As will be seen, the vertex V; relates to the Ayo-structure

L
m, which implies that the set of the vertices satisfies BV-master equation with an appropriate
symplectic structure @. Here in any gauge we can define an Ay-structure. Thus there are
the ambiguities of the gauge choice when constructing the A.-structure m. Mathematically
the propagator is related to a homotopy operator. It is interesting that the ambiguities of
homotopy operators are physically those of the propagators through the choice of the gauge,
and are those of constructing higher vertices V which satisfies BV-master equation. However
from the expression in eq.(5.29), it is natural that the vertices Vi(®,--- ,®) is defined such
that its value on ®|g; is f}k((I)gf, --+,®.) calculated by the propagator with the gauge |4. We
then propose this definition for the A, -structure m (and an A.-quasi-isomorphism F which
induces the transformation from the original A, -structure m to m), though later arguments do
not depend on this choice. Any way, the on-shell amplitudes —LlyP g gauge invariant and is

nirin
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independent of the choice of the gauge. In this subsection the arguments are restricted to the
on-shell physics and it is shown below that ]}ﬁ ..i,, defines the Aso-structure mP. Hereafter in
this paper |y, is omitted.

By construction, eq.(5.26), (5.27) or (5.28) are defined as the sum of Feynman diagrams
which is related to I';,_1 € Gy, in (Def.5.1). Here will show that the on-shell n-point amplitudes
coincide with the amplitudes defined by 7 . In order to see that, the following two statements
and all the

weight of these Feynman graphs are one because m,_1 is constructed by summing over each

must be confirmed : each Feynman graph in eq.(5.28) coincides with some mrp, ,,
mr, , with weight one. We shall confirm these two statements at the same time below.

As argued in section 3, when the number of the propagators in one of these Feynman graphs
is I, the number of the vertices is I 4+ 1, and we have an identity n = Zﬁ:ll Um — 21, where v,
is the number of the legs of the vertex. Because the tree diagrams are considered, there are not
more than one propagator between any two vertices. Each term of eq.(5.26) corresponding to
each Feynman graph is then represented as

(sym. fac) —(Vyy |- —— (Vo | (@) (18))" (5.30)
U1 Vr+1

where (sym. fac.) means the symmetric factor appearing if v; = v; for any i # j. Such factor
comes from the coefficient of the Taylor expansion of e Vm in eq.(5.24). Both Q¥|w) and ® have
degree zero, so eq.(5.30) does not depend on the order of them. Each Q" |w) connects any two
external states of any two different vertices to each other. The simplest term is that of I = 0,
which is —2(V,,|(|®))". Therefore it is clear that (V2| = (Vy| +--- where --- are the terms of
I > 1. Note that (V,,| is cyclic-symmetrized by construction. Therefore for each term choose
el from (®)", assign €} ---ef to the rest (®)"~! with cyclic order, and the on-shell amplitude
eq.(5.28) with external states ef ,--- ,e;

dividing by n. This n is represented explicitly in the expression (5.26),(5.27) and (5.28). Let us
p
11
graph and introduce an orientation on the edge of the graphs as follows. Let the vertex one of

is obtained by summing over all these graphs and

concentrate on one of such n point tree Feynman graph. We choose e; as the end points of the
whose external states is €} be (V;,|. On the edge between vertex (V,,| and e} , we introduce
the orientation from (V,,| to €/ . Other edges connected to (V;,| are ordered so that the
orientations on them flow into (V;,|. We write the edge connected to efl on the left hand side
and the others on the right hand side of the vertex (V,,| keeping its cyclic order (see the second
step of an example in (Fig.3)). Some of the edges written on the right hand side connect to
other vertices. We write the edges of those vertices, except the edge connecting to (V,, |, on the
right hand side of those vertices keeping its cyclic order, and the orientations are ordered so that
the flow of each edge is from right to left. Repeating this, we get a tree graph. An example of
the Feynman graph in (Fig.1) in section 3 is figured in (Fig.3). The above procedure gives the
one-to-one correspondence between the n-point tree graphs of with external states fixed and the
tree graphs I';,_1 € G,_1 defined in (Def.5.1). The value corresponding to the Feynman graph

18An edge corresponds to a propagator QT |w)as. The |w)qp is symmetric with respect to the label a,b and
eq.(5.25) does not rely on whether QT operates on | ), or on | },. Therefore this orientation of the edges does not
have any physical meaning.
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< 'y € G

Figure 3: The graph on the left hand side is rewritten as the one on the right hand side
through introducing the orientation on each edges and enjoying the graphical representations
in subsection 4.3. Here on the left hand side, we adjust the outgoing legs of vertices to the top

by employing the cyclic symmetry of the vertices. In this process for each vertex v,, number of
p p
. e

graphs are identified, and the factor UL in front of (V,,, | cancels. e; ,--- ,e;

is assigned to the
rest edges in cyclic order.

is expressed in terms of (V|, Q1 and |w) as in eq.(5.30), but we can rather express in terms of
myg, QT and |w). It can be done using the relations in subsection 4.3 such as

(Vig| [w) = my. . (5.31)

The contribution of a graph I';,—; to f)ﬁ in eq.(5.28) is then evaluated as

1 B
—(sym.fac.) - m(—l)l(—l)”’lw(eg’l,m’fﬂil(eﬁg,--- e’ ), (5.32)

in

where (—1)I+! comes from the vertices and (—1)! appears because Q% in eq.(5.30) is replaced to
—Q@™* and the above equation includes I number of propagators Q. In practice, let us evaluate
the value corresponding to the graph I'y; in (Fig.3). It is

11 (=)*=1)° + + + + P p
- (33) 31 n s ORI TATAIQ )12 @ by @ ) @ b ) <)

_ (11 L
- \22/3-4-5-3-5

w(eil ) m2(_Q+m3(e€2a _Q+m4(e€37 _Q+m2(e€47 egs)a _Q+m4(e€6a eia efga egg)a egw)u efll )7 e€12)

11 1
— P nk b ;
- (55) mw(eiﬂan (ei27“' ’eilz)) ’

On the first line of the above equation the vertices are labeled as 1---5 in the order, and the
indices (ab) for a,b =1---5 denote that the propagator contracts vertices a with b.
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On the other hand, the n point vertex given by m? is

D ’efn)): Z w(efl,Pﬁ"Llen 1(ei,... ,efn)) .
anleanl

The rest of the proof is then to confirm that the Feynman rule gives the contribution of a graph
I, 1 to f}ﬁln is w(efl,ﬁl{in_l(e%, e ,efn)) with weight +1 for each I';, 1 € G,,_1. First, the
factor ﬁ in front of (V,, | cancels because choosing one outgoing edges from v, legs creates
the factor v, as stated in (Fig.3). Next, if the graph includes k vertices with the same vy,
the exchanging of the vertices creates the factor k!, which cancels with the symmetric factor

(sym.fac.). Thus for each graph I';,_; the same weight +1 is obtained and one can get

Viln = w(efl, Z mlf‘n,l (eia e 7e€n)) . (533)
anleanl

Here we claim that the above relation can also be written as

VP =w(el il (el el ). (5.34)
It is guaranteed if P would be the projection onto physical states, but as was seen in the previous
subsection, it fails. However the claim still holds. It follows from the existence of the orthogonal
decomposition (4.23) and PPP = PP (eq.(5.23)). [

Lemma 5.1 (#P,mP) defines the Ay-algebra of string S-matrix elements on HP, and the co-
homomorphism F? defined in (Def.5.1) is the A.-quasi-isomorphism between the A, -algebras
(HP,wmP) and (#H,m).

proof. The relation between m? and the string S-matrix elements was given in (5.34). However
it is necessary to show that m? actually defines an A,o-structure on physical states HP. Because
P and PP are different, if we use m? naively as an A.-structure, the image of m% does not
possibly belong to HP, and if we define the A, -structure on H? as the image of m% is projected
onto HP, it is not guaranteed that it defines an A..-condition (2.6). However fortunately it can
be shown that
g _j(eh el ) e H UHP

for any e? € HP. The proof is given in Appendix B.3. As was mentioned, in addition to e? € H?,
any @-trivial states can be included and the same result is obtained. The structure m? defines
the A.-structure on on-shell states H! U HP. Furthermore as is shown in Appendix B.3, the

Axo-structure can be reduced on HP. We denote the A,-algebra by (HP,m?). The following
diagram is then obtained as the modified version in (Rem.5.1)
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(H,m)

P‘+PPlTL /

(H! U HP, @P) >

.y

(H?, mP)

(H,m)

where M and F are strictly the same ones in (Rem.5.1), and v : H? — HUHP, o HEUHP — H
are the inclusion maps. ¢ : HY — H'UHP is extended to an A-quasi-isomorphism F* = {f}}r>1
as fi = vand fi = fi = --- = 0. We represent F* simply as ¢. Similarly ¢ : H' UHP — H,
PP and P! + PP are regarded as A,-quasi-isomorphisms. The A,-structure m? on H! U HP
and HP are then given by the composition (P! + PP) omo . and PP o m o 1 o 1, respectively.
The Auo-quasi-isomorphisms F? : (H' UHP,mP) — (H,m) and FP : (HP, @P) — (#,m) are also
given as FP=Forand FP = Foiou, respectively. F and these two FP also have the inverse
Aso-quasi-isomorphism similarly as (Rem.5.4).

As will be seen, when the Ay-structure is applied together with the symplectic structure,
the symplectic structure on the A-algebra (H! U HP, mP) is degenerate and the A..-algebra
(HP,mP) is more convenient. [ ]

We have been seen that there exists an Ay-structure (HP,mP) on physical states HP (or
on on-shell Hilbert space H! U HP ) and the n-point amplitudes defined by m? coincides with
the on-shell n-point tree amplitudes of open strings. The fact that the n point correlation
functions in two-dimensional theory possess the Ay-structure are essentially already known. It
is described in [32] that the S? tree amplitudes for closed strings has a Loo-structure, where the
external states are restricted to physical states and therefore it has vanishing (). This implies
that the tree level closed string free energy satisfies the classical BV-master equation. The result
is extended to quantum closed string, and it is shown that the free energy which consists of the
closed string loop amplitudes satisfies the quantum BV-master equation[33] !°. Moreover, in [5],
for classical closed SFT the M9 — My limits are considered, and it is shown that restricting
the external states to physical states yields the L.o-structure found in [32]. The open string
version of this L., -structure is nothing but the A,-structure m? considered in this paper (and
reviewed in Appendix B.2). What is obtained newly from the above result is that the A.o-
algebras associated with SFTs and the A..-algebra of two-dimensional theory are connected
by an A.-morphism, which preserves the equation of motions, and the explicit form of the
Aoo-morphism are realized with such a familiar language of the Feynman graph.

5.4 Field transformation between family of classical SFT's

In section 3 we construct SFTs and which are defined more precisely in subsection 4.3. As
their propagator we consider the one which satisfies eq.(5.23). For the family of those well-

Tn [32, 33] these structures are derived in the context of 2D-string theory, i.e. the dimension of the target
space is two. However they are in fact the general structures of the string world sheet.
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defined SFTs, (Lem.5.1) leads the main claim of the present paper (Thm.5.1) described below.
In this subsection after proving it, we show that they preserve the value of the actions in
a certain subspace of H using (Prop.5.1) presented later. The field transformations induce
one-to-one correspondence of moduli spaces of classical solutions between such SFTs in the
context of deformation theory. We will explain that the classical solutions are regarded as those
corresponding to marginal deformations. Finally in this subsection a boundary SFT like action
corresponding to the A-algebra (H,m) defined in (Rem.5.1) is proposed.

Theorem 5.1 All the well-defined classical SF'T's which are constructed on a fixed conformal
field theory are quasi-isomorphic to each other.

proof. As was explained in section 3, when the decomposition of the moduli space of Riemann
surfaces is given, then the vertices of SF'T are determined, i.e. SFT action is determined. Differ-
ent decompositions of moduli space lead different SFTs. By construction the Feynman graphs
for those SFTs should reproduce the string correlation functions on-shell. Here let S(®), S’'(®’)
be such two SFT actions and (#,m), (H,m’) be the corresponding A.-algebras. (Lem.5.1)
states that the set of the on-shell string correlation functions defines an A.-algebra (HP, m?)
and the A, -algebras of SFTs (H,m), (H,m') are As-quasi-isomorphic to (HP,m?). Thus the
Ago-quasi-isomorphism F? from (H?,@P) to (H, m) and F"* from (H?,@P) to (H,m') exist. Note
that on a fixed conformal background any such A..-algebras of SFTs are A,,-quasi-isomorphic
to the same Aqo-algebra (HP,m?). The composition FPo (FP)~! then defines the A.-quasi-
isomorphism from (#,m') to (#,m). This map is in fact a quasi-isomorphism because the
inverse of quasi-isomorphism is a quasi-isomorphism and the composition of quasi-isomorphisms
is a quasi-isomorphism. |

This result indicates that the equations of motions for any classical SFTs constructed
from the same on-shell S-matrix elements are transformed to each other by the above quasi-
isomorphism " o (FP)~!. However the quasi-isomorphism is not an isomorphism, it does not
guarantee that there exists a field redefinition between them which preserves the value of the
actions. In contrast, any diffeomorphisms F on H which preserve the value of the actions of the
form

' = Fu (D) = f1(D) + fo(@, @) + -+ (5.35)

are A,-isomorphisms, by defining the symplectic structures on S(®) and S’'(®') so that the
diffeomorphism F* preserves these symplectic structures[44]. The statement that F preserves
the values of the actions is, in other words, that F satisfies S(®) = F*S'(®') := S'(Fi(P)).
The SFTs, which are characterized by the pair (S(®),w), are called equivalent when the SFTs
are connected by such a diffeomorphism preserving the action and the symplectic structures[41].
The fact that the diffeomorphism which connects equivalent SFTs is an A,-morphism is clearly
understood in the dual (comgonent field) picture as follows. Express two string fields as ® = e;¢*

a?&i wij% on the identity S(®) = S'(F.(®)) leads

— —
9 .3 o ..

and ' = e;d)’i, and acting
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The left hand sides is exactly ¢ : the dual description of the Ay-coderivative in eq.(2.9). The
right hand side is rewritten as

< ¢lk<_ 3¢/l 3

o'k og © og o't

S'(@') .
Thus, if F preserves the symplectic structure or equivalently the Poisson structure is preserved

qslk 3('25/1

x 1kl
Frw™ = 8(# 5g7

(5.36)

3 L
and extend the above arguments, one can obtain the followmg fact :

%
it is clear that the right hand side gives ¢’ = ad),kw’kl i S" (@) = ( ,S(®?')). To summarize

Proposition 5.1 When a cohomomorphism F of the form in eq.(5.35) between two actions
S(®) and S'(®’) and two symplectic structures which are preserved by the cohomomorphism F
are given, then the following two statements are equivalent :

e F is an Ay-morphism.

e F preserves the value of the action, that is, S(®) = F*S'(®’).

This equivalence follows from the fact that the symplectic structures on both sides are non-
degenerate. Note that here f; may not be an isomorphism. (Prop.5.1) is well-defined and holds
for general symplectic structures on A which depend on {¢}. Because in this paper mainly
we deal with the constant symplectic structures associated with the BPZ-inner product, we
avoid the explanation of the issue in this paper (see cyclic algebra with BV-Poisson structure in
subsection 4.3). Of course when considering the graded commutative fields such as U(1) gauge
fields, the symplectic structure is that on supermanifold[51] and is known to be well-defined.

Here we come back to the physical consequence of (Thm.5.1). We define the action S(®?)
on the Ay-algebra (HP,m?) by summing up %f}ﬁ(ép, .-, ®P) in eq.(5.26) as

§@) = 3w (@, (7)) . (5.37)

Now we have an Au-quasi-isomorphism F” o (F?)~! between (H,m) and (#,m’). Though it
has not assumed in the proof of (Thm.5.1), the FP and Fr preserve the value of the actions,
that is, the Aoo-quasi-isomorphism FP satisfies

S(®P) = (F)*S(@) = S((F7).(97)) (5.38)
and similar for 7/*. This fact yields that, on the subspace of H which is the image of FP from
(HP,mP), any actions S(®) are preserved. Eq.(5.38) follows from (Prop.5.1) and the fact that

the FP preserves the symplectic structures. Let w;; be the symplectic structures on (#,m).
Each term in S(®”) was made of the As-structure m} as %Hw(@p, mi(PP)), so the symplectic
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structure on (H?, m?) is w;; restricted on H” C H. On the other hand, define dzfj as a symplectic

structure on (HP, mP) which is preserved under the transformation FP. @P = (FP)*w is written
20

as

k Ay 5
= I, 90 _ (e, (i@,@ 0 ) .
a¢p’z a¢p’] 8¢p7l a¢p’]

Here we choose the basis so that the inner product w is decomposed orthogonally as in eq.(4.23).

Since & = d — QT > k> mi(®) and the image of QT vanishes in the symplectic inner product
in the right hand sidi of the above equation by using eq.(4.20), the right hand side becomes
(-~ (L 0, 8752
FP from S(PP) to S(P) preserves the symplectic structures, and (Prop.5.1) leads that eq.(5.38)
holds 2.

Although the proof of eq.(5.38) has been concreted, it is interesting to observe S((FP).(®))

directly by substituting ® = F¥(®P) in S(®)

= wj;. Thus the (:IZ- coincides with the w;; restricted on H?, the map

. 1 /- . . 1 . . . .

P S P(HP P(HP P fP(HP Py fP(HP
S((FP)(@)) = 5w (F7(87),QF7(37)) Pt (&7 + F7(97), mi (@7 + f7(37)))  (5.39)
and check that S((FP),(®)) in fact coincides with S(®?). The equation (5.39) is written as
the power series of ® and let us observe the (®P)" parts of eq.(5.39) for n > 3. For n = 3
the first term in the right hand side of this equation drops out and it can be seen clearly that
S((ﬁp)*(Q))k@p)m = %w(ép,mQ(ép,ép)). Generally both first and second term contribute.

Using m{ik in (Def.5.1), the contributions of the first and second terms to the terms of n powers
of ®P are

S el (@), -Qml, () (5.40)

iy >2: 0k >2,k1+k2=n

and
Su Y w (-, (@) m(-QURE, (@), ~Qbak, (@), (541)

123 Dry>iyle>1,
kit tky=n

respectively. In eq.(5.40) QT QQT = Q7 is used. Here in eq.(5.41) we denoted ®? by —Qtmy, (DP).
In the expression where the cyclicity of vertices {m;_;} are emphasized, eq.(5.40) and (5.41) are

20The equation below is actually equivalent to eq.(5.36). The equivalence follows from (/Jijwjk = 6F and
d)ip-d;p’jk = §F. The argument is well-defined even for the non-constant symplectic structure.
'In the proof the appropriate basis is chosen, but it can also be seen that the result is independent of the

choice because w;; restricted on H” is independent of it.
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graphically pictured as

— > (sym.fac.) T —e— Ty, + 2153 2r (sym.fac.) Ly

where I'y denotes that m{ik(&ﬂ’) is in this place. The summations ) in the first and second
term are the summations for I'y,’s in eq.(5.40) and (5.41), respectively. The (sym.fac.) in the
first and second term are the symmetric factors with respect to the I'y,’s. When I'y, # 'y,
for any i # j, then (sym.fac.) = 1. In the first term when I'y, = I'y, then (sym.fac.) = %,
and in the second term when 'y, = I'y; for all 1 < 4,5 < [ then (sym.fac.) = % These
factor comes from the coefficients in eq.(5.40) and (5.41). Each term contributes to the term
w(ép,m{infl (®P,--- ,®P)) for some I',,_;. Here fix the tree graph I',_; and treat it as a cyclic
graph, i.e. a outgoing leg and n — 1 incoming legs are not distinguished and the graphs which
coincides with each other by moving cyclic are identified. Denote it by '/’ and let us observe

the coefficient of w(ép,mgcyc (®P,--- ,®P)) from the above two contributions. As was seen in
n—1

N

|
< — LS

T

cyc
n—1

and for each propagator (dashed line) in (a) eq.(5.41) contributes. The term corresponding to

Figure 4: Suppose that T is the graph (a). For each vertex e in (a) eq.(5.41) contributes

the vertex surrounded by the circle of dotted line has (sym.fac.) = % On the other hand,
consider the case when I';”| is the graph in (b). This is the exceptional case. The graph has

(sym.fac.) = % with respect to the propagator marked by the circle.

section 3 and the previous subsection, if I',’, has I propagators, it contains I + 1 vertices. We

label the vertices in I',”, as v;, i = 1,--- ,I+1 and the propagators as j = 1,--- , I. Without an
exceptional case explained later, the first terms contribute for each propagators j in I';“, and the
second terms contribute for each vertex v; in I'™Y°,. The coefficient for w(®?, ﬁli—)‘cycl (P, .-, BP))
is then "
I I+1
- Z(sym.fac.)j + Z(sym.fac.)vi . (5.42)
j=1 i=1

Note that if (sym.fac.),; # 1 for certain i, then (sym.fac.),, = 1 for all i’ # i (this fact can
be read easily from the graph). In the same way if (sym.fac.); = 3 for certain j, then the
other (sym.fac.); is equal to one. Thus in the case when (sym.fac.); = 1 for all propagators
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7, eq.(5.42) becomes —I + Zfill(sym.fac.)vi = (sym.fac.)F;y_c1 where (sym.fac.)riyfl denotes
the cyclic symmetric factor for I',’“, which, if not equal to one, comes from (sym.fac.),, for
certain ¢. The case when (sym.fac.); = % for certain j is the exceptional case mentioned above
(see for example the graph (b) in (Fig.4)), and the coefficient for w(ép,mlfi% (P, .-, ®P)) is
not given by eq.(5.42). In this case I 4 1 is even and the graph I')’%, is symmetric with respect
to the propagator j, so the overcounting must be divided in eq.(5.42). The coefficient is then
—2(I — 1) — 1 + 1(I + 1) because in this case (sym.fac.),;, = 1 for all 4. This is equal to 3,

yc

which is exactly the cyclic symmetric factor for I';’, also in this case. From the above result,

eq.(5.39) is rewritten as

S((FP)(@)) = Z (sym.fac.)riy_clw((i)p,mlziiy_cl((i)p,---,@p)) (5.43)

cyc
n>3,I"""

where the summation for I';”“, runs over the I';,_;’s which are identified by the cyclic symmetry.
Therefore re-symmetrizing the sum reproduces the desired form of the action (5.37). It is

interesting and worth emphasizing that for each edge of I';’“, the first term (5.40) contributes,
cyc

for each vertex of I'"";

the second term (5.41) contributes, and the overcounting of the graphs
are just canceled. |

The action S(®?) is an effective action in the following sense. S(®P?) is obtained by substi-
tuting ® = FP(®P) into S(®) as explained above. When we express ® = O + d“ where P
and ®“ denotes the physical and unphysical modes of ®, respectively, the substituting means
PP = P and ®* = f(PP). As is seen from eq.(5.4), the latter is nothing but the equation of
motion for ®*. Moreover S(®?) is related to S(®) by integrating out ®* at tree level through a
gauge fixing as

/ Dol S(®) = ¢ S@) (5.44)

In this sense the action S(®P) is an effective action.

Here we clarify the properties of the solutions of the equations of motions. As was explained in
subsection 2.3, because the A,,-morphism preserves the solutions of Maurer-Cartan equations,
there is one-to-one correspondence between the set of the equations of motions for different
SEFTs on the same conformal background. However in the context of deformation theory, the
solution for the Maurer-Cartan equation are assumed to be of the form ® = e®” 4+ O(?) for
€ a ‘small’ formal deformation parameter. The argument in subsection 5.1 is just the case
where the small parameter is thought to be included in P, Such solutions are expressed as
® = FP(®P) where P is a solution for the Maurer-Cartan equation m?(e®”) = 0. The solutions
can be regarded as those corresponding to the marginal deformation as will be explained below.
Infinitesimally around the origin of (H?, m?) the Maurer-Cartan equation is the quadratic form
ﬁzg(&?, ®) ~ 0 and generally the path of the solutions which flows from the origin exists 22.
Consider the continuous deformation of the solutions on this path. Near the origin ® = 0
i.e. ® = 0, the equation of motion is Q® = 0 so the solution is the one corresponding to the

marginal deformation. Note that at the origin the value of the action S(®) is zero. Since the

*2Such path exists if the Hessian has the eigenvalues of opposite sign with respect to the states {e?}.
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continuous family of the solutions which connects to the origin is now considered, S(®) is kept
to be zero. Next, apart from the origin, we consider the physics around a solution ®, on the
path. Expanding the action S(®) around ®;,, another action S’(®') := §(Pp, + ¢’) is obtained
where ® = @, + @' and ®' € H' : the string Hilbert space on another conformal background.
As will be explained later in Discussions about the background independence, S’'(®’) also has
an Aoo-structure. Here represent the kinetic term of S'(®’) as

S/(q)/) _ %w/(q)/’ Q/q)/) +oeee
The infinitesimal deformation along the path from ®,, € H then corresponds to the solution of
Q'® = 0 on H because S'(®') ~ 3w'(®',Q'®') = 0. Assuming the background independence
of the action S(®), Q' is regarded as the BRST operator on another conformal background (up
to the isomorphism of the vector space H'), and therefore the infinitesimal deformation on the
path can be regarded as the marginal deformation even if finitely apart from the origin.

In the above arguments we obtained a quasi-isomorphism F? and discussed various meaning
it has. However some additional input (from world sheet picture) may derive more strong
results. For instance in [17] it is shown that for closed SFT the infinitesimal variation of the way
of the decomposition of the moduli space leads the infinitesimal field redefinition preserving the
value of the actions and the BV-symplectic structures. Similarly for an one parameter family of
classical open SFTs, the infinitesimal field redefinition preserving the actions is found[7], which
is discussed in the next section. If one wishes to find a field redefinition preserving the value of
the action, we must consider an isomorphism instead of the quasi-isomorphism F?. From the
general arguments in this paper, there exists only one candidate for the isomorphism, which is
the Ay-isomorphism F : (H,m) — (#, m). However when any two actions S(®) and S'(®') on
the same conformal background are given, generally F*S(®) and F'"§'(®'), both of which are
the functional of ®, do not coincide off-shell. Therefore we cannot apply the isomorphism F in
order to construct a field redefinition preserving the value of the action. Only on-shell F*S(®)
and F'"S'(®') coincide and the above argument has held.

Finally we comment about the SFT action F*S (®), which is the one obtained by substituting
the field redefinition ® = F(®) into the original SFT action S(®). The form of the action is
derived directly in the same way as S(®?) = (F?)*S(®)

A(H) - T* _1 T T 1 T A CYCr &
5(2) == F'5(2) = Jw(®, Q) + kzﬁ (@ (@)
—w(QFQ®, Y i (®)) .

k>2

(5.45)

Note that Q*Q® is almost equal to P*®. 7’ denotes the one which is obtained by removing
P on the outgoing line of 7y, defined in (Def.5.1) and (Rem.5.1). m,’ = 37, .o 7or, and
Py’ = 7 holds. Note that these {m ¥ }p>2 with m{¥" := @ do not define an A,-structure.
Instead, V( ,---, ) = w(,m(,---, )) has the cyclic symmetry similarly as my, or m} does.
The second term is derived in the same way as the on-shell action S(®?) in eq.(5.37). Here
in addition the kinetic term and the third term appear. These vanish when ® is restricted to
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P € HP, so it can be seen that F*S(®P) reduces to S(P?) on-shell. Both the kinetic term and
the third term in the right hand side of eq.(5.45) come from the kinetic term of the action S(®),
which vanish in eq.(5.39) because the fields ®? is restricted on-shell.

Thus we get an off-shell action which coincides with the string S-matrix elements on-shell.
On this action, we define the symplectic structure @, which is different from w, so that the
Ago-isomorphism F from (H,,d) to (H,m,w) preserves the symplectic structures. This & is

S —~
wij = 3—?]6%@ = (-1)%w (E@,@i_) )
9¢* o¢t | O

which coincides with w;; when e;,e; are restricted on-shell, but generally different from w;;

written as

(5.46)

off-shell. Thus @ is a field dependent symplectic form. By (Prop.5.1),

9 .7

"’7/]

0= —a'" —
d¢' 0P

()

coincides with the dual of the A.-structure m. Moreover the fact that this § defines an Aoo-
structure on (#, ™) implies that the action S(®) satisfies the BV-master equation with respect
to the symplectic structure w. Consequently, an action S ((i>), which coincides with the string
correlation functions on-shell and satisfies the BV-master equation, is obtained. In this sense,
this action S(®) can be regarded as one definition of boundary SFT[43] on the neighborhood of
the origin of two-dimensional theory space H. It is interesting that, although rather formally,
the action S(®) is related to the original open classical SFT action by the field redefinition F.
This F is nothing but the coordinate transformation on a formal noncommutative supermanifold
in (Rem.5.3). See also boundary string field theory in Discussions.

6 RG-flow and Field redefinition

In this section we discuss the arguments in subsection 5.4 on a more explicit description of SF'T
: the classical open SFT discussed in [7].

The most explicit way of creating a SF'T' action is based on the variation of the cut-off length
of the propagator as in [13, 52, 50] for closed SFT, and in [6, 7] for open SFT. The cut-off of the
propagator can be regarded as an UV-reguralization on target space, and the variation of the cut-
off length has been discussed in these literatures in the context of Polchinski’s renormalization
group[40]. One can consider the one parameter family of SFTs in this procedure. Let { be
the cut-off length of the propagator and S(®¢;¢) be the SFT action in this scale. This ¢
parameterizes an one parameter family of SFT S(®¢;¢). The action S(®¢;() is ¢-dependent
in two means : explicit (-dependence of V;,..;, or equivalently m (and w%), and ¢-dependence
through the ¢-dependence of ®¢. In classical SFT case, the renormalization group flow is then
defined so that the total ¢-dependence of S(®<; () cancels

_ sl
0= 75(@%0) =

08(®%;¢)  09¢ aS(®¢;()
o¢ ¢ 0P

(6.1)
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Here we concentrate on the classical open SF'T which possesses an Ay -structure[7]. In [7] the
infinitesimal field redefinition % which satisfies the above equation is derived (eq.(6.4)). We
restrict the arguments on the Siegel gauge in this section. First in (Def.6.1) we define the A.o-
structure explicitly. In (Prop.6.1) it is shown that this field redefinition is an A, -isomorphism
on the Siegel gauge. Next the action S(®¢;(¢) are transformed to another action (F¢)*S(®¢;¢)
by the Ay -isomorphism F¢ and its properties are observed. The action (F¢)*S(®¢;¢) is the
one which coincides with the string S-matrix on-shell (5.45). Using this, it is shown that on
the subspace of H which is the image of (F¢)? from (H?,@m¢P?), the finite field redefinition
FC o (FOPY~L from S(D¢;¢) to S(®¢;¢") reduces to the above Au-isomorphism when its
infinitesimal limit is taken. Finally various pictures are summarized on this explicit model.

We begin with a brief review of the construction of one parameter family of classical open
SFT[7, 6]. It is argued in [7] very clear. The main idea was explained in section 3, but this
procedure relies on the fact that all moduli space of disks with n punctures can be reproduced
by connecting Witten’s type trivalent vertex[2] with propagators. We simply represent the
propagator Q" in the Siegel gauge : by® = 0 as bgLio since the arguments in this section do not
depend on the detail. In the Schwinger representation it is

bo — by [ e 7o 6.2
0L, = /0 e . (6.2)
One can interpret e~720 as the evolution operator for the open string. The width of the propa-
gator is set to be 7 (Fig.5.(a).). When cutting-off the propagator with length 2(, the length of
the propagator 7 runs from 7 = 2¢ to 7 = oo. Therefore the subspace of moduli space, which has
been reproduced by connecting trivalent vertices with the propagator with length 0 < 7 < 2¢
in 2( = 0 (no-cut-off) theory, can not be reproduced by the trivalent vertices in the theory of
cut-off length 2¢. Such diagram must be add to the SFT action as higher vertices. Vertices in
the 2¢ cut-off theory are constructed recursively in this way. By construction, the width of the
external legs of n point vertex with n > 3 are of course .

(a) propagator. (b) trivalent vertex with strip.
Figure 5: (a). 7 runs between 0 < 7 < oo in Witten’s cubic open SFT. When Cutting-off
the propagator with length 2(, 7 runs from 2¢ to oco. The moduli which is not reproduced
by connecting Witten’s trivalent vertices with such propagators equal to the moduli which is
not reproduced by connecting the modified trivalent vertices (b) with the usual propagator
(0 <7 < ).

Cutting-off the propagator with length 2¢ can be replaced by sewing the strip with width =
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and length ¢ to all external legs of the vertices. Such trivalent vertex is pictured in (Fig.5.(b).)
for example. It is carried out by attaching the evolution operator e~¢0 to each external legs.
Then the length of the propagator 7 runs from 7 = 0 to 7 = oo and the modification for the
propagator does not need.

Let m¢ be the A.-structure corresponding to the vertices in the 2(-cut-off theory. The
Ano-structure for Witten’s cubic SFT is described as m® = {m? = Q,m$,mJ =m{ = ... = 0}.
Recalling the arguments in subsection 5.2 and 5.3 yields that m¢ is given essentially as m by
replacing Q* and P in the definition of m® in (Def.5.1) to QS* and P¢ defined below in the

context of the present paper. Here explicitly present it as follows.

Definition 6.1 (A, -structure m¢) Define Q%+ := by f02< e "lodr and PS¢ := e=%%0o, These
satisfy the following identity
{QQ+P=1.

Let us define as an intermediate step { f,g } and {mi}kzg recursively by

FE@Y) = =5t ST md(sS (89), £E, (99))

lgkl <ko=k

with £$(@¢) = ¢ and
mg(®%) = > Pm3(fg (99, fy,_p, (2°)) .
1<k1<k2=k

for k£ > 2. By shifting the field as ¢ = e~LodC the Ay -structure m¢ is defined as
mi(@c) = eCLOmi(e_CLOCDC)
_ E o, ¢ _ 6.3
—e o S m(fE (e Coat), £, (e70at)) . (6.3)
1<k1<ka=k

The fact that actually m¢ defines an A,-structure follows from this construction and the fact
that m® defines an A.-structure. The fact that the vertices have cyclic symmetry is also clear
by construction.

For example when k = 2, the three point vertex mg is e*CLOmg(e*CLO ,e~SLo ) which is
just the one in (Fig.5.(b)). For any n > 3, one can see that m$ includes n — 3 propagators
all of which have length 0 < 7 < 2(. They cannot be reproduced by connecting lower vertices
mi (k < mn — 1) with the propagators.

In this situation, the flow of ®¢ which satisfies eq.(6.1) is defined in [7] as

¢
e = o m(@ (6.4)
E>2

in the Siegel gauge. The fact that this infinitesimal field redefinition preserves the value of the
actions can be checked directly by substituting this into eq.(6.1) because now the variation of

mi with respect to ¢ is derived directly by the explicit construction of m¢ in (Def.6.1).
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Proposition 6.1 This field redefinition (6.4) is an A-isomorphism on the Siegel gauge.

The field redefinition (6.4) is defined only on the Siegel gauge by®¢ = 0. Therefore this propo-
sition claims, in other words, that this field redefinition can be extended to the infinitesimal
neighborhood of the submanifold by®¢ = 0 so that the derivative with respect to ¢ can be de-
fined.

proof. Now the symplectic structure for S(®¢; () is w and is independent of ¢. Because this field
redefinition % preserves the value of the action, by (Prop.5.1) it is sufficient for the proof to
show that the field redefinition preserves the symplectic form w. Let us consider the infinitesimal

field transformation F% defined by € as follows

(F2)*a(¢") = a(¢®) + dea(4°)
a(¢®) + (a(4°), e(¢°)) |

(6.5)

where a(¢¢) is a functions of ¢¢ and e(¢¢) is a infinitesimal function of ¢¢ which determines
the infinitesimal transformation. ( , ) is the BV-Poisson structure with respect to w. Such
infinitesimal transformation is called canonical transformation of (BV-)symplectic structure and
is applied to the infinitesimal field redefinition in closed SFT in [17].  This transformation
preserves the Poisson structure, that is,

(a(¢9),b(¢%)) + Se(a(¢°), b(¢°)) = (a(¢®) + dea(¢®), b(¢°) + deb(¢)) (6.6)

up to (€)?. It immediately follows from the Jacobi identity of ( , ). Now (, ) is defined on
the theory with parameter (. On the other hand, if the symplectic structure ( , ) on the
theory with parameter ¢’ is defined so that F° preserves the symplectic structures, we have the
following identity

(F3)*(a(8), b)) e = (F%)*a(g"), (F)*b(4°)) (6.7)

The right hand side exactly coincides with the right hand side in eq.(6.6), therefore the symplectic
structure (, )¢ induced by the transformation F %€ is determined by the equality between the
left hand sides in eq.(6.6) and eq.(6.7). When we set a(¢¢) = ¢+ and b(¢¢) = ¢, the
equality becomes
(FO ) 'w ¥ = W 4 5w
where w¢'% denotes the Poisson tensor of (, )¢- This equality implies that if w% is constant,
w$" is equal to w™. Thus it is shown that the constant symplectic structure w? is preserved
under the infinitesimal field redefinition of the form in eq.(6.5). Here the field redefinition %
can be rewritten in the form (6.5) as €(¢°) = w(®%, by Y 4o mi((I)C)) In fact on the Siegel
gauge, -
((I)Ca €)|poac=0 = bo Z mi(¢4)|b0¢<:0
E>2

holds. This completes the proof of (Prop.6.1). [ |
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Next let us observe the action (F¢)*S(®). As was seen in eq.(5.45), it is of the form

S@9) = (F)S(@6:0) = Lw(@, Q04 + Y T rw(®C, mg (@)

kE+1
= (6.8)
—w(QTQIE, Y my(e))
k>2
where ™ is the one related to m§ as in eq.(5.45). At the same time we have the field

redefinition ®¢ = F$(®¢) = &€ + f¢(®). By construction, comparing with m®ve, Thi’cyc has its
external legs of length (, which indicates

mi,cyC( ot ) — 6*CLOT;L%C:UC(6*CL0 ,oe 7G*CLO ) ]

In the same way the following relation between f,g with different k£ holds,
flg( yT T ) = e_CLO.fI?(e_CLO y T ae_CLO ) )

where we used the Q1 = bgLiO on the outgoing states of f,g and e~¢L0 commute.

<

Figure 6: m$® is figured. The interior of the circle denotes that all tree five point Feynman
graphs are summed up and which means that the integral runs the whole moduli space Ms5.
Comparing to 7y the additional strips with length ¢ are attached.

Let us restrict the external states ® to ®” € HP. In this case mi’cyc and f,g are replaced
by rhi’p and f,g’p . Then mi”’ coincides with rh%p because e~¢L0 =1 on ®”. Thus the on-shell
effective action S(®¢P) := (FSP)*S(®C) is independent of ¢. On the other hand, the situation
is not the same for f,g , because the outgoing states of f,g do not belong to HP but the image of
Q*. The outgoing legs has its length ¢ and then the propagator acts on it. The facts leads

foP = e Slofov (6.9)

Note that f ,S P has no ¢-dependence. We can then consider the infinitesimal variation of the field
redefinition ®¢ = &P 4 fCP(PP),

oD

 — _Loe SLo fO.p(HOp
e = —Loe <l for(@0)

= —LofSP(D5P)
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where fOP(®SP) = D k>2 fé,p(q”)g,p)_ By definition, one can rewrite fé,p(q”)g,p) as
fC,p((j_)C,p) =-Qt Zmi(qﬂ)
k>2

where ®¢ in the right hand side is the image of Z¢” from ® € HP. Recalling QT = bgLiO, the
infinitesimal field redefinition is derived as

00¢ ¢
8—§ = by ka(q)C) >
k>2

which exactly coincides with the renormalization group flow (6.4). The finite field redefinition
from S(®¢;¢) to S(®¢;¢’) on this subspace is given by
o¢ = @S + 6*C'L0fC'((I)0,C') _ G*CLofC'((I)U,C)

4

¢~
= B + by / e Todr " mg (99) .
0 k>2

Finally the various SFT action obtained here and their relation between each other are sum-

marized. (H,m") is the cubic open SFT. On the horizontal line the one parameter family of

(H,m?) (H,m¢) (H, m<) (H>®, m™)

SFT (H,m¢) is defined and there exists the infinitesimal field redefinition on it. This field redef-
inition preserves the Ay-structure i.e. the BRST-symmetry on the Siegel gauge, and formally
by integrating it there exists a field redefinition between any two SFTs on this one parameter
family. Alternatively, for each (H,m¢) there exists an equivalent SFT (#,m¢). These are related
to each other by F¢. The field transformations on the horizontal line and F¢ are compatible.
When (#,m¢) is restricted to physical states, the reduced theory does not depend on ¢ and
coincides with (P, m?). In this subspace the composition F¢? o (F¢)~! defines the finite field
transformation between (H,m¢) and (H,m¢). Its infinitesimal version actually coincides with
the field redefinition given in [7].

Note that in the limit ( — oo, each vertex of the action on (#, m*) has the whole moduli
and it coincides with the correlation function itself. (7, m*) then coincides with (#, m*°) and
its restriction onto the physical state space HP is just (H,m?). This is the open string version of
the argument given in [5], where the L.,-structure of closed SFT is reduced to the L. -structure
in string world sheet theory[32, 33]. This argument is reviewed in Appendix B.2.

Thus we have two one parameter families of SFT (H, m¢) and (H,m¢). The flow on (H, m)
is discussed from the viewpoint of the renormalization group in [7]. The flow on (#,m¢) might
also be interpreted as the renormalization flow of boundary SFT.
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7 Conclusions and Discussions

We discussed classical open SF'Ts with cyclic vertices and argued that what extent their structure
is governed by their general properties. These SFTs have the structure of A,-algebras, and it
is shown that the A,-algebras of them are A, -quasi-isomorphic to the A.-algebra of on-shell
S-matrix elements. Moreover applying this, it is shown that any such SFTs which differ in
the decomposition of moduli space are Ay.-quasi-isomorphic to each other. This implies that
between any such SFTs there is one-to-one correspondence of the solutions of the equations
of motions which describe marginal deformations. In subspaces which relate to physical state
space HP the finite field transformation between two SFTs are described in terms of the Feynman
graph.

We discuss the above arguments explicitly on the one parameter family of classical open SFTs
on the Siegel gauge. On this one parameter family, there exists a field redefinition preserving the
value of the actions. We showed that the infinitesimal field redefinition is an A,-isomorphism.
It was observed that the infinitesimal version of the above finite field transformation in the
subspace coincides with the Ay-isomorphism preserving the actions.

Through the explanation of the above statements, various expressions for As.-algebras of
SFTs are used and their relations were summarized. The sign attending on the degree (ghost
number) is uniformed self-consistently. The relation to the conventional definition of the sign
is not denoted explicitly in this paper, but one can easily obtain the relation by comparing
the two definitions of Ay-algebras the elements of which have their degree differ by one (see
(Rem.2.2) and, for example, [45]. Essentially the relation can be read from the relation between
the convention in first half and the latter half of [7]. ).

The problem of taking dual of coalgebras has some subtlety when the graded vector space is
infinite dimensional. SFT is just the case. However SF'Ts are field theories. Therefore as far as
assuming that the SF'T is well-defined as field theory the dual of the coalgebras should be able to
be taken. Moreover the dual language is introduced in the present paper only for intuitive and
geometric understanding. All the arguments on the dual are rearranged in coalgebra language
and then hold even in the model where the decomposition of fields and basis is difficult.

The convergence was not discussed. The finite field redefinitions or the solutions for the
Maurer-Cartan equations for SFTs, which are formally preserved under the field redefinitions,
are defined by polynomials of infinite powers. Of course many of the arguments in this paper
make sense as formal power series. For instance each coefficient of the Maurer-Cartan equations
for the canonical A-algebra defines each on-shell S-matrix element. However, it should be
checked that when the solutions converge, etc. . Their seems no ways to confirm the convergences
instead of doing some numerical analysis explicitly. However, the finite field redefinitions and
the equations of motions are defined by the Feynman graph of SFT. Therefore the problem
of the convergences relates to the problem of the original SFT itself. Looking for some ‘good’
model on a conformal background might be a good issue. Alternatively, one can also argue these
on an appropriate subspace, due to, for instance, the momentum conservation of the vertices.
Therefore we think that some well-defined field redefinitions or the solutions of the equations of
motions are obtained in the subspace. One such example will be commented below in tachyon
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condensation in Discussions.
We ends with presenting the following related topics or future directions.

e the background independence.

SETs have mainly two directions of deformations : changing the decomposition of moduli
space of Riemann surfaces as discussed in this paper, and transferring to other backgrounds.

The issue of the background independence can be treated in the category of weak A..-algebras
as follows. Consider two points  and y on CFT theory space. = and y denote two conformal
backgrounds. Let H, and H, be two string Hilbert spaces on the conformal backgrounds and
let ®, € H, and ®, € H, be the string fields. Generally the field transformation ¥, is of the
form

¢, = F, ,*(CI)I) = (I)bg + Fu(®,) = q)bg + f1(Pg) + fo(Py, y) + -+,

where @, = ei@ig denotes a background in #H,. Only the degree zero part of @Zg can be
nonzero, because the vacuum expectation value of the action should belong to R. The case
®p, = 0 reduces to the problem on the same conformal background.

If a SFT gives a background independent formulation of string theory, each solution ®;, of the
equation of motion for the SFT Sy (®,) on H, describes a conformal background. Moreover S(®)
re-expanded around the equation of motion @, should define a SF'T action on the conformal
background of H,.

Let S;(®;) be a SFT action on H,. Suppose that these two actions Sy(®,) and S,(®;)
satisfy the BV-master equations on their conformal backgrounds. Then if there exists F, which
preserves the symplectic structures and satisfies 7 Sy (®y) = S, (Fy«(®z)) = Sz(®;), the action
Sy(®,) is certainly background independent.

Here let us express this 7, as the composition Fj = F* o Tg‘g where

By = Fpg (D) = By + D', O = F. (D) -

By Fp, the SFT S,(®,) on H, is transformed to a SFT on H, which is regarded as a SFT
on the conformal background corresponds to ®,4. It is known that when the ®;, denotes an
equation of motion for Sy (®,) the action expanded around @y, Fy Sy(Py) = Sy(Pyy + '), also
has an As-structure[53] with symplectic structure unchanged. It is explained in weak A in
Appendix A.2 in the dual picture. Denote by m, an A..-structure on ®, € H,, define F, as a
cohomomorphism, and the induced Ay-structure m’ on H, is given by (A.23) 23

m' =my o Fy, . (7.1)

Generally this induced Ay -structure m’ is not quasi-isomorphic to the original one, since m/ =:
@', and especially its cohomology class, is changed.
Next we consider the field redefinition

F*((I)I) :f1(¢w)+f2(@$7@:13)+"' . (72)

*These arguments are treated on the category of weak As-algebras. Actually when ®;, does not satisfy the

equation of motion, m’ in eq.(7.1) defines a weak Aoo-structure on H,.
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In order for &, € H, describes the conformal background z, fi should be an isomorphism. We
use this f in order for the kinetic term of S, (®4, + ®’) to coincides with that of S, (®,). Note
that by (Prop.5.1) as far as F preserves the symplectic structures, F is an A,-isomorphism
between two Aso-algebras.

Locally H, can be regarded as a fiber on y, and the total space can be viewed as a vector
bundle. In [41] for classical closed SFT the infinitesimal background independence is proved
by utilizing the CFT theory space connection [54] (and the argument is extended for quantum
closed SFT in [42]). Here the ‘infinitesimal’ means that the two conformal backgrounds which
relate to each other by infinitesimal marginal deformation are considered. In this case ®, —®; is
infinitesimal and the infinitesimal deformation of f; corresponds to the connection on the vector
bundle. fo, f3,--- preserving the symplectic structures are constructed in [41].

Generally it is difficult to construct {fi}xr>2. Then giving up constructing {fx}xr>2 and one
can consider the reduction of the shifted action Sy (®yy + f1(2")) — Sy(Ppy) to “minimal” as
in section 5. By construction the shifted action satisfies the BV-master equation. Therefore if
the corresponding “minimal” action coincides with the on-shell S-matrix elements, the shifted
action might be regarded as the SFT action on z, and the action S,(®,) is background indepen-
dent. This argument is an reformulation of the arguments in [15], where infinitesimal marginal
deformation @, is discussed.

e tachyon condensation. 'The solution describing the tachyonic nonperturbative vacuum in
cubic open SFT[35] is one of the solution of the e.o.m (5.16) with the condition (5.17). The issue
can be viewed as a toy model for applying the argument in the present paper, but a modification
is needed.

Consider the tachyonic solution in the Siegel gauge. Since we are interested in the Lorentz
invariant solution with twist symmetry, the solution is non-zero only for even level scalar fields
which is constant in space-time. Each corresponding state is then not physical state because
for the basis corresponding to constant (zero-momentum) fields, the eigenvalues of Ly for the
base of level 0, 2, 4 --- are —1, 1, 3, ---, respectively. The field corresponding to the level
zero state is the constant tachyon field, and we denote it by ¢. In order to obtain the tachyonic
solution for ¢ and the value of the action at the solution, the tachyon effective potential V'(¢)
has been needed. Its equation of motion is %V(t) = 0. We want to relate V(t) with S(®?) in
eq.(5.37) and %V(t) = 0 with 3,5, mP(®?) = 0 (5.8) : the Maurer-Cartan equation on HP.
Other fields corresponding to the states of level 2,4, -- have been expressed as the power series
of the tachyon field ¢. It is regarded as the field redefinition F? from (H?,w?) to (H,m), that is,
we want to regard the tachyon field as ®” € HP and other fields as ®* = f(®?) € H*. However
a modification is needed because the tachyon is not physical and the tachyonic solution can not
be obtained by marginal deformation. We then modify the definition of P, which was essentially
the projection onto the physical state. Let the new P be the projection onto the tachyon ¢.
The P in the propagator Q* = bgLiO(l — P) is also replaced to this P. Then beginning with
the equations (5.16) and (5.17) with m3 = mg = --- = 0, the field redefinition F? and the
Maurer-Cartan equations (5.19) and (5.20) with P replaced are obtained. Then the solution of
eq.(5.19) is the one we are looking for. The corresponding effective potential is exactly what is
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mentioned in [55] and presented explicitly using Feynman graphs in [49]. However in order that
the solution is well-defined on the Siegel gauge, it should be BRST-invariant. In [56] it is checked
in level (2,6) approximation with good agreement. The condition is nothing but eq.(5.20) with
replaced P. By discussing the issue from this viewpoints, some symmetry around this tachyon
effective potential can be seen and it might give some insight also for the problem of the exact
solution and the physics around it.

e boundary string field theory.

In subsection 5.4 and section 6 a boundary SFT like action is obtained in eq.(5.45) and
(6.8). Each vertex in the action coincides with the string correlation function on-shell, and is
extended off-shell in the similar notion as [57]. The action relates to the original SF'T action by
a finite field redefinition constructed by the Feynman graphs of SFT and satisfies the classical
BV-master equation. The field redefinition can be realized as the coordinate transformation on
a formal noncommutative supermanifold in (Rem.5.3). However no relation to other literature
has been clarified. The property of the BV-BRST transformation ¢ and the symplectic form @
should be investigated further. This argument is rather formal but the definition of boundary
SFT[43] is also formal, so relating it to the ordinary SFT might help us to realize the structure
of boundary SFT.

Note that action S(®) reproduces the string S-matrix on-shell even if it is treated as the
fundamental action of field theory. Since in eq.(5.45) Q1tQ® is almost P“®, let us identify it
with unphysical fields. The action S(®) then does not contain the terms which is linear for
unphysical fields. Therefore when computing the on-shell amplitudes the exchanging diagrams
do not appear and they indeed coincide with the on-shell string S-matrices.

e other SFT. In this paper we deal with the classical open SFT and its Ay-structure. The
argument holds true also for the classical closed SF'T, because by commutative-symmetrizing the
arguments on A-structures reduce to Ly-algebras and it is known that the classical closed SF'T
is described by L-algebras[5]. (The definition of the symplectic structure etc. in subsection
4.3 is necessarily modified. ) In other case, like quantum closed, classical and quantum open
closed case, the algebraic structures are governed by the BV-algebra in any case. However in
order to extend the use of the quasi-isomorphism in the minimal model theorem in these case,
it is necessary to refine the algebraic structure in more detail. Such study might makes clear
the general structure of these SF'T's. Some study for the algebraic structure of quantum closed
SFT are found in [42, 58, 59].
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A Dual description of homotopy algebras

We shall give the dual description of A,-algebras. In this picture, A,-algebras are understood
more geometrically. The definition of the dual of a coalgebra in the present paper is given in
subsection A.1, and its geometrical point of view is explained in subsection A.2, where we deal
with a formal noncommutative supermanifold. These arguments hold similarly for L,-algebras.

A.1 The definition of the dual of a coalgebra

Let H be a graded vector space, and C(H) := @52, (H®™) be its tensor algebra. The basis of H
is denoted by {e;}, and here we define the dual basis of e;, - - - €;, € H®* with an inner product
as follows. At first, denote the dual basis of {e;} by {e’}, and define an inner product between
H and H* as

(e'le;) = 5;- . (A.1)
We represent an elements of C(H) as g = Y ooy g% "le;, -+~ €;,, and an element of C(H)*, the
dual of C(H) as a = Y32 a;,..i, €% - - - €L, Generalizing the above inner product between H
and H* (A.1), here the inner product between C(H) and C(#H)* is defined as

k.. elles ... ) = (LR
(e e'lej, - e;) = €y (A.2)
where 63-11',',',3-’; equal zero for k # [, and if k = [, 6;11?; = 5;1 e 5;’; . Moreover, for a1, -+ ,a, €

C(H)* and ¢1,--- ,gn, € C(H), the inner product of n-tensor is given by

(a1 @ - ®anlg1 ® - @ gn) = (a1]g1) - - - (anlgn) -

Now we have obtained the inner product between C'(H) and its dual C(H)*, we will translate
operations on C'(#) into those on C(H)*. For the coproducts A on C(H), the product m on
C(H)* is defined as

(m(a®b)lg) = (a @b|Ag) , (A.3)
the derivation ¢ corresponding to the coderivation m is defined as
(0(a)lg) = (alm(g)) , (A.4)

and homomorphism f corresponds to the cohomomorphism F from C(#) to another tensor
algebra C(H') is determined as

(E(a)lg) = (alF(g)) - (A.5)
Because g € C(H) and a € C(H')*, the homomorphism f is a map from C(H')* to C(H)*.
Therefore f can be regarded as F* : the pullback of 7. Here we write the elements of C(H) on
the left hand side and the elements of C'(#H)* on the right hand side. The operations on C'(#')
or C(H')* are distinguished by attaching ' to them. The above definitions of the operations on

C(H)* translate various conditions for the operations on C'(H) into those on C'(H)* as follows.
The coassociativity of A is equivalent to the associativity of m :
(mma®b)®c)lg) = (@b c|(A®1)A(g))
I : (A.6)
(ma@md®c))lg) = (@®@bd(1®A)Ag)
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The condition that m is the coderivation is translated into the Leibniz rule for ¢ :
(6-m(a®Db)|g) = (a ®b|A -m(g))
I : (A.7)
m(l®1+10)(a®b)lg) = (a@b(MR®1+11m)Ag)

The condition that F : C(H) — C(H') is a cohomomorphism is rewritten as the one that
f:C(H")* — C(H)* is a homomorphism :

(f-m'(a@b)lg) = (a®A"-F(g))
I : (A.8)
(m(f(a) @ £(b))lg) = (a@b|(F ®@F)Ag)
(H,m) is an Ay-algebra means that (C'(H)*,d) is a complex on the dual :

0= (- 8(a)lg) = (alm - m(g)) =0 . (A.9)

Finally the condition that F is an As-morphism is tranlated into the equivariance of f :

(0-f(a)lg) = (alF-m(g))

I . (A.10)

(£-0'(a)lg) = (alm’-F(g))

The above statement will be realized with some graphs 2*

. In the above explanation, the
elements of C(H) are written in the left hand side of the inner products (ket), and the elements
of the dual algebra C(#H)* are in the right hand side (bra). Here, for the algebra on the left
hand side, we represent the product m, the derivation ¢, and the homomorphism f as m =>—,
0 = @, f = . According to the operations of the algebra from left, the lines of the
graphs are connected to the right direction. In other words, the operations on the algebra
C(#H*) in the left hand side from left yields the flow from the left to the right on the lines of the
graphs. Next, for the coalgebra C(#) in the right hand side, we represent the coproduct A, the
coderivation m, and the cohomomorphism F as A =>—, m = {m}-, F = , and define the
orientation of the operation from the right to the left on the lines of the graphs. Lastly, in order
to distinguish the left and right in the inner products, we introduce ( | ) between the algebra
C(H) and the coalgebra C(H)*.

The definition of the algebra C(#)* dual to the coalgebra C(#H) (A.3)(A.4)(A.5) are written
graphically as follows : The graphs in both sides of the equations represent the C valued inner
products. The arrow on the dashed line in (Fig.7) denotes the orientation of the operations in
both sides. The m is defined so that the inner product is invariant when the | on the right hand
side of (Fig.7) is moved to the left. Then the D— is m on the left of |, and it becomes A on
the right of |. Similarly, in (Fig.8), the @» on the left of | becomes on the right and

the is E» when is transferred to the left. The situation is similar for and
(Fig.9).

24The graphs used below is different from that in the body of this paper. In fact, a line denotes the flow of an

element of A in the body of this paper, but the line used below denotes an element of C(H).
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(ma®b) | g) (a@b | Ag)

Figure 7: (m(a ® b)|g) = (a ® b|Ag) eq.(A.3)

Figure 8: (3(a)lg) = (alm(g))  eq.(A.4)

By the benefit of the above rewriting, the following facts can be understood naturally with
these graphs : the equivalence between that m is a coderivative and that the § is a derivative
(A.7), the one between that the F is a cohomomorphism and that the f is a homomorphism (A.8),
the one between that the (H,m) is an A-algebra and that the (C(H)*,0) is a complex(A.9),
and the one between the F is an A.-morphism and that the f is J-equivariant (A.10). For
instance, eq.(A.8) is shown as (Fig.10).

A.2 The geometry on C(#)* : formal noncommutative supermanifold

In this subsection, we represent explicitly m, 0 and f, which correspond to A, m and F, re-
spectively, and realize them geometrically on the algebra C'(H)* dual to the C(#). For the
coassociative coproduct

A(el...en) — Z(el...ek) ®(ek+1...en) ,
the corresponding associative product m defined in eq.(A.3) are written as
m((e"---e") @ (e .- &) = el ... elle ... e . (A.11)

For a = "% a;,..i, €% ---e and b= Y7 b ..; e’ --- e, m(a ®b) becomes

00 00
m((z a’il"'ikeik T eil) ® (Z bjl"'jlejl T ejl)) = Z(a’ “D)mym, € €M
k=1 =1 n
n—1 o )
(a . b)ml---mn = :,;I:?ﬂ%ﬁ;njn_pail...ipbjl...jn_p .
p=1

It is easily seen that by the above definition of m, (@ b)ymy .., = (m(a @ b)lep, - ep,) =
(a ®@b|A(em, - €m,)) holds.
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Figure 9: (f(a)lg) = (a|F(9))  eq.(A.5)

Figure 10: (f - m(a ® b)|g) = (m(f(a) @ £(b))|g) eq.(A.8)

a,b € C(H)* can be regarded as the polynomial functions on the graded vector space H.
Consider ® = e;¢* € H. ¢’ is a coordinate of H, and its degree is set to be minus the degree of
e; in order for ® to have its degree zero. {¢'} is isomorphic to H*, and so it is identified with
H*. Actually, introduce a natural pairing ( ) between H and H* ?°, and one can define a(®) as

a(®) = a.qp (€%(®)) -+ (e (D) =D ayyiy ¢ - P
k=1 k=1

This a(®) € C(H)* is nothing but a polynomial function on the graded vector space H because
{¢'} is the coordinate on H. The pair of the graded vector space and the algebra of formal
power series of the coordinates on the graded vector space is called as formal supermanifold[8,
22]. In this case a(® = 0) = 0 for any a € C(H)*, and the coordinates are associative but
noncommutative, so this is a formal noncommutative pointed supermanifold. We can translate
Lo-algebras in the language of the formal supermanifold, too. In this situation the coordinates
are graded commutative which reflects the cocommutativity of the L..,-algebra, and we get a
formal (commutative) pointed supermanifold.

Z5The inner product is the same type that is defined in eq.(A.1) and different from that in eq.(A.2).
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Remark A.1 Note that the product (A.11) is defined so as to satisfy the following compatibility

A(2%7) = > he1 (09F) ® (€7 F)
o | | ol ' ' (A.12)
Alei, - e, )¢ - P hor(€i e )@ ¢ ® (e, €, )P Bl

Recall that A(e;, ---e;,) = Y p_;(ei, - - €;,) ® (e, - €;,). Here we identify ¢* and e’. Then
the equality between the two terms in the second line in eq.(A.12) means that the operation
of ¢’ in the tensor coalgebra C(#) are defined by eq.(A.11). Thus the coalgebra C(#) can be
defined as a coalgebra of C'(#)*-module.

e coderivation
Next, for a coderivation m =m; +mg + - - -,

n—k
mk(el en) = Z(_1)91+"'+6pe1 ---ep,lmk(ep---ep_i_k_l)ep_i_k €, e; € H y (A13)
p=1

we construct 6 which corresponds to m. By the definition of 0 (A.4), one sees that a derivation
corresponding to the coderivative may be constructed separately for k. Express my, : H¥ — H
as

(A.14)

my(eiy - eiy) = €,

and o : C(H)* — C(H)*, .
_ 9
= 9 Cirin

is a derivation. Here we identify the coordinate {¢’} with * and replace e’ to ¢'. The derivation

o g g

J is constructed as § = 01 +da + -+ -. It is regarded as an (odd) formal vector field on the formal
noncommutative pointed supermanifold. Note that the condition that my is a coderivation is
replaced to that ¢, satisfies the Leibniz rule on the polynomials of ¢*’s. Moreover, as will be
seen explicitly, 62 = 0 holds iff m define an A-algebra. The formal manifold with such § is
called Q-manifold in [8] 2°.

Remark A.2 The operation of my is compatible with the decomposition of the supercoordinates
in the following sense. Here compute my(®®") in two ways. One way is acting my, after rewriting
PO = (e;, ---€;, )" --- ¢ and we get the result in eq.(A.13) as the coefficient of ¢’ - .- ¢t
Another way is computing mg(®®") as

n—k
mg (@) = 0FPmy, ()= P

= (A.15)

n—k
= Z(_l)eil—i—m—i—eipl (ei1 .. eip_l)mk(eip .« e eierkfl)(eip#»k .. ein)('zsz” P ('ZS“ ,
p=1

26This @ does not correspond to the BRST operator @ in the body of this paper but § : the BRST-generator
in gauge theory. J in this paper is written as @ in [8].
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and picking up the coefficient of ¢* - ¢"'. One can see that this leads the same results as in
(A.13) and these arguments are compatible. In the second equality of eq.(A.15), one gets the
sign (—1)®1 7" "®»1 because ¢, --- , ¢~ pass through my which has degree one.

Remark A.3 When m satisfies m - m = 0, we have relations between my, Rewriting my using

eq.(A.14) yields relations between ¢/ .. On the other hand, in the dual language, the condition

i1 i .
m-m=01is -0 =0. Calculating ¢ - § and concentrating on the term of n powers of ¢" leads

9 N9 .
D, Okd= &@n%w w)%ﬁwwwwﬁ

k+l= n+1

Z Z 1)t Feimoy el i sz)lk S (@I ) fimmr i

3
8('25 k+l=n+1m=1
The coefficient of ¢" - -- ¢! then reads
k+l= n+1
m=0,--- ,k—1

This is exactly the relation m-m =0 (or eq.(2.6)) rewritten with {cﬁllk}

e cohomomorphism

In the terminology of the formal supermanifold, a homomorphism corresponding to a co-
homomorphism F are constructed as follows. Let H,H' be two graded vector space and
Fn + H®" — H'. A cohomomorphism F from C(#H) to C(H') is now given by

F=F'4+FP+F ..., F . CH) —H

]:l(el"'en) e Z fnl(el...enl)®...®fnl(eninl+1...en) . (A17)
ni,es,n 21
ni+--+n;=n

Now we express f,, as

fn(ez'1 T ein) €, ZJII dp "
The homomorphism f gives the pullback from C(#H')*, the formal power series ring on #/',
C(H)*. In this reason we can write as £ = F*. Let {¢'} and {¢} be the coordinates on
M and H', respectively, and take an element of C(H')* :a(¢') := Y 72, @iyoiy ' -+ @1 Then
f:C(H)* — C(H)* is induced from F, :
Fe: H — H'

, j,:le 3’ i i2 11 in ... AL
¢ = ¢ =F (o) ¢ () = fi o'+ ’”2¢ ¢t 11 zn¢ ¢+

(A.18)
f(a(¢')) = a(Fi(¢)). One can see that the cohomomorphism F is, in the dual geometric
picture, a nonlinear map F, from a formal supermanifold H to H' preserving the origin.

o A, -morphism

The condition that this F is an Ay-morphism is equivalent to the statement that this map
F. between two formal supermanifolds is compatible with the action of § and §’ on both sides,
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i.e. Fy is a morphism between Q-manifolds. For any a(¢') € C(H')*, the condition is
£o'(a(¢')) = ofa(¢’) (A.19)

and is written explicitly as

-
£ (M)%c"’(qs’)) = a7 () 555 (9)

_ 9 9 i) — NS\ D G
where we expressed § = 8T)jcj(d)). Because a(]-"*((ﬁ))aT)ij(d)) =f (a(d) )3@") Twcj(¢) in the
right hand side, we get

£(o ) = St (a.20)
o)

We can see that when ¢ and f are given and f has its inverse, then ¢’ is induced as cj'(qS’ ) =
A~
£ (500 (9).
o weak A

oy .
Let us add the term 3%]03 to 0 where ¢/ is a constant and write it as d,,. Explicitly d,, is of

the form - -

co =
0 0 0 i i
‘5“’:6?0”6?07(@5):,;6?“5"” ¢ .

Acting it on C'(H)* yields constant term generally. Thus let us enlarge C(H)* as C(H),, which
denotes the space of C(H)* plus constant, i.e. C(H);, = C® C(H)*. C(H);, is regarded as the

w
space of functions on H which do not vanish at the origin generally. Similarly consider the map

f,: C(H");, — C(H);, induced from F, . defined as

w
O = FL @) = I+ ]+ 070" e L b

where fj’ € C. It can be seen that this map does not preserve the origin. In this extended
situation, we can again consider the following conditions

Suy B0y = 0 (A.21)

£,0! = Gufiy - (A.22)

The condition (A.21) and (A.22) are dual version of the definition of weak A, -algebras and
weak Aso-morphisms, respectively.
Let us consider a weak A,-isomorphism of the form

¢ =FL(¢) ="+ 1,

where /' € C and fijl has its inverse. For simplicity let fl.j, = 63,. The weak Ay version of
eq.(A.20) then becomes
(¢) = e (f' + ¢') -
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The weak Ao-structure d,, on C(H)* is naturally induced from 4, on C(H')* by f,. Note that
when &/, defines strictly an A..-structure, that is, the constant part ¢/, vanishes, and f* is the
solution of the Maurer-Cartan equation on C(H')*, then ¢}, € C vanishes and the induced 4,
is also an Ay-algebra. Express the coalgebra representation corresponding to d,, and 4}, as m,,
and m/,, respectively, and m,, is given by

?)

my(e?) = m! (ePrs ™) (A.23)

where &, = e; f ¢, Note that since fj, € C, the corresponding e; has degree zero.

B Some relations on vertices in SFT

In this section some properties of vertices in SFT are derived using identities and notations in
the body of this paper.

B.1 The recursion relation

In section 3 it was explained that in order for the Feynman rule to reproduce the single covered
moduli spaces of Riemann surfaces, the vertices in SF'T must satisfy the string factorization
equations (3.8),

D=0+ Y SV (B.1)

ki1+ko=n+2
k1,k2>3

Here let us define the (off-shell) n point tree amplitude using that defined in eq.(5.26) as

[ @iy =

: Da(®) = (Tal(2)" (B.2)

SEES

n

In this subsection we shall derive the recursion relation (B.1) or equivalently the classical master
equation by employing only the following two relations :

0= / (QI(19))" = d((Vul) (D)™, (B.3)
oMy,
where d((Vy|1..m) = (Vnl1odoom Sr_, QW) and

{QQT}=1-P~1. (B.4)

The first equality in eq.(B.3) follows from dM, = 0. As argued in subsection 5.2, the P in
eq.(B.4) just contribute to the poles in eq.(B.2). Thus when the external states ® are set so that
the propagators in (V,,| have the pole, eq.(B.3) itself is not well defined. Therefore including this
case we define {Q, @1} = 1 between vertices {(Vj|}. Originally the recursion relations (B.1) are
defined as the relations between (the subspaces of) the moduli spaces. The problem here arises
from attaching the value (V,| € (H*)®" to each the moduli space M,,.

63



Expanding eq.(B.3) with respect to the number of the propagators Q* leads

o(Va)+ Y %8(<Vk1|<vk2| = QFw)IQe) ()" + - (B.5)

ki1+ko=n-+2
k1,k2>3
The origin of the minus in front of Q' can be found by recalling the calculation using Feynman
diagram in subsection 5.3. Each of the second term is rewritten as

O((Vie, (Vio| = QT |w)) = (0(Vi, N (Vieo| — Q7 |w)
+ (Vi [ 0(Vi, ) — QT |w)
— (Vi [(Vieo| {Q, = Q" Hw)

and the identity (B.4) leads the third term is (Vj,|(Vk,| |w). As was explained in section 3,
eq.(B.5) is equivalent to

AW+ Y S VallVial ) =0

k1+ko=n+2
k1,k2>3

Thus the recursion relation (3.8) is derived. This identity can be rewritten as

1
(807Vn) + Z E(Vk’vl) =0
ki1+ko=n+2
k1,k2>3

and summing up this equation for n > 3 leads the classical BV-master equation (3.11).

B.2 On-shell reduction of the vertices I

Let us consider the M% — M,, limit for each vertex as was mentioned in subsection 5.3 and
restrict their external states on-shell. This should give the on-shell string correlation functions.
In [5] such arguments are given in order to derive the Ly-structure for string world sheet theory
found in [32, 33]. Here it is reviewed in open string case and derive the on-shell A, -structure
from the Ao-structure of string field vertices.

In order for (V,,] to cover the whole moduli M,, of dimM,, =n — 3,

> Sl - Q)
k1+ko=n—+2
k1,k2>3
must cover the subspace of M, whose dimension is less than n — 3. Because the sum of the
dimensions of the moduli spaces corresponding to (Vj, | and (Vi,| is (k1 — 3) + (k2 —3) = n — 4,
the propagator Q* must not create one more dimension. Consequently, each vertex has infinite
length strips for their external states. Aqo-structure mé—> in section 6 is just the case and the
vertex V,, = w(®,my° (®,---,®)) is the string correlation function when the external states
are strictly restricted on-shell (or on physical states).
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Now V, is of the form V, = [, (Q[(|®))" and OM,, = 0, the recursion relation (B.1) is
saturated separately as

AWa=0, Y SulVulw) =0. (5.6)

ki1+ko=n+2
k1,k2>3

The second identity is just the condition of Ay.-structures with Q = 0. By employing the first
identity, it is reduced to on-shell A,.-structure as follows.
From eq.(4.8) and (4.18) the relation between A.-structure m,_; and V,, can be read as

mn_l(eh, e ,ein) = (—l)e’fejwjkvn(ek,ei2, tee ,ein) . (B7)

Here we restrict the external states as e;,, - ,€;, € HP UH!. Choosing the orthogonal basis as
in eq.(4.23), m,_; is then decomposed as

mnfl(eiw e 7ein) = (_1)ekaejwjkVn(Ppekaeiza T 7ein)
+ (—l)ethejwjkVn(P“ek, €y, " ’ein) (BS)
+ (_l)ekpuejwjkvn(Ptekaei2a T aein) :

The term on the third line vanishes due to the first identity in eq.(B.6). Because P'ey, is Q-exact,
write this as Pley = Q(Q"e;,), and

vn(Q(Quek)aeiza"' 7ein) =0 (Bg)

follows from (0V,,)(Q"ek,€;,, - ,e;,) = 0. The fact that eq.(B.9) is hold is an expected result
since the string correlation function vanishes even if one @)-trivial external state is included.
Thus it is shown that
mn_l(eh, s ,ein) e HP UH! (B.IO)

for any e;,,--- ,e; € HP U H! and the A -structure m,,_; can be reduced on-shell H? U H!.
Furthermore one can see that even if one of the external states e;, for 2 <k <n belongs to
H, V. (PPey, e;,,--- ,e; ) vanishes in the same reason as above and only the term on the first
line in eq.(B.8) survives.
On the other hand, the Ay-condition corresponding to the second identity in eq.(B.6) is
eq.(2.6) with @ =0:

> (=D imy(er, - e, my(€j1, - €j11) €541, ,en) =0 (B11)
ktl=n+1, k,>2

§=0,- k—1

with k =k — 1 and | = k9 — 1. Acting PP on left and restricting the external states eq,--- e,

on physical states HP then leads
Pi...4ef

Z (_1)61 e]Ppmk(ezl)a"' 7egappml(e§+17"' 7e§+l)7e?+l+17"' 7e17)1,) =0 (B12)

kHl=n+1, k,>2
§=0, k—1
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The reason why m; can be replaced by PPm, is that the contribution of Ptml(eg_i_l, - ,e§+l) to
my( ,---, ) necessarily belongs to H' as was stated above and is projected out by PP acting in
front of my,.

This concretes the proof that the A,.-structure of string vertices can be reduced to the
Ago-structure {PPmy}i>9 in string world sheet theory.

B.3 On-shell reduction of the vertices II

In this subsection it will be shown that m? defined in (Def.5.1) indeed define an A,-structure on-
shell and it can be reduced to an A-structure on physical state space HP, which was postponed
in (Lem.5.1).

The @ defines the on-shell S-matrix elements and the corresponding vertices VI satisfies
A((Vi?]) = 0 because of dIM,, = 0 similarly as the first identity in eq.(B.6). Thus the proof is
almost the same as that in the above subsection. Replacing m,,_; in the previous subsection by
mb | in subsection 5.3 and repeating the argument from eq.(B.7) to eq.(B.12) give us the proof.
Only one different point is that mf, in (Def.5.1) contains P and the identity corresponding to
eq.(B.7) is

iy (€f,, € ) = (=1)% Pejw’*V, ey, ef,, - €] )
where the external states eﬁ, - ,efn are now restricted on physical state space H”. In the

orthogonal basis, this decompose as

4

SRR ,eP ) — (_l)ekpppejwjkf)n(ppek, eg’z’ - ,eP )

in
+ (—1)ekPPtejwjkl~}n(P“ek,e%,--- et )
+ (1) PP"ejw’*V, (P'ey, el - el )

ﬁ"bﬁ_l(e

and the term in the third line of the above equation vanishes for the same reason as in eq.(B.8).
Here recall that PPP = PP and note that the identity QQT + QTQ + P = 1 leads  and P
commute to each another. The above equation is then rewritten as

p

i27“. ,ep ) = (—1)ekaejwjk]~/n(Ppek,e%,'" 7ep )

ﬁlﬁﬂ(e in
+ (_l)ekQ(PQuej)wjkvn(Puekaefj)za e 7ep )

(B.13)

where in the second line PP! = PQQ" = QPQ" is used. Thus it has been shown that the image
of m” indeed belongs to on-shell #? U H! similarly as the previous subsection. It is easily seen
that this result does not change when the elements in H' are included as the external states.
Furthermore, because the term in the second line in eq.(B.13) belong to H!, the above mf

can be reduced to the Ay-structure on H? similarly as in eq.(B.12). Let ¢ : H? — HP U H! be
the inclusion map and the reduced A.-structure is given as

PPomPoy,

where PP and . is extended naturally as A,.-morphisms. This is equal to PPm derived in
eq.(B.12). The reduced A -algebra is denoted as (HP, mP) again to avoid increasing notations.
Thus we complete the proof that m? defines an Ayo-structure on physical states HP.
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