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ABSTRACT. We construct a generator system of the annihilator of a generalized
Verma module of a classical reductive Lie algebra induced from a character of
a parabolic subalgebra as an analogue of the minimal polynomial of a matrix.
In a classical limit it gives a generator system of the defining ideal of any
semisimple co-adjoint orbit of the Lie algebra.

1. INTRODUCTION

In [O3] generalized Capelli operators are defined in the universal enveloping al-
gebra of GL(n,R) and it is shown that they characterize the differential equations
satisfied by the functions in degenerate principal series representations of GL(n,R).
The operators are used to formulate boundary value problems for various bound-
aries of the symmetric GL(n,R)/O(n) and to construct generalized hypergeometric
equations related to Radon transformations on Grassmannian manifolds. In [O4]
using these operators we construct a generator system of the annihilator of the
generalized Verma module for gl,(C) induced from any character of any parabolic
subalgebra.

In this paper the generator system is constructed for any classical Lie algebra.
It is different from the one constructed in [O4]. In the case of gl,(C) the generator
system in [O4] is an analogue of minors and elementary divisors. The generator
system here is an analogue of the minimal polynomial of a matrix. For the generator
system of the center of the universal enveloping algebra the former corresponds to
Capelli identity in [C1] and [C2] and the latter to the trace of the power of a matrix
with components in the Lie algebra which is presented by [Ge].

In §2 we define a matrix F' with components in g or the universal enveloping
algebra U (g) associated to a finite dimensional representation of a Lie algebra g and
define a minimal polynomial of F' with respect to a g-module (cf. Definition 2.4).

In §3 we calculate the Harish-Chandra homomorphism of certain polynomials of
F. Tt is a little complicated but elementary. Owing to this calculation, in §4 we
introduce some polynomials of F' and study their action on the generalized Verma
module.

Then we construct a two-sided ideal of U(g) generated by the components g(F);;
for the minimal polynomial ¢(x) of F and prove Theorem 4.4, which is the main
result in this paper. It says that the ideal describes the gap between the generalized
Verma module and the usual Verma module (cf. (5.1) and (5.7)) if at least the
infinitesimal character is regular. The main motivation to write this paper is to
construct a two-sided ideal with this property originated in the problem in [O1].

It follows from this theorem that the ideal equals the annihilator of the general-
ized Verma module induced from the character of the parabolic subalgebra of the
classical Lie algebra if at least the infinitesimal character is regular and dominant
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2 TOSHIO OSHIMA

(cf. Corollary 4.6). But the assumption that the infinitesimal character is dominant
may be unnecessary (cf. Conjecture 2 and 3 in §6).

We will use the homogenized universal enveloping algebra U€(g) introduced in
[O4] so that we can compare the generator system of a co-adjoint orbit in the dual of
g. As a classical limit we get the generator system of any semisimple co-adjoint orbit
for a classical Lie algebra, which is described in Theorem 4.11 (cf. Remark 4.12).

In §5 we show some applications of our two-sided ideals to integral transforma-
tions of sections of a line bundle over a generalized flag manifold. For example,
Theorem 5.1 is a typical application, which shows that the system of differential
equations defined by our two-sided ideal characterizes the image of the Poisson
transform of the functions on any boundary of the Riemannian symmetric space of
the non-compact type.

In §6 we discuss the infinitesimal character which is excluded in the results in §4
and present some conjectures.

In the subsequent paper [OO] we will give a simple explicit formula of minimal
polynomials of generalized Verma modules of the scalar type for any reductive Lie
algebra and study the same problem as in this paper.

B ul,
g = Lie(G). Here A\, p € C and B € M(n,C) is a generic element. Note that A is

conjugate to A\, & ul, if A # p and to ()\ 0) G- D ()\ E)\> otherwise. We

In order to explain our idea, suppose G = GL(2n,C) and put A = ()\I" 0 > €

1 A 1
will identify g and its dual g* by the symmetric bilinear form (X,Y) = Trace XY.
Let Io(C S(g)) be the defining ideal of the closure Vg of the conjugacy class
Vo =3 ,cqAd(9)A with Ad(g)X = gXg L.
Note that lg = I by denoting

I = () Ad(g)J6,

geG

X 0
JS = Z UE(g)( (Xl X ) — ATrace X; — pu Trace Xg).
X1, Xa, X3€M(n,C) 32

Here U¢(g) is the quotient of the tensor algebra of g by the two sided ideal generated
by elements of the form X @ Y —Y ® X — ¢[X,Y]. Then U°(g) is the symmetric
algebra S(g) of g and Ul(g) is the universal enveloping algebra of g. We call a
generalization of I§ a quantization of 1§ and the quantization I} is nothing but
the annihilator of the generalized Verma module U(g)/J.

Since rank(X — Az,) < n and rank(X — ulz,) < n for X € Vg, the (n + 1)-
minors (€ S(g)) of ((Esj) — Alan) and ((Esj) — plan) are in Ig. On the contrary,
they generate Ig if A # pu. The quantizations of the minors are generalized Capelli
operators and studied by [O3].

If A\ = p, the derivatives of (n + 1)-minors of ((E;j) — zlzn) at © = A are
also in Ig and in general the generators are described by using the elementary
divisors. In [O4], we define their quantizations, namely, we explicitly construct the
corresponding generators for any generalized Verma module of the scalar type for
gl(n,C) using quantized elementary divisors. Moreover in [O4] we determine the
condition that the annihilator determines the gap between the generalized Verma
module and the Verma module. In the example here, the equality

n
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ANNIHILATORS OF GENERALIZED VERMA MODULES 3

holds if and only if A — pn ¢ {e,...,(n — 1)e}. When e = 1, this condition is also
equivalent to the fact that U(g)/J§ has a regular infinitesimal character. If (1.1)
holds, the quantized generators are considered to be the differential equations which
characterize the representations of the group G related to the generalized Verma
module. Hence they are important and the motivation of our study in this note is
this fact.

On the other hand, since (x — A)(x — u) is the minimal polynomial of A, all the
components of ((Ej;) — May)((Eij) — playn) are in J3. They generate Ig together
with 21221 Eii—nA—npif A # p. We can quantize this minimal polynomial and the
quantized minimal polynomial in this example equals ¢¢(z) = (z — \)(z — p — ne).
We can show that the 4n? components of the matrix ¢°((E;;)) € M (2n,U<(g)) and
the element 32", E; — n\ — nu generate 15 if A\ — p & {e, ..., (n —1)e}.

The main topic in this paper is to construct the elements in U(g) which kills the
generalized Verma module of the scalar type for the classical Lie algebra by using
the quantized minimal polynomial.

The author expresses his sincere gratitude to Mittag-Leffler Institute since the
result for g = gl(n,C) was obtained when the author was invited there from Sep-
tember until November in 1995 and the result is reported in [O2].

2. MINIMAL POLYNOMIALS

For a module 2 and positive integers N and N’, we denote by M (N, N’ ) the
set of matrices of size N x N with components in 2. If N = N’ we simply denote
it by M (N, ) and then M (N,2) is naturally an associative algebra if so is .

We use the standard notation gl,,, 0, and sp,, for classical Lie algebras over C.
For a Lie algebra g we denote by U(g) and S(g) the universal enveloping algebra and
the symmetric algebra of g, respectively. For a non-negative integer k let S(g)*) be
the subspace of S(g) formed by elements of degree at most k. If we fix a Poincare-
Birkhoff-Witt base of U(g), we can identify U(g) and S(g) as vector spaces and we
denote by U(g)®*® the subspace of U(g) corresponding to S(g)*).

The Lie algebra gly is identified with M (N, C) ~ End(CY) by [X,Y] = XY —
YX. Let E;; = (51”’5u]’)1SHSN € M(N,C) be the standard matrix units. Note

1<v<N
that the symmetric bilinear form
(2.1) (X,Y) =Trace XY for XY e€gly

on gly is non-degenerate and satisfies
<E1'j; E,uu> - 51'1/5j;u
X =Y (X, Eji)Eij,

0]

(Ad(9)X,Ad(9)Y) =(X,Y) for X,Y €gly and g € GL(N,C).

Lemma 2.1. Let g be a Lie algebra over C and let (m,CYN) be a representation of
g. We denote by U(n(g)) the subalgebra of the universal enveloping algebra U (gly)
of gly generated by w(g). Let p be a linear map of gl to U(w(g)) satisfying

(2.2) p(X,Y]) = [X,p(Y)] for X € n(g) and Y € gly,

that is, p € Homy(g)(gly, U(n(g))).
Fiz f(x) € C[z] and put

p(E) = (p(Ey)) <icy € M(N,U(r())).
(2.3) 1<J<N

(Fis)1<icn = F(E)) € M(N,U(r()).
1<j<N



4 TOSHIO OSHIMA

Then
(24) [X,Fy]=> XuiF,; =Y X;Fy
v=1 v=1
=Y (X Ew)Fuy = Y FulX, By for X = (Xi5) ,cicy €7(0)
p=1 v=1 1<j<N
with Xl'j e C.

Proof. Fix X € 7(g). Since

X, Eij] = ) XuwEuw, Bl = > XpiBpj — Y Xju By,

W,V p=1
we have (2.4) for f(z) = = by (2.2).
Suppose (F}]) and (Ffj) € M(N,U(n(g)) satisfy (2.4). Put Fi; = > Fj I
k=1
in U(m(g)). Then

S

X, Fyj] :; ij+z (X, F2]
kznzl (Zl Xy Fo P — ZX,WF}VF,fj>
=1 \i= =
+ En:l (i X F o — Z F} XJVFkV>
o
g:le 1 ’i_lXjVFw

and therefore the elements ( ”) of M(N,U(n(g))) satisfying (2.4) form a subal-
gebra of M (N,U(w(g))). O

Definition 2.2. If the symmetric bilinear form (2.1) is non-degenerate on 7w(g), the
orthogonal projection of gl onto 7(g) satisfies the assumption for p in Lemma 2.1,
which we call the canonical projection of gl to 7(g).

Remark 2.3. Assume that g is reductive and that the finite dimensional represen-
tation (7, V) in Lemma 2.1 is completely reducible. Let G be a connected and
simply connected Lie group with the Lie algebra g and let Gy be a maximal com-
pact subgroup of G. Moreover let g = n & a @ n be a triangular decomposition
of g such that expa N Gy is a maximal torus of Gy. Let Y(a) and X(a)* be the
sets of the roots for the pair (g,a) and (n,a), respectively, and let ¥(a) denote the
fundamental system of X(a)*. We fix a Hermitian inner product on V so that 7
is a unitary representation of Gy. Let {vi,...,vn} be an orthonormal basis of V
such that v; is a weight vector of a weight w; with respect to the Cartan subal-
gebra a. We may assume that @; — w; € X(a)t means i < j. Hence w; is the
lowest weight and wy is the highest weight of the representation 7. Under this
basis we identify 7(X) = (7(X);;) € M(N,C) ~ End(CV) ~ gly for X € g by
m(X)v; = SN w(X)ijv;. Note that 7(a) C ay, 7(n) C ny and (i) C Ay by
denoting

N
(2.5) ay = ZCE“', ny = Z CEU and ny = Z CEij.
j=1

1<j<i<N 1<i<j<N
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Since m(X) is skew Hermitian for the element X in the Lie algebra gy of Gy and
Cr(gu) + m(a) = w(g), we have ‘w(g) = m(g). Hence the symmetric bilinear form
(2.1) is non-degenerate on m(g) and there exists the canonical projection of gly to
7(g)-

Definition 2.4 (Characteristic polynomials and minimal polynomials). Given a Lie
algebra g, a faithful finite dimensional representation (7, C"V) and a g-homomorphism
p of End(CY) ~ gl to U(g). Here we identify g as a subalgebra of gl through
7. Let U(g) and U(g)® be the universal enveloping algebra of g and the center of

U(g), respectively. Put F = (p(Elj)) € M(N,U(g)). We say qr(x) € U(g)%[z] is
the characteristic polynomial of F if it is a non-zero polynomial of x satisfying
QF(PU 210
with the minimal degree.
Suppose moreover a g-module M is given. Then we call gp () € Clz] is the

minimal polynomial of F with respect to M if it is the monic polynomial with the
minimal degree which satisfies

Q}QA4(l7)A4'=:0.

If p is the canonical projection in Definition 2.2, we sometimes denote F, ¢
and g as in place of F', g and gr s, respectively.

Remark 2.5. 1) After the results in this paper was obtained, the author was in-
formed that [Go2] studied the characteristic polynomial of F for the irreducible
representation 7 of the reductive Lie algebra.

ii) If g is reductive, the characteristic polynomial is uniquely determined by (7, p)
up to a constant multiple of the element of U(g)“ since U(g)® is an integral domain.

iii) If g is reductive and M has an infinitesimal character y, that is, x is an
algebra homomorphism of U(g)“ to C with (D — x(D))M = 0 for D € U(g), then
x(qr(z)) € Clz]grm().

iv) The characteristic polynomial and minimal polynomial of a matrix in the
linear algebra can be regarded as a classical limit of our definition. See the proof
of Proposition 4.16.

Theorem 2.6. Let g be a reductive Lie algebra and let F be a matriz of U(g)
defined from a representation of m under Definition 2.4.

i) There emists the characteristic polynomial qr(x) whose degree is not larger
than > mx(w)?. Here @ runs through the weights of @ and my(w) denotes the
multiplicity of the generalized weight w in 7.

ii) The minimal polynomial qp n(z) exists if a g-module M has a finite length
or an wnfinitesimal character. Its degree is not larger than that of the characteristic
polynomial qr(z) if M has an infinitesimal character.

Proof. Let U(g)® denote the quotient field of U (g)“ and put U(g) = U(g)®p g)c
U(g). Owing to [Ko] it is known that U(g) = A(H(g)) ® U(g)“, where H(g) is the
space of g-harmonic polynomials of S(g) and A is the map of the symmetrization
of S(g) onto U(g). It is also known that H(g) ~ ZTE@f m.(0)7T as a represen-
tation space of g by denoting g; the equivalence classes of the finite dimensional
irreducible representations of g.

Hence the dimension of the g-homomorphisms of 7 ® 7* to U(g) over the field
U(g)® is not larger than ZTE@f [r@7*, 7Jm,(0). Here [r ®7*, 7] is the multiplicity
of 7 appeared in [1 ® 7*] in the sense of the Grothendieck group. Moreover it is
clear that Y. __. [1® 7*,7]m,(0) = Mrga+(0) = >._ mx()?. On the other hand

Lemma 2.1 says that the space Vi, =3, CF{} is naturally a subrepresentation of

TEGf
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the representation of g which is realized in M (N, C) and belongs to 7 @ 7* and that
the map Ty : By — F}; defines a g-homomorphism of M(N,C) to U(g). Hence
Ti,..., Ty, are linearly dependent over U(g)® if m > 3" mn(w)?. Thus we have
proved the existence of the characteristic polynomial with the required degree.
For the existence of the minimal polynomial it is sufficient to prove the ex-
istence of a non-zero polynomial f(z) with f(F)M = 0. Considering the irre-
ducible subquotients of M in Definition 2.4, we may assume M has an infinitesimal
character A\. Let ¢r(x) be the characteristic polynomial. We can choose p € a*
so that @(gr(z))(A + ut) € Clz,t] is not zero. We can find a non-negative in-
teger k such that f(x,t) = t*w0(qr(z)) € Clz,t] and f(z,0) is not zero. Put
I = zcu(ge U(8)(Z —0(Z)(N)). We define h(t) € M(N, H(g) ® Clt]) so that
f(F, t) — A(h(t)) S M(N, I)\+/Lt)- Since dF(F)()\ + Mt) S ]\4(]\[7 I)\+/Lt)7 h(t) =0 for
t # 0 and hence h = 0 and therefore f(F,0)(U(g)/Ix) = 0. Hence f(F,0)M =0
because Ann(M) D I,. O

Hereafter in this note we assume
7 is injective,
(2.6) p(aly) C g,
p(X)=CX for Xeg

in Lemma 2.1 with a suitable non-zero constant C'. Then we have the following.

Remark 2.7. i) Since 7 is faithful, g is identified with the Lie subalgebra 7(g) of
gly and U(w(g)) is identified with the universal enveloping algebra U(g) of g. We
note that the existence of p with (2.6) is equivalent to the existence of a g-invariant
subspace of gly complementary to g.

ii) Fix ¢ € GL(N,C). If we replace X by gXg~! for X € 7(g) in Lemma 2.1,
(Fi;) naturally changes into g(Fj;)g~" and therefore the corresponding character-
istic polynomial and minimal polynomial does not depend on the realization of the
representation 7.

iii) Suppose g is semisimple. Then the existence of p is clear because any finite
dimensional representation of a semisimple Lie algebra g is completely reducible.

iv) Let ¢ be an involutive automorphism of gl . Put

g={X egly; o(X) =X}
Let 7 be the inclusion map of g C gly. Since g = {X € gly; o(X) = =X} is g-

stable, we may put p(X) = X++(X) in Lemma 2.1, which is the canonical projection

with respect to the bilinear form of gly.

v) For a positive integer k and complex numbers Aj, ..., \g, the vector space
spanned by the N? components of the matrix (p(E) — MIn)--- (p(E) — M\ely) is
g-invariant. Moreover the trace of the matrix is a central element of U(g), which is
clear from Lemma 2.1 and studied by [Ge] and [Gol] etc.

3. PROJECTION TO THE CARTAN SUBALGEBRA
Now we consider the natural realization of classical simple Lie algebras. Denoting
1
- . - I,
I, = (5i,n+1—j)1<i<n = . and J, = 7 ,
1<5<n 1 —in
we naturally identify
o, ={X €gl,; 00, (X) =X} witho,, (X)=—-1,'XI,

3.1 o
3.1) sp, = {X € gly,; 0ap, (X) = X} with a4y (X) = —J, X J,..
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Definition 3.1. Let g = gl,, or 02, or 02,41 or §p,, and put N =n or 2n or 2n+1
or 2n, respectively, so that g is a subalgebra of gly. Put

(3.2) t=N+1—4
for any integer ¢ and define

0 if g=gl,,
1 if g=opn,
(3.3) € = g ow ,
1 if g=sp, and i<n,
-1 if g=sp, and i>n.
Then the involutions o4 of gl defining g with g = ox and sp,, satisfy

Og (Elj) = —€¢6jEﬁ.

We moreover define

(3.4) F=(Fy)ycicn = (Bis = €€ E51) iy
12N 12N

This definition of F means C' = 2 in (2.6) if g = oy or sp,,. We will denote F;
in place of Fy; for simplicity. Then g = Z” CF;; and

N
(35)  [X.Fyl=> (XuiFy - X;uF) for X = (Xij) €gc M(N,C)

v=1

by Lemma 2.1.
Use the notation (2.5) and define a = gNay, n=gNny and n = gNny. Then

(3.6) g=ndadn

is a triangular decomposition of g.

Definition 3.2. For a positive integer k and complex numbers Ay, ..., A put
F*M oo Ag) = (F = MIn) - (F — MeIn)

and define an element F*(\y,...,\x) in M(N,U(a)) by

(3.7) FEO, ..., ) = FF(O\, ... \) mod M(N,nU(g) + U(g)n)

In this section we will study the image F*(\q,..., Ax) of F¥(A1,..., \x) under
the Harish-Chandra homomorphism with respect to (3.6). First we note that if

Aoifi < g,
(38) Fl'j €qa ifi=j,
n ifi> g,
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we have
(3.9)
J
Fi(A, k) =) FE T (M, Akm1) (B — Aedyy)  mod Ug)n
p=1

g M) (B — )

+Z( Fug Pl O M) = (B, FET O 1))

j—1
= FE O M) (B = M)+ D0 (Fug PR O )

p=1
i—1 N
Z<FmaE > Vk[L_l()\l)"'7Ak—1)+ Z <F#J)E >F¢]f/_1()\1;--~7/\k—1))
v=1 v=p+1

by Lemma 2.1.
The following is clear by the induction on k.

Remark 3.3. i) The highest homogeneous part of F*(\q,..., ;) with the degree k
is given by

POy A0) = (05 FE) ey mod M(N,U(@)*0).
1<j<N

ii) If g = gl,, or 095,41 or sp,, and 7 is the natural representation of g, it is clear
that Trace F¥ for k = 1,2,...,n or k = 2,4,...,2n or 2,4,...,2n, respectively,
generate U(g)® as an algebra. In particular for any D € U(g)® there uniquely
exists a polynomial f(x) with Trace f(F) = D. In the case when g = o0y, we use
both the natural representation 7 and the half-spin representation 7’ of g and then
Trace FF for k = 2,4,...,2(n — 1) and Trace F" generate U(g)“.

iii) The Killing form of g is a positive constant multiple of the restriction of the
bilinear form (2.1) to g if g is simple.

Hereafter suppose that g = gl,, or o2, or 02,41 or sp, and that F is given by
(3.4). Then (3.4) means
(Fuj, Biv) = 04§00 — €650 5 and  (Fpj, Euu) = 0y — €600 5
and therefore it follows from (3.9) that

Fi];'()\la-“:/\k) = F'k'_l()‘la-" ’\k—l)(Fj = A tj 1)

Z(F FE gy Ag)

iy Fk 1()\1, .. .,Ak_l) + €#€j5#€F3{%_1()\1, .. .,Ak_l)

15 pp

e#ejzsm py (Al,...,/\k_l)) mod U(g)n.

(3.10)

Since [U(g)n,U(a)] C U(g)n and since Fj; € n and Fj; € n for i > j, the equation
(3.10) shows Ffi(A1,...,Ax) = 0 mod U(g)n for i > j by the induction on k.
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Similarly we have /w()‘l’ ..., A\k) € nU(g) if i < j. Hence by denoting

0 if @ <n,
Wi = . .
€ if i >n,

(3.11)

o = 0 if j<n or j>j
€; if j>n and j<j,

we have
(3.12)  FE(,..., M)
= F,’?—l(Al, o AR (B = Aot i— 1 —wi) + wiFE T (A, Aet)

E:F’C YO\, ..., Ak21) mod U(g)n,

(3.13) F¢¢+1()\1;--~,/\k)
_Fllz_;,_i()\l;-- s Ak 1)( i1 — )\k+i—w£+1)+w1 _1()\1,--~,/\k—1)
—|—F“+1Fk 1()\1,...,Ak_1) mod U(g)n
Now we give the main result in this section:

Proposition 3.4. Suppose that g = gl,, or 02, or 02p41 orsp,, and that F is given
by (3.4). Let © = {n1 < mnz2 < --- < ng = n} be a sequence of positive integers.
Putn), =n, —n,_1 forv=1,...,L withng =0 and fir k with 1 < k < L. Let
AL,y Ak are complex numbers. Put ng =0 and n, =n for v > L and define

we)=p if np_1 <v<np,
TN =U@n+ > U@)(Fy = Mo(v) + Nuo(w)-1)-
If g=gl,, we put HO,\1,...,A) = FE(\,..., ).
If g = sp,, or 0ay, we put
H(@aAla"ﬂAL) = FQL()‘la"ﬂALa
— M —ny+2n+6,..., =X —n +2n+9).
If g = 0241, we put
H(O,A1,...,\p) = FX2H (A, . A 0
—)\1—n/1—|—2n,...,—)\L—n/L_1—|—2n).
Moreover we define

HO, ..., 1) = F27Y O\, . A1, np 1,

M —ni+2n+6,...,—AL_1—nf_ +2n+96).
Here
1 if 8= 5Py,
(3.14) 0=10 if g=o02,41 or gl,,

—1 if g=02y.
i) The off-diagonal elements of F*(\1,..., \x) satisfy
Fi’;(Al,...,Ak) =0 modU(g)n if i>3j,
FE(M, ..., A) =0 mod aU(g) if i<j.
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it) If i < m, then
Fi]'ci()‘la .- '7Ak)
_J oo mod J(A); if i < ny,
T ks = A —nl) mod J(A)y if ng << g

iil) If i <m, then

Ef (M, )
-1 k
= (H()\F - )\u - n/u —ng_1+ Z) H ()\[ - )\u — Nyp—1 + Z)) Fii+1
v=1 v=F¢+1

mod j()\)l if ne_1<i<mng and k> 4.
iv) Suppose g = 0ay, or 02,41 o1 5p,,. Then
Hi(©,A1,...,A2) =0 mod J\), for i=1,...,N.
In particular, if \;, = np_1, then

ﬁii(G,Al,...,/\L_l)EO modj()\)n for i=1,...,N

and
Hpn1(©,M1, ..., A1)
L—1
= (—1)L_1(H A\ +n, —n)(\ +nl, —n— 5)) Frnt1
v=1

mod U (g)J(\)p.

Proof. Put F¥(\) = Fp()1,. .., ) for simplicity. If i < n, it follows from (3.12)
that
Fliain ) = FE(N) = Figi () Fipn =2 +1) = F 7 () (F = A +i) - mod U(g)n
and therefore by the induction on k& we have
(3.15) FEN) = Fliia() mod U(g)n + U(g)(Fipr — F).
Here we note that F,41 — F, € J~()\)mZ if ng_; < v < ny. Hence we have

EEON) 4+ T N)n, = FF (A +J(N),, for ng1<i<ng and 1<¢<L.

nene
Put s, =n, —n,—1 and introduce polynomials f(k, ) of (A1,..., AL, 81,...,81)
with £ < n so that
(3.16) Ff o My M) = f(k,€) mod J(A), .

Similarly for ¢ with ny_y < i < ng, we put t = Ay —ny—1 + ¢ and define polynomials
g(k,£) of (t,\1,...,AL,81,-..,8L) so that

(317) F¢]2+1()\1; ceey /\k) = g(k, E)E“‘_;_l mod j()\)l

Then we have

. if k=0,
f(k’g):{f(k_l,ﬁ)()\g—/\k)—Efsuf(k_ly’/) if k>1,

(3.18) =t
. if k=1,
gk 0) = {g(k— 1O~ M)+ f(k—1,0) if k> 1

We will first prove f(k,£) = 0 if k > ¢ by the induction on ¢. Putting £ = 1
in (3.18), we have f(k,1) = f(k — 1,1)(A\1 — X\¢) and f(1,1) = 0 and therefore
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f(k,1)=0for k > 1. Then if k > £+ 1, we have f(k,£+1) = f(k—1,£4+1)( A1 —
Ak) — 2521 suf(k —1,v) = f(k— 1,4+ 1)(Aex1 — M) by the hypothesis of the
induction. Hence we have f(k,£+ 1) =0 for k > ¢+ 1 by the induction on k.

Putting Ay = A—1 + s¢—1 in (3.18), we have f(k,0) — f(k, ¢ —1) = f(k—1,¢) —
f(k—1,0) =--- =0 and therefore f(£ —1,€)|x,=x,_,+s,_, = 0. Hence there exist
polynomials h(¢) with f(¢ —1,¢) = h(€)(A¢ — Ae—1 — s¢—1). Then (3.18) shows

h(f)(/\p — A1 — Sg_l) = f(f - 2,@(/\4 - )\g_l) - Sg_lf(f - 2,€ - 1).
It follows from (3.18) that f(k, £) is a polynomial of degree at most 1 with respect to
s¢—1 because f(k, ) does not contain sy for v < £. Hence h(¢) = f(¢—2,0)|s,_,=o0-
Moreover by putting s,—1 = 0 in (3.18), it is clear that f(¢£ — 2,£)|s,_,—0 does not
contain Ag_1. Hence h(f) = f({ — 2,0 —1)|x,_,—x, and we get
-1

(3.19) fl=10= 1= —s)

1

v
by the induction on ¢. Thus we have ii).
Now we put

-1
(3:20) FE=1,00=" e, ) (A = Advs1)(Ae = Auga) -+ (A = A1)

v=0
with homogeneous polynomials ¢(v, £) of (A1,..., A¢—1,81,.-.,8¢—1) with degree v.

Here ¢(v, £) does not contain A;. Then by the induction on k =¢—1,£—2,...,0,
(3.18) shows
k

Flk0) = e, ) (e = A1) (A = Augz) -+ (e = M),

v=0

—Zs,f v) = c(k, 0)

(3.21)

because S20_" s, f(k — 1,v) does not contain A,. We will show

4
(3.22) g(€,6) = (t = A) (= Aer) - (E = Arg2) (K, £)

Ht—/\ — Sy)-

Note that (3.22) is a direct consequence of (3.18). Denoting

’%R‘ |
»ao —

(3.23)

-1

gk(0) = e, ) (Ao = Augr) - (A = Mem1) (Ao = M) (E = iga) -+ (£ — A1)

v=0
fork=0,...,£—1, we have

gr—1(€) — g ()

k—1
=3 e )M = Ag1) (A = M) (E = M) (E = Ngr) -+ (£ — A1)

v=0
== A)(E = A1) - (8= M) f(R = 1,0)
from (3.21) and therefore (3.22) shows

9(t,0) = ge-a ( +Z (gr-1(6) = gr(€)) = go(£) = F(£ = 1L, ) |x ot
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which implies (3.23). Since f(k,¢) =0 for k > ¢, (3.18) shows

-1 k
(3.24) gk, ) = [t =2 =) J[ =) if k>4,
v=1 v=F¢+1

from which iii) follows.
In general we have proved the following lemma.

Lemma 3.5. The functions f(k,€) and g(k,?) of M\, Aa,...,81,82,... and t which
are recursively defined by (3.18) satisfy (3.19), (3.24) and f(k,€) =0 fork > ¢ > 1.

Now suppose g = sp,, or 02y,. Then

(325)  Fy11(N) = Fnitn ) Fagn = M) + D (Friiue (V) — 2 HV)
v=1

+ (Pt (V) = Eyy (V) =0 mod U(g)n.
Hence
F§+1n+1(A) - Fk ()‘)
(3.26) = Fitnt V) (Fan = A+ 0+ 6) = i ") (Fo = M + 1+ 6)
=0 mod U(g)n+U(g)(Frt1— Fn)

by the induction on k and
(3.27)

Fi1n41(\) =0 mod ZU VELLO) + Ulg)n + U(8)(Fur1 — A +n 4 0).
Since Fj,+1 = —F,, we have from (3.25)

FraOa oA minio) =0 mod J(ANa,, + Y. U(g)F,

v=nr_1+1
in the case A\, = ny_1 and from (3.27) with —(A\p, —np_1) — A1 +n+6=0
Fr (AL, =AL+n_1+n+08)=0 mod J(A)y.
Suppose 7 < n. Then

FE(N) = FEYO)(F = M) +Z FEYON) = EE ) + 6(FEH () — EEH )

mod U(g)n
and therefore
(3.28) ,
Flyi ) = FEO) = B (N (Frpy = M+ +6) — BN (F; = A+ i+ 0)

+0(Ff55_,(\) = Fi7'(N)  mod U(g)
=0 mod U(g)n+ U(g)(F; — Fi—1) + U(g)(F— — F),

2,(A\) =0 mod ZU VEEYN) + Ug)n 4 U(g)(Fa, — M + 71 — 14 6).

Note that F, —Ax +7p =146 = (Fr, +Ap —np_1) = A = Ap+np_1 —np +2n+0.
Since F; = —F,,, we have

(3.29) FE - /(N = FE(N) mod J(N), for n, <i<my
and hence by the induction on p =L, L —1,...,1, we have
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(3.30) Falar'"P(Ai,..., AL, —AL +np_1—np + 20+,
= Ap 1 =y +20+8) =0 mod J(\),

and if A\, = ny_1, then

(3.31) F;%I)Lﬁ;p()\l, ce AL, N1, AL_1 N2 — N1+ 2n+ 6,
=gty 1 —np+2n+8) =0 mod J(A),.
Suppose A\;, = ny—1 and g = sp,,. Then from (3.13) we have
(3.32)
Ffl’fn—‘rl()\) = Ffl’::'r:—il()\) (Fagingr — A +n+0) + an+1F1]z€;1()‘) mod U (g)n
k

=FLoN) [ A +n+6) mod J(N), if k> L.
v=L+1

It follows from Lemma 3.5 with ¢ = n + 1 that

L-1 L—1
Hpni1(0,0) = Funga H (=M +np—1—ny+n+9) H A —ny—1+n, —n)
v=1 v=1

mod J(\),.

Thus we have proved iv).
Lastly suppose g = 02,41. Note that F,,+1 =0 and Fj, 4o = —F,. Then

n

F/f+1n+1()‘) = Fylzc-iflln+1(Fn+1 =) + Z(F/f;lln-u()‘) - Fukv_l()‘)) mod U(g)n

v=1

=0 mod Y U(@F, () +U(@)(-A +n),

n+1
Fl oo = F¥ 0P — M) + D (FE 3,000 — 5T (V)
v=1
— (FYonya(N) = EESH(V) - mod U(g)n

n+1
=0 mod » U(g)Fs, " (A\) + U(g)(—F, — A + n)

and
FERL Ay A,n) =0 mod J(A)y,
Fh o, oA, =Ap+np-1+n) =0 mod J(A)n,
Since
Fflf+1n+1()‘) - FF.(\) = F/f;llnH(FnH =Xk +n) = F¥ N F, — A +n)

mod U (g)n
FFionioN) = FF N = Ero(Fao = A +n) — B il (Fag — A+ 1)
= (Faitnsa (V) = Fi'(V) - mod U(g)n,
we have
FYionia(N) = Fi1, (V) = F(A) mod U(g)n+U(g)F

and
Fr i) =FE, »(N) =0 mod J(\), if A\ =nr_1.
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Note that (3.28) is valid if 7 < n. But since Fy, — A\ +17ip —1+0 = =\ — (Fp,, —
Ap F1p—1) — Ap + np_1 — ny + 2n, we have
55%2_17()\1,...,/\L,n,—)\L+nL_1 —nL+2n,...,—Ap+np_1 —np+2n) =0
mod J(\),,

forp=1L,L—1,...,1. Similarly we have (3.31) with § = 0if A, = nz,_;. Moreover
(3.32) is valid with 6 = 0 and we have iv) as in the case of g = sp,,. O

4. GENERALIZED VERMA MODULES

Retain the notation in the previous section. Let © = {(0 <)n; < n2 < -+- <
nr(=n)} be the sequence of strictly increasing positive integers ending at n. Put

L ng L—1 ng
%:ZZEmd%:ZZH
k=1 1i=1 k=1 i=1

Recall that F; = Fj;, F = (F;;) € M(N,g), n = 35 CFj, a=3,CF, n =
>i<;CF;j and g = n® a®n. Note that F;; = Ej; in the case g = gl, and
Fi; = E;j + 04(E;;) in the case g = 02,41, 5p,, Or 02,. Here oy is the involution of
gly to define g in (3.1) so that g is the subalgebra of gly fixed by og4. Let G be
the analytic subgroup of GL(N, C) with the Lie algebra g. Namely G = GL(n, C),
O(2n+1,C), Sp(n,C) or O(2n,C).

Define

me = {X € g; ad(Ho)X = 0},
(4.1) ng = {X en; <X, m@> = 0}, ng = {X en; <X, m@> = 0},
Pe = me + ne.

We similarly define mg, ng, g and pg replacing © by © in the above definition.
Then n =mny12 . ny, 8 = 0120}, @ = 0120} and pe and pg are parabolic
subalgebras of g containing the Borel subalgebra b =n + a.

Let {e1,...,en} be the dual bases of {F1, ..., F,}. Then the fundamental system
U(a) for the pair (n,a) is

{62_61)63_62)"'7611_611—1} lfg:g[n)

€s —€1,€63 —€2,...,6p —€n_1,—C€ if g= 02441
(42) ‘1/((1): { b b b 1) n b TL} . n b

{ea —e1,e3—€a,...,6p —€n_1,—2€,} if g=sp,,

{62_61;63_625-“7611_en—la_en_en—l} ifg:UQn-
Weput aj =ej41—ejforj=1,...,n—1and a, = —e, or —2e, or —e, —e,_ if

g = 02,41 OT 5P, OF 09y, respectively. Then the fundamental system for (mg Nn, a)
is ¥(a) \ {anys--.,an,_,+ and that for (mg Nn,a) is

U(a) \ {anys- s Qny_y,0n}t if g = 02,41 Or 8p,,,
U(a) \ {angs--sQny 4} ifg=o09, andnp_1 #n—1,
U(a)\ {anys--sny,_q,0nt ifg=o02, andnp_; =n—1.

Then the Dynkin diagram of g is as follows:

a1 Q2 Qp—2 Op_1 Q1 Q2 Qp—10np

oO—O0—:++-—0—0 oO—O0—+:+-—0—0
g[n 02n+1
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a1 Qg Qp—10n a1 Qo Qp—2 Op—1
O—O—+ « '4O<:O oO—O—+++—0O0—0
5]3” 02n, l
Qp

Fix A = (A1,...,Ar) € CL and define a character \g of pe

(4.3) Ao (X + Z ClFl) = Z C’L)\L@(i) for X € ng + [m@,m@].
1

1=1 1=

We similarly define a character A\g of pg if Af, = 0.
We introduce the homogenized universal enveloping algebra

(4.4) U(g) = <i®k9> /(XY -Y®X —€X,Y]; X, Y €g).
k=0

of g as in [O4]. Here € is a central element of U¢(g). Let U¢(g)™ be the image of
S, ®Fgin U(g) and let U¢(g)“ be the subalgebra of G-invariants of U¢(g). Fix
generators Ay, ..., A, of U¢(g)% so that

AjeU(g)V) (1<j<n if g = gl,,
(4.5) A;eU(g)?) (1<j<n if g = 09,41 O 5P,
A eU(g)®) (1<j<n), A, cU(g)™ ifg=o,.

= =

If g = 09, we assume that A,, changes into —A,, by the outer automorphism of
09, which maps (Fy,..., F,_1,F,) to (F1,..., Fh_1,—F,). Moreover put

JoN) = > Ug)(X —de(X)), MsA) =Ug)/J6(N),

Xepo
(4.6) Je(N) = ng U (9)(X = Ao (X)), MgA) =Uc(g)/J5(N),
J(Xe) = XZG:b U(g)(X —Xe(X)), M(Xe)=U(g)/J(Ne).

For a U¢(g)-module M the annihilator of M is denoted by Ann(M) and put
Anng(M) = (N,eqAd(g) Ann(M). Note that Anng(M) = Ann(M) if e # 0.
When e = 1, U¢(g) is the universal enveloping algebra U(g) of g and we will some-
times omit the superfix e for J§(A\) and M§(A) etc. Then Me(A) and Mg(\) are
generalized Verma modules which are quotients of the Verma module M (\g).

Remark 4.1. i) The parabolic subalgebra p containing the Borel subalgebra b
uniquely corresponds to pg or per and therefore we will sometimes use the no-
tation my, ny, My, Ap, J5(A), Mg(A) and M<()\p) for me/, ner, fer, Ao, L (A),
Mg, (A\) and M€(Xg), respectively, by this correspondence. If 0y, and A, = 0, we
may put @' =0 or © = 0.

ii) Suppose g = 02,. Then we have not considered the parabolic subalgebra p
such that the fundamental system for (m,, a) contains a,,—1 and does not contains
«,. But this is reduced to the case when it contains ¢, and does not contains «,_1
by the outer automorphism of 0z,. If A\, = 0, then Mg(\) = Mg(A). Note that the
condition A;, = 0 corresponds to the fact that Mg(\) is invariant under the outer
automorphism.
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Let p € a* with p(H) = & Trace(ad(H))|, for H € a. Then with ¢ in (3.14)

5 e, o
Z(V—n—%)eu22(y—n—5+71)eu if g=o09n41,
(47) p= uﬁl unzl
Zl(y—n—l)euz Zl(y—n—‘sTl)eu if g = sp,,
Z(V—n)@uzz V—n—‘sTl)eu if g=o09p.
v=1 v=1
We define A = (..., \,) € C" by
(4.8) Xola+€p = Aier + doea + -+ Aen.

For P € U¢(g) let w(P) and @(P) denotes the elements of S(a) ~ U¢(a) with
(49) ) P —w(P) e nU(g) + U(g)n,
©(P)(p+ep) = w(P)(p) for Vu € a”.
Then @ induces the Harish-Chandra isomorphism
(4.10) o:Ug)¢ = SW.

Here W is the Weyl group for the pair (g,a) and S(a)¥ denotes the totality of
W-invariants in S(a).

Definition 4.2. Retain the above notation and define polynomials

6@t ) = T (= A — o),

45 (02n41; 2, A) = (z — ne) f[(x—)\ —nj_1€)(z+ Aj + (nj — 2n)e),
(4.11) I =1

q6(sp, . A) = l;[l(x—Aj—nj—lﬁ)(l“*')\ + (nj; —2n —1)e),

4§ (02n;2,\) = f[l(x—)\ —nj_1€)(x+ Aj + (nj —2n+ 1)e)

and lfg = $P,, Or 02n41 OT O2p,
(4.12)  qg(g:z,A) = (x —np_1€) H x— N —nj_1€)(x + N+ (n; — 2n — d)e)

with the § given by (3.3). Furthermore define two-sided ideals of U¢(g)

150 = £ 5 U(@)as e F 0y + X US(@) (A - w(a,) ().

(4 13) i=1j=1 jed
. N N
50 = 3 % U(@)ag (e B )i + 5 U (0) (8 — w(8y)(Me)
i=1j=1 jeJ

with
J={1,2,...,L -1} if g = gl,,,

(4.14) J={12.. L}, J={1,2,... . L =1} ifg= 0201,
J=J= {1,2, L, L—1} if g = sp,,
J=J={1,2,...,L—1}u{n} if g = 09,
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Remark 4.3. 1) Let p(z) and ¢(x) be monic polynomials with ¢(z) € C[z]|p(z). Then

( )ii € UE(Q)Ga

N
p(F)ii — Y F{87 € iU(g) + U(g)n + U*(g)doeP~ Y,
i=1
)11 € > UE(Q)p(F)/w-
1<pu<N
1<v<N

(

Hence it is clear

(4.15) 15N D > Ue)(D—w(D)(le)) for © =6 and 6.

DeUc<(g)%

Note that it is known that the right hand side of the above equals Anng(M€(Ag)).
ii) I§(A) and Ig(A) are homogeneous ideals with respect to (g, A, €).

Now we give the main theorem in this paper:

Theorem 4.4. i) Let g = gl,,, 02,41, $p,, 0T 02,,. Then

I () € Ann(Mg(N)).
(4.16) 46(9; F, N)iir1 =75(9;0, M) Fiip1 mod J(Ne) if ng_1 <1i<ng,

Jo(N) = I6(N) + J(Xe) if 7°(g:0,A) #0.
Here
k—1 L
(gl 0,0) = | [ (e = A = (n, —i)e) H (M = A — (ny—1 — i)e)

v=1 v=k+1

k-1 L B

=T =) TT Qo = Masis0),
v=1 v=k+1

75 (89,50, A) = 75 (02,; 0, N)

L
N Tk + X+ (i — 20— 6+ i)e)
v=1
k=1 L L
= (AN — Any) H (Nig1 — Anp_1+1 H i1+ An,
=1 v=kt1 =1
L
7§ (02n41; O, A) = 75(gl,; ©, ) (A — (n —7) H (M + Ay + (n, — 2n + i)e)
1 k=1 L - L
= 5()\1 + Ait1) ul_[:l()w = An,) Vzl;[H()\iH Ay 141 ul_[:1 i1+ An,

with i and k are integers with ny_—1 < 1 < ng and

(4.17) r(g;0,\) = H II ri@e,n.

k=1ng_1<i<ng
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ii) Suppose Ay, = 0. If g = sp,, or 02,41 Or 02y, then

(4.18)
IS (A) € Ann(ME(N)),
45(9; Fy N)iit1 =75 “(g;0,\)F;ir 1 mod J¢(Ne) if to(i) =1e(i+1),
E@(gyF Nnn+1 = 7(8; 0, \) Funt1 mod J¢(Ne) if g # ogn,
JEN) = I§(N) + J(Ne) if 7¢(g;0,\) #0

with denoting
L—1

ri(8;0,)) = ]:[ e =X — (= i)e) [ (=X — (w1 —i)e),

v=k+1

(A = (n—1i)e) I:I(Ak+)\u+(nu—2n—5+i)e)

k—1 L—-1 L
= Nirr = M) [T =) TT i = Mamin) [T ir + A0
v=1 v=k+1 v=1

if np_1<i< Nk,
75(g;0,0) = (=1)*! H A+ (ny —n)e) (A + (ny —n — d)e)

(_I)L—l H 5\”,/ (5\”,, — ) ifg=sp,,

- =T
(—I)L_l ()\n,, — )\n)Q if g = 502n41,
v=1
and
_ L _
(0230, A) = r5(9; 0, ),
(419) ( 2 ) knlnk 11;[l<nk (g )

(97 @ >‘) =T (027L7 @ >‘) (97 @ >\) lfg = spn Oor 02n41-
Proof. Note that the parameter ), in Proposition 3.4 changes into A, —n, 1 in
the theorem. Then for © = © or © Proposition 3.4 shows that
qEG’(g7 F7 )\)1] = 0 mOd ﬁUE(g) + JE()‘@’)7

which assures I§, (A\) C Ann(M§ (V) (cf. [04, Lemma 2.11 and Remark 2.12])
because Mg, ()) is irreducible g-module for generic (A, ¢) and Y Cq§, (g; F, A);; is
g-invariant.

Other statements of the theorem are direct consequences of Proposition 3.4. [

Remark 4.5. If the infinitesimal character of M“(\e) is regular, r°(g; ©,A) # 0 and
r(g;0,\) # 0.
It is proved by [BG] and [Jo] that for p € a* the map
(4.20) {I; I is the two sided ideal of U(g) with I D Ann(M(u))}
31w I+ J(u) € {J; Jis the left ideal of U(g) with J D J(u)}

is injective if p is dominant

(4.21) 2 <,u<+ p,) @) ¢ {—1,-2,...} for any root « for the pair (n,a).

Since Jor (A) = Ior(A)+J(Xer) C Ann(Mer (V) +J(Xer) C Jor(A) by Theorem 4.4,
we have the following corollary by this injectivity.
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Corollary 4.6. If \e|q + p is dominant and r'(g;©’,\) # 0, then
Ann(Me/ (X)) = 1§,/ (N)
for ® = 0O or 6.

Remark 4.7. Suppose g = gl,. Then another generator system of Anng(M§(A))
is given for every (0,¢,\). It is interesting to express them by the generators
constructed in this note, which is done by [Sa] when pe is a maximal parabolic
subalgebra. In the case of the minimal parabolic subalgebra, that is, in the case of
the central elements of U(g), it is studied by [I1], [I2] and [Um]. In general, it may
be considered as a generalization of Newton’s formula for symmetric polynomials.

Remark 4.8. Considering the m-th exterior product of the natural representa-
tion of gl,,, we may put p(F) = (E[J)#I:#J:m € M((),U(g)) in Lemma 2.1,
where I = {i1,...,im}, J = {j1,- -, Jm}t with 1 < 43 < -+ < 4, < n and
1 <j1 <+ <jm<nand Ery = det(E;,;, + (1 — m)edi,j, )1<u<m. Here

1<v<m
det(Aij) = Zoe6n Asy1 - Ag(nyn- The study of f(p(E)) for polynomials f(x)
may be interesting because it may be a quantization of the ideals of the rank vari-
eties (cf. [ES]) defined by the condition rank f(A4) = m for A € M(n,C).

Remark 4.9. For g = 0, or sp, we may expect an explicit generator system for
Anng (Mg (X)) which are of the same type given by [O4] for gl,. It should be a
quantization of determinants and Pfaffians (and elementary divisors for the singular
case). The quantization of Pfaffians for o,, is studied by [I2], [IU] and [Od] etc. It
is shown by [Od] that it gives Ann(M,(A)) for the expected p.

Remark 4.10. We have considered }; ; Cf(p(E));; for the construction of a two-
sided ideal of U(g) with a required property. We may pick up a g-invariant sub-
space V of 37, . Cf(p(E))i; to get a refined result. Moreover for a certain prob-
lem (cf. [O1]) related to a symmetric pair (g, ) it is useful to study E-invariant
subspaces of }; ; Cf(p(E));; which should have required zeros under the map of
Harish-Chandra homomorphism for the pair. This will be discussed in another
paper [OSh].

In the case when € = 0 we have the following.

Theorem 4.11. Let A € a and suppose thatl the centralizer of A in g equals mer
with ©' = O or ©. Then
18 (N) = {f € S(g); flaa@x = 0}
Proof. 1Tt is clear from Theorem 4.4 that the element of IQ,(\) vanishes on A
and therefore I3, (\) vanishes on Ad(G)\ because 13, (\) is G-stable.
We will prove that the dimension of the space Zf\il Zjvzl Cdqd, (g; F, N)4jla is
not smaller than dimmeg,. This is shown by the direct calculation and it is almost

the same in any case and therefore we give it in the case when g = sp, and ©' = ©.
Put© = {ny,...,nr}and A = (A1,..., Ar). Note that A\, = 0 and ¢ (spa; z, \) =
Tlicpcr(@ =)@+ N). Ifngy <i <ngpandng_y < j<ngand k < L, we
have
dgd(spn; F N ijlhe =200 [ O = M)k + A)dF;.
1<v<L, v#k

Ifnp 1 <i<2n—np_1and np_1 < 2n—ny_1, then

dgd(spni F, Nijlro = [ (—M)(\)dF;.

1<v<L
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The assumption of the proposition implies A\, # 0, A\, # 0 and AZ # A2 in the
above and therefore we get the required result.

PuwV ={Xeg; f(X)=0(Vf € Io(N)}. Since [\, g] = no + flg, the tangent
space of Ad(G)A at A is isomorphic ng +ng. Since Ad(G)A C V, it follows from the
above calculation of the dimension that Ad(G)\ and V are equal in a neighborhood
of A\. In particular, V' is non-singular at .

Let X € g with f(X) =0 for all f € I3, ()\). We will show X € Ad(G)\, which
completes the proof of the theorem. Let X = X+ X,, be the Jordan decomposition
of X. Here X, is semisimple and X, is nilpotent. By the action of the element of
Ad(G), we may assume X € a and X,, € n. Then it is clear that f(X, +tX,,) =0
for all f € I3, (\) and t € C. Moreover it is also clear that X, is a transformation
of Ao under a suitable element of the Weyl group of the root system for the pair
(g,a) and therefore we may assume Xz = A. Since the tangent space of V and A
is isomorphic to ng + ne, we have X,, € ng. Hence X,, = 0 because [X;, X,,] = 0.
and therefore X € Ad(G)A. O

Remark 4.12. Theorem 4.11 shows that we have constructed a generator system of
the defining ideal of the adjoint orbit of any semisimple element of any classical Lie
algebra. In fact, for any A € a in the orbit the centralizer of A in g is mg or mg or
g with a suitable ©.

On the other hand [O4] constructed a generator system of the ideal corresponding
to the closure of an arbitrary conjugacy class of gl,,, which is of a different type
from the one given here.

We will generalize the Cayley-Hamilton theorem in the linear algebra. Put

[ (- Fi - 25) ifg = gl,.

i=1

H(x—Fi—ne)(x—FFi—ne) if g=1sp,,
Cig(x) =%

[1(z—F;— (n—1)¢)(x+ F; — (n— 1)e) if g = 02y,

i=1

T — ne) (x—Fi—(n—%)e)(x—FFi—(n—%)e) if g=o09,11.

i=1
Here we note that if © = {1,2,...,n}, then n; = j, \i + nj—1e = \j + (n + ‘S_Tl)e
and A; + (n; — 2n — 0)e = A; — (n + 552 )e. Since dg(z) € S(a)" [z], there exists
dg(x) € U¢(g)%[x] with

(4.22) ‘D(dg(x)) = ng(x);

which is equivalent to dg(x) = dg(x)() mod J¢(u—ep). Then Theorem 4.4 assures
dg(F) = dg(F)(p) =0 mod J(u — €p). Hence w(dyg(F))() = 0 for any p € a*
and therefore w(dg(F)) = 0, which assures dg(F) = 0 because »_, ; Cdg(F);; is
g-invariant (cf. [O4, Lemma 2.12]). Thus we have the following corollary.

Corollary 4.13 (The Cayley-Hamilton theorem for the natural representation of
the classical Lie algebra g).

dy(F) = 0.

Remark 4.14. This result for gl,, and o,, is given by [Um] and [I2], respectively. A
much general result is given by [Go2] (cf. [0O]).

Remark 4.15. Suppose g = gl,,. Then it follows from [O3] that

dg(z) = det(x = Fyj— (i - ”)651'1') 1<i<n’
1<j<n
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In [O4] we define another generator system of Anng (Mg (X)) for any (©, ), €) by
using “elementary divisors” in place of the “minimal polynomial” q§&(gl,;z, A).

Proposition 4.16. Suppose g = gl,, and let © be its natural representation. Then
the characteristic polynomial of F = (Eqj) in U(g) equals di(x) and the minimal
polynomial of (F, M§(X)) equals q&(g;x, A).

Proof. Suppose € = 0 and identify the dual space g* of g with g by the bilinear
form (2.1). Put JS(N\)* ={X € g*;(X,Y) =0 (VY € JE(A)}. Then the condition
q(F)MJ(X\) = 0 for a polynomial ¢(z) is equivalent to ¢(F)(J3(N\)*) = 0, which
also equivalent to g(Ae(\)) = 0 for a generic element Ag » of J(A)* because the
closure of U cqrin.c) 940297 " equals Uycar .oy 9(JE(N) g™t (cf. [04, §2]). In

fact
)\1]nf1
A1 Aalyy O
Aoy = | A3t Az Asly
Apy o Ape Az o0 Ay
with generic A;; € M(nj,n}, C). Hence our minimal polynomial is the same as that

of Ag  in the linear algebra and the claim in the lemma for the minimal polynomial
is clear.

We may assume ¢ = 1. Let p(z) be the minimal polynomial of (F, Mg()\))
with a fixed A\. Define a homogeneous and monic polynomial p(z, €) of (x,€) with
p(x) = p(z,1). Then p(z, e)M§(eX) = 0 for € € C. If follows from the result in the
case € = 0 that the degree of p(x) should not be smaller than that of go(g;z, ).
Hence go(g; x, A) is the minimal polynomial for M §(\).

Since the degree of the minimal polynomial go(g;x,\) for © = {1,2,...,n} is
n, the degree of the characteristic polynomial is not smaller than n. Hence dg(x)
is the characteristic polynomial. O

Remark 4.17. Let g is 0941, 8p,, Or 02y, and let F' be the matrix defined through the
natural representation of g. Then it may be expected that dg(x) is the characteristic
polynomial of F' and ¢§ (g;x, ) is the minimal polynomial of (F, M §, (X)) with
© = © or ©. We will not discuss this problem in this note but it should be
remarked that these concept is the motivation of the construction of our two-sided
ideal I§, (V).

Definition 4.18. The non-zero element q(x, A, e) € Clz, A, €] is called the global
minimal polynomial of (F, M, (X)) if q(x, A, €) satisfies ¢(F, A, €)M, (A) = 0 for any
(A, €) in the parameter space and any other non-zero polynomial whose degree with
respect to x is smaller than that of ¢(x, A, €) does not satisfies this.

Theorem 4.19. The polynomials q&,(g; =, \) in Definition 4.2 are the global min-
imal polynomials of (F, Mg/ (\)) for © = 0O and ©.

Proof. Put € = 0 and consider the generic A\. Then the minimality of the degree
of the polynomial is clear by evaluating g/ (g; F, \) at generic \. O

5. INTEGRAL TRANSFORMS ON GENERALIZED FLAG MANIFOLDS

Let g be a complex reductive Lie algebra and p be a parabolic subalgebra con-
taining a Borel subalgebra b. For a holomorphic character A of p we define left
ideals

(5 1) ']P()‘) = ZXGp(X - )\(X)),
' Jo(A) =2 xep (X — AX))
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of the universal enveloping algebra U(g) of g. Let I,(\) be the two-sided ideal of
U(g) which satisfies

(5.2) I,(\) € Jy(\).

Let G be a connected real semisimple Lie group and let P be a parabolic subgroup of
P such that the complexifications of Lie(G) and Lie(P) equal g and p, respectively.
Let Ly be a line bundle over G/P such that the local section of Ly is killed by
Jp(A). Then the image of any g-equivalent map of the space of sections of Ly over
an open subset of G/ P is killed by I,(A). Here the element of I, () is identifies with
a left invariant differential operator but it may be identified with a right invariant
differential operator through the anti-automorphism of U(g) (X — —X, XY
(=Y)(—X) for X, Y € g) because I,(A) is a two-sided ideal. If the g-equivariant
map is an integral transform to the space of functions on a homogeneous space X
of G or sections of a vector bundle over X, it is a natural question how the system
of differential equations induced from I, () characterizes the image.

The same problem may be considered when Ly is the holomorphic line bundle
over the complexification of G/P.

5.1. Penrose transformations. Let G ¢ be a reductive complex Lie group with
the Lie algebra g. Let G be a real from of G¢ and let P¢ be a parabolic subalgebra
of G¢ with the Lie algebra p and let V' be a G-orbit in G¢. Suppose Oy is a
holomorphic line bundle over G¢/Pc which is killed by J,(A). Then the image of
any G-equivariant map

(5.3) T : Hy(Ge/FPc,05) — E,

is killed by I, (\).

This is obvious because I, () is a two-sided ideal. Here E is usually a space of
sections of a certain line (or vector) bundle over a homogeneous space of G. In this
case I, () is identified with a system of differential equations and we may identify
the element of I,(\) as a right invariant differential operator on G through the
anti-automorphism of the universal enveloping algebra or a left invariant differential
operator on G.

5.2. Poisson transformations. Let G be a connected semisimple Lie group with
finite center, let K be a maximal compact subgroup of G and let P be a parabolic
subalgebra of G with the Langlands decomposition P = M AN and let P, be
a minimal parabolic subgroup with the Langlands decomposition P, = M,A,N,
satisfying M, ¢ M, A, D A, N, D N and P, C P. Let A be an element of the
complexification a* of the dual of the Lie algebra of A and put

B(G/P,Ly) = {f € B(G); f(xman) = a*f(z) (Vm € M, Ya € A, Vn € N)}

which is the space of hyperfunction sections of spherical degenerate principal series.
Let p be a complexification of the Lie algebra of P. The Poisson transformation of
the space B(G/P, L)) is defined by

(5.4) P*: B(G/P,Ly) — B(G/K), f— (P f)(z) = /K f(zk)dk

with the normalized Haar measure dk on K. Let D(G/K) be the ring of invariant
differential operator of G and let x be the algebra homomorphism of D(G/K) to
C so that the image of P, is in the solution space A(G/K, M) of the system
(5.5) My : Du=x\(D)u (VD e D(G/K))

for u € A(G/K). Here A(G/K) denotes the space of real analytic functions on
G/K.
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Note that B(G/P, L)) is the subspace of the space of hyperfunction sections of
spherical principal series
B(G/P,, Ly) = {f € B(G); f(xman) = a*f(x) (Ym € M,, Va € A,, Yn € N,)}.
Here A is extended to the complexification a of the dual of the Lie algebra ay of
A, so that it takes the value 0 on Lie(M) N Lie(A,).

Theorem 5.1. Suppose that the Poisson transform
(5:6) P BIG/PoLa) = AG/E M), o (PA@) = [ fak)ah
K

for the boundary G/P, of G/K s bijective. Assume the condition
(5.7) Jo(A) = Ly (A) + Jo(A)

for a two-sided ideal I,(\) of U(g). Then the Poisson transform P> for the boundary
G/P is a G-isomorphism onto the simultancous solution space of the system M
and the system defined by I,(X).

Proof. Since B(G/P, L) is a subspace of B(G/P,, Ly) and P is a G-equivariant
map, the image of P, satisfies the systems My and I, (\).

Suppose the function u € A(G/K, M,) satisfies I,(A). Since the function
(P))~tu € B(G/P,, Ly) also satisfies I, (\), the condition (5.7) assures (P) lu €
B(G/P, L)) because we may assume C ®g Lie(P,) D b. O

Remark 5.2. i) The above theorem with its proof is based on the idea given by [O3]
which explains it in the case when G = GL(n,R).
ii) The bijectivity of P, is equivalent to the condition e(A+ p) # 0 by [K-]. This
condition is introduced by [He] for the injectivity of P). Here
(A ) me 1 (A ) Mo Mg
. = T — — | _ &
68 = ]] { (2<a,a>+ 1 32 2Naa) 4 T2 )

aEEj

YT is the set of the positive system for the pair (g, ag) so that Lie(N) corresponds
to the positive root spaces. Moreover ¥ = {a € X*; 1a ¢ T}, m, is the
multiplicity of the root & € £ and p =13 5. maa.

iii) Suppose G is simple and of the classical type and suppose the condition
e(A+p) # 0. Let I,(\) be the system given by (4.13). Then if moreover the
infinitesimal character of B(G/P, L) is regular, P* is G-isomorphic to the solution
space of the system of differential equations I,(A) on G/K since Theorem 4.4 assures
(5.7). This is because the natural map of U(g)® to D(G/K) is surjective and
therefore it follows from Remark 4.3 i) that M is contained in I, (). Here the
function on G/K is identified with the right K-invariant function on G. Note that
all the assumption are valid when A = 0.

iv) Owing to [K-] the abstract existence of the system of differential equations
characterizing the image of P? is clear (cf. [OSh]) but a certain existence theorem
of the system in the case A = 0 is given by [Jn]. More precise study for this problem
including the relation to the Hua operators will be discussed in [OSh].

5.3. Radon transformations. Let G be a semisimple Lie group of G and let P,
and P» be maximal parabolic subgroups of G. For characters A\; of P; we put

B(G/Pj,Lx,) ={f € B(G); f(zp) = \;(p)f(x) (Vp € P})}
for j = 1 and 2. If there exists a G-equivariant map R : B(G/Py,Ly,) —
B(G/Ps, Ly,), then the image of R satisfies the system I,(\). Here p and A corre-
spond to P; and A1, respectively.
Some special cases of these transformations and their relations to Aomoto-
Gelfand hypergeometric functions are discussed in [O3], [Se] and [Ta.
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6. CLOSURE OF IDEALS

Now we will consider the non-regular A which are excluded in Theorem 4.4. We
begin with a general consideration.

Definition 6.1. Let M be a C°°-manifold and let U be an open subset of C*.
We denote by D'(M) the space of distributions on M. Suppose that meromorphic
functions f1(A), ..., fn(A\) of U with values in D'(M) are given. Moreover suppose
there exists a non-zero holomorphic function 7(A\) on U such that fi,..., f, are
holomorphic on U, = {A € U; r(\) # 0} and dimVy = m for any A € U,. For
A € U we define

V, = {f(0); f is a holomorphic function on {t € C; [¢| < 1} valued in D'(M)
and there exists a holomorphic curve ¢ : {t € C; |¢t| < 1} — U such that
c(t) € Uy and f(t) € Vo for 0 < |t| < 1 and ¢(0) = pu}.

We call V, the closure of the holomorphic family of the spaces Vy (A € U,) at
p. It follows from [OS, Proposition 2.21] that dim V,, > m. We define that a
point p € U \ U, is a removable (resp. un-removable) singular point if dimV,, = m
(resp. dimV,, > m). Note that V\ = V, if A € U,, which follows from the last
statement in Lemma 6.3 by replacing p and U, by A (€ U,.) and U, \ {\}.

Example 6.2. The origin A = (A1, A\2) = 0 is a removable singular point of V) =
C(x+M1)+C(A2x+A1y2 +22) and an un-removable singular point of Vy = C(\jz+
A2y).

Lemma 6.3. i) If u is a removable singular point of the spaces V, then there exist
a neighborhood U,, of i and holomorphic functions hi(X), ..., h;m(X) on U, valued
in D' (M) such that they are linearly independent for any A € U, and they span V
for any A € U, NU,. On the other hand, the existence of h;(A) (7 =1,...,m) with
these property implies that p is a removable singular point.

il) If U is convex and there is no un-removable singular point in U, we may
choose U, =U in i).

Proof. i) Suppose dimV,, = m. We may assume fi()),..., fm()) are linearly
independent for a generic point A in U,. Fix a curve ¢ to U with ¢(0) = p and
c(t) € U, for 0 < |t| < 1. Then [OS, Proposition 2.21] assures the existence of
holomorphic functions v;(t) (1 <i < m) on {t € C; |t| < 1} valued in D'(M) and a
holomorphic curve ¢ : {t € C; |t| < 1} — U such that ¢(0) = p, c(t) € U, and v;(t) €
Ve for 0 < [t] < 1 and v1(t),...,vn(t) are linearly independent for any ¢. Then
the set {v1(0),...,v:,(0)} is a basis of V},. Fix test functions ¢1,..., @, so that
<U¢(O),¢j> = 51'1' and put Cij ()\) = <f1()\),¢J> If0 < |t| < 1, then ’Ul'(t), .. .,’Um(t)
span Vo) = ;o Cfi(e(t)) and therefore fi(c(t)) = 3070, cij(e(t))v;(t), which

means det|( ¢;; 1s not 1dentically zero. Let i e the 1nverse of |( ¢;;
d (J(A))' identicall L (d](A))b he i f( ](A))

and define hl()\) = Z;nzl dij ()\)fj ()\) so that <h1(c(t)), ¢J> = 51'1' for 0 < ‘t| < 1.

Suppose hg(A) has a pole at A\ = u. Then there exists a test function ¢ such that
(hk(X), ¢) has a pole at p. Then it follows from Weierstrass’ preparation theorem
that there exists a curve c¢(t) as above and moreover (hg(c(t)), @) has a pole at
the origin. Choose a positive integer ¢ so that the function h(t) = t‘hy(c(t)) is
holomorphically extends to ¢ = 0 and 1(0) # 0. Since (h(t), ¢;) = t'0y;, (h(0), ¢;) =
0 for j = 1,...,m, which contradicts to the facts (v;(0),¢;) = d;; because 0 #
h(0) € V,, = 327 | Cu;(0) by definition.

Thus we have proved that h;(\) are holomorphic functions on A in a neighbor-
hood of U, of p. Since (h;(\), ¢;) = &;j, they are the required functions. In fact,
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fi) = 375 (fi(N), &) hj () for generic A and therefore Vi C 327, Chj(A) for
reU,nu,.

Now suppose the existence of hy, ..., h,, and consider the function f to define f/,t
in Definition 6.1. Then under the above notation, f(t) = 37", (f(t), ;) h;(c(t)) for
0 < |t| < 1 and therefore f(0) = 27;1(]‘(0), ¢i)h;(c(0)), which means dim V,, = m.

ii) The claim in i) reduces the global existence of h; to the second problem of
Cousin and it is solved for the convex open domain by Oka’s principle. |

Remark 6.4. i) Replacing “meromorphic” and “holomorphic” by “rational” and
“regular”, respectively, we have also Lemma 6.3 in the algebraic sense.

ii) When M is a finite set in Lemma 6.3, D'(M) is a finite dimensional vector
space V over C and f;(\) are the elements of V' with a meromorphic parameter A.

Definition 6.5. Fix a base {X1,..., X} of g. Let
(6.1) W= > qa X X

®12>0,...,a,, >0
be elements of U¢(g) for (\,¢) € C"* and v = 1,...,k. Here ¢, o are polynomial
functions of (A, €) and ¢y« = 0if a1+ - -+, is sufficiently large. Let I(A, €) is the
left ideal of U¢(g) generated by ¢, for v = 1,...,k. Put d; = max) .dimI(\,¢) N
U<(g)¥) for j = 1,2,.... Then we can find

pjvﬂ()‘v €) = Z pj,p,a()H €)Xt X
120,00y A >0

such that pj (A e) € I(\e) NU(g)V) for any (A €), pjua() €) are polynomial
functions and p;1(A,€),...,pj4,(A €) are linearly independent for generic (A, e€).
Then we denote by I(\,€)U) the closure of the holomorphic family Z,d;j:l Cpji.p
at (A, €) and put (A, €) = 52, I(A,€)¥). We call I(),€) the closure of the ideal
I(\, €) with respect to the parameter (A, ¢). We call a point (A, ¢) € C™*! is an un-
removable singular point if (), €) is an un-removable singular point of ZIdf:l Cpji.p
for a certain j. Note that I(\,e€) does not depend on the choice of {X7,..., X}
or pjvlJ"

Let 1§, (X) be the closure of the two-sided ideal I§, (A\) given by (4.13) for ©' = ©
or ©. Then we give some conjectures.

Conjecture 1. There exists no un-removable singular point in the parameter (A, €)
of the holomorphic family 7§, (\).

Conjecture 2. 1}, (\) = Ann(Me/ ().

Conjecture 3. Io/(\) = Io (1)) if A is regular.

Conjecture 4. Let I,()\) be a two-sided ideal of U(g) satisfying (5.7) under the
notation in §5. Then

(6.2) Ann(Mes(N)) = I,(\) + Ann(M (Xe)).

Conjecture 5. The condition (5.7) is valid if I,(A) = Ann(U(g)/Jp(A)) and the
infinitesimal character of U(g)/J, () is regular.

Remark 6.6. 1) It is clear that I3, (\) C Ann(Mer (X)).

ii) Conjecture 1 is equivalent to the existence of a generator system {g, (A, €); v =
1,...,k} of the form (6.1) such that I§, (\) = ZIZ:1 U¢(g)q, (), €) for any fixed (A, €).
It is also equivalent to the fact that the graded ring

gr(fé, ()\)) = @(fé, (AN UE(g)(j)/jé, N Ue(g)(j_l))

j=1
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does not depend on (A, €) because they are also equivalent to the fact that the
dimension of the vector space I§, (A\) N U¢(g)"?) does not depend on (), ) and the
space is spanned by homogeneous elements with respect to (g, A, €).

iii) Conjecture 1 and Conjecture 2 are true if g = gl,, because there exist g, (A, €)
(v =1,...,k) of the form (6.1) such that Anng(Mg(N)) is generated by g, (A, €)
(v =1,...,k) for any (X, €) (cf. [04]). In this case gr(I§(\)) is a prime ideal of
S(g) but this is not true in general.

iv) If gr (I3, (\)) is a prime ideal for generic A, then Conjecture 1 and 2 are true,
which is proved by the same argument as in [O4]. Note that I3, ()) is the defining
ideal of Ad(G)A for generic A € ag by Theorem 4.11.

v) The condition (5.7) with I,(A) = Ie/(A) are true if g is of the classical type
and moreover the infinitesimal character of Mg/ (\) is regular (cf. the proof of
Corollary 4.6).

vi) Conjecture 4 implies Conjecture 2 and 3 if g is of the classical type and
the infinitesimal character is regular. Note that they are true if moreover the
infinitesimal character is dominant.

vii) Conjecture 5 is true if g is of the classical type. If g is of the exceptional
type, Conjecture 5 is also true except for the A belonging to a finite number of
complex hypersurfaces which are explicitly given (cf. [00]).
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