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1 Introduction

We consider the following hyperbolic equation:

yn(t,x) — Ay(t, ) = Nt 2)y(t, ) + p(t, z) f(z), (t,z) € Q,
y(t,x) =0, (t,z) € %, (1.1)
y(0,2) =0, u(0,2) = g(z), x €,

where x = (21, ...,2,), Q 2 (0, 7) x 2, ¥ = (0,7) x 9Q, T > 0, Q C R" is a bounded
domain which is either convex or of class C*!. In (1.1), both f € L*(Q2) and g € Hy () are
unknown and we fix A € WH(0,T; L>°(Q)) and u € C*(Q). The source term u(t,x)f(z)
is assumed to cause the vibration and we are required to determine f = f(x) and g = g(x)
from the boundary observation 9% |5 or the interior observation y| (01)xG: Where v = v(z)
stands for the unit outward normal vector to 02 at z and G is a suitable subdomain of
Q2. The solution of (1.1) is denoted by y = y(f, g)(t,x). As for the unique existence of the
solution y = y(f,9) € C([0,T}; H(©) N HY(Q)) 0 CH([0,T]; HY()) 1 (0, T); L2(9) of
(1.1), we refer to [9], [16].
The main purpose of this paper is to study the following two problems.

Uniqueness: Does

dy(f,9)

ov

=0 or y(f19) 6 ="0 (1.2)
E b

imply f =0 and g =07¢
Stability: Is the map

dy(f,9)

ov

—(f.9) or y(f.9)

by

.~ (1.9) (13)

(0,T)x
continuous (in some suitable Hilbert spaces)?

Concerning the above problems, if g is known, i.e., there is only one unknown in (1.1),
then one can find an extensive references ([4], [5], [8], [13], [18], [19], [20], [21] and the
references cited therein), and great progress has been made there. The main tool to solve
this problem is a kind of weighted energy estimate, which is usually referred as Carleman
estimate.

As for the inverse problem for two unknown functions, however, to our best knowledge,

there are no any results available in the literature even if A\(t,z) = 0 and u(t,x) = w(t)
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except in the case when yu(t) has a special form such as u(t) = Ce®! for some constants C,
and C3. The main difficulty is that a usual Carleman estimate seems not to work for this
problem.

We note that for the case A\(t,z) = M\(z) and u(t,z) = C1e®! for some constants Cy # 0

and Cy, if we put

d ry
Z =—(= 1.4
then the equation (1.1) is reduced to
Ztt —AZ = [/\(I) - CS]Z - 2OQZt in Q,
7 =0 on %, (1.5)
Z(0,2) =42 7,(0,2) = f(z) — 222 z €.

Therefore the global uniqueness and stability estimate for our problem follows from the
known observability inequalities for the wave equation (1.5) ([17], [23]).

For the general A and p, when we use the transform (1.4), we find that the equation
that Z satisfies is a hyperbolic equation with memory and with various lower order terms
(see (4.5)) and our inverse problem is reduced to the observability estimate for such a sort
of hyperbolic equation. We remark that, as far as we know, unique continuation property
for this sort of hyperbolic equation (with large memory) is not published in the literature.
This is another difficulty of our problem. Thus we need some technical conditions (see
(2.1)). Fortunately, our technical conditions admit several interesting cases such as A(t,z) =
constant and u(t, z) = p(t).

The rest of this paper is organized as follows. In Section 2, we state our main results.
In order to give proofs of these results, in Section 3, we derive two observability inequalities
for the hyperbolic equation with memory, which have their independent interest. The final

section, Section 4, is devoted to the proof of our main results.

2 Main Results

In this paper, C' denotes a generic constant which may be different from line to line but is

independent of f and ¢g. In what follows, for a set S C R™ and ¢ > 0, put

O.(9) é{yE]R” ’|y—x| < ¢ for some x € S}.
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We need the following assumptions:

A e W=(0,T;L=(2), peC*Q),
0N — O — () for some jy € {0,1,---,n}, (2.1)

8a:j0 8:1:]'0

min(t,z)é@ |/“L<t7 ZE)‘ >0,

where xg 2.
We recall that y(f,g) € C([0,T]; H*(Q) N Hg(2)) N C*([0,T7]; Hy(2)) is the solution of
(1.1).

Our main results in this paper are stated as follows.

Theorem 2.1 Let (2.1) hold and T > diam Q2. Then there exists a positive constant C' such
that

CH (I f 2@ + 19l mr@) < ‘W
Y (f,g) € L*(Q) x HY(Q).

HL(0.T:L2(09) < O fle2@) + 9l m0): (22)
Theorem 2.2 Let (2.1) hold. Let G = QN Os(0Q) for some 6 > 0. Let T > SUD,co\ |z —

xo|. Then there exists a positive constant C' such that

C (I f ez + 19l mr@) < W(fs @)l rzore2@) < CUF 2@ + 19lm190)

(2.3)
Y (f.9) € L*(Q2) x Hy(Q).

The proofs of Theorems 2.1-2.2 will be given in Section 4. Now several remarks are in

order.

Remark 2.1 One can easily check that \(t,x) = constant and u(t,z) = p(t) € C3[0,T]
with p(t) # 0 satisfies Assumption (2.1).

Remark 2.2 If (f,g9) € H () x L*(Q), then one can obtain a similar global uniqueness

and stability result.

Remark 2.3 Using the same method, one can consider more general hyperbolic equations

(with various lower order terms).

Remark 2.4 The condition in the second line of (2.1) is technical. It is open how to drop

this condition.



3 Observability estimate for hyperbolic equation with

memory

3.1 Statement of the results

Let us consider the following hyperbolic equation with memory:

t
Yu — A?/ - Z [Aa(ta I)Day(ta (L’) + /0 Ba(ta S, .Z‘)Day(87 l’)dS} in Qa
| <1
y=20 on X, (3.1)
y(0,2) =yo(z), w:(0,2) = yi(2) z € Q.
In (3.1), @ = (g, 1, +, ) is a multi-index with nonnegative integer components and

ol =t 7= (3" ()"

In order to prove Theorems 2.1-2.2, we shall derive observability inequalities for (3.1)
which estimate the initial energy |(yo, y1)] HY (@)% L2(%) of (3.1) by means of boundary data or
interior data.

If A, =0 (o] = 1) and B, = 0 (Ja] < 1), then the multiplier method yields the
observability inequalities (e.g. [9], [15]). Furthermore, for the case B, = 0 (|a| < 1), the
corresponding observability problem for (3.1) is now well-understood ([1], [3], [12], [17], [23]);
and the main tool is a Carleman estimate or microlocal analysis. However, as long as the
first equation in (3.1) with integral terms is concerned, it is quite difficult to apply those
tools. Therefore we will use another approach developed in [6]-[7] to establish the desired
observability inequalities.

We need the following assumptions:

AO S LOO(Q)a BO S LOO((()?T) X Q)7

A, € CYQ) and B, € C*([0,T] x Q) for any |a| = 1; (3.2)
g%z = g%‘; = 0 for some jy € {1,2,---,n} and for all || < 1.

Our results on observability inequalities are the following:

Theorem 3.1 Let (3.2) hold and T > diam Q2. Then there exists a positive constant C' such

that
dy
ov

CH (Iyale2) + [Yolma ) < L) < Clyile2@) + Yol mi o))
YV (y1,%0) € L*(Q) x Hy (%),

bt

(3.3)



where y € C([0,T]; Hy(2)) N CY([0, T); L*(QQ)) is the weak solution of (3.1).

Theorem 3.2 Let (3.2) hold. Let G = QNO;s(0N) for somed > 0 andT' > sup,co\ g |2 —0l-

Then there exists a positive constant C' such that

C™ Iyl 2@y + ol mp ) < [Ylmorce@) < Cllyilee@) + |volmio))s (3.4)
i (yl,yo) € L2(Q) X H&(Q),
where y € C([0,T]; H} () N CY([0, T); L*(QQ)) is the weak solution of (3.1).
The proof of Theorems 3.1-3.2 will be given in subsections 3.3-3.4.

Remark 3.1 As for observability inequalities (or equivalently, exact controllability) for equa-
tions with memory terms, we refer to [6], [7], [10], [14], [22]. Compared with the results in
these references, our observability estimates (Theorems 3.1-3.2) are more suitable to our

1nverse problems and are generalization in some cases.

3.2 Some preliminaries

In order to prove Theorems 3.1-3.2, we need some preliminaries. For any fixed

ag € L*(Q), by € L>((0,T) x Q); (3.5)
ae € CH(Q) and b, € C1([0,T] x Q) for any |a| = 1,
let us consider the following hyperbolic equation with memory
t
uy — Au= > [aa(t, x)D%(t, x) +/ ba(t, s, 2) D%(s, x)ds} +h(t,z) in Q,
jal<1 0
u=>0 on X, (3.6)
w(0,z) = up(x), w(0,2)=uy(x) z € €.

First of all, by means of Galerkin’s method and an energy estimate, one has the following

result.

Lemma 3.1 Let (3.5) hold, (ug,u1) € Hy(Q2) x L*(Q) and h € L*(0,T; L*(Q)). Then (3.6)
admits a unique weak solution u € C([0,T]; H(Q))NC([0,T); L*(2)). Furthermore it holds

[l o m@)ne (o.rc2@) < Clluolmi) + [utlr2@) + Bl ior2@)- (3.7)
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By [11] and Lemma 3.1, one easily sees that

Lemma 3.2 Let (3.5) hold, (ug,u;) € H}(Q) x L*(Q) and h € L'(0,T; L*(Q)). Then the
weak solution u of (3.6) satisfies

ou
— e LA(Y).
5 € (%)
Furthermore
ou
e S Cluol g + lwalrz@) + [hlLromiz2@)- (3.8)

Next, by the transposition method and Lemma 3.1, we obtain

Lemma 3.3 Let (5.5) hold, (ug,u;) € L*() x HY(Q) and h € L'(0,T; HY(Q)). Then
(3.6) admits a unique weak solution v € C([0,T]; L*(2)) N CY([0,T]; H~*(2)). Furthermore

lulcqorirz@nerorin-19) < Clluolrz) + lutlu-ve) + [hloomn-1@).  (39)
Moreover, we need the following result.

Lemma 3.4 Let (3.5) hold, (ug,u;) € L*(Q) x H~ () and h = 0. Denote

t
w = w(t,x) = / u(s,z)ds, (t,x) € Q, (3.10)
0
where u is the weak solution of (3.6). Then w € C([0,T]; Hy(Q2)) N CY([0,T); L*(2)). Fur-
thermore
wleqomminnc oz < Cluolr ) + lula-—1@)- (3.11)
Proof. Denote
bt x) B wt, )+ &), (a)eQ, (3.12)
where £ € H} () solves
A =u in €,
<=t (3.13)
E=0 on 0f).

Integrating the first equation of (3.6) from 0 to ¢, noting that u = w; = v, and using

integration by parts, we see that
Yy — Ay
t s
:/ [ao(s,x)u(s,x)—i-/ bo(s, T, x)u(r, x)dr}ds
0 0
t s
+ Z/ [aa(s,x)D“¢s(s,x)+/ ba (s, T, 2) D% (T, az)dT}ds
0 0

la)=1

=F )+ 4,

(3.14)



F)=FW)(tz) = §|_: {aa(ta$)Da¢(t7x) - /Ot [aa,s(s,x) + /st bas(T, 8, x)dT 15

—ba(s, s, x)] D*(s, :U)ds}

and
H=H(t,x) 2 /0 [ao(s,x) —1—/5 bo(T,s,a:)dT]u(s,a:)ds

- Y [aa0,0) + /0 b (7,0, 2)d7| D€(2) (3.16)
|la|=1,a0=0
{000, 2) + / b1.0,-0)(7, 0, 2)d7 Yuo(x).
Thus one sees that 1 solves
Y — Ay =F(¢) + H in @,
Y =0 on ¥, (3.17)

P(0,2) =&(x), (0, 2) = up(x) x € €.
By (3.13), (3.16) and Lemma 3.3, we have

| Hlogomy ) < Clluolrz) + |u]a-1(9))- (3.18)
Thus, by (3.17)—(3.18) and Lemma 3.1, we obtain

[l eqo.mm @)net (o.11:L2(@) (3.19)
< C[€lmi@) + luolr2e) + [Hl 1 0r02(0) < Cluolrz(e) + [ui]m-1(0))-
Now the desired result follows from (3.19) and (3.12) immediately. m|

The following result is known, which can be found, for example, in [23].

Lemma 3.5 Let (3.5) hold, b, = 0 for all |a| < 1, h = 0 and (ug,u;) € H} () x L*(Q).
Let T > diam€2. Then there is a constant C > 0 such that the weak solution u €
C([0,T]; HY(Q)) nCH ([0, T]; LA(2)) of (3.6) satisfies

Ou ¥ (uo, 1) € HL(Q) x LA(Q). (3.20)

|U0\H5(Q) + |ur] 2y <

Finally, we show

Lemma 3.6 Let (3.5) hold, T > diam 2, (ug,u;) € L*(Q)x H~Y(Q) and h = 0. Suppose that
the weak solution u € C([0,T]; L2(Q))NCH[0,T); H-X(Q)) of (3.6) satisfies u = 0 in (0,T) x
(

G, where G 2 QN O5(9Q) for some § > 0. Thenu € C [0, T]; HY(Q)) N C([0,T7; L*()).
8



Proof. We borrow an idea from [6]-[7]. Choose an open subset ) such that Qy C Q and
Q\ Qy C G, and let

: N
w(ta) = (wrp)(t) 2 [ ult.x =)o),
where p. € C3°(R") is the Friedrichs mollifier. We take € > 0 so small that suppu® C
[0, 7] x Q. It is easy to see that u® satisfies

t
uj, — Aut = ) [aa(t,a:)Daua(t,a:) +/0 ba(t, s,az)Daua(s,az)ds] + H(t,x), (3.21)

laf<1

where

He(t,x) = > K(aaDo‘u) % pe — ao(t, x) DU (t, x))

= (3.22)
—l—/o ((ba(t, 8, )D%u(s, ) * pe — ba(t, s, ) D (s, x))ds}.

By means of the Friedrichs lemma (e.g. Vol. III (p. 9) in [2]), we have
‘((Iou) * Pe — (loua‘[ﬁ(g) + |(b0u) * Pe — boua‘[ﬁ(g) < C’]u|L2(Q) (323)

and
Z “(aaDo‘u) % pe — Ao DU | [2(0) + [(ba D) * p. — baDauE\Lz(Q)]

la)=1

S C Z |Dau\H_1(Q).

|a|=1

(3.24)

Here and henceforth C' > 0 denotes a generic constant which is independent of ¢ > 0.

By (3.23)—(3.24) and Lemma 3.3, for all small ¢ > 0, we obtain

|H*|cpo,m);0200)) < C. (3.25)
We decompose u® as
w2 p°+ ¢, (3.26)
where p® and ¢° are the solutions of
t
i —ApF= > an, D"+ H + ) / ba(t, s, z) DU (s, x)ds in Q,
ja|<1 o<1 70
» =0 on ¥, (3.27)
p°(0,2) = p5(0,2) =0 x €



and

@G — A =D an D in Q,

|| <1
¢ =0 on X,
¢ (0,2) =u*(0,2), ¢(0,2)=u5(0,x) z €

(3.28)

respectively.
Denote
R = Re(t, x) Z/ (t,s,2) D" (s, x)ds,
o<1 (3.29)
A t
w® =w(t,x) = / us (s, x)ds.
0
Then
R = / bo(t, s, z)u’(s, x)ds + > / (t,s,x)DWE(s, x)ds
lof=1
t
:/ bo(t, s, z)u’(s,x)ds + Y ba(t,t, 2)D*w(t, x) (3.30)
0
|a|=1
—b(1,0,,0)(t,0, 2)u Z / bas(t, s, ) D*w"(s, x)ds.
laf=1

Now, by (3.21), (3.25), (3.29)—(3.30) and Lemma 3.4, we have
|H® + R |pro,rin20)) < C. (3.31)

Thus, applying Lemmas 3.1-3.2 to (3.27), for all small £ > 0, we obtain

<C. (3.32)

|p® |c ([0,7]: HE (@)nC ([0,71;22(€)) } Oy L2z —

On the other hand, applying Lemma 3.5 to (3.28), noting that p* = —¢® in (0,7") x (2\
0)), and using (3.32), we conclude that

op°

2 v

<C (3.33)

|q8\0([0,T};H5(Q))m01([o,T];L2(Q) C} o L2(%)

for all small £ > 0. Hence it follows from (3.26) and (3.32)— (3.33) that for any small ¢ > 0
one has
‘ua‘C([O,T};Hé(Q))ﬂCl([O,T];LQ(Q)) <C, (3.34)

which yields the desired result. O
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3.3 Proof of Theorem 3.1

Step 1. Let us decompose the solution y of (3.1) as

y=p-+gq,
where p and ¢ are the solutions of

p—Ap= Y [Aa(t, xz)D(t, x) + /Ot B, (t,s,x)D%(s, x)ds}

lal<1
p=20
p(O,ZE) = pt(07 (L’) - 0

and
G — Aq = Z Au(t, z)Dq(t, x) in Q
lal<1
q= 0 on X
q(0,2) = yo(z), @(0,2) =y (x) z €
respectively.

By (3.37) and Lemma 3.5, one has

9q
volmio) + [1lr2@) < C‘@ ()
Thus, by (3.35), we obtain
dy dp
Yol o) + [91]22(0) < C{ vl oy L2(E)]

However, by (3.36) and Lemma 3.2, we have

dp
% LQ(E) S O’H|L1(O’T3L2(Q))’
where
t
H ="H(t,x) £ > / B, (t,s,z)D%(s, x)ds.
jaj<1 70
Denote

w = w(t,z) 2 /Oty(s, x)ds.

11

in @)
on X

z e

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)



Then
H = /Botsx)(sxd8+Z/Btsx)Dws(sx)ds

|al=1

_/Botsx sxds—l—Z{ (t,t,2)D%w(t, ) (3.43)

lal=1
—B(1,0,-,0)(t, 0, 2)yo(x / B, s(t, s, ) D%w(s, x)ds.

Thus, by (3.43) and Lemma 3.4, one sees that

| omse2@) < Cllyolrz) + lvilu-1)- (3.44)

Now, combining (3.39)—(3.40) and (3.44), we obtain

Jdy
|?/0|H3(Q) + |12 < CH@ 123 + |yolr2) + |y1‘H—1(Q)]- (3.45)

Step 2. Let us prove that

dy

Wolr2@) + [Y1lp-—10) < C M (3.46)

L2(z)’

We will use the compactness/uniqueness argument. Assume that (3.46) is false. Then, by

(3.45), there is a sequence {y*, y7"}>°_, C H3(Q) x L*(2) such that

|y6n|L2(Q) + |y{n|H—1(Q) =1 for all m, (347)
a m
% e 0 as m — 0o, (3.48)
(ya', u1") — (yg°, yy°) weakly in H&(Q) x L*() as m — oo, (3.49)
(Y™, y") — (y™, y;°) weakly™ in L>°(0,T; H&(Q) x L*(Q)) as m — 0o, (3.50)

where ¢y is the weak solution of (3.1) with initial data (yJ", y{*), and y* is the weak solution

of (3.1) with initial data (y§°, y°). By (3.47)—(3.50) and (3.45), we obtain

W= _
S (3.51)
‘QSO‘LQ(Q) + ‘9(1)0|H—1(Q) =1.

Define

g 2 {y € C([0,T]; Hy(2)) n C*([0, T7; LQ(Q))‘ y is the weak solution of (3.1) (352)

and % =0 on Z}. '

12



It is easy to see that G is a Banach space equipped with the norm of C([0,T]; H;(2)) N

CY([0,T]; L*(2)). By (3.45), one sees easily that G is finite dimensional. Let us adopt an

argument in [1] to show that G = {0}. By (3.2) and Lemma 3.6, we see that 32— is a linear
Jo

k
operator from G into G. Choose any element v of G. Then (%) v € G for any k£ € IN.
J0

Since G is finite dimensional, there is an integer N > 1 such that

( 0 )NU+CI( 0 )N_lv+"'+CNU:0 an (353)

axjo
for some constants ¢y, - - -, cy. Noting that % = 0 on X, similarly to [7], one sees that v =0

in (). Consequently we obtain

G = {0}. (3.54)

However (3.51) contradicts (3.54). Thus the proof of (3.46) is complete. Combining
(3.45) and (3.46), we conclude the desired estimates. O
From the proof of Theorem 3.1, it is easy to see that we have actually proved the following

new unique continuation property for a class of hyperbolic equations with memory.

Theorem 3.3 Assume that (3.2)holds, T > diam Q and (yo,y1) € L*(Q2) x H1(Q2). Suppose
that the weak solution y € C([0,T]; L*(Q)) N C*([0,T]; H () of (5.1) satisfies y = 0 in
(0,T) x G, where G 2an Os(0) for some 6 > 0. Theny =0 in Q.

3.4 Proof of Theorem 3.2

We need the following observability inequality for a class of hyperbolic equations without

memory, which can be proved by Carleman estimates (e.g., [17]).

Lemma 3.7 Let (3.5) hold, b, = 0 for all |a] < 1, h =0 and (ug,u1) € Hy(Q) x L*(Q).
Let G = QN Os(09Q) for some § > 0 and T > sup,eq\g |v — wo|. Then there is a constant
C > 0 such that the weak solution v € C([0,T]; HJ(2)) N C([0, T]; L*(Q)) of (3.6) satisfies

‘UO‘Hé(Q) —+ |u1|L2(Q) S C|U|H1(O,T;L2(G))a V (Uo, Ul) - Hé(Q) X L2(Q) (355)

Now, by means of Lemma 3.7, similarly to Theorem 3.1, one can prove Theorem 3.2.

O

13



4 Proof of the main results

Proof of Theorem 2.1. Denote

A y(tv JJ)

z=2z(tx)= . 4.1
¢2) pu(t, x) @)
Then, by (1.1), we see that z solves
20— Az =l1z+ lozy + (€3, V2 ) +f in Q,
z2=0 on X, (4.2)
2(0,2) =0, 2z(0,z)= Mg(((fi) x € Q,

where (-, -) denotes the scalar product in R", and

b= y(t,x) 2 A(t, o) + Bltrzpulte)
by = Lyt x) = — 22, (4.3)
U5 = L5(t,z) = 202,
Now denote
Z =7t ) 2 z(t, ). (4.4)

Then, by (4.2), it is easy to see that Z solves

Ztt —AZ = Q(Z) n Q,
Z =0 onY, (4.5
2(0,7) = Zo(x) = 2 Z,(0,3) = Zy(x) = f(x) + 202 g () z€Q,

where

t t
0(7) 2 (61+42,t)z+ezzt+<eg,vz>+zl,t/0 Z(s,x)dsﬂegmv/o Z(s,2)ds).

However, applying Theorem 3.1 to (4.5), we obtain

_ oz
CH (1212 + %ol my) < |50 12(%) < Cll1Z] () + %0l ny @) (4.6)
A (Z17 Zo) S LQ(Q) X H&(Q),
which implies the desired result immediately. O

Proof of Theorem 2.2. By means of Theorem 3.2, similarly to Theorem 2.1, one can

prove Theorem 2.2. We omit the details. O
14
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