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1 Introduction
Let us consider the following wave equation:

Dy(t,w) = al(tv x)y + a2(t>$)yt + <a3(t7 J}), vy>> (t,l‘) €Q,
y(t,z) =0, (t,z) € %, (1.1)
y(0,2) = yo(z), w:(0,2) =y1(x), x €.

Here = (x1,---,2,), Oy = yu — Ay, Q = (0,7) xQ, ¥ =(0,T)x9Q, T >0, Q2CR"is a
bounded domain which is either convex or of class C™!. Let G be a subdomain of 2. In this paper,
we will establish observability estimate for (1.1) by internal observation in the subdomain G. By
this we mean an estimate of |(yo, y1)|Hé(Q)XL2(Q) by a suitable norm of y| o 1)y-

Moreover we consider a special case of (1.1):

Ow(t, z) = a(t, z)w, (t,z) € Q,
w(t,xz) =0, (t,x) € &, (1.2)
w(0,z) = wo(z), wi(0,z)=wi(z), x €.
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Concerning (1.2), under some further conditions, we can sharpen the observability inequality and
even establish the observability inequality by weaker norms.

We remark that observability inequality is essential for the exact controllability by the duality
argument (e.g. Lions [9]). Moreover, this kind of inequality is very closely related to some inverse
problems (see Puel and Yamamoto [13], Yamamoto [14], [15], [16]).

As for the observability by means of boundary data, there are many papers and we are obliged
to refer to a very restricted list of papers: Bardos, Lebeau and Rauch [1], Ho [4], Komornik [6], [9]
and the readers can further consult the references therein. However, for the observability inequality
by internal observation, to our best knowledge, there are only a few papers ([9], Liu [10], Liu and
Yamamoto [11] and Zhang [17])considering this problem for some special cases of equation (1.1)
and subdomain G.

By the character of equation (1.1) as hyperbolic equation, 7" and G must satisfy some conditions
for the observability and such conditions are characterized as the geometric optics condition ([1]).
However, the geometric optics condition in [1] (see also Burq [2] for further development) requires
some extra regularity conditions on the coefficients in (1.1) and the domain 2. Such extra regularity
is not suitable for further discussions on controllability for semilinear wave equation and an inverse
problem of determining non-smooth functions (see Section 3).

Hence some geometrical sufficient condition for G and T" which is valid in the non-smooth case,
is very desirable. As so oriented work, we refer to [9] and [11], where the main ingredient is a
classical multiplier method. Furthermore, we refer to Liu [10] as for a different method. In this
paper, we will use a Carleman-type estimate, which is due to Lavrentiev, Romanov and Shishat.skii
[8], and apply some argument in Cheng, Isakov, Yamamoto and Zhou [3], Kazemi and Klibanov
[5], Lasiecka, Triggiani and Zhang [7] to derive the desired observability inequality.

The rest of this paper is organized as follows. In Section 2, we state our main results. In Section
3, we apply our observability inequalities to exact controllability problem of linear and semilinear
wave equatins and an inverse wave sourse problem. Some preliminaries for the proof of our main
results are listed in Section 4. The next 3 sections, Sections 5-7, are devoted to prove our main
results.

2 Main Results

First of all, let us introduce some notations. For any M € R" and € > 0, put O.(M) = {y €
R"| |y — 2| <  for some z € M}. For some fixed z}, € R and domains {2/ C Q, 1 < j < J, put

;= 0%,
{ PjO:{xerj | («T—$€))I/J(x) >0}7 (2.1)

where 17 (z) is the unit normal vector to I'; at = pointing towards the exterior of (/. Throughout
this paper, C' denotes an generic positive constant depending only on 7', €, a(-) and/or a;(-)
(i = 1,2,3), which may change from line to line.
Next, let us pose the following assumption:
(H) Suppose G C Q satisfies
G2 QN0s( U Ty U (Q\U,0)) (2.2)
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for some fized 6 > 0, domains ¥ C Q with Lipschitz boundary I'; satisfying
XNY=0,1<i<j</, (2.3)
J € N and points 2, e R", 1 < j < J.

Also, we put
AN .
{ S=u/_Tjou (Q \ U‘]Llﬂﬂ),
R{ = sup,coi\oy(s) |7 — 7]

Our main results on observability inequalities are the following.

Theorem 2.1 Let (H) hold and T > 2max{R] |1 < j < J}. Let ai(-) € L"(Q), as(-) € L>(Q)
and as(-) € L*(Q;R"™). Then there exists a constant C > 0 such that the weak solution y(-) €
C([0,T); HL(Q)) N CL([0,T); L*(2)) of system (1.1) satisfies

W0l 0y + 1911720 < CJo Sl + v7)dudt,

Y (yo,y1) € HY(Q) x LA(Q). (2.5)

Theorem 2.2 Let (H) hold and T > 2max{R] |1 < j < J}. Let a(-) = a(t,z) = a(zx) €
L>(Q) with a(x) < 0. Then there ezists a constant C > 0 such that the weak solution w(-) €
C([0,T); HY(Q)) N CL([0,T); L*(Q)) of system (1.2) satisfies

‘woﬁfé(g) + |w1‘%2(m < CfOT wa?dfcdt,

V (wo,wy) € HY(Q) x L2(). (2.6)

Theorem 2.3 Let (H) hold and T > 2max{R] |1 < j < J}. Let a(-) € L>(Q). Then there exists
a constant C' > 0 such that the weak solution w(-) € C([0,T]; L?(Q2))NCL([0,T]; H1(Q)) of system
(1.2) satisfies

|w0|%2(9) + |w1|%171(9) < CfOT Jow?dzdt,

V (wo,w1) € L2(Q) x H71(Q). (2.7)

The proof of Theorems 2.1-2.3 will be given in Sections 5-7. Now several remarks are in order.

Remark 2.1 We remark that (2.6) does not hold for the the general case, even if ap(# 0) is a
constant and G = Q. For example, take p as the eigenvalue of the following problem

£loa =0,
where £(# 0) is the corresponding eigenvector. Then, one sees easily that & solves system (1.2) with

the initial data (wo,w1) and a(-) replaced by (§,0) and p respectively. However (2.6) is false for
this €.

(2.8)

Remark 2.2 The constant C in (2.5)-(2.7) can be estimated explicitly with respect to a(-) and/or
a;() (i=1,2,3), in the style of [17].

Remark 2.3 Theorems 2.2-2.3 cover the main results in [11] and [17].
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3 Application to exact controllability problems and inverse source
problem

We denote by 1l the characteristic function of G. First of all, applying the duality argument (see
[9] and [18]) and using Theorem 2.3, one obtains immediately the following two exact controllability
results.

Theorem 3.1 Let (H) hold and T > 2max{R{ |1 <j < J}. Leta(-) € L*(Q). Then for any
(Yo,v1), (20,21) € HE(Q) x L%(Q), there is a control u(-) € L*(Q) such that the weak solution of
the following equation

Dy(t, ‘T) = a(t7 x)y + HG(x)u(tv x)? (tv x) €Q,
y(t,z) =0, (t,z) € %, (3.1)
y(0,2) =yo(z), w%(0,2) =wp(z), z€Q

satisfies

y(T,x) = zo(x), w(T,z)=z(z), =€ (3.2)

Theorem 3.2 Let (H) hold and T > 2max{R} |1 < j < J}. Let f(-) € C*(R") with f'(-) €
L®(RY). Then for any (yo,v1), (20,21) € HY(Q) x L2(2), there is a control u(-) € L*(Q) such that
the weak solution of the following equation

Dy(t>x) = f(y) + HG(x)u(tvx)a (t,l‘) € Qa
y(t,z) =0, (t,z) € X, (3.3)
y(0,2) = yo(z), w(0,2) =yi(z), 2€Q
satisfies
y(T,x) = zo(x), w(T,z)=2z(x), =€ (3.4)

Next let us consider an inverse problem of determining a wave sourse term. More precisely, for

any fixed
A€ O, T] and A(0) # 0; (3.5)
a € L>(Q), '
we consider the following equation:
Oy(t, z) = a(x)y + AO) f(z),  (t,z)€Q,
y(t,z) =0, (t,x) €%, (3.6)

y(0,7) = y(0,2) =0, z€Q,

where f € L%(Q) is unknown. The sourse term A(¢)f(z) is assumed to cause the vibration and we
hope to determine f = f(z) from the interior observation y|, 1)y Similar inverse problems are
discussed in Puel and Yamamoto [13], Yamamoto [14], [15], [16] where boundary observations are
used. By Theorem 2.3 and similar to [14], one gets easily the following stability result for the above
inverse source problem.



Theorem 3.3 Let (H) hold and T > max{R] |1 < j < J}. Let X and a satisfy (3.5). Then there
exists a constant C = C(T,Q,G,a,\) > 0 such that

T
CY Ry < /0 /G yadadt < C|fl2aqy, ¥ f € LA(Q), (3.7)

where y( = y(f)) € C([0,T]; H*(Q) N HL(Q)) nC([0,T7; HY(Q)) N C?([0,T); L*(2)) is the solution
of system (3.6).

Remark 3.1 The condition A(0) # 0 in (3.5) can be replaced by CgvT,f‘(O) # 0 with some k € IN; but

we do not treat this case in this paper (see Yamamoto [15] in the case of boundary observations).

4 Some Preliminaries

In order to prove Theorems 2.1-2.3, we need some preliminaries.
First of all, the following lemma is a special case of LEMMA 1 on pp. 124 in [8].

Lemma 4.1 Let A >0, a € (0,1), and

o=o(t,sz)=|r—20|> — at = T/2)? — a(s — T/2)?,
n=14%p, 0=¢, (4.1)
U=mn-1+a)A

Let v =v(t,s,7) € C*(R x R x R™). Then
0% (vt + vss — Av)?
> 2(1 — a)A? (v} + v + Y ;02.) + 02 Bo?

+{292 [nt(th + UE — 24 /Uﬁ%j) — 20 (e + Msvs — Zj Tlrjvffj)
+(U —2A4)vv + (A — 2771514)1}2} }t

+{292 [775(1&2 + U? - Zj U%j) — 205 (Mo + Msvs — Zj N Uzj) (4.2)
+(U — 2A4)vgv + (A — 2778A)v2} }
=2 {292 {nmi(th +vf - j U:%j) — 20y, (vt + Nsvs — > nxjvz]-)
(W = 24)vy,0 + (Ag, — 205, A2}
where
A= N [a?(t = T/2)* + a®(s — T/2)* — |z — o ?] (4.3)
and
B= 41+ a)|le— 2ol - a®(t - T/2)? — a¥(s — T/2)?| w
—~[802 +4n + (n+a - 1)%| A2 '
O

Furthermore, we need the following simple result (see for example [17]).



Lemma 4.2 Let 0 <s1 <so<tyg<t; <T.
(1) If a1(-) € L"H(Q), az(-) € L®(Q) and az(-) € L=(Q;R™), then

to t1
/ ly(t, ')ﬁ—[é(ﬂ)dt < C/ [|Z/(ta ')|%2(Q) + |y (2, ')|%2(Q)}dt (4.5)
S2 S1

for some constant C' = C(la1|pn+1(Q), [(a2,a3)| oo (rr+1), T $1, 82, L1, 2), where y(+) is the weak
solution of system (1.1).
(2) If a(-) € L=(Q), then

to t1
/ |wt(t,-)|§,,1(9)dtgc/ w(t, ) 2 dt (4.6)
52 S1

for some constant C' = C(|a|~(q), T} 51, 2,1, t2), where w(:) is the weak solution of system (1.2).
O
Finnally, denote

Al

&2 2
=2 =

E(t) {|yt(t,-)|%2(9)+|y(t,-)|§{3(9)}, E(t) %“wlf(t,')ﬁ{fl(g)+|w(t,')|%2(9):| (4.7)
1

where y(-) and w(-) are the weak solution of systems (1.1) and (1.2), respectively. The usual energy
estimate yields that

Lemma 4.3 It holds
E(t) < C&(s), E(t) < CE(s), Vit sel0,T] (4.8)

for some constant C' > 0 depending on a; (i =1,2,3) and a, respectively. O

5 Proof of Theorem 2.1

By the density argument, it suffices to prove the theorem for y € C?(Q). We take 1/ € C$°(R™)
such that 0 < ,uj <1,

=1 on i\ Py, (5.1)
W =0 in Pj. )
Here (recall (2.4) for S)
A A
Py = 05,(5) D P = 05,(5) (5.2)
where 0 < §; < dp < 0. Then ( recall assumption (H) for G)
GDOPNQDP N (5.3)
For any fixed € > 0, we choose x € C3°(IR;[0,1]) such that
0, 0<t<s,T-:<t<T
=4 > "=t=o i Tastsh 5.4
x(?) {1, e<t<T —e. (5.4)
Set
yi =xily, ) = (1= Xy, (5.5)
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where y is the weak solution of (1.1). Noting that I'jo C Py (recall (2.1) for I'jo), we see that

8y]1-
W =0 on (O,T) X Fj0~ (56)
For any fixed ¢ > 0, we set
Qs(c) = {(t,2) € (0,T) x Vs p;(t,) > c}, (5.7)
where
A .
pit,x) = o —x|* = Bt - T/2)? (5.8)

with 0 < 8 < 1. By our assumption on 7', we may choose an /3 € (0, 1) such that
ng(O,w):(pj(T,$)<O, 1<j< wer\OcS(S)' (5.9)

Now, let us use inequality (4.2) in Lemma 4.1 with ¢ = ¢(t, s, z) replaced by ¢; = ¢;(t,z) and
v replaced by yj1 = yjl-(t, x). Note that in this case both ¢ and v do not depend on s. Integrating
(4.2) on Qj(c), using integration by parts, and by (5.1), (5.4), (5.5), (5.6) and (5.9), we get

A / 62[(y1)2 + 3 ()2 Jdadt + A3 / 02(y1)2dadt < C [ (00y))2duwdt (5.10)
Q;(c) P Q;(c) Qj(c)

for large A > 0, where 0 = *%i/2.
By the first equation of (1.1), we see that yjl satisfies

Oy; = a1 (t, @)y + az(t, x)ye + (as(t, ), Vy), (5.11)
where
ar = W xar + 1 xe — XA, ag = plxaz + 207 xe,  ag = pxaz — 2x V. (5.12)
By our assumption on a; (1 = 1,2, 3), it is easy to see that
ar € L"N(Q), @€ L®(Q), aze L®(Q;R"). (5.13)

Now, by (5.11) and (5.13), using Hoélder inequality and Sobolev embedding theorem, one gets

/ (00y})2dudt < O / (g2 + S y2, )dadt + 2 / 0%y dadi]. (5.14)
Q,(0) Q;(e) Z- Q,(0)

J

Adding the both sides of (5.10) by

A B S dede + X [ 62 dudt,
Qj(c) i Qj(e)

noting ply = y? + y]1 and using (5.14), we obtain
Mo ClWy)E + i y)2 Jdedt + N° [ (o 02 (1) dwdt
< C[ o, 02w + 2 )dwdt + X [ ) 0%y>dadt (5.15)

+A Jo, (0 0[(y3)7 + i ()3, Jdwdt + X° o, 92(99)2d37dt]
7



By (5.1) and (5.3), from (5.15), we get

< C[ oo 02w + w2 )dwdt + X2 [, ) 0%y>dadt
TN [ 0%(y7 + iy )dadt + N2 [ [ 0%y dxdt
X gy 0 LW + a2 Jadt + N [, 0%(y9) ddt].
Taking A > 0 large, we can absorb the first term at the right side into the left side to obtain
o, 0°(yi + X vz, )dadt
T 2(,2 2 2 T 2,2
< C 3 Jo 02} + w2 )dadt + N2 [ [ 0%y dadt (5.17)
+ Jay0 CLED? + i) Jdwdt + X2 [, ) 0%(9)?dad].

(5.16)

for large A > 0. By (5.4) we have y;-)(t, xz) =0 for (t,x) € (¢,T — ¢) x Q, and hence (5.17) gives

Ja 0 0P (F + 325 3, )dadt

< C[ T Jo 07 + Siu2 ) dudt + N2 [T [ 6% dudt
+ o Jas OPLW))7 + i)z, Jdadt + N2 [ fo, 07(y))?dwdt
1 Jor P + i3 ot + X7 [7_ [ 0(s]) ]

(5.18)

For simplicity, we assume that xg) eR"\Q; (j =1,2,---,J). For the case 1‘6 € Q; for some
j€{1,2,---,n}, we can modify an argument in [12] (see case 2 in the proof of Theorem 5.1 in [12])
and adjust the argument to our case; hence, we do not give the details. Now, by 2{, € Q,, we have

wi(x,T/2) >0, reQ;,1<j<J
Hence by (5.9) we can choose small € > 0 such that
pj<—c on ((0,6) U(T —&,T)) x W\ O5(S) (5.19)

and
pi>e on(—e+T/2,e+T/2) x W\ Os(S) (5.20)
for1 <j<J.
We set ¢ = . Then

(—e+T/2,e+T/2) x B\ 05(5) € Q;(5) \ D5 (9.

Therefore

e+T/2
0% (v + Dz, )dwdt > / / 0% (y7 + > y2. )dwdt 5.21
/Qj(C) i ; ) —e+T/2 JQ\05(S) i zz: ) (5:21)

Hence, in terms of (5.19)—(5.21), the inequality (5.18) yields

e+T/2
e f—:—H/“/Q Joos9) (y7 + X2 vz, )dzdt
<C [ I S 02 (w2 + i y2 ) dwdt + N2 [ [ 0%y dadt
e ( Is Jo? + i y2 ) dadt + N2 5 [ yPdedt
+ I Jo (R + s y2 )dadt + 22 [ [, y2da:dt)].
8
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Summing up over j = 1,...,J and noting that szlflj UG D Q, we have

e f:rfﬁz Jowi + 32, vz, )dzdt

< O[S (W Jo P + s dadt + 02 [ g 6%Pdude)
+e N ( I5 Joi + X y2 ) dadt + X2 [§ [q yPdadt
I o0 + S dadt + N2 T o vPdedr)].

By Lemma 4.3 and (5.23), we obtain

(5.23)

NE0) < O[Sy (S o 02WR + X2 )dwdt + X2 [ [, 0%y dudt)

+(1+ /\2)6_)‘55(0)} : (5:24)

Taking A > 0 large, we conclude from (5.24) that

T
£0)<C / / (W2 + o2 + |Vy|)dad. (5.25)
0 G

We note that, from the above argument, it is easy to see that for any sufficiently small &, (5.25)
can be sharpened as

T—&
£(0) < C/ /~(y2 + y? + |Vy\2)dxdt, (5.26)
5 G

where G 2 QN 05(S) with any fixed & € (5, 3).
Now, we choose a function h = h(xz) € C*°(R"; [0, 1]) such that

h(z) =1, zeq,
{ h(z)=0, 2eQ\G. (5.27)
Put
¢ =((tz) S 4T —1). (5.28)

By (1.1) and (5.27)-(5.28), we get

foT Jo h¢ylary + agy; + (a3, Vy)] = f(;f [ h¢yOydadt
== foT Je ye(hCey + hQyy))dadt

4 [ o he VyPdadt + [T [2C(Vy) - (VR)ydadt (5.29)
> - f(;f Jo ye(hGry + hQyy)dadt

3 T Jo hC Yy Pdwdt — C [ [y dadt.

However .
Jo Jo hCylary + asy: + (a3, Vy)]
1T 2 T 2 2 (530)
< 1o JohCIVylPdedt + C Jy Jo(y™ + yi)dwdt.
Thus, by (5.27)-(5.30), we get
T-¢& T
/ / |Vy|2daxdt < C/ /(y2 + y7)dadt. (5.31)
5 G 0 JG
Thus, combining (5.26) and (5.31), one obtains the desired inequality immediately. O
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6 Proof of Theorem 2.3

For simplicity, we assume that xf) e R" \W (j = 1,2,---,J). For the case x{) € QJ for some
j€{1,2,---,n}, we can modify an argument in [12] (see case 2 in the proof of Theorem 5.1 in [12])
and adjust the argument to our case; hence, we do not give the details. We divide the proof into
several steps.

Step 1. Let us introduce some notations and some transformations. For simplicity, we assume
that J = 2. Recall assumption (H) for § and (2.4) for S and R]. By T > 2max;<j<; R}, one can
find a 0 € (0,6) (close to 6) such that

T > 2R! 2 max max |z — :rf)\ (6.1)
1<j<J 2€Q\O5(5)

Denote

=\ 05(5),

Ré 2 min, g, |7 — x6|, Ry = mini<j<y Ré,

Q2 (0,T)x (0,T)xQ, SZ(0,T) % (0,T) x 99,

Q1 2(0,T) x (0,T) x ¥, & £(0,T) x (0,T) x 0,

T,27/2—&T, T 2T/2+¢T,

Q) £ (1, T)) x (LT x ¥, 8§ & (T, 1)) x (11, T}) x 0.

where j € {1,2}, i€{1,2,3}, and 0 < &1 < g2 < €3 < 1/2 will be given later.
Since x}, € R™\ Q, we see that Ry > 0. By (6.1), we can choose a sufficiently small ¢ € (0, Ry)

and an « € (0, 1) such that

(6.2)

(R))? < 4+ a(T/2)%. (6.3)

For any b > 0, set

QJ(b) = {(t,s,7) € (—00,00) X (—00,00) X QJ | @i(t,s,x) > b2}, '
Now take 9 € (0,1/2) sufficiently close to 1/2 such that (recall ¢ € (0, Ry))
9l(c) Cc Q). (6.5)

Noting that {T/2} x {T/2} x Q7 € Q(c), thus for any small £ > 0, there is an £, € (0,&3) such
that (recall (6.2))
Q1 C Q(c+2) C Y(cte)C Qc). (6.6)

Now, take 0 < & < 8y < 6 and £ € C§°(IR™; [0, 1]) such that

£E=1 on Ql\O(;O(S’); (6.7)
£E=0 on Q' N O, (9). '
Denote
G120 N0s(8). (6.8)
Then it is easy to see that
G1 Ccd. (6.9)
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Set
p=rp(t,x) =&(x)w(t,z), (t,x)€ Q. (6.10)
where w is the weak solution of (1.2). Then it is easy to see that (j = 1,2)
Op = ap — (Aw — (VE) - (Vw), i (0,T) x Q!
p=0, on (0,T) x Q! (6.11)
p=0, in (0,7) x (Q' N O;,(S))

We need the following simple transformation. Put

2(t,5,2) = [Lp(r,a)dr, Y (ts,7) € Q,
A (6.12)
o(t,s,2) = [fw(r,z)dr, V (t,s,)€ Q.
Then z(-) satisfies
2+ 25 — Dz = [Ja(r,2)p(r,2)dr — (A¢(x))p — (VE(2)) - (V) in Q'
z2=0 on St (6.13)
2=0 in (0,7) x (0,T) x (Q' N Os,(S)).
Finally, choose x(-) € C*°(R™"2;[0,1]) such that
oL for (t,s,2) € Ql(c + 2¢),
x(t,s,@) = { 0, for (t,s,x) € Q3 \ Ql(c +¢). (6.14)
Put
u(t,s,x) = x(t,s,2)2(t,s,2),  (t,s5,2) € Q, (6.15)

where x(+) is defined in (6.14), z(-) is defined in (6.12). By (6.13)—(6.14) and (6.5), we see that v(-)

satisfies
vy +vss — Av = F(t,s,x) in Qb

v=20 on Si, (6.16)
v=0 in (0,7) x (0,T) x (' N O;,(S))
where
F(t,s,x) = X(t,s,a;)(f a(t,z)p(t, z)dr
—(A&(x))o(t, s, 2) — (VE(x)) - (Vd)(tv&x)))
+[Xtt (t,5,@) + xss(t, s, 2) — Ax(t, s 90)}
+2x¢(t, s, 2) 2 + 2xs(t, s, 2)2s — 2V (L, s,x) - Vz.
Step 2. Let us use inequality (4.2) in Lemma 4.1 with ¢ replaced by ¢; (recall (6.4)) and v
given by (6.15). Integrating (4.2) on Q} (recall (6.2) for Q}), by (6.5), (6.14) and (6.16), and using
integration by parts, we get

(6.17)

2(1 = ) fgi(0) 0%(vf + vZ + 3, v2 )dadtds + Jor 02 Bv?dxdtds

6.18
< oy 6°IF (8, 5,2)dwdtds, (6.18)

where 6 and B are given in (4.1) and (4.4) (with ¢ replaced by ¢1) respectively, F'(t, s, x) is defined
by (6.17). However, by (6.7) and (6.14) we see that

§o; = Eaimy =0 inQI\Ghi:l’Q’”"n
Xt = Xs = Xz; = Xtt = Xss = Xwjz; =0 in Ql(c+2€)7 i=12n
11
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Thus, by (6.17) and (6.19), noting that p(7,x) = z(7, s,2) = —zs(t, 7, x) (recalling (6.12)), we get

le 02| F(t, s, x)|>dxdtds
< CfQ1 92‘ f a(t,z)z (1, s l‘)dT‘ dzdtds + CeC? fT2 ng fG1(¢2 + |V¢|?)dadtds
FCeler [ 1 (22 + 22+ X 22, )dadtds
2
= Cfg; ’fT/Q ()2 (T)dT + fT/Q a(t)zs(T) dT’ dxdtds

Tl T/
Ce 12 [ fG1(¢2 + |V¢>|2)dxdtds (6.20)
+C€(c+25 oy (e 4224+ 50 22 )dxdtds
= C{ fgl 92“ fT/z Zt dT‘ + ‘ fT/Q s )dTdedtds
e fTQ fTQ fGl(Cf)Q + |Vo|?)dzdtds
+e (c+25 N Jor (2 4 224 X 22 )dadtds).

However, similar to [17], one get

/ 92 ‘/ 22(1 dT‘ —I—‘/ dT dxdtds <C/ 02(22 + 22)dxdtds. (6.21)
ol T/2 T/2

Now, combining (6.20)—(6.21), we get (recall (6.3 for T3 and T5)
Jos «92|FZ|2da:dtds
< O Jgu 0*(2F + 22)dwdtds + e fTQ fTQ o, (6% + |Vo|?)dadtds
+e(c+2‘5) * o (z + 25 + Y, 22, )dxdtds
= C_fgl c+2¢) +fg;\gl(c+2s) )9 (27 + 22)dxdtds
T} T’
+e 12 12 [, (8% + [V 6| dadtds
el o1 (7 + 22 + X0, 22, )ddids]
r T/ Tl
< C| Jor(eras) 0%(2} + 22)dadtds + € [12 [12 [, (6% + |V o[ dudtds
Felct2e)?A f%(zf + 22+, zgi)dxdtds]

(6.22)

Note that
B =4(1+a)¥[|e - ab|? - a2(t - T/2)? - a¥(s — T/2)?|
~[802 +4n + (n+a - 1)2] X2 (6.23)
>4(1+ )N — [8? +4n+ (n+a—12[X2, V¥ (t,5,2) € Q1(0).
Thus, by (6.14) and (6.23), and taking A > 0 large enough, we can find a constant ¢y > 0 such that
2(1 = ) fgr1 () 0%(vf + v+ Y, v2 )dadtds + Jore 02 Bv?dxdtds

= 2(1 = ) fory 02(v7 + v2 + Y, v2 )dxdtds + coA® Jore 0?v2dxdtds (6.24)
> 2(1 = )X [or a0y 02 (27 + 22 + X2, 22, )dwdtds.

Now, combining (6.18), (6.22) and (6.24), we arrive at
AJor(et2e) 02(27 + 22 + 32, 22, )dadtds
< C[e [12 J12 Jir, (0% + Vo) dwdtds + [gu (o0 02(2F + 22)dudtds (6.25)
Felct2e)’A f% (2 + 22+ %, zgi)dxdtds]
12



Taking A large enough, we get

A Q1(c+2¢) 0%(27 + 22+ 3, Z%i)dxdtds

< C[eO [12 17 Jo, (&7 + Vo) dwdtds + (2% [ (2 + 22 + 37, 22, )dwdtds] (6.26)
However, by (4.1), (6.4) and (6.6), we have
Jor(erae) 02(2F + 22 + X 22, )dadtds - > P2 [, o (27 + 22 + X 22, ) dudtds
> ele+26)?A fg%(zf + 22+ Y, 22 )dxdtds. (6:27)
Thus, by (6.26)-(6.27), we arrive at
Ao (224 22+ X, 22))dzdtds (6.28)

< C[e a2 S22 fo (8% + |V 6[2) dadtds + Jou (23 + 22 + X2, 22, )dadds] .

Step 3. We now estimate “f% > 22 dudtds”. Let us fix a e3 satisfying €2 < £3 < 1/2. Denote

n=nt,s) 2 (t = T5)(T5 — t)(s — Ts)(T} — s). (6.29)
By (6.13), we get

Joy =] JX alr.0)p(r,2)dr — (A&(@))6 — (VE(2) - (Vo) dadtds

= fg% nz(ze + 2ss — Az)dxdtds

== fg; zt(mz +mze) + 2s(Nsz + nzs) | dedtds
+fQ§ n|Vz|*dxdtds + fQé(Vz) - (Vn)zdzdtds

> - fg; zt(mz +nz) + zs(nsz + nzs) | dxdtds
+3 Joy 1V dudtds — C [y 2*dudtds

> - fg; zt(mz +mze) + 2s(Nsz + nzs) | dedtds

+§ Jgy X1 22 dudtds — C [g1 2dudtds.

(6.30)

Thus by (6.30) and (6.19) and noting that p(7) = z(7), we get

Jou i 22, dadtds < C[ [o1 (27 + 22+ 22)dadtds

1T 6.31
Iy Sy S, (6 + [V 9 dadds]. (031

Therefore by (6.28) and (6.31), we end up with

o (22 + 22)dxdtds

i 6.32
< C[ecA f;} f;} Jo, (0 + [V dadtds + [y (27 + 22 + z2)dxdtds] (6.32)

Step 4. We now estimate “f;{;é f;;é Ja, |Vp|2dxdtds”. For this purpose, we choose a function
h = h(z) € C*°(R";[0,1]) such that

h(z) =1, x € Gy,
6.33
{ 0, xeQ\G. (6:33)
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Denote

A
=1

¢ =((t,x) (T —t)s(T — s).

Note that by (6.12), we see that ¢ satisfies

{ Ot + Pss — A = fst a(t,x) ¢ (7, x)dT, (t,s

¢=0
Thus, by (6.33)—(6.35), we get

on

foT f(;f JohCo fst a(7) oy (T)drdzdtds
= fOT fOT fG h(¢(¢tt + Pss — A¢)dl‘dtd$

= _foT fonG

Gi(hGid + hCon) + 65 (o6 + hCo,)]

,x) € Q,
S.

dxdtds

+Jo Jo JahCIVoPdxdtds + [§ [) [ ¢(Ve) - (Vh)ddudtds

>—fo Jo Ja

500 o JoholVoPdedtds = C i [ o 6*ded

>—fo Jo Ja

¢ (hGi¢ + hCor) + ¢s(hls + h(gs)

|9t (hCed + hCr) + ¢s(hsd + hos)|

dxdtds
tds
dxdtds

T, T}
+$5 2 Jnd S, |V oA dadtds — C I, p*dedtds.

T, T T T
/ / / Vo[2dzdtds < C / / / (6% + & + §2)dwdtds.
Ts Ts G1 0 0 G

Combining (6.32) and (6.37), we conclude that

Thus

A Jor (27 + 22)dzdtds

< Cl[eC)‘ SIS [ (02 + 92 + ¢2)dadtds + Jou (7 + 22 + z2)dxdtds} .

Step 5. Let us return to the function “w”. By (6.12), we get

9

Howevr, by (6.7)—(6.10) and (6.39), we have

T! T
)\/ 1/ wdzdt < C’[ec’\/ /w2d:cdt+/ w2d:cdt].
T JO\G 0 JG Q

Similarly, we can prove that

T
A [Pt x) 4 pP(s, x)]dxdtds < C’{ec“/ / w?dzdt +/ p2da:dt]
0o Ja Q

T! T
)\/ 1/ wdzdt < C[e”/ /de:cdt—i—/ de:cdt}.
1 JO\G 0o Ja Q

By (6.40)-(6.41), we get

T T
)\/ 1/ wdxdt < C[eC)‘/ /dexdt—i—/ dexdt}.
T J(1UQ)\G 0 JG Q

Now, adding both sides of (6.42) by /\fOT Jo w?dzdt, one end up with

T! T
)\/ l/dexdtgc[e”/ /dea:dH/ de:cdt}.
™ JO 0o JG Q
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On the other hand, choose sy € (T1,7/2) and s; € (T/2,1]). By (4.6) (in Lemma 4.2) and (6.43),
we obtain that

sS4 T
0 2 2 CA 2 2
)\/SO {|wt(t,-)|H_1(Q) + |w(t,-)|L2(Q)}dt < C’{e /0 /Gw dxdt—i—/Qw dxdt}. (6.44)
Thus
A T T
/\/ E(t)dt < C[eC)‘/ / wdzdt +/ E(t)dt]. (6.45)
S0 0 G 0
where E(-) is defined by (4.7). Finally, by (4.8) (in Lemma 4.3), we see that
T
AE(0) < O™ / / w?dzdt + E(0)). (6.46)
0 JGE
Consequently, if we take
A>1+C, (6.47)

where C' is the constant appeared in (6.46), we get
T
AE(0) < CeC> / / widzdt, YA>1+C. (6.48)
0 G

(6.48) is exactly the desired estimate. Thus the proof of Theorem 2.3 is completed. O

7 Proof of Theorem 2.2

Denote
= wy (7.1)

Then, by equation (1.2) and noting that a(t,x) = a(x) (i.e. a depending only on z), we get

Ou(t,z) = a(z)v, (t,x) € Q
v(t,z) =0, (t,z) € X (7.2)
v(0,2) =wi(z), v(0,2) = Awy + a(x)wy, ze

Thus, by Theorem 2.3 and (7.1)—(7.2), we get

|w1|%2(Q) + |Aw0 + awOI%{fl(Q) < Cf(;T fG ’LUtZd.%'dt,

) 1 (7.3)
W (wo,wl) €L (Q) x H™ (Q)
However, by our assumption on a, we see easily that
| Awo + 7}!:1\%—1<n>)fd
o a wo-+awg x 1

Sz fgz (Awo+awo)wodz

> |wol (-

wo 1
wol 1 ()

Now, combining (7.3)—(7.4), we obtain the desired result immediately. Thus the proof of Theorem
2.2 is completed. O
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